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1901.Ifx,y,2,t >0, x+y+z+t =4then:

x2

H(1+%) > 16

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

ny 1, (! du
log<1+—) =x log(1+—>=xf
x x 0 Xtu

1 1 o log (1 + — : AP
+=] = +—=) = =
ogﬂ( x) Z og( x2> Zx+u u
cyc
1 (x+ y+z+ t)z x+y+z+t=4 1 42
> du = f
0 (x+1y+z+t)+4u 0o 4+4u

du 1
=4 ; Tris 4(loglu+1|); = 4log2 =log 16

du =

x2

1_[(1+;> > 16

Equality holds for x=y=z=t=1.
1902. If x,y,z > 0 then:

V22 + xy +2y2 +2y2 + zy + 222 + /222 + xz + 2x2 > V5(x + y + 2)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

NG
VYa,b > 0,/2a? + ab + 2b? 27(a+b)

Proof:
We need to show:

V5
J2a2 + ab + 2b2 > — (@+b)
squaring
4(2a® +ab +2b*) > 5(a+ b)?
8a? + 4ab + 8b?* > 5(a? + 2ab + b?)

3(a? — 2ab + b?*) > 00r3(a—b)?> >0 true

V222 £ xy + 2y +2y2 + zy + 222 + /222 + xz + 2x2 =
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Lemma \/§
=Z\/2x2+xy+2y2 > 27(x+y)=\/§(x+y+z)

Equality holds forx =y = z.
1903. If x,y,z > 0O then:

J5x2 + 14xy + 5y2 + /5y + 14zy + 522 + /522 + 14xz + 5x2 < 2\/6(x + y + 2)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

va,b > 0,+/5a2 + 14ab + 5b% < V6(a + b)
Proof:
We need to show:
V5a2 + 14ab + 5b% < V6(a + b)
squaring

5a® + 14ab +5b*> <  6(a+ b)?

5a? + 14ab + 5b* < 6(a® + 2ab + b?)
a’ —2ab + b* > 0o0r (a— b)?> >0 true

J5x% + 14xy + 5y + /5y2 + 14zy + 522 + /522 + 14xz + 5x2 =

lemma
:Z V5x% + 14xy + 5y2 < Z\/g(x+y) =2v6(x+y+z)
Equality holds for x=y=z.

1904.If x,y,z > 0, x + y + z < 1 then:

2(x +y+ )+3(1+1+1)>29
x+y+z xTytz) =

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
We need to show :

2(x+y+ )+3(1+1+1>>29
x+y+z xTytz)=
(1+1+1)%*css
2x+y+z2) 43— > 29
xXt+ty+z
27 x+y+z=t
2t+T > 29
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2t2 —29t+27>00r 2t —27)(t—1) > 0 true
sincet =x+y+z < 1(given)so,(t —1) < 0 and
(2t — 27) < 0 consequently: 2t —27)(t—1) =0
1

Equality holds forx =y =z = 3

3
1905.If a,b > 0, a + b = 2 then:
a b

+ > 2
v2—a V2-b

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

3 3
a b az b2 Radon
+ = +
\/Z—g V2—-b 2a-a? \éZb—bZ ;
(a+ b)2 ¢Bs (a+ b)Z atb=2 22 5

2\/2(a+b)—(a2+b2) B J (a + b)? 4 -2
2

2(a+b) —

Equaliy holds fora=b =1

1906.1fa,b,c > 0, Vva+1++Vvb+1++/c+ 1= 6then:

va? +ab + b? +/b? + bc + b? ++/c? + ca + a% = 9V3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Vva+1+Vvb+1+Vc+1=6o0r
squaring

CBS
J3(@a+1+b+1+c+1) = 60r 3(a+b+c+3) = 36
ora+b+c=>9(1)

Lemma:

V3
Vx,y > 0,y/x2 + xy + y? 27(x+y)

We need to show:

Proof:
\/§ squring 3
\/x2+xy+y227(x+y) orx*+xy+y* > Z(x+y)2

4(x? + y% + xy) = 3(x% + y? + 2xy) or
x2 —2xy+y*>0o0r(x—y)? > 0true
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va?+ab + b2 ++/b2 + bc+b%++/c?+ca+a? =
lemma V3 1)
=z\/a2+ab+b2 > 27(a+b)=\/§(a+b+c)2 9+/3.
Equality holds fora=b=c=3

1907.1f a,b,c > 0, a+ b + c = 3 then:

2 2 2

y VA
+ -
J15x2 + 26xy + 8y2  /15y% + 26yz + 822 V15z% + 26zx + 8x?

X

3
>
7

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

Vab>0,/15a2 + 26ab + 8b% < 4a + 3b
Proof:
We need to show:

J15a2 + 26ab + 8b2 < 4a + 3b

squaring

or,15a% + 26ab +8b* <  16a?+ 24ab + 9b?

or,a’ —2ab + b? > 0 or (a — b)? > 0 true.

2 2 2

y z
+ + =
J15x% + 26xy + 8y2  |/15y2 + 26yz + 822 V15z% + 262x + 8x2

X

2

x
- Z J15x2 + 26xy + 8y2

Lemma x2 Bergstrom

4x + 3y -
- (x+y+2)* _ X+ Y+ Zx+y+z=33
“4(x+y+2)+3(x+y+z) 7 7

Equality holds forx =y =z = 1.
1908.If a, b,c > 0, va + Vb ++/c = 3 then:

J3a2 + 2ab + 3b2 +/3b2% + 2bc + 3¢2 +/3¢% + 2ca + 3a% > 62

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

CBS
Vva+Vvb++vVc=3 or/3(a+b+c) > 3

3(a+b+c)=90ora+b+c=3 (1)
Lemma :

Vx,y > 0,/3x2 + 2xy + 3y2 > V2(x + y)
Proof:
We need to show:
V3x2 +2xy +3y2 >V2(x +y)

squaring

3x2+2xy+3y2 =  2(x%+2xy+y?)

x> —2xy+y?*>0o0r (x—y)?>0true

V3aZ + 2ab + 3b2 +/3b% + 2bc + 3¢ + y/3¢2 + 2ca + 3a? =
lemma (@))]
=2J3a2+2ab+3b2 > Zﬁ(a+b)=zﬁ(a+b+c) > 6V2

Equality holds for a=b=c=1.
19009. If x,y,z > 0 then:

V22x2% + 36xy + 6y% +/22y2 + 36xy + 6x2 < x% + y? + 32

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

Va,b>0,J22a% + 36ab + 6b% < (5a + 3b)
Proof:
We need to show:
V22a? + 36ab + 6b2 < (5a + 3b)
squaring
22a%? +36ab + 6b*> <  25a%+ 30ab + 9b?
3(a? — 2ab + b?) > 0 or 3(a — b)? > 0 true.

Lemma
V22x% + 36xy + 6y% +/22y% + 36xy + 632 <
<GBGx+3y)+By+3x)=8(x+y) (1)

We need to show:
V22x% + 36xy + 6y% +/22y% 4+ 36xy + 612 < x% + y% + 32
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(x +y)?

(€Y
8(x+y) < x> +y*+32 or >

+ 32 > 8(x+y)

(x+y)?!-16(x+y)+64=>00r(x+y—8)?%2=>0

Equality holds forx =y =4
1910.If a,b,c > 0, + - + - = 3 then:

1 1 1
+ + <
va? —ab+3b2+1 +Vb?2—bc+3c2+1 +Vc2—-ca+3a?+1

N| W

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
AM-GM
a’?—ab+3b*+1=(a?+b*>)+Bb*+1)+b*—ab >

>2ab+2b+b*>—ab=b(a+b+2)(1)

1 1 1
+ + =
va?—ab+3b%2+1 Vb2—bc+3c2+1 +Vc2—ca+3a?+1

(€Y
Z\/az—ab+3b2+1 Jb(a+b+2)
1 1 AM-GM 1 1
i3 fazrie " Sl i
\/4b a+b+2 a+b+2
1 1 AMHM1 a1
_ZE+za+b+1+1 = Zb 162( Tyt +)

DS DRDRRCS

3 3
= Z+1_6(3+3+3+3)_E

Equality holds for a=b=c=1.
1911.If a,b,c > 0,abc =1 and A > 2 then:

1 3
2, <3
Va3 +22-1 A

cyc

Proposed by Marin Chirciu-Romania

8 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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Solution by Soumava Chakraborty-Kolkata-India
1

3
ad=xb}=y =z z=1):>2—£—
d Y Va3 +22-1 A

cyc

1 3 1 3
SIS s

SiVx+a -1 A SIVx+3+22 -4 VA+A2-

© 3

<

yc\/x+3+m V4 +m

CBS 1 ? 3 1 ? 3
NOW,E—S 32 < = <
Vx+3+m xX+3+m~ /4 +m x+3+m~ 4+m
cyc cyc cyc

@31_[(x+3+m)é(m+4)2((y+3+m)(z+3+m))

cyc cyc

@mz<zx_3>+m<zzxy+42x_m>+

cyc cyc cyc

(v m=2%—4)

? )
3xyz+52xy+32x—2720—>true ~m=2A%2-4 > 0and

cyc cyc
AM-GM xyz=1

AM-GM xyz=1
Zx > 3.3 xyz > 3andalso,ny > 3.3/x%y2z2 > 3

cyc cyc
= Zx—S , 22xy+42x—18 , 3xyz+52xy+32x—27 =0
cyc cyc cyc cyc cyc

3
= (D is true - Z 5 Vabc=1and1>2,
va3 + A% —

" ”1ffa—b=c=1(QED)

1912.If a,b,c > 0,abc = 1 and A > 2 then:

1 3
S_
z\/a+12—1 A

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 3 1 3
—S_‘:’Z <
;\/a+)tz—1 A SiVa+3+A2-4 VA+AE-

g | RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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@®
<
yc\/a+3+m V4 +m

1 CBS 1 ? 3 1 ? 3
Now,Z—S 32 < = <
Ja+3+m a+3+m~ 4 +m a+3+m 44+ m
cyc cyc cyc

(:31_[(a+3+m)é(m+4)2((b+3+m)(c+3+m))

(*m=2%-4)

cyc cyc
& m? Za—S +m 22ab+42a—18 +
cyc cyc cyc

? A=2
3abc+52ab+32a—2720—>true'-'m=12—4 > 0and

cyc cyc
AM-GM abc=1 AM-GM bc=1
Z a > 3.3abc > 3and also ab > 3. azbzc2 > 3

cyc cyc

$<za_3> ( zab+4za_18> <3abc+szab+3za 27>>0

cyc cyc cyc cyc cyc
3

> is true - <—Vabc=1and A > 2,
@ \/a+)L2 A

" —”1ffa—b—C—1(QED)
1913.Ifa,b > 0and a+ b = 2,/12% then:

1 1 1 A+3

b — <
a +a2+b2+/1 a3 + b3 + ,1+a4+b4+ A~ A1+2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

AM—-GM /a + b
ab’ < <2>a+b21(1)

a? b? Radon (a+ b) a+b 2

2 2 >
a +b4 14+—1 > > 2 (2)
a b* Radon (a+b) ath=2
_ >
R 8 +b22 ®
a®+ b3 = (a+b)3—3ab(a+b) "= 8- 6ab (4)

We need to show:

10 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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1 1 1

S B R N B R S
(2)'(32&(4) b+ 1 1 N 1 _8ab+/1ab—6ab—1+ 2
= Ty 8+21—-6ab A+2 8+ 4i-6ab i+2

_2ab+/1ab—1+ 2 (22+A—1+ 2 B
~ 8+1—-6ab A1+2 8+1-6 A+2

_144 2 _A+3
241 A+2 A+2

Equality holds for a=b=1.

1914.If x,y,z > 0,xyz =1 and A > 0 then :

x? 3
> >
X+Ay+y3z  A+2
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
2

X x(x+ly+y3z— (ly+y3z))
Zx+ly+y3z_z X+ Ay +y3z -

cyc cyc

Z z xy(A +y®z) AM- GMZ z xy(A+y®z) xyz=1
Ay +x+y3z Ay + 2.\ /xy3z

cyc cyc cyc

z xy(A + y? z)_z 1 lz N Z
X w2y X 152 xX+xyz ) x

cyc cyc cyc cyc

XYZ:=1Zx_ Zx_l_z :}Lchcx‘l'Zchcx_)\chcx_chcx
A+2° A+2
cyc cyc cyc
chcx AM— GM3 \/X_Ynyz— 3 ) x? 3
TA+2 T A+2 0 Aa+2”7 cycx+ly+y3zzl+2
Vxy,z>0|xyz=1andA>0," =" iff x =y = z = 1 (QED)

11 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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1915.If a,b,c > 0,a+ b + ¢ =% and A > 0 then:

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

1 ? ?
>1—-ae aa-1)% >0 - true

1+4a2°>
L 1*Ab 44 Ab) - a) and anal
T aal 2 a ar; analogs
- 1J’M’>Z(1 tab—dab) =23 3,,3 AZ b>
cyc cyc cyc
2
Syal-2 > Gazoy=o+as-22- 342
2 72T L) VA=Y ES AT YT
cyc

3 3
mZZ(A+2)Va,b,c>0|a+b+c=Eand)LZO,

1
”=”iffa=b=c=§ (QED)
1916.If x,y,z>0and xy + yz+zx + 2xyz=1,A = %then:

3V4A—1
QNI == —

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

xy+yz+zx+2xyz=1
3
xy+yz+zx+2(3[xyz) =1

3
x+y+z)* x+y+2)\ AM-6M
( }; ) +2<( ;’ )) > 1

213 p=x+y+z
%+% > 1or2p3+9p*-27=>0

2p—-3)(p+3)2=00r2p—3=0(since(p+3)%>0)
3

2

3
orpziorx+y+zzi (1)

12 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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PREre £ \/3(3/1 — G2ty +a)) < Js (3,1 - M) <

3
6 —
< |3 BA—ZT \/3(3,1_%9:\/2(“_1):3 4;1—1

N =

Equality holds forx =y =2z =
1917.1f a,b,c > 0,a+ b+ c+ 2 = abcand A > 1, then:
3
<
Va+i VA+2
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

cgs 32 1 _ |3 Yeyeab + 21 Y a + 322
yc‘/a-")‘ - yca+)» ‘A +abc+A2Yca+AY ab

C C
? 3 a+b+c+ 2 = abc ?
s ="""5 3<Za+2>+313+312.Za+3)t.2ab2
+

cyc cyc cyc

A+ 2).2 ab + (222 + 41).2 a+ 612

cyc cyc

e (A2 —-41+3) <z a) +2(A-1) (Z ab>6()tz -1)
cyc cyc @

LetZa:mand-.-A—lzo.-. LHSof@Z

cyc

(A2 —42+3)m+2(A—-1). /3abcz a
cyc

A2 —-4A+3)m+2(A—1). \/Sm(m+2)>6()uz 1)
& (m—6)A% — (4m 2. 3m(m+2))l+3m+6 2J3m(m+2

AM-GM

Now,abc=Za+2 > 3.Vabc+2=>t3-3t—-2>0(t=Vab c)=>

cyc

a+b+c+ 2 =abc

13 | RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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(t—2)(t+1)220:>3\/abc22:za+228:>m26,”=” iffa=b=c=2

cyc

A1
and so,whenm = 6,LHS of 2) = 2.{/3m(m +2).(A—1) > 0= (2)is true for
m = 6 and we now consider m > 6 and we have discriminant § of LHS of (2) =

(4m —2.\/3m(m + 2))2 — 4(m — 6) (3m +6—2./3m(m+ 2))
= 4(4m? + 18m + 36 — 2(m + 6)./3m(m + 2))

_ 8(2m? +9m + 18)? — 3m(m + 2)(m + 6)?)

2m? + 9m+ 18 + (m + 6)./3m(m + 2)

8(m — 6)*(m + 3)? m>6

= > 0
2m?2 +9m+ 18+ (m + 6)./3m(m + 2)

()
~VE|= 2.\/4m2 +18m + 36 — 2(m + 6)../3m(m + 2) and we notice that,in order
? 4m — 2../3m(m + 2) + /8 via (»
&

to prove (2), it suffices to prove : A > 2(m — 6)

A(m—6) —2m + /3m(m + 2)\/4m2 +18m+ 36 —2(m + 6)../3m(m + 2)
®

Now,“m—6>0andA>1.LHSof 3 >m—6—2m++/3m(m + 2)

:m_(me):j(m—(mw))z
) _ _ 2(m-6)(m+3) m>e

<.J3m(m+2 (m+6) m+m+6 > 0)
=\/3m(m+2)+(m+6)2—2(m+6).\/3m(m+2)

= \/4m2 +18m + 36 — 2(m + 6)./3m(m + 2) = 3) is true

1 3
= istruevm:=>6-= is true - Z <
@ © o Vva+A VA+2

Va,b,c>0| a+b+c+2=abcAAr>1"="iffa=b=c=2(QED)

1918.1f a,b,c¢ > 0,— + —+ — = 3 and A > 0 then :
a b c

Z 1 - 3
£ia+Mbe+1 CA+2
Proposed by Marin Chirciu-Romania

14 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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Solution by Soumava Chakraborty-Kolkata-India

1
Letva = x,Vb = ,\/Ezzandthenzz < PR
Y a+Aivbc+1 A+2

(1Y 2= 0y a2 )

13 3x2y2z2 _ xyzz x |+ )LZ k cyc cyc cyc | +

xysz—Zny

cyc cyc

cyc

A 32x3y3+Zx3y+2xy3—2x2yz—ZZxZ—ny—S + 3x%y?z?

cyc cyc cyc cyc cyc cyc

1 Radon
—3+Zx Zx >Oand3 - = :>Zx>3—>@
cyc cyc cyc o (ZCYC x) cyc
1 AM-GM 3 ?
and also, 3 = —- = 3—:>xyz21—>@&now,3xyz22x<:>
X xtytz4 s

2 2
44,4

? 3x%y*z
9x?y?z? > Zx .—y4 °.'3=Z:—4 @32 4>x2 272 Zx
Deye xty*

cyc cyc cyc cyc

()
- true - SZx“y > 3x2%y? Zsz > x%y?z? Zx ~ 3xyz||> Zx

cyc cyc cyc cyc
2 2

1 (D) ?
:xyz2x2§ Zx Zny-'.xysz > nyand szyz >

cyc cyc cyc cyc cyc cyc
2 2 2

3xtyizgt )
z x? ﬁ & z xtyt Z x%y? | = 3xtytz* Z x* | - true
cyc

cyc cyc cyc cyc
2

Z xtyt Z 2y | > xty2z? Z 22 || 3x%y222 z 2

cyc cyc cyc cyc

)
-'-Z:xzy2 > sz and3xysz3—Zx3y—2xy3+xyz2x—22xy

cyc cyc cyc cyc cyc cyc cyc

via 2) and (e)

via Chebyshev and (1)
> 2xysz3+Zx3—ny—2x3y—2xy3 >

cyc cyc cyc cyc cyc

2xyz2x3+Zx2—2xy—2x3y—2xy3 22xysz3—Zx3y

cyc cyc cyc cyc cyc cyc cyc

cyc

15 | RMM-CYCLIC INEQUALITIES MARATHON 1901-2000
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2
5 xtytzt
—zxy320(:>4x2y2z2 sz Zx y+2xy W
cyc

cyc cyc cyc cyc

2
4 <Z x4y4> (Z x3> > 3x2y2z2 (Z x3y + 2 xy3> - true - LHS >
cyc

cyc cyc cyc
2 2
4 ? ?
§x2y2z2 Zx Zx3 > RHS Zz:x4 22x3y+2xy3 - true via
cyc

cyc cyc cyc cyc

Schur + A—G - 3xysz3—Zx3y—2xy3+xyz2x—22xy20—> (i)

cyc cyc cyc cyc cyc

andagain,32x3y3+<Zx3y+2xy3—22x2> Zx y —ny—B

cyc cyc cyc cyc cyc cyc

AM—-GM & via (ee°) Chebyshev and AM—GM
= 3 z x3y Z xty? — 2 xy—3 =

cyc cyc cyc
1 1
3 31/ x2y2z2, Z x?y? — Z xry? | + 3 31/ xtytzt, Z Xy — Z xy |+
cyc cyc cyc cyc
via (2)
3x%y%?z2 -3 > 0.3 x3y3+2x y+ny —Z Zz:x2
cyc cyc cyc cyc cyc
via 2) and (e«*)
ny 3 - (ii) and 3x%y?z? 3+Z sz > 0 — (iii)
cyc cyc cyc
3
. (o) and (i) + (ii) + (iii) = (*) istrue (A > 0) . Z
a+ A \/_c +1 S3+2
1 1 rn n
Va,b,c>0] ?“LW“LC_Z: 3andA>0," =" iffa=b =c=1(QED)

1919.If x,y > 0,x + y = 2 then:

J10x2 + 4xy + 2y% + /10y? + 4xy + 2x% > 8

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

Vab>0+/10a + 4ab + 2b%2 >3a+b
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Proof:

We need to show:
J10a? + 4ab + 2b%2 >3a+b

squaring
10a? + 4ab + 2b> > (3a+ b)?
10a? + 4ab + 2b* > 9a? + 6ab + b?

a? —2ab + b%* > 0 or,(a — b)? > 0 true

Lemma
V10x2 + 4xy + 2y% +/10y% + 4xy + 2x2 >
x+y=2

>(3x+y)+By+x)=4(x+y) = 8
Equality holds for x=y=2.

1920. If x,y € (0,1) then prove that :

2
\/§+\/§+‘{/ﬁ-\/y\/1—x2+x\/1—yzg44§

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

CBS

\/§+\/§+W.Jy.\/1——xz+x.\/1—7yz <
VE. [N2GZ 43D + VIE. |V 43P 2= P+ yP)
= V8(x% +y?2) + V/24(x2 + y2) — 12(x? + y?2)2
4 2
—t+ Jz4.% ~12. <%) (t = Y/8(x% + yZ)) =t +%.‘§/48 — 3t

®

t
~LHS < t+ 2 \/48 — 3t* and since x,y € (0,1) - t=1/8(x2 +y2) € (0,2)

3
48 — 3thHa - 3(t* -8
( ) ( )>0

Letf(t)=t+%.4\/48—3t4‘v’t€(O,Z);then:f’(t)= 3
(48 — 3t)2
(trivially) if t* < 8nd v t* € (8,16),f'(t) =
(48 — 3t)3 — 81(t* — 8)*

(48 — 3144, <(48 _ 3t4)d 4 3(th — 8)) . ((48 342 + 9(th — 8)2)
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27(32 — 3m) ((m — 5)(m — 8)? + 64) )
_ = £(t)

(48 — 3142, ((48 343 4 3(th — 8)) . ((48 342 4 9(th — 8)2)

4132
m=tHand " m=t*>8.-f'(t) =0=32=3m=3t*=t= /? and also,

32 32
(x)=>vm=tte (O,?],f’(t) >0andvm=t*e (?,16),f’(t) <0

432 4(32 4(32
~ f(t)is T on <O, ’?] and f(t) is | on < /?2> withf’( ?> =0

4

2 2 via@®
:.f(t)max:f<4?>=4.\/; = \/§+\/§+‘§/ﬁ.\/y.\/1—x2+x.\/1—y2

<442”—" iff x=y = 2 ED
<4 |3 ="iffx=y= 3(Q)

1921.If x,y,z > 0 and x% + y? + z?> < 12 then:

V322 +12xy + y2 4+ /3y2 + 12yz + 2% + /322 + 12zx + x2 < 24

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

V3x2 +12xy + y2 + \/3y2 + 12yz + 2% + /322 + 12zx + x% <

cgs \/3.2(3x2+12xy+y2) =J3(32x2+122xy+2y2) <

cyc

x2+y2+72<12
S\/3(32x2+122x2+2y2) <

< /3(3x12+12x12+12) =576 = 24
Equality holds for x=y=z=2.
1922. If a,b,c > 0 then prove:

a*+b*| |b+c c+a
z\/ \/ +\/ > 12Vabc
a b c

cyc

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Mirsadix Muzefferov-Azerbaijan

a? + b?)?
a4+b4>%_( 2+b2)2 4a2b2 at +b*
a a B w/a
Anal ’ c4+b4 2b a4+c4
nalogously :
gousty \/Zb \/Z_c
LHS>2ab b+c+ c+a a+c b +a 4
“\2a b \/Zb

2ca b+a b+a A,ZGZab b+c c+a
+ = +
V2c V2a
1 1
2 246
2bc a+c b+a 2ca b+ac+b ~
+—".2 + .2 >
v2b c a V2c¢ a b
1 1 1
2 2 2
- 4ab 4+/bc +/ca +4ac 4+/ba Vcb N 4bc 4+/ca Vab Aéc
“\2a b "¢ V2¢' a b V2b c a -

3/ 4ab 4ac 4bc 64a2b?%c?
= kmvz—cm a?b?c?
Equality holds for : a=
1923.If a, b, c > 0 then:

5
1 9v2(abc)3
E —(b4 b2+c2+c4\/c2+a2)2 (abe)

a? + b? a? + b? + ¢2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Cesaro
(a? + b*)(b?> + c*)(c* +a?) = 8a’b*c* (1)

_ 2 2 2
V@ @@ ra) = e ) )

19 | RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

AM-GM
b*Vb2+c2+ctet+a2 = 2(btct. (b2 + 2)(c? + a?) =

= 2b%c2/ (b2 + c2)(c? + a?)(3)

1 @,3) o 2b%c?. 3/ (b% + c2)(c% + a%) AM-GM
4 P2 L 24 o4 )02 4 2
Zaz_l_bz(b\/b +c +c\/c +a) > Z 2 1 b2 =
- 63 a*b*c*\/(a + b?)(b? + c2)(c? + a?) (;)
- (a? + b2)(b? + c?)(c? + a?) -

3 5 5

63 a*b*c*2z abc (i) 6vV2(abc)?  9v2(abc)3

~ N (aZ+b2) (b2 + c2)(c2+a?) T 2(a®+b%+ ) a?+b%+c?
3

Equality holds fora = b = c.
1924. For x,y,z > 0,k = V2 prove that :
X\ 2 2 Z 2
(k+1—k.—) t(k+1-k2) +(k+1-k=) >3
y Z X
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
2 2 2
(k+1—k.f) t(k+1-k2) +(k+1-k2) >3
y Y/ X

x? x
@3k2+6k+kzzﬁ—2k(k+1)z§20

cyc cyc
X Z

@3k+6+k2a6—2(k+1)za320 iF:afﬁ:bf\P:c
cyc cyc y z x

o (3K + 6)a?b?c? + kz ab — 2(k + 1)abcz a3 >0 (- abc = 1)

cyc cyc

N k<z a® + 3a®b%c? — Zabcz a3> — 2abc (Z a3 — 3abc> >0

cyc cyc cyc
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atbict + <z ) (z ) 3 arne

cyc cyc cyc

ol )

( SRR
_zabck@a) (z) 5 an Jse-

2abc| 3abc +

cyc cyc cyc

k ((p? - 29)* - 3(p? — 2q)(q? - 2rp) — 2r(p? — 3pg) ) — 2r(p* — 3pq) > 0

<p=2a,q=2ab,r=abc>@

cyc cyc

k((0? - 2)° - 3¢%(p? - 2q)) + r(k(4p* — 6pq) — 2p° + 6pq) > 0

™
& Ar? +r.G(p,q) + H(p,q) 0
A =0,G(p,q) = k(4p® — 6pq) + 2p3 — 6pq,
H(p,q) = k((p? - 20)° — 3¢(p? - 29))

and - F(a,b,c) = Ar? + r.G(p,q) + H(p,q) = 0for A <0 < a,b,cholds
iff F(a,1,1) > 0and F(0,b,c) = 0 .. (%) is true iff F(a,1,1) > 0 and F(0,b,c) > 0;

where F(a,b,c) = k<z a® + 3a%b?c? — Zabcz a3> — 2abc (Z a3 — 3abc>

cyc cyc cyc
Now, F(0,b,c) = k(b® + ¢®) > 0and F(a,1,1) =
k(a6 +2 +3a? - 2a(a® + 2)) —2a(a®+2 - 3a)
=k(a—1)2%(a* +2a® + a? + 2) — 2a(a—1)% (a + 2) é 0
& k2%2(a* + 2a3 + a? + 2)? é 4a*(a+2)? (v (a—1)?>0)and = k? > 2
- it suffices to prove : 2(a* + 2a3® + a? + 2)? ; 4a%(a + 2)?

?
& 2(a® +4a” + 6a’ + 4a° + 2a* + (a®? — 2)%) > 0 - true (strict) ~ a > 0

and so,F(a,1,1) > 0 and F(0,b,c) > 0 = F(a,b,c) = 0 = (%) is true
2 yi 2 Z\ 2
.-.<k+1—k.—) +(k+1—k.—) +(k+1—k.—) >3Vxyz>0andk>V2,
y Z x

"="iff x =y =1z (QED)
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1925.If a,b,c > 0 then prove that :

S a2 ab+ 23 a4 Io— e

cyc cyc cyc
Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

(S Yo oo 3 (B )

cyc cyc cyc cyc

b—c|+ |c—al)? 1
cyc cyc cyc cyc
1
:ZazZzab+§Z(|a—c|+|b—c|)2,”=” iffa =b = c (QED)
cyc cyc cyc

1926.1f a,b,c > 0,abc = 1,m > 0 then:

z al - 3
vaZ +2ma+bc  J2(m+1)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

AM-GM -
a+b+c = 33\/abcab213(1)

AM-GM =
ab+bc+ca > 33azbrc St 3(2)

3 Holder 1 (a+ b+ c)3 CBS
> >

a
z\/a2+2ma+bc ~ 3y¥YVa?+2ma+bc

(a +b+ C)3 a+b+c;x&(2)

3\/3((a2 + b2+ c2)+2m(a+b+c)+ (ab + bc + ca))

x3

>
3V3x2 + 6mx —9

We need to show:
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x3 3 x°

squaring 9

= or
3V3xZ+6mx—9 . 2(m+1) 9(3x*+6mx—9)

x(2m + 2) > 81(3x% + 6mx —9)

x°(2m + 2) — 243x% —486mx + 729 > 0

2(m+1)

(x —3)?[2(m + D)x?*(x* + 6x + 27) + 216(m + 1)x + 810x + 567] +

+486(5m + 3)(x —3) > 0true by (1)as x=a

Equality holds for a=b=c=1.

+b+c=3

1927.1f a,b,c > 0 with a + b + ¢ = 3 then prove that :

— b)Z

z 3a z 1+16Z (a
b+c+1™ @ (a+4b+ 4c)(4a+Db + 4c)
cyc

cyc cyc

Proposed by Neculai Stanciu,

Titu Zvonaru

-Romania

Solution by Soumava Chakraborty-Kolkata-India

3a? atb+c=3 3a?
- > _
Zb+c+1 Za - Z a+b+c Za

cyc cyc cyc b+c+ 3

cyc

cyc cyc

(2a? — ab — ac)(b + 4c + 4a)(c + 4a

+4b)
>

(a+4b+4c)(b+ 4c+4a)(c+4a+4b) —

cyc

A (a —b)?(c + 4a + 4b)
Z“ o (a+4b+4c)(b+4c+4a)(c+ 4

cyc

cyc cyc cyc

( 2 .
Z\(Zaz—ab—ac) 4<Za> +1za<za>+9bc )z

a+4b)@

\,

2a? —ab —ac ? (a —b)?
=4Z > 16 Za
a+4b + 4c (a+4b + 4c)(4a+ b + 4c)
cyc
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(g

cyc cyc cyc cyc

@4<za>z.z<a_b>z+12<za><22a3_zazb_zabz>+

cyc cyc cyc cyc cyc cyc

?
9<2abc2a—abc2a—abcz a) >

cyc cyc cyc

4 (2 a>2 D (a-b2-12 (Z a> (Z a?b+ )" ab? - 6abc>

cyc cyc cyc cyc cyc

? ?
@22a3—2a2b—2ab2 Z—Zazb—Zab2+6abc<=Za323abc

cyc cyc cyc cyc cyc cyc
2

3a
- true via AM — GM .. 2— =
b+c+1

cyc

(a—b)?
>
(E a><1+16 E (@t ab+40(da bt 40 \7’a,b,c>0|a+b+c_3,
cyc

cyc
"="iffa=b=c=1(QED)

1928.1f a,b,c > 0,a + b + ¢ = 3 then:

1 1

+ + <1
a’+b2+c2 b3+ct+a? 3+ a?+b?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Cauchy—-Schwarz

(a®+ b%? + c®)(a+ b% + c?) > (a? + b? + c?)?

1 - (a + b? + c?)
a3 +b%+c2 ™ (a?+ b%+ c?)?

(1)

a+b+c=3

1
a2+b2+c22§(a+b+c)2 > =3(2)
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1 N 1 4 1 _z 1 (i)
a3 +b2+c2 b3+c2+a? cB+a’l+b? LiadB+b2+c

(a+b*+c?) a+b+c+2(a®+b%+c?
< = =
(a? + b?% + ¢?%)2 (a? + b?% + c?%)2

_w/(a+b+c)2+2(a2+b2+c2)<

(a? + b?% + c2)?

- V3(a? + b? + ¢2) + 2(a® + b* + ¢%) a2+p?2+c2=x? V3x + 2x7
- (a2 + b? + c2)? B x*

We need to show:
V3x + 2x2

po <lorx*-2x—-vV3=0o0r(x—v3)(x*+V3x+1) =0

trueas x* = a®> + b* +c* >3 by (2)

Equality holds fora=b =c=1.

1 1 1
1929.If x,y,z > O,;+}7+Z—2 < 12 then:
1 1 1

+ +
J8x2 +4xy +13y%2  /8y2 +4yz + 1322 V822 + 4xz + 13x2

6
< —
5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 1 1¢s1/1 1 1\° 1 1 1\ 1 1 1
12> +=+—5 = —(—+—+—> or362(—+—+—> or,—+—+-<6(1)
x4 y-~ z 3\x y z X y z X Yy z

Lemma :

Va,b > 0,/8a2 + 4ab + 13b2 > (2a + 3b)
Proof:
We need to show:
J8aZ + 4ab + 13b2 > (2a + 3b)

squaring

8a? +4ab +13b* >  4a?+ 12ab + 9b?

4(a®? —2ab + b?) > 0 or 4(a — b)?> > 0 true

1 1 1
+ +
J8x2 + 4xy +13y%2  /8y2 + 4yz + 1322 V822 + 4xz + 13x2
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Z - Lemmaz Z :
\8x% + 4xy + 13y?2 2x +3y xtx+y+y+y

AMHMl(Z Z +Z +z Z)T%(Sx@—f

1
Equality holds forx =y =2z = 7
1930.If x,y,z > 0, xy + yz + zx = 3 then:

2 2 2

x y z

- + >
J7x% +28xy + 14y /7y + 28yz + 1422 V7z% + 28zx + 14x?

N w

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma :

Va,b > 0,/7a2 + 28ab + 14b% < 3a + 4b
Proof:
We need to show:

J7a? + 28ab + 14b2 < 3a + 4b

squaring

7a* + 28ab + 14b*> <  9a? + 24ab + 16b*

2(a? — 2ab + b?) > 0 or 2(a — b)? > 0 true

xZ 2 ZZ

+ 4 + =
J7x2 4+ 28xy + 14y?  |/7y% + 28yz + 1422 V722 + 28zx + 14x2

z x2 lemma x2 Bergstrom
= = Z =
J7x% + 28xy + 14y2 3x+ 4y

(x+y+2)? _xty+z \/(x+y+z)2>

>
3x+y+z)+4(x+y+z) 7 7 -

3 xy+yz+zxz3 3
N J3(xy +7yz + zx) S
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Equality holds forx =y =z = 1.

1931.1f a,b,c > 0, then prove that :

>1

a
z\/4b2 + bc + 4c2
cyc

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3

a az2 Radon
E - E >
V4b? + bc + 4c? v4ab? + abc + 4c2a
cyc cyc

3 3
a)? ? ?
(chc ) 21<:><Za> 23abc+42:azb+42:ab2

\/Babc +4Yyca’b + 43, ab? cyc cyc cyc

?
@Z(ﬁ +3<2abc+2a2b+2ab2> > 3abc-|—42:azb+42:ab2

cyc cyc cyc cyc cyc

?
o z a3 + 3abc > z a’b + Z ab? - true via Schur

cyc cyc cyc

>1Vab,c>0"="iffa=b=c(QED)

N z\/4b2 + bc + 4c?

cyc
1932. For x,y,z,t = 0 prove that:
t
(2 +)y2+0)(EZ2+t) > 77 (5t+3(xy +yz + zx))2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
t
xX+)y?+0)EZ2+0) > 27 (5t+3(xy +yz + zx))Z

& 27x%y%z? + 27t2 sz + 27t2 x%y? +27t3 >

cyc cyc
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2
25t3 + 30t2 ny + 9t (Z xy> © 27x%y?z% + 263 +

cyc cyc

2
()
27t22:x2 - 30t22xy+ 9t 32xzy2 — (ny) >0

cyc cyc cyc cyc

2022 | 43 4 43 TMZGM 5 227216 (-
Now, 27x°y“z- + t° + t >  3.327x%*y?z%t® (v x,y,z,t > 0)

2
= 9t2.3/x2y2z2 and ~ 9t| 3 z xty? — (Z xy) > 0 - in order to prove (x),

cyc cyc

it sufices to prove : 9t2. /x2y2z2 + 27t2 Z x* — 30t? Z xy=>0s

cyc cyc

F(a,b,c) = 9<Za6> + 3a?b?c? — 102 a’b®| > |0(a=Vx,b=3lyc=13z)

cyc cyc

cyc cyc cyc

of () s (1) (5.) - )

2
& 9| 3a?b?c? + (Z a2> (Z a2> — 32 a’bh? ) + 3a?b?c? —

cyc cyc cyc

© 9(p? —2q)% - 27(p? — 2q)(q?® — 2rp) — 10q3 + 30rpq = 0

<p:za,q:zab,r:abc>

cyc cyc
© 9(p? —2q)% - 27q%(p? — 2q) — 10q> + r(54p3 — 78pq) = 0
p q q°(p q q p pq) =
o Ar? +r.G(p,q) + H(p,q) =0

( Here A = 0,G(p, q) = 54p® — 78pq and

d - F(ab,c) =
H(p,q) = 9(p? — 2q)% — 27¢*(p* — 2q) - 10q3) o (a.b,©)
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Ar? +r.G(p,q) + H(p,q) = 0 for A < 0 < a,b,c holds iff F(a,1,1) > 0 and

F(0,b,c) = 0 .. (¥x) istrue iff F(a,1,1) = 0 and F(0,b,c) > 0V a,b,c > 0;
and F(0,b,c) = 9(b® + ¢®) — 10b3c3 = 9(b3 — c3)2 + 8b3c3 > 0 (~ b,c > 0)
and F(a,1,1) = 9(a® + 2) + 3a? —10(2a3 + 1)
= (a—1)?>(9a* + 18a® + 27a* + 16a +8) > 0 (~ a = 0)
~F(a,1,1) 2 0and F(0,b,c) >0V a,b,c > 0 = (x¥*x) = () is true

(% + ) (y? + t)(z? +t)25(5t+3(xy+yz+zx)) VXyzt>0,

t
"=”iffx=y=z=\];(QED)

1933. For x,y,z k,t > 0 and t > k./2 prove that :
(2 + ) (y2 + t2)(z% + t?) > (K? + t2)(k(x + y + z) + t? — 2Kk?)?
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
(2 + D)2 +t2) (22 +t2) > (kK2 + t)(k(x + y + z) + t? — 2k?)?
2
& (a? +s)(b?2 +s)(c?2+s) > (1+s)<Za+s—2>
cyc

x
<a=E,b=%,c=—ands=—>2><:>(a2+2+m)(b2+2+m)(c2+2+m)

2
2(3+m)<2a+m> (m=s-2>0) <

cyc

mz<zaz_zza+3>+m<zazbz+3za2_zzab_6za+n>+

cyc cyc cyc cyc cyc cyc

2b2c2+zz 2b2+za —6Zab+8 >0

cyc cyc cyc

Now, a®b?c? +2§:a2b2 +z:a2 —6Zab+8 =

cyc cyc cyc
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AM-GM
Za2+(1+a2b2c2)+1—22ab+2 ZazbZ—ZZab+3 >

cyc cyc cyc cyc

Darij Grinberg
Za2+2abc+1—zzab +22(ab—1)2 > ZZ(ab—l)ZZO

cyc cyc cyc cyc

via (D)
2b2c2+22 2b2+Za —6Zab+8>0 LHS of () >

cyc cyc cyc

m? Z(a -1)% + m<2(ab —-1)2 + BZ(a — 1)2> mZZO 0 = () is true and so,

cyc cyc cyc
(2 +t2)(y2 +t2)(z%2 +t2) > (kK2 + D) (k(x + y + z) + t? — 2k?)?
vxyzkt>0andt>k V2" =" iffx =y =z =k (QED)

1934.If a,b,c > 0, a + b + ¢ = 3abc then:

1 1 1 3
+ + < -
1+a+2bc 1+b+2ac 1+c+2ab 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM
a+ b+ c = 3abcor 33abc < 3abc

2
(abc)3 =1o0orabc>1(1)

AM~-GM (€]
1+a+2bc=1+(@a+bc)+bc = 1+ 2Vabc+ bc >

>1+21+b=3+bc(2)

1 4 1 4 1 _ 1 (2
1+a+2bc 1+b+2ac 1+c+2ab Lil+a+2bc ™
1 AM—HM
SZ = <
3+ bc 1+1+1+ bc

<i(zl+zl+zl+z > ( a+b+C>a+b+c_=3abc
~ 16 bc) 16 abc N
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_ 1 (9+3abc>_ 1 9+3) =
16 abc/) 16 B

1935.If a,b,c > 0,abc = 1 then:
(b + c)b+c—a. (C + a)c+a—b. (a + b)a+b—c > 8

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

AM—-GM
a+b+c > 3Va ab613(1)

(b + )b+ % (¢ + a)*** b (a
M-HM Yb+c—a)

Y(b+c—a)
G
a+b—c > =
+b) - <b+c—a+c+a—b+a+b—c>
b+ c c+a a+b

a+b+c a+b+c 3
a+b+c Nesbitt [a+ b + c @ [ 3
= = —_— = |5 =8
3_( a_ . b L€ ) 3_§ 3
b+c c+a a+b 2 2

Equality holds for a=b=c=1.

1936.If a,b,c > 0,abc = 1 then:

1 1 1 3
+ + <=
2a+b+4 2b+c+4 2c+a+4 7

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

We need to show:

1 1 1 3

+ + <
2a+b+4 2b+c+4 2c+a+4 7

3 12

- <= B
2a+b+4 7’ ZZa+b+4_ 7
2a+b <12 2a+b >9
2a+b+4~ 7’ 2a+b+4 "7
2a+b (2a + b)? Bergstrom
>
2a+b+4 (2a+ b)2 +4(2a+b) -

(2a+b+2b+c+2c+ a)?
_(2a+b)2+(2b+c)2+(Zc+a)2+4(2a+b+2b+c+2c+a)
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9(a+ b + ¢)?

:4(a2+b2+c2)+(a2+b2+c2)+4(ab+bc+ca)+12(a+b+c):
9(a+ b + ¢)?

=5(a2+b2+c2)+4(ab+bc+ca)+12(a+b+c)=
9(a+ b + ¢)?

:5(a+b+c)2—10(ab+bc+ca)+4(ab+bc+ca)+12(a+b+c):
9(a+ b+ c)?

:5(a+b+c)2—6(ab+bc+ca)+12(a+b+c)

We need to show:
9(a+ b + c)? >9
5(a+b+c)?)—6(ab+bc+ca)+12(a+b+c) 7
7(a+b+c)>>5(a+b+c)*—6(ab+ bc+ca)+12(a+b +c)

2(a+b+c)>—12(a+b+c)+6(ab + bc+ca) >0
AM—GM
2(@+b+c)2—12(a+b+c) + 6 x3Vazb2cz > 0
abc=1
2(a+b+c)?>—-12(a+b+c)+18 > 0

2(a+b+c—3)2>0true

Equality holds fora=b =c=1.
1937.Ifa,b,c > 0,a + b + ¢ = 3 then:

al N b3 . c3 >3
27 —a3 27-b3 27—-c¢3 26

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

CBS 1 b+c=3
a®+b3+c3 2§(a+b+c)3a+g 3

let a® =x,b3=y,c3>=z thena®+b>*+c3=x+y+z>3(1)
Lemma:

m 27m—-—1

>
vm >0, = 676

Proof:
We need to show:
m 27m -1
=
27 —m 676
676m=>729m—27 —27m?*+m
27m? —-54m+27>0
27(m —1)? > 0 true
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X Lemma

a3 b3 c3 Z al _Z
27 —a3 Lu27—x

27— 27— 273

3

27x—1_27(x+y+z)—3(;)27><3—3_78_
676 =~ 676 676 26

=
676
Equality holds for a=b=c=1.

1938.If a,b,c > 0,ab + bc + ca = 3 then:

(a+b)*®(b+ c)’*(c + a)* > 8
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

ab bc ca _z ab AM;GMZ ab _
B 2v/ab

+ + =
a+b b+c c+a a+b

ab+bc+ca=3 3
= 2 (1)

1 CBS 1
= EZ vab < E\/S(ab + bc + ca)
ab+bc+ca
(@+B)(b+ P (ctays = | Lrberca >
- ab + bc + ca -
a+ b3 b+c c+a
(1) & ab+bc+ca=3 3
= § =8

2

Equality holds for a=b=c=1.

1939.If a, b, c > 0 then:
log,.1(b? +c* +2) +1og,,1(c* +a*+2) +log..,(a’> +b*+2) >6

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Using the rulelog. y = 28~ (1)
sing the rulelog,y = Togy

let log(a+1) =p,log(b+1) =q,log(c+1)=1r (A
CBS
b2+c?+2=((bB*+1%)+(c*+1%) >
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2\/(b+1)2 (c+1)2=(b+1)(c+1) @ -

2 2 AM-GM
2(b+1) +(c+1) 3
2 2
(4
Similarly: (c* +a*+2)>(c+1)(a+1) = prand
4
(@>+b*+2)=>2(a+1)(b+1) = pq

@) log(c+1)(b+ 1) B

2 2

2 2 > =
log,.1(b*+c*+2) =2log,,1(b+1)(c+1) log(a+ 1)
log(c+1)+log(lb+1)wq+r (q T
log(a +1) p P P

Similarly:
P, T P 4
logy 1(c?+a?+2) > (a + E) and log..,(a? + b*> +2) > (F + F)

log,.1(b?* + ¢* + 2) +1logy,1(c? +a® +2) +log..1(a? + b*+2) >

r r AM-GM ¢ p2q2r?
2(2+_)+(£+_)+(2+ﬂ) > 61T _¢
P D qa q ror p*q*r?

Equality holds for a=b=c=1.
1940. If x,y,z > O,%+§+% <Aandn e N,A > 0then:
1 A
> <
J@mZ+n+1)x2—2xy+(n+2)y2 ntl

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
Forn=0,LHS=Z 2 zzz 2 zsz_z
cyc\/x —2xy+2y? SJ(x-yi+y cyc\/y_

1 A
= Z po <A= " (* n = 0) and we now consider the case when n € N* and

cyc

71
then : nx? + y2 >
y n+1

?
(nx +y)? © n?x? + ny? + nx? + y? > n?x? + y% + 2nxy

(nx + y)? and analogs and

?

& —y)?Z > anx? +y? >
n(x—y)* >0 - true ~ nx“ +y Z

Z 1
cyc\/(nz+n+1)x2—2xy+(n+2)y2
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1

z z v1a®
Cchn(n+1)x2+(n+1)y2+(x y)?2 \/n+1 ,/nx2+y
m 1 Weighted AM = Weighted HM 1 n 1
. < —.2(—+—)
vn+1 ccnx+y (n+1)2 o X y
1.1.1
n+1 1x7yzsh g d
<
(n+1)2 Z Z T+ 12 Z = g Anese
cyc

1 1
z < ny,z>0| +o+-<A
cyc\/(n2+n+1);\¢2 2xy+ (n+2)y? n+1 y
3
andneN,)L>0,”="iffx=y=z=i(QED)

1941.Ifa,b,c>0,ab+bc+ca=3and)\2%then:

bc 3
<
z:\/a4 +2A—-1)a3+10A-3 " 2./32A—-1
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a*+2(A-1)a®+10A -3 =
a* - 2a® + a® + (2a® — a® + 104 - 3 — 31— 1)(a? + 3)) +(BA—1)(a? +3)
=a’*(a-1)>+22a®>-3a*+1) + (32— 1)(a? +3)
=a’(a-1)?*+Aa-1?*QRa+1)+BAr-1)(a*+3)=>BAr-1)(a?+3)

bc bc
<
\/a‘* +2(—1Dad +10A—3 — J(sx— D(aZ 1 3) “nd analogs
bc Z bc CBS
20— DB +10h—3 - L [Gh—D(@+3)

ab+bc+ca 3 Z
\/31 z a2 +3 \/31 aZ13° 32— 1
3

—@31_[(41 +3)>4Z (2 +3)(c? +3))

cyc

a2 +
cyc cyc

& 3a?b2c? + SZaZbZ +3Z:a2 2 27 &

cyc cyc
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2 3
5 3 ? 27
2n2.2 4 2 212 > 2 s 27 z
3a“b“c +3<2ab><zab>+9<2a><2ab> _27< ab)
cyc cyc cyc cyc cyc
@Za‘*bz+Za2b4+22a3b3+2abc2a3é

cyc cyc cyc cyc

2abc <z a’b + Z ab2> + 6a’b?c? - true -

cyc cyc

Z a*b? + Z a’b* + 2 Z a3b? + Zabcz al

cyc cyc cyc cyc

AM-GM
= Z (a“(b2 + cz)) + Zabcz a® +2 Z a’b? > 4abcz a® + 6a’b?c?

cyc cyc cyc cyc

Schur + AM—GM
> 2abc z a’b + 2 ab? | + 6a?b?c?

cyc cyc

Va,b,c>0|ab+bc+ca=3

bc 3
<
Zja“ +2A—1)a3+10A.-3 "~ 2./32 -1

cyc

1
andlzi,” ="iffa=b =c=1(QED)

1942.If x,y,z > 0,1 = 0 then:

Z\//lx2+2(/1+2)xy+ Ay2 <2 A+1(x+y+2)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Lemma:

Va,b > 0and 1>0, 2a2 +2(A1+2)ab + Ab%2 </ 1+ 1(a + b)
Proof:

We need to show :

JAa? +2(A+2)ab+ Ab? <+ A+ 1(a+ b)

Ja(a+b)?2 +4ab < 1+ 1(a+ b)
squaring

Ala+b)?>+4ab < (A+1)(a+b)?
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or,(a+b)?(A+1—2)—4ab=>0
(a+ b)?> —4ab > 0 or,(a— b)? > 0 true
Lemma
z\/lx2+2(l+2)xy+ Ay? < Z\//1+1(x+y)=
=\/A+12x+y =2JA+1(x+y+2z)

Equality holds for x=y=z.

1943.If a,b,c > 0,abc = 1 then:
(a? + D*(b?> +1)°(c>+1)°>8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a b c AM-GM qa b c 3
Zrirritern S zatmtacz @
atb+c > 3¥abe T 3(2)

a+b+c
(az+1)“(b2+1)b(c2+1)CGM£HM( _ a+:+c _ ) (;)
P R s |

a+b+c 3
- a+b+c (i) 3 _g
|73 ) =\3) -
2 2

Equality holds for a=b=c=1.

1944.1f x,y,z > 0 and xy + yz + zx + xyZ = 4 then prove that :
x*+y?+22+3xyz>2(x+y+2z)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
If one variable equals zero (WLOG x = 0),then : yz = 4 and LHS =
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1 AM-GM
y? +2z2 > E(y+z)2 > [yz.(y+z) = 2(y + z) = RHS and we now
consider the case when x,y,z > 0 and we have,
Z((z +Y)2+2) - @ +0)2+Y)2+2) =4— (xy+yz+zx + xy2) = 0

cyc

Z 1 1 - (m) and 1 xzol ¢ 1 1
—_—=1- w_ — = _
2+x m) an 2+x 2 we canse 2+x 2 a
cyc
0 and 1 . 2 = 2 _ 2 2 = 2a 1
(a> an a<§>..x+ _1_za:>x_1_2a_ =7 _)()
7—(1
Similarl t: 1 _ 1 b d 1 _1 ] 1via_(m)
miiarly, we se -2+y—2 an 2+Z_2 C .. =
L SN SR SN J Fbic=a (i)
=—— - ——C= ==
2+x 2+y 2+z 2 %72 2 74 €c=z74
(1) and (i) 20 ndanal I 2 dz =<
o = = = — =
an 1 X b+c anaanatogousty,y cta ana z a+b

1
(a,b,ce (O,E)>Assigningb+c=X,c+a=Y,a+b=Z=>X+Y—Z=2c>0,

Y+Z—-X=2a>0andZ+X-Y=2b>0=>X+Y>ZY+Z>XZ+X>Y
= X,Y,Z form sides of a triangle XYZ with semiperimeter, circumradius & inradius
=s,Rr(say); andthen:a=s—-X,b=s—Y,c=s—Z - abc = r?s and so,

Z 2, 3 - Z ‘:’Z a? N 6abc >Z a
T OXyZ = x L b+0? (b+olc+a(a+h) - Lb+c
y y

cyc cyc
s? —2sX+X? 6r’s s—X
= Z + =
X2 4Rrs X
cyc cyc
s2 ((s2 + 4Rr + r?) — 16Rrsz) 3(s? + 4Rr + r?) 64 6r _ 0
@ — —
16R2r2s? 4Rr 4R —

O]
& s* — (20Rr — 2r?)s? + r?(64R* + 20Rr +r?) |>|0and = P =
Gerretsen
(s? —16Rr +5r?)2 > 0 . in order to prove (), it suffices to prove :

? ()
LHS of (x) > P & (3R — 2r)s? | > [r(48R? — 45Rr + 6r?)
Rouche

Now, (R —r)(s? — 16Rr + 5r2) >
(R—r) (ZRZ — 6Rr + 4r2 — 2(R — 2r)y/R2 — 2Rr)
2 Euler
= (R—2r) ((R— r—+R2 — 2Rr) +r2> > r2(R-2r) =
r?(R — 2r)
R—r

(R-r)(s?> —16Rr + 5r%) > r?(R — 2r) = s? > 16Rr — 5r% +
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?
=

r2(R-2r
and so, LHS of (++) > (3R — 2r) <16Rr 524 ¥>

R—r

r(48R% — 45Rr + 6r2) © 4Rr3(R — 2r) = 0 - true via Euler = (xx) = () is true
ax?+y2 422 +3xy2>2(x+y+2)Vxy,z>0|xy+yz+zx +xyz = 4,

"o__m s x=0, y:(), z=0, o
=it (y:Z:2> or (x:z:Z) or (x:y:Z) or(X—Y—Z—l)(QED)

1945.If x,y,z>0,x +y+2z = 3,41 > 1then:

Y
>
A—x3"21-1

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

3 3

3 3
X y z° Radon (x +y + z)° x+y+z=3
3, 331 ,3 a1
x>+y°+z (1)2+(1)2+(1)2 > 9 (1)
z x3 Hogierl (x+y+2)?3 (1)&(a;b+c)=31 27 3
A—x3 T 3 32—-(a3+y3+23) - 3 31-3 1-1

Equality holds forx =y =z = 1.
1946.If a,b > 0 then:

3(a**3 —a*+3)(b"3 -b"+3)>(a+b+1)3n€eEN

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

For every positive real number x,we have (x® — 1), (x> — 1) have
the same signs and because of this :

-1 -1)=>00rx"3—x"—x3+1>0

A —xt > —1ora™d—x"+3=2x3+2 (1)

€)
3@ -a"+3)("3-b"+3) = 1+1+1D)(a®+2)(b3+2)=
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Holder
=1+1+D@+1+1)@A+b3+1) > (a+b+1)3

Equality holds fora=b =1

1947.1f a,b,c > 0 and abc = 1 then prove that :

a’+3 N b%Z+3 N c2 +3 _3
(a3 +b3)(a®+c3)  [(b3+c3)(b3+a3) [(c3+a3)(c3+Db3)™

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3, AM-GM 3a2b? , abe=1 3 and az + 3
> > <
z a - abc andso, 2 (a® +b3)(a® +c3) ~
ycC

cyc

a’+3
2+3

Z a2+3AMGMZa6+3+1')
ab +3

a+37 y
<3(:>z 3(:)2

cyc cyc cyc cyc 6 + 3

X 3y® + x© o
<a=—,b=X,c:E>=} E y X ( )
y Z X 3y® +x6

cyc

x6 + 3y5z:x6 + 3y®

. x2y4' x y x°y AM-GM
—_—< =
ow’2x6+3y szy (xz +y2)+2y Zx4+y4+x2y2+y4 =
cyc ae
3x n y _ y 1 y4 Bergstrom
=1—-——. A oo
e cyc
2
1 (zcyc xz) 1l G <
3 chc x4+ 3 chc x2y2 3 (chc xz)Z + chc xz 2=
L1 (e’ B D S
3 x6 T 3y x6 + 3y
2 (Deyex
(chc xz) +—" ( cyc ) ve v
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2 2
Z x12 Berg;trom (chc x6) _ (chc x6)

£ X1243x%9% 7 (8,0x6)” + Yoy x6y6 (Sepex6)? + M
cyc 3

'.Zx6+3y l » (D and (2) = () is true

cyc

. a*+3 N b% +3 N c2+3 <3
@ +b3) (@ +c3)  [(b3+c)(b3+a3) (3 +ad)(c3+b3) T

Vab,c>0|abc=1"=" iffa=b =c=1(QED)
1948.If a,b,c>0and a+ b + ¢ = ab + bc + ca > 0 then prove that :
1 1 1 4

+ -+ >
a+2 b+2 c+2 5
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 4
Za+2>§<= 52((b+2)(c+2))>41_[(a+2)<:>28+4p—3q>

cyc cyc cyc

cyc cyc

P=9q>0
4r p=Za=Zab=q>0andr=abc =

q)* 4rp 34 0202 4rpd o 2
28 D +q>T=>28q + p“q® —4rp° > 0 © Ar“ +r.G(p,q) + H(p,q) > 0

(Here A = 0,G(p,q) = —4p? and H(p, q) = 28q% + p%q?) and = F(a,b,c) =
3 2 2 3
28 Z ab | + Z a Z ab | —4abc Z a| =Ar?+r.G(p,q) +H(p,q)
cyc cyc cyc cyc
>0forA<0<ab,choldsiff F(a,1,1) > 0 and F(0,b,c) > 0 .. (%) is true iff

F(a,1,1) > 0 and F(0,b,c) >0V a,b,c > 0;and F(0,b,c) =
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( 28b3c3 + b%c?2(b+ )2 =0iffb=c= 0)

= Z ab = 0 - impossible

cyc

b,c=0

28b3c3 + b%c?2(b+c¢)? > 0

andF(a,1,1) = 282a+ 1) + 2a+ 1)%*(a + 2)? — 4a(a + 2)3

a=z0
=220a3 +321a®* +156a+32 > 0. F(a,1,1) > 0 and F(0,b,c) > 0

+1+1>4
a+2 b+2 c¢c+2 5

= () is true -
Vab,c>0anda+b+c=ab+bc+ca>0(QED)

1949.If x,y,z € [1, \/E] then:

VaZ—1 Jy2-1 Vz2-1 3V2
+ + <
y z X 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

letu=+x2-1,v=+y>—1,w=+22—1then
x=Jyut+1,y=+Jv +1,z=yw?2+1

asx,y,z € [1,V2] thenu,v,w € [0,1]
<since,1£x£\/§or 1<Ju?+1<v2or1<u?+1<2 )

0<u?’<1oro0<u<i

Lemma:
vte[01] 1 <1 ‘ 1
R U 2 1)
Proof:
We need to show:
1 t
14+t 2
1 2t 2<2-A+tort2—t<0
or’1+t_ 5 or2s< or, <
t(t—1)<O0trueas te[0,1]
Vaz—1 Jy2-1 VJz2-1 u v w
+ + = + + =
y z x Vz+1 Vw2 +1 V2 +1
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CBS

1 1 1
< 2 2 2( ):
- j(u vt wh) u2+1+v2+1+w2+1

—(+b+)(1+1+1><
=@ Na+1 b+1 c+1) =

(we take a = u?,b = v*>,c = w? as u,v,w € [0,1] then a,b,c € [0,1])
Lemma (1)

< (+b+)(1 21 b+1 C)—
= a c 2 2 2) =

+b+ _ / 2
=\/(a+b+c)(3—u) “hie=x 3y 2 ()
2 2
2

x
Letm=3x—7 orx’?—6x+2m=0

this is the quadratic equation in x and x is real then discriminant > 0

36 9
(—6)?—4.1.2m>00rm < —

- 8 2
_ 3 x2<9
som=3x—-— <

Vaz—1 Jy2-1 Vz2-1 x2 9 3V2
From(2)we get + + < Bx-"< |Z=2"Z
y z X 2 2
V2

Equality holds forx =y =z =

1950.If x,y,z > 0,x+y+z=1and 3A > 2n > 0 then:

122 +n
A Zx3 +ny +nxyz > ————
27
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

< 3 1221 +n
A Zx +ny + nxyz >

27
cyc cyc

o 27227<zy><z>u<§> >0 (Zx>3_27xyz

cyc cyc
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'-'szl =

cyc

27zx + 81xyz + 27 szy+2xy2 -

cyc cyc cyc

X +6xyz+3§:xzy+3§:xyZ

cyc cyc cyc

A

v
-

x| —27xyz

cyc

N

./
(2

3

()
o 34 52x3+3xyz—32x2y—32xy2 >n Zx —27xyz

cyc cyc cyc cyc

3 Schur 2 2
Now,5 ) x°*+15xyz > 5 ) x“y+5 ) xy” and

cyc cyc cyc

Zsz +zz 2 MM 40 d
y xy* = xyz and so,

cyc cyc

SZ:x3 + 15xyz+221x2y+zz:xy2 > Sszy—l—Snyz + 12xyz

cyc cyc cyc cyc cyc

- 52x3+3xyz—32x2y—32xy2 > 0and -~ 31 > 2n - LHS of (+) =

cyc cyc cyc
3
?
2n 52:x3 + 3xyz — Bszy— Bnyz >n Zx — 27xyz
cyc cyc cyc cyc
102:;\:3 + 6xyZ — 6Zx2y— 6ny2 -
cyc cyc cyc ?
©n =0
Zx3 + 6xyz + 32x2y+ BnyZ + 27xyz
cyc cyc cyc

?
& 9n Zx3 + 3xyz — szy - nyz > 0 - true via Schur (v n > 0) =

cyc cyc cyc
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122 +n
(*)istrue:>A<Zx3+ny>+nxyz2 Vx,y,z>0|x+y+z:1

27

cyc cyc
1
and3A>2n>0," =" iffx=y=1z =3 (QED)

1951.
If0<abc<1<xyzanda+b+c+x+y+z=6thenprove that
a’?+b%+c?+x>+y*+22<18

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

OSa,b,cS1=>a(a—1),b(b—1),c(c—1)£0=>2a(a—1)SO

cyc

a+b+c+x+y+z=6
:Zazsz:a = 6—2x=>2a2+2xzs

cyc cyc cyc cyc cyc

2 2
6—Zx+ Zx —22xy£6—2x+ zx —22(x+y—1)
cyc cyc cyc cyc cyc cyc
(vxy,z=1= (x—1)(y—1) = 0 and analogs = xy = x + y — 1 and analogs)

=6_zx+<zx>2_42x+6=(Zx>2_szx_6+1s

cyc cyc cyc cyc cyc

=<czycx_6><czycx+1>+1ss1s

ab,cz0 xyzz1
'-'Zx=6—2a < 6and ) x > O0]-~a?+b%+c?+x?+y?+1z?
cyc cyc cyc
< 18 whenever 0 < a,b,c<1<x,y,zanda+b+c+x+y+z=6(QED)
1952.1f a,b,c > 0, (ab)¢(bc)*(ca)? > 1 then:
a+b+c=>3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

45 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(ab)¢(bc)*(ca)? > 1

AM;GM (b+c)a+ (c+a)b+ (a+ b)c -

ab+c. bc+a. ca+b

- 2(a+b+c) -
2(ab + bc + ca) (a+ b+ c)?
>l —>
2(a+b+c) 3(a+b+c)
a+b+c=>3

Equality holds for a=b=c=1.

1953.If a, b, c > 0 then:
(a—b)B*>*+c*)+(b-0c)(c*+a®>)+(c—a)(a*+b*) <0

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Schur's inequality:
a® + b3 + 3 + 3abc = a*(b + ¢) + b?>(c + a) + c*(a + b)

(a—b)(b*+c*) + (b—c)(c? + a®) + (c — a)(a® + b?) =

AM—GM
= a(b? + c?) + b(c* + a®) + c(a? + b?) — (a® + b3 + 3 + ab? + bc? + ca?) <

Schur
< a(b? + ¢®) + b(c® + a?) + c(a® + b?) — (a® + b% + ¢3 + 3abc) < 0

Equality holds for a=b=c.

1954. If a, b, c > 0 then:

(a—b)Vb+c +(b—-c)Vc+a+(c—a)Va+b <0

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Schur's inequality:
a® + b3+ c3 +3abc > a*(b +¢) + b*>(c+ a) + c*(a+ b)

a’+b3+c3>a*b+c)+b*(c+a)+c*(a+b)—3abc (1)
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Letx=Va+b,y=Vb+cz=+c+a then:
b-c=x*-z%c—a=y*—x*a—b=1z*—y?
(@a—=bVb+c +(b—c)Vecta+(c—aVa+b=

=(a-b)y+b-0cz+(c—a)x=

= (2 -y)y+ (x* -2z + (¥ —xP)x =

(€Y)
=(Z’y+x*z+y*x)— (3 +y3+23) <
< (Z2y+x*z+y*x) +3xyz—x*(y+2) —y*(z+x) -2’ (x +y) =
AM-GM
=3xyz + Z (xzz -x*(y+ z)) = 3xyz — Z x’y < 3xyz—3xyz=0
Equality holds for a=b=c.
1955.1f a,b > 0,a + b < 2ab then:
a3 N b3 -
a’?+1 b%?+1"

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM GM
a+ b < 2abor 2Va 2aborvab>=1orab>1 (1)
a? a AM-GM a 1

= —_ > —_—_— = N
2+1 YT ar1 < 2a 2
Similarly : b’ >b 1
lmlary.bz_l_l_ >
a3 b3 AM—-GM

&)
>(a+b)-1 > 2Vab-1>2-1=1

Equality holds for a=b=1.
1956.If a,b,c > 0, abc = 1 then:

a2+1+b2+1
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a b c 1

>
(1+a+ab)2+(1+b+bc)2+(1+c+ac)2_a+b+c

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
a abc=1 a

(1+ a + ab)? - (abc+a+ab)2:a(bc+1+b)

z (D

b 1
(1+b+bc)? b1+ ac+c)?

(2)

Similarly :

c
d =
n (14+c+ac)? cla+1+ab

a )2 (3)
1 1 1 ab£=1

bc+b+1+ac+c+1+ab+a+1
abc 1 c

bc+b+abc ac+c+1 abc+ac+c

abc=1 ac 1 c 1+ac+c
c+1+ac ac+c+1 1+4+ac+c 1+ac+c

= 1(4)

a .\ b .\ ¢ W.@.3)
(1+a+ab)?2 (1+b+bc)? (1+4+c+ac)?
1 1 1

B a(bc+1+b)2+b(1+ac+c)2+c(a+1+ab)2=

_ (le-l-l) + (ac +12 + 1) + (ab +1¢: + 1) Berg;trom

( 1 N 1 N 1 )2
~\bc+b+1 "actc+1 ab+a+1 @ 1
- a+b+c a+b+c

Equality holds for a=b=c=1.
1957.1f a,b,c > 0, abc = 1 then:
1 1 1

+ +
a*—-2a+2b2+5 b*—2b+2c2+5 ct*—2c+2a?2+5

1
S_
2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
AM-GM
a*-2a+2b*+5=(a*+1)+B*+1)+b*-2a+3 >
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AM-GM

> 2a’-2a+2b+ b +3=(a*+b*)+2b+(a*+1)-2a+2 >
> 2ab+2b+2a—2a+2=2(1+b+ ab)

Similarly:
b*—2b+2c?*+5>2(1+c+ bc) and
c*-2c+2a*+5=>2(1+a+ac)

1 1 1
+ + <
a* —2a+2b%2+5 b*—2b+2c*+5 c¢*—2c+2a%2+5

1 1 1
< =
~2(1+b+ab) +2(1+c+bc)+2(1+a+ac)

_1( 1 n 1 n 1 )ab£=1
~2\(1+b+ab) (1+c+bc) (1+a+ac))

_1( abc N a N 1 )_
~ 2 \(abc+b+ab) (a+ac+abc) (1+a+ac))

a 1 11+a+ac_1

1 ac
- E((ac+1+a) +(a+ac+1)+(1+a+ac)>_§1+a+ac_2

Equality holds for a=b=c=1.

1958. If a,b,c > 0 and a® + b? + ¢? > a + b + ¢ then prove that :
a? N b? . c? - 3
b+c c+a a+b 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2
1Schca =>§S§.chca ;Z
chc a 2 2 chc a o

a?
b+c

o (chc az)(chc ab) + chc a4 é E chc a2

Hcyc(b +0) 2 chc a

?
@22a5+2a4b+2ab452a3b2+Za2b3+2abc2ab

cyc cyc cyc () cyc cyc cyc

49 | RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Zza5+2a4b+2ab4=

cyc cyc cyc

AM-GM
(Z a5+Zab4>+<Zb5+Za4b> > 2 a?’b2+22:a2b3

cyc cyc cyc cyc

a’b? a’b? Bergstrom
=Za3b2+2a2b3+abcz +abcz >
bc ac

cyc cyc cyc cyc

2
abc ab
S a4 Y s 2 PO $ sy S s 1 2abe Y ab
cyc

cyc cyc cyc cyc cyc

2 b? c? 3
+ + >-vabc>0|a?+b2+c2>a+b+g,
b+c c+a a+b 2
"="iffa=b=c=1(QED)

= (*) is true .

1959.If x,y,z > 0,xy + yz+zx = 3 and A > 2 then :

1
Z\/Ax2+y+;2\/3(l+2)(x+y+z)

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2
Z Ax? + +1 =
yr| =

cyc

1 1 1 \ Reverse CBS
=AZx2+Zx+Z;+ZZ )Lx2+y+;. Ay +z+— >
cyc cyc cyc cyc y

el M

cyc cyc cyc cyc cyc cyc

2
Zl<2x2+22xy>+6+2(3.2) =)L<Zx> +18£3(k+2)<2x>

cyc cyc cyc cyc

g (gl g )
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xy+yz+zx =3 Az2
—>true':2x2 Bny = 3 and so, A Zx > 6
cyc cyc cyc

1
Z sz+y+;2\/3()L+2)(x+y+z)‘v’x,y,z>0|xy+yz+zx:3

cyc

ANA=2"="iffx=y=2z=1(QED)

1960. If a,b,c > 0 then prove that:
a3—b3 b3 -c3 c3-qg3

+ + >0
b+c c+a a+b

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ad—-b3 b3 -¢2 E-ad
+ + >
b+c c+a a+b

0@2 (a® = b%)(c+a)(@+b)) = 0

cyc

(:)z (a3—b3)<a2+2ab> >0

cyc cyc

@<zab><2(as_b3>>+z - z00Y @ DY

cyc cyc cyc cyc cyc

_GM AM—-GM
Now,a5+a5+b5+b5+b5 > a?b3,b*+b°+c®+c5+c> > 2b%cand
Ny Ny

@
AM-GM
cc+cd+a’+a’+a® > 2c2a®and D)+ Q)+ (3) = (+) is true

a3 —-b3 b3I-c3 3-ad
+ + >0Vab,c>0"="iffa=b= ED
b+c ct+a a+b a.b.¢ nha ¢ (QED)

1961.Ifa,b > 0,a + b = 2 then:
aa+1 + bb+1 2 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma :
Vx> 0,x*>x
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Proof:
We need to show:
xX*>xorx*1>1

Let f(x) =(x—1)Inx, x>0
If x=1then f(x)=(x—-1)Inx=0
If0<x<1lthen(x—1)<0,lnx<0sof(x)>0
Ifx>1,(x—1)>0,Inx>0then f(x) >0
thus(x —1DInx>00r Inx* Y >In1 or x¥*1>1

2
a**! 4+ pP*1 = a% a+ bbb lenima a?+b2 > (@t D) avp=2

Equality holds for a=b=1.
1962.If a, b, c > 0O then:
a—b>b b—c c—a

+ —- >0
Vvb+c¢c Jc+a JVa+bhb

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1
Letx*=a+b,y*=b+c,z?=c+a thena+b+c:i(x2+y2+z2)

1 x% + 72 — y?
anda=(a+b+c)—(b+c)=E(x2+y2+22)—}’2=—y

2
o X2 +y? — 72 y? + 72 — 2
Similarly: b = ,C =
2 2
Using above relation we get:
x2+z22—y? x?+y?-—2z2
a-b 2 LA }; _2—y? 7?
Vb + ¢ y y y Y
Similarl -c x* c—a y*
imilarly : =——1z =——-x
Y Jcva z vath *x
a—b+ b—c L c-a z? +x2 N 2
=—— ——Z+——x=
Vvb+c “Jc+a a+b Y a X
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x2 y2 72 Bergstrom (x+y+z)2
<Z+x+y> x+y+z) = xty+z (x+y+2z)

Equality holds for x=y=z.

1963.Ifa,b,c > 0, a+ b + ¢ = 3 then:

al+b%+c _
at+ b3 +c2 ™

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
(a*-a®>)—-(a-1)=@@-1)@®-1)=(@-1)?*@*+a+1)=>0
(a*-a3)>(a—-1)

B:-b>)—(b-1)=bB-1D)B*-1D)=b-1D2b+1)=0
(b3 -b%)=b—-1

(c2-c)—(c-1D=(c—-1?%>=0
(c2-¢c)=c—-1

We need to show:
3 2
a’+ b +c
ﬁﬁlora3+b2+03a4+b3+c2
a*+ b®> + ¢
or(a*—a® )+ B3 -b)+(c*-¢c)=0

(a*—a® )+ (B> -b>)+(*—c)=a-1+b—-1+c—-1=
—(a+b+c) -3 3 _3-9

Equality holds for a=b=c=1.

1964.1f x,y,z > 0, xyz = 2 then:

*+y’+22>xfy+z+yVz+x+z/x+y

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM

Cesor =2
wa/y+z > Si/xyz\/(x+y)(y+z)(z+x) > 33fxyz,/8xyzxyi 6
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so,x\Jy+z+yJz+x+z/x+y=6(1)

Schur's inequality:
B +y 3+ 22 +3xyz>xt(y+2) + 22 (x+y) + Yz +x) =
cBs 1
= (xfy+2) +(OVzFx) + (zfx+y) = §(x\/y+z+y\/z+x+z\/x+y)2 =
1 €))
§(x\/y+z+y\/z+x+z\/x+y)(x\/y+z+y\/z+x+z,/x+y)
x6(x\[y+tz+yz+x+z/x+y)=2(xy+z+yWz+x+2z/x+y)

=
x3+y3+ 23 2Z(x\/y+z+y\/z+x+z\/x+y)—3xyzxy;=2
(6]
=2(xy+z+yz+x+z/x+y)—6 >
>2(xy+tz+yVz+x+zx+y)-(xJy+z+yVz+x+z/x+y)=

=(xJy+z+yVz+x+z/x+y)

W=

=

Equality holds forx =y =2z = V2.
1965. If a, b, c > 0 then:

( b)(1+1)+(b )(1+1)+( )(1+1)>0
@ b c ¢ c a c-a a b/~
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
1 1 1 1 1 1
@=0)(5+5)+ @-a(g+g)+ -5+
(a-b)+(c—a) (a—-b)+(b—c) (b—-c)+(c—a)
b c a

c—b a—-c b—a
= +
b c a

—(c 1)+(a 1)+(b 1)—(c+a+b> 3™ 3 30
~\b c a “\b ¢ a B
Equality holds for a=b=c.

1966.If a,b,c > 0,a + b + ¢ = 3 then:

albh® b33 c3a3>

c3+a3+b3
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

b

—+—+—) =
c a b

a3b? N b3¢c3 N cad B (ab)3 N (bc>3 N (ca)?’ Cgs 1 (ab bc ca)3
c3 a3 b3 \c¢ a 9

1 <a2b2 + b?%c? + c2a2>3 - 1 (ab. bc + bc.ca + ca. ab)3 3

9 abc =9 abc
_1(abc(a+b+c) 3 a+b+c=3 27 3
9 abc 9

Equality holds for a=b=c=1.

1967.1f x,y,z > 0 and A > 2 then :

DTy i
<
x2+2dyz” A+1

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z yz 1 zlyz+x2—x2_3 3 N 3 12 x?
x2+2dyz A x2+Adyz A A+1 A+1 A Lix?+Ayz
cyc

cyc cyc

2
Bergstrom 3 3 1 (Zeyex) » 3 m+2n>? 3
< + - —. < o >
A+1 AA+1) A Xyex?+A¥pexy " A+1 m+2An A+1

<m=z:x2 andn=ny>(:)m(A+1—3)én(3l—2k—2)

cyc cyc

?
@(A—Z)(m—n)20—>true':m:Zx22n=ny and A > 2

cyc cyc

/4 3
.‘.szilyzgl+1 Vx,y,z>0andA>2," =" iff x =y = z (QED)

cyc

1968.If a,b > 0 and ab = 1 then prove that :

(a+ 1D (b + 1)P**1 > 16
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
=(a+ 1)(b + D@+ D% b+ DY =T

(a+ 1D (b + 1P+ =
(1 +1+ 2Vab)(a + 1)“ (b + 1)b*

A+1+a+b) @+ DPm+1P "
?
P2 4a+ 1D (b+1)b2>16<:>a ln(a+1)+b21n(b+1)>21n2
™
Letf(x) = x*In(x+1) Vx> 0and then: f"(x) =
3x% + 4x
>0(-x>0)

xZ
=21n(x+1)+(x+—1)2
2 a+b

C(x+1)2
Jensen a+b 1 1
( 2 )“( 2 * )

2In(x+1) + x
nix x+1
= f(x)isconvex = a’In(a+1) +b?’In(b+1) > 2

2
AM-GM 2+ ab 2vab =
> 2( za > .ln( za +1>ab=121n2$(*)i5true
(a+ 1) (b+1)""*1>16vVab>0|ab=1"=" iffa=b =1 (QED)
1969. If a, b, c > 0O then:
az—bz+ b? — c? . c? — a? -
(c+a)® (a+b)?™—

(b + ¢)3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Letx=b+c,y=c+a,z=a+bthena+b+c==(x+y+2z)
1 yt+z—x
a—(a+b+c)—(b+c)=i(x+y+z) X =
Similarly:
b_x+z—y _xty-z
T2 T2

Vasc's Inequality:
w,v,w > 0 then (u? + v?> + w?)? > 3(udv + v3w + wiu)

If weputu=xy,v=1yz,w=zxthen
(x2y? + y2z% + z%x*)? > 3((xy)3yz + (yz)3zx + (zx)3xy) (1)
—(+z-x)-(x+z-y)?) =2z -x (2)

2 _p2 _
a b 2
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Using above transformation we get:

az—b2+b2—c2+c2—a2_ az—bz_zz(y—x)_

(b+¢c)3 (c+a) (a+b)? Li(b+c)3 x3
2y’ (y —x) + x°2°(z2— ) +yx*y’(x —2)  YTz'y(y —x)

- x3y373 T x3y373

1
Y zty* — Y(yz)3(xz) cBs 3 (Y +y*2? + 22%%)? - E(y2)P(xz)
x3y3z3 2 x3y323 =

_ ((xp)Pyz + (y2)’zx + (zx)°xy) —X(y2)°(x2) _ 0
- x3y373 -

Equality holds for x=y=z.

1970. If x,y,z > 0 then prove that :

Z:\/13x2—8xy+20y2 >5(x+y+1z)

cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2
(Z J13x2 — 8xy + 20y2> = Z(13x2 — 8xy + 20y?) +

cyc

cyc

Z.Z J(13x% — 8xy + 20y?)(13y? — 8yz + 20z2) = 332 x% — 82 xy +

cyc cyc cyc

2 z J(@(x —y)? +9x2 + 16y2)(4(y — 2)2 + 9y? + 1622) >

cyc
Reverse CBS

33 Z x% — 82 xy + 2 Z V(9x2% + 16y2)(9y? + 1622) >
cyc cyc cyc

332:;\:2 —82xy+2.2(9xy+16yz) = 33z:x2 —82xy+502xy

cyc cyc cyc cyc cyc cyc

57 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
=332x2+422xy2 (529:) =252x2+502xy

cyc cyc cyc cyc cyc

?
= SZ:x2 > 82xy—>true -'-z\/13x2 —8xy+20y?>5(x+y+1z)
cyc cyc cyc

Vxyz>0/"="iffx=y=1z(QED)

1971.1f a,b,c > 0,abc = 1 then:
1 1 1
<1

+ + <
Va3 +2b3+6 Vb3+2c3+6 Vc3+2a3+6

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM
a+2b¥+6=>@+pP3+1D)+B3>+1+1)+3 >

>3ab+3b+3=3(ab+b+1)
Similarly: b3 +2c3+6>3(bc+c+1),c3+2a®+6>3(ac+a+1)

1 1 1
+ + <
ad+2b3+6 ad3+2b3+6 b3+2c3+6

1 1 1
< + + =
3(ab+b+1) 3(bc+c+1) 3(ac+a+1)

_1( 1 n 1 n 1 )abizl
" 3\(ab+b+1) (bc+c+1) (ac+a+1))

_1( 1 N ab 4 b )_
~3\(ab+b+1) (abc.b+ abc+ ab) (abc+ab+ b))
ab£=11< 1 N ab N b )_1 1+ab+b _1(1)
~ 3\(ab+b+1) (b+1+ab) (1+ab+b)) 3(ab+b+1) 3

1 1 1 CBS
+ + <
Va3 +2b3+6 Vb3+2c3+6 Je3+2a3+6

< 3( 1 + 1 + 1 )g 3 1 1
X ==
- ad+2b3+6 a3+2b3+6 b3+2c3+6/ 3
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Equality holds fora=b =c=1.

1972.1fa,b,c > 0,~ +~+ 2 = L then:
a b c abc

(bc+1)2+(ca+1)2+(ab+1)2>3
az+1 bz +1 cc+1/) —

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 1
a c

1
=——>ab+bc+ca=1(1)

+1+
b abc

(€))]
bc+1 = bc+ab+bc+ca=b(a+c)+c(a+b)

2 @,
a“+1=a*+ab+bc+ca=(a+b)(a+c)

bc+1_b(a+c)+c(a+b)_ b N c
a?+1  (a+b)a+c) a+b a+c

Similarly:

ca+1 c a

_ N ab+1_ a b
b2+1 b+c b+da

= +
al+1 c+a c+b

bc+1+ca+1+ab+1_
a2+1 b2 +1 a?2+1

_(b N C)+(C+ a)_l_(a_l_b)_
“\a+b a+c b+c b+a c+a c+b)

:Z<aib+a:b>:ZZ:z:3(z)

bc + 1\2 ca+ 1\? ab+1\%¢Bs1 /bc+1 ca+1 ab+1\>2@1
(@r1) ) (@) =3 ) =
az+1 bz +1

cz+1 - 3 a2+1+b2+1+a2+1

Equality holds fora=b =c =

@l
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1973.If a, b, c > 0 then:

LR FRERE ISP

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

l+clz>+(b—c)<clz+%>+(0 a)<1 ,,12>

a—b c—a a—b b-c b—c c—a
:(bz + b2)+< c2 + c2 >+<a2 + a2>:
c—b a-c b—a c a b 1 1 1
~Tpz T T :<ﬁ+c_2+?>_( c _):

B c a

2 2 1 2

1 1 1
—) 1 1 1\ Bergstrom ( + =+ ) 1 1 1
a -Greta) 2 (E+T1) G+eta)=

1 1 1 1 1 1
=(—+—+—)—<—+—+—)=0

c a b ¢ a
Equality holds fora=b = c.

1974.1f a,b > 1,ab = 4 then:
log,(a? + 4) + log,(b*> + 4) > 6

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM
a’+4 > 4a (1)
AM—-GM
b>2+4 > 4b (2)

log(a® +4) log(b* + 4) We@)

2 2 _
log,(a” +4) +log,(b* + 4) = loga log b

60 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
- log(4a) log(4b) log4 +loga log4+logh
~ loga logh  loga logh

12 12 ) Bergstrom

=2+ log4 (loga + loghb

loga(1+1)? 4log4 ap-4 ,  4log4

— = = =2+4=
loga + logb * log(ab) * log4 * 6

Equality holds fora=b = 2.

1975.I1f a,b,c > 0,a + b + ¢ = 1 then:
(1—5ab)*+ (1 —-5bc)>+ (1 —-5ca)* <3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
Letp = (1 —5ab)? + (1 —5bc)* + (1 — 5ca)? =
=3 —10(ab + bc + ca) + 25(a?b? + b*c* + c*a?) = 3 — 10s, + 255,
(51 = ab + bc + ca, s, = (a®*b* + b*c? + czaz))

s = (ab + bc + ca)? = (azb2 + b%c? + c*a?) + 2abc(a+ b + ) athic=1 s, + 2abc

S, = s1 —2abc < s%(as a,b,c>0) again:

s1=ab+bc+caS¥a+ic =

3 -3
1 1 2 2 2s;
S0 sq € [0,5],we can say s §§<§ ,81=51.5¢1 < S1-§=?

s
so s, = s —2abc < 53 <—1 (2)
p= (1-5ab)?+ (1 5bc)? + (1 5ca)? =

254
=3 —10s; + 255, s 3 - 10S1+ZSXT:3

Equality holds for (a,b,c) = (1,0,0),(0,1,0),(0,0,1).
1976. If x,y,z,r,s,t,u,v,w > 0 then:
3
(x% + ru®) (y? + sv®) (2% + tw?) > 2 (xVs. Nt vw + yVr.Vt.uw + zVr.+/s. uv)z

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Mirsadix Muzefferov-Azerbaijan
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(x? + ru®)(y? + sv?) (2% + tw?) =
Arkady Altrs

= (rst) (uvw)? x_2+1 y—2+1 i+1 S
ru? sv? tw? -

> E 14 z )2 .(rst)(uvw)? =

(x + 2Ly
4 Vru sv  tw
= %(x\/E VE.vw + yVr.Jtuw + zyr./s. u”)z

x y z _i
Vru Vsv  Vtw V2

Equality holds for :
1977.1f a,b,c > 0, A = 0 then:

H(A+g)>/13+1+/1(/1+1)Lb+c
b/ — Vabc

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

3<a+b+c>_(a+a+b)+<b+b+C>+(c+c+a)AM;GM
b ¢ a/ \b b c c ¢ a a a b/ =

3|q? 3|p2 3|2 3| a3 3| b3 3| ¢3 a+b+c
>3 |—+3 |—+ |—=3|—+3 + =3
bc ac ab abc abc abc 3abc

a 3 ,(a b ¢ a b c )
H(A+—)=,1 +2 (—+—+—)+,1(—+—+—)+1 >
b ¢ a c a b

> /13+1+/12a+b+c+/1a+b+c—/13+1+/1(/1+1)a+b+c
B Vabc Vabc Vabc
Equality holds fora=b = c.
1978.If x,y,z > 0,x+y+2z=3,1 = 0then:

ﬂ(’”;)z%ﬂlhfl
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Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Z Z x? Bergstrom (x +y + 2)* xey+z=3 (1)

- rxy - ny

Similarly: Z (2)

_ny
X X X 1 & (2)
1_[(1+;)=A3+AZZ—+AZ—+1 >
. 9 9" 9A(A+1)
> B+1+1 +2 + 2341

Yxy “Yxy = Xxy

Equality holds fora=b =c = 1.

1979.1f a,b > 0 and a + b = 2, then prove that:

a+1\% b+1\"
(o) (ar) =24

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Via Weighted GM — Weighted HM inequality,

“z“’i/(a + 1)“2 (b + 1)1’2 a’?+b*>  (a’?+b*)(ab+1+a+b)

> =
b2 a? ~ a’b? a?b? a’b?(a+b +2)
a+1 b+1
a+b_=2(a2-|-b2)(ab+3)_( 2 b2)< 3 )AM—GM
B 4a%b? B 4ab ' 4a?pz) =
(a® +b7) (- )= (a+b)2( )
(a + b)? (a+b)4 2 (a+b)2 (a +b)*
1 6 a+b 21 3 a+1 a* b+1 2, p2 (a+b)2
=2 @sroz T 2727 :)(bz) <a2> =207 =22
a+ 1\ b+1\"
( 2>1)a+b 222:4( o2 ) ( P ) >4Vab>0|a+b=2,

" =" iffa=b =1 (QED)
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1980. If a, b, c > 0 and a®b3 + b3c3 + c3a3® < a?b? + b?%c? + c2a?

1 1 1
then prove that: —+-+—->3
a b c

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1> ? 3abc ? 9a’b?c? Yoy a’b?
—+-+-=231> ©1>——and 1>
b c chc ab (chc ab) chc a‘b
a3b3 2 9a2b2C2 Chebyshev
-~ it suffices to prove : Zeye TV > and Z a3b3 =
chc a‘b (chc ab)

cyc

1 2h2
1 7 (g @°b?)(Zeycab) 2 9aZp2c?
- (2 a2b2> (Z ab) - it suffices to prove : 3 Beye )Zeyeab) >

3 Zege@b® (5, ab)’

cyc cyc

3
? ?
PR (Z ab) > 27a*b%*c? & Z ab > 3.Vabc - true via AM — GM

cyc cyc

1 1 1
“=+=4+=>3Vahb,c>0|a3b3+b3c3 + c3a® < a®b? + b2c? + c%a?,

a b c
"="iffa=b=c=1(QED)

1981. Ifa,b,c>0and%£l£ 2 then:

Y et
>
bZ+2Aac A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z a? Z at Bergstrom (ch c a2)2
—_—— —_— 2
b2 + Aac a’b? + Aa3c Yeye@?bZ +AY cadc

cyc cyc
Va>Sc (ZCYC a? ) i > (chc aZ)Z _ 3

- 2= 2 2T+ 1
chc a?b? + A. (chgaz) (ZCYEaZ) + A (ch% az) +
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2

a 3
>
Zb2+lac_l+1

cyc

1
Va,b,c>0andESlS2,” ="iff a = b = ¢ (QED)

1982.If a,b,c > 0 and a + b + ¢ = 1 then prove that:

V3a+1++vV3b+1++V3c+1=>4
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

(LHS)? =32a+3+22\/(3a+1)(3b+1)

a+b+c=1

= 6+22\/(4a+b+c)(4b+c+a)

cyc

cyc cyc

ab,c=0

=6+22J(2a+2b+c)2+9a+c(a+b) > 6+2 ) (2a+2b+c)

cyc cyc

:6+1OZaa+b+:c=116 .'.Zv3a+124Va,b,c20|a+b+c:1,

cyc cyc

(T or (P or (55 ) )

1983.If a,b,c > 0 and abc = 1 then prove that :

a N b N C _ 3(ab + bc + ca)
a*+b+c b*+c+a c*+a+b” (a+b+c)?

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Via Weighted AM — Weighted HM inequality,a* + b + ¢ =
a3.a+1.b+1.c>a+b+c a 1 (1

> = < .—+ab+ac>
a+b+c a b ¢ a*+b+c” (a+b+c)2 \a

- (@+b+0? (bc + ab + ac) and analogs

z a <3(ab+bc+ca)
a*+b+c~ (a+b+c)?

cyc

Va,b,c>0|abc= 1,

"="iffa=b=c=1(QED)
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1984.If a,b,c > 0,a + b + ¢ = 3 then:

a+1\> /b+1 c+1
() + () () = 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a _|_ 1 13 Bergstrom&Radon
DX IO¥- Z Eu Z

1 1 1
(a+b+) 1+1+1)3 (1 1 1) 33 aibie=3
2 = |— - -+ — =
1+1+1 a+b+c a b ¢/ a+b+c
a' b

:(1 1 1) (a+b+c)3:

—+—+=)+
a b c a+b+c

=(2+%+%)+(a+b+c)AM§GM2j(1+11)+ )(a+b+C) > 29 = 6 (1)

<a+1)3+<b+1)+<c+1)_Z<a+1>3 C§51<Za+1) (1)1x63—24
a? | b2 ) b2 9

b2 c2

Equality holds fora=b=c=1.

1985.1f a,b,c > 0,a + b + ¢ = 3 then:

a3+ 2\ /b3 +2\" /3 +2\°
b c a 2 27

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

ab ab AM—-GM ab 1
Za3+2=2a3+1+1 = ﬁ=§(a+b+c)(1)
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/ \a+b+c
a3 +2\" (b3 +2\° c3+ZCGM;HM. a+b+c . _
b c a - a + b + c | -
al+2 b3+2 c3+2/
b c a
a+b+c a+b+c
:<a+l;l;|‘c> (i):<1a+b+c ) :3a+b+ca+b;c=3 27
Equality holds fora=b =c=1.
1986.
If a,b,c >0 and a+b+c=3 then:

a b C 3
> 3/
\13+6c+,/3+6a+ 316p= b€

Proposed by Gheorghe Craciun-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

ab
23+6c+ Z\](3+6c)(3+6a)

LHS? = a
B 3+ 6¢
cyc cyc
)

LHS z
1 3+ 6c 3a + 6ac

cyc

cyc
at+b+c=3 - (a+b+c)2=2a2+22ab2

cyc cyc

Zab+22ab=32ab—> ZabSB (*)

cyc cyc cyc

2 9 1.1
9118 3 1=3

3+6¢c)+(3+6a
( )+ )—3+3(a+c)=12—3b

Bergstrom (Z a)
cyc
3Ycycat+ 6 cab

cyc

J(B+6c)(3+6a ) >
ab ;‘ (i/—)z Bergstrom (chc \/—)
LHS; = 2. 2\/(3+6c)(3+6a) = 2 .12 - 3b > 236 3zcyca
_ 2.(Zcyc Vab b) A 2(312\/a2b2 7)" 2,
27 27 =3 vabe

2
LHS, > 53\/abc s a+b+c=3>3Vabc- Vabc<1 (x%)
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(x%)

LHS, > §1§ 53 ab;
LHS? = LHS, + LHS, > 3 Vabc + 3 Vabe = Vabe

LHS > ,R/abc = Yabc > Vabc

Equality holds for: a=b=c=1.

1987.1f x,y,z > 0,x +y+z =3 and A > 2 then :
Ax+1 >3()\+1)

Z iR A

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
Axr+1 ;A+1+( 1)413—1—1
X . 223

We shall prove that : >
P VxZ —x + A2 A

(403 —A—-Dx—(2A3-2A2-2-1) ] o ]
= and it's trivially true if :

3
<22L3—212—A—1nd_f_ 203 -22%2-2—-1 ] -
X = 405 — -1 andif : x > A —A—1 ,it's equivalent to :
Ax2+1)%2 2 42* A+ 12+ (x — 12423 -2 —-1)? +42 20+ 1D)AA3 -2 -1 (x— 1)
46
AP+ D+ D) +203(x+ 1) —x(A+ 1)?) -\
e (x—-1). 402+ 1423 — A — 1) (% —x+22) - >0
(x— 1423 -2 —1)?2(x? —x +1?)
422 (16(x2 +2x+3) +2A° —A*(4x + 1) —)
ABAx+2)+2%(x—1) +2Ax +x
—(423 -2 - 1D2(x% —x +1?)

x2—x+A%2 "

2

& (x— 1) >0

& (x—1)2T 5 0; where T = (4A% — 16A° + 8A* + 823 — A2 — 24— 1D)x% +

©)
(8A% — 1645 — 42* + 54% + 21 + 1)x — (4% — 817 — 44° + 54* + 223 + 22)
Now, since A > 2, we have : 428 — 161° + 8A* +8A3 — A2 —2A -1 =
40°A2 — ) + 424+ 803+ 222 +A+1D(A-1)R2A+1) >0
and 828 — 1675 —4A* + 502 +2A +1 =
(A —2)(817 + 16A° + 3245 + 48A* + 9213 + 184A% + 373A + 748) + 1497 > 0
203 -2A2 -2 -1
and so, x > Y] =
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223 — 222 — A -1\’
T>(418—16A6+814+813—AZ—21—1).( A 1 >+
223 —222 -2 -1

aA3-1-1
(428 —8A7 — 425 +52* + 223 +29) >0
& 16212 + 3211 — 16110 — 641° — 848 + 5617 +
3216—1615—2314—4l3+612+4l+1;0(:)

(A—2) (16111 + 64A1° + 1122° + 16028 + 31217 + 680A° + 13922° +> + 88209
27683L4 + 551323 + 11022A% + 22050A + 44104

>0->true v A>2=T>0= (x)is true

(8% — 1645 — 42* + 54% + 21 + 1).

M+ A+ 4 423 -1 -1 d anal
BN v A + (x ).—2)L3 and analogs =

Ax+1 >3(A+1)+ Zx_3 4)»3—)L—1x+y;z=33()t+1)
VZ—xi_ A SFYE A
cyc cyc
Vxy,z>0|x+y+z=3andA>2" =" iffx=y =z =1 (QED)

1988.
Ifa,b,c > 0and A > 0 then:
Z a3 3Vabc

>
a?+2Aab+bZ2— A+2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chaktraborty-Kolkata-India

3 3

a3 AM-GM a 2a
> =
2 2 - 2 2 2 2
Za +2Aab+Db Z 9 a erb + b2 chc(1+2)(a + b?)

cyc cyc a“ + A.

Za((a + b2) — b 2 ab?
:Cyc A+ 2)(a? + b?) )L+2czyc: )L+2'czyc:a2+b2
AM-GM 2 ab? 1 1
Z 312 L% vz l2ab i+ 2 LY ax 2 b=A+z'za

cyc cyc cyc cyc cyc

AM;GM 3. 3\/ abc Z al 3 \/
a2+lab+b2 - )L+2

Vabc>0andl>0

cyc
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"="iffa=b = c(QED)

1989.If a,b,c > 0and A > 1 then:

b+c - 6
Aa+b+c 1+2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

b+c - 6 -
Aa+b+c A+2

cyc

A+2) ) (b+I0b+c+a)Ac+a+b)26] [Aa+b+o

cyc cyc

o 20 —1) (Z a3> +A—1)2 <z azb + Z ab2> 6003 — ADabe = 0

cyc cyc cyc

Now,A > 1 and Z a3 Ag; 3abc and Z a’b + Z ab? A; 6abc and so,
cyc cyc cyc
LHS of (x) > (6A(A -1)+6A(A—-1)2-6(A3 - AZ)) abc = 0 as desired and so,
b+c - 6
Aa+b+c A1+2

cyc

Vab,c>0andA >1"="iffa=b = c(QED)

1990.Ifa,b>O,a+b=2and0£l£%then:

2

1
A+ a®)(A + b?) < (A + ﬁ)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A+ 2)(x+b2)<(x+ ! )2@1(( +b)? — 2ab) + a?b? < — 4 2~
a < e a —2a a < —
Vab ab +/ab
'”b:zzx( ! ab 2)+ L e S
< —=tab — ——a =
vab ab

A-G 1
Now,2=a+b > 2\/ab=>abs1=>12a3b3=>E—a2b220andif:

70 RMM-CYCLIC INEQUALITIES MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1
——+ab—-2>0,then,asA >0 . (x)istrueandif : —+ab -2 < 0,

Vab 5 ) ) Vab
?
then,as)\si,-z LHS of () > 3(;+x2 —2) +F—x4 >0 (x = Vab)

©1+3x—6x2+3x*—x6>0

?
e1-x(1+2x(1-—x)+2x(1—x2) +1+x5+x*) >0 > true

vab<1=>1-x>0andab > 0= x>0 = (x)is true and so,
2

1 3
(A+a2)(l+b2)s(l+ﬁ) Va,b>0|a+b=2and0S)LSE,
a
" =" iff a = b = 1 (QED)

1991. If a,b, ¢ >= },cab*" and n € N* then :
aZn
ZT+Za > ZZaZ“O,Za““l
cyc cyc cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

AM-GM
We first consider n = 1 and then : Z a’ = Z ab? < Z ad=>1>

cyc cyc cyc

. 2
chc a® S (i); LHS = Z a_2 4 Z a Berg;trom ) Z a V1a>(1) 2\/(ch¢ a) (che as)
) b — —

chc a3 chc a3

cyc cyc cyc

Reverse CBS (chc a3)2 (chc a) _
> 2\/ S @3 =2 Za3 Za

cyc cyc
Reverse CBS
> 2 Z a’> = RHS and we now focus on the case when : n € (N* — {1})
cyc
3n 3n 3 _ 3n 3
b>" 4+ b°" + a’ AM-GM 2Y ey @+ Ygyea ZZabZ“

Now, 3 > ab?" and analogs = 3

cyc

S5 (5)(5)

cyc cyc cyc cyc cyc

(t _ z a3“> e Z(ZCyc a) + \/4-(ch¢ a)z + 1Z(chc a)(chc a3)

6

cyc
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2
+ 3 (ZCyC a) (ZCyC a3)
& via Power Mean Inequality &

chc a-+ \/(chc a)
OXE
3
1
3
> —(chc a) =3 Z a<3x

cyc
1
chc a®™\3n chc a*\3
Tn=>2.0x= > 3> Z 3
n=> X < 3 > 3 = 3x° > a’ > 9
cyc cyc
)4 3xt(x5"* — 1) + x2(x®""2 - 1)
2x30 4+ \/x% + 3x*

= (x) = 323" < x + /a2 + 3x* = x(x3"1
1=(x—-1)(A),x"*—-1=(x—-1)(B) and
@
<3

<0and~ne (N*—{1}),x
1=(x—-1)(C) (whereA,B,C>0)andso,x <1 :Z 3n <3 :Z 3
cyc
1

x6n—2 _ —
cyc
1 1 1
Z a3n 3n Z aZn—3 2n-3 Z a3 3 2 aZ
Via PMI & ~ n > 2, =25 > (2o & (29 > [&9c
- 3 - 3 3 - 3
(chc a ) n Z

&@&@ﬁz 2n3<3&z 2<3&Z—+2 Z S pan
cye b

ZbaZn >0 m=Za2“

EZZaz“(:)mZ— ZbaZn m + Z
cyc cyc cyc cyc cyc
2
] ) ? ) 5y CBS
& suffices to prove : 4 Zba =4 Za Zba " | and ':Zba "<
cyc cyc cyc cyc
2
?
Z a*"-2 | .. suffices prove : Z a’b? Z a*"? | < z a
()
cyc cyc cyc Q) cyc
an—4 (Z atn- 2)2
i 22 4n-2 2n _ cyc
Via CBS & Bergstrom, Z a“b Z a Z ab Z po T 32 a2n 3
cyc cyc cyc cyc
2
4n-2
Dy %
cyc - cyc
2( y ) Zazbz :Za4“2£392a2bzs( y )
3 Teye @Zb2
cyc cyc cyc

3 2

?
s Za >3 z:azb2

cyc (C)) cyc
via (2) and (@) X a3 X a’
and - 1 > ( e )9( e ) -~ in order to prove (e°), it suffices to prove
3 2
?
ZaS Zaz Za > 27 z:azb2 & assigningb+c=X,c+a=Y,
cyc cyc QD) cyc

cyc
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a+b=17Z=XY,Zform sides of AXYZ with s,R, r (say); then : z a? = s — 8Rr — 2r?,
cyc
z a® =s3 — 12Rrs,z a’?b? = r?((4R + r)? — 2s2) = (ees) & s — (20Rr + 2r?)s® +
cyc cyc
r?(96R” + 24Rr — 108r?)s* + r*(1728R* + 864Rr + 108r?)s” —27r*(4R+1)* > 0&
D)
U =s?—16Rr + 5r2 = P = U* + (44Rr — 22r?)U3 + 2r%(336R? — 366Rr + 36r?)U? +

Gerretsen

2r3(2048R3 — 2880R’r + 714Rr? + 269r3)U > 0 - to prove (ss«e),suffices :

? ? R
LHS of (sse¢) > P & 320t* — 448t3 — 1104t? + 1739t — 598 > 0 (t = ;)
Euler

?
& (t—2)(320t3 + 192t2 — 720t +299) > 0 > true w t > 2 = (sees) = (s00) > (o0)

a2n
= (o) is true :-ZT+Za2 ZZaZ“ Vab,c>0"="iffa=b = c(QED)

cyc cyc cyc

1992.Ifx,y,220,x+y+z=1and0£l£%then:
9 -2

0Sxy+yz+zx—lxyzS?

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

When exactly 2 variables equal to zero, then : xy + yz + zx — Axyz = 0

79— A ? 9
< =7 SA<9I->strue A< 1 and when exactly 1 variable equals to zero,
then WLOG we may assume x =0 (y+z=1 A y,z > 0) and then:
R N AM;GM(y+Z)2 1;9—1 129 ¢
— = = — _— s —_—
xy +yz + zx XyzZz=yz < 2 1527 =2 r:;e .
— ? —
:ny—lxyzs andwhenx,y,z>O,then:ny—AxyzST
cyc cyc
3 3
X ? x
S A M—xyz < M— ny Zx '-'szl and
27 3
cyc cyc cyc
3
9 X AM-GM
CAZS— A M —xyz = 0 . itsuffices to prove:
4 27
2 —(chcx)s — xyZ < _(chcx)3 - Zx Zx
2\~ 27 yz | = 3 y

cyc cyc
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3
< zx +9xyz > 4 ny Zx ®2x3+3xyzé2x2y+2xyz
cyc cyc cyc cyc cyc cyc

— true via Schur - Z xy — Axyz <

and also, 2 Xy — AXyz =

cyc cyc

9xyz 9 \ AM-GM 9xyz
ny Zx ~ 2 '.'szlandlsz > 9xyz—T>0and

cyc cyc cyc

9—-2A 9
so,OSxy+yz+zx—lxyz£7‘v’x,y,z2O|x+y+z=1 A OSASZ,

x=0 x=0 x=1
" =" for ny—)txyZEOiff <y=0> or <y=1> or Y=0) and
cyc z=1 z=0 z=0

W ON| = ON| =
(=]
ﬁ
=
Il

< R
Il

BRI OON|RN]| =

.
> N <
Il
N~

/—__\
>N
Il Il

1993.If a,b,c > 0 then prove :

3\/ab+W+W+W+W+W>3
Yab + bc  Ybc+ Vac 3ac+ Vab

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

Let: Ya=x>0, %=y>0, Yec=2z>0 Then:
xy+z>  zy+x? xz+y2>3
yx+z) z(x+y) x(y+z)

+ 7% + x2 + y2
xyz_l_l_zyx_l_l_xzy_120
y(x +z) z(x+y) x(y +z)

72 2 2 _
yz+x xz+y xy2
yx+z) z(x+y) x(y+2z)
72 x2 2
+ P S S L ———
yx+2z) zix+y) x(y+z) ylx+z) z(x+y) x(y+2)
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Bx(x+yy+2)+x3y(x+2)(y+2)+yzx+2)(x+y) =
xyz*(x +y)(y+2) + yzx*(x + 2)(y + z2) + xzy*(x + 2)(x + y) =
(x2z* + z*xy + 23x%y + 23y%x) + (x*y? + xtyz + x3y%z + x32%y) +
(y*z? + y*xz + y3x%z + y32%x) > (23y?*x + z3x%y + y3z%x + x?y?z%) +
(x3y?z + x32%y + 23x%y + x%y*z?) + (x3y?z + y3z%x + y3x%z + x*y?z?)
Let's simplify :

(x*y? + y*z% + z*x%) + (x*yz + y*xz + z*xy) >
(x3y%z + y3z%x + 23x%y) + (x%y%z® + x%y?z% + x?y?z?)
According to Muirhead's inequality:

x*y? + y*z? + z4x? > x3y?z + y3z2%x + 23x%y
4;2;0) > (3;2;1)
44+24+0=3+2+1
xtyz + y*xz + ztxy > x?y?z% + x?y*z® + x*y?z?

4;1;1) > (2;2;2)
44+14+1=2+2+2
Equality holds iff: a=b=c

1994.If x,y,z > 0,x+y+z=1and A > 2 then:

1+3)&2x3 > (A +3) sz

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

x+y+z=1
1+312x3 > (A+3) sz &

cyc cyc
3

Zx +3AZx32()L+3) sz Zx
cyc cyc cyc cyc
2
e 32x3— sz Zx > Zx 3 sz — Zx and
cyc cyc cyc cyc cyc cyc

Chebyshev
“A=2 A 32 x3 — sz Z x > 0 - itsuffices to prove :

cyc cyc cyc
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3B )

& Z x3 + 3xyz > z x’y + Z xy? - true via Schur

cyc cyc cyc

-'-1+312x32(l+3)<2x2 Vx,y,z>0|x+y+z=1 ANA>2,

cyc cyc

1
”=”iffx=y=z=§(QED)

1995.1fa,b,c > 0, a + b + ¢ < 6 then:

a2—1+b2—1+c2—1<0
a’2+1 b2Z+1 c2+1°

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

(a>-1)—-(a-1)@*+1)=-a>—-a+2a’=-a(a-1)?%?<0
soa’—-1<(a—1)(a?+1) (1)

a’?-1 b>*-1 c*-1 a?-1® (a—1)(a®+1)
2 + 23 T3 :Z 2 = 2 =Z(a—1)
a‘+1 b +1 c*+1 a+1 a-+1

a+b+c<3

=(a+b+c)-3 < 3-3=0
Equality holds for a=b=c=1.

1996.1f a,b,c > 0, a® + b? + ¢ < 3 then:

ai-1 b3-1 -1

+ - <0
atd+2 b3+2 c3+2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:
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1 x*-1

Vx>0, > ——
2B 123 " 6
Proof:
1 1 x*-1 _xz(x3—3x+2)_xz(x—l)z(x+2)>
x3+2 \3 6 - e6(x3+2) 6(x3 +2) =
. >0 1 >1 P |
rue as x '50x3+2_3 6
aa—-1 b*-1 -1 a’ -1 3
T YA -
at+2 b3+2 c3+2 a3 +2 ad +2
3_3 1 lemmu3 3 1 a2—1
=3 — < —_ —_ —_
Za3+2_ 23 6

a?+b%+c2<3

1
=3—3+E(a2+b2+c2—3) < 0
Equality holds for a=b=c=1.
1997.If a,b,c > 1,a + b + ¢ < 6 then:

1 1 1 3
+ + > =
(log,a +log,b)?  (log,b +1log,c)?> (log,c+log,a)? — 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM /a+ b + c 3 a+b+cs<6 6 3
abe "= () =) e

1 1 1
(log,a + log,b)? + (log,b + log,c)? + (logyc + log,a)?

13 13 13
= >
(log,a + log,b)? + (logyb + log,c)? + (log,c +log,a)? —

Radon 1+1+1)3 27 @ 27

= = 2 =
(2(logza + log,b + logzc))2 4(log; (abr:))2 4(log,8)?

27 27

3
" 4(3l0g,2)? 4x9 4

Equality holds fora=b =c = 2.
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1998.If a,b,c > 1,a + b + ¢ < 6 then:

2
Zlogz(a + 4) -

log,a -
cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
AM-GM
log(a®?+4) = log4a (1)

log,(a? + 4)
log,a

@ log4a loga +log4
= log,(a? + 4) > log, 4a = —~o—— = 28 g4 _

loga  loga

1
=1+log4.— (2
+ log loga()

abc

AM—GM /a + b + ¢\° a+b+c<6
< (—3 ) <" 8@3)

ZM@ S (1+10g4. ) =
log,a - g ‘loga

12 Bergstrom (1+1+ 1)2
=3 +log4 E = 3 +log4.
108 loga +tog loga + logb + logc

(3)

9
= — = .
> 3+ 2log2 Tog8 3 +2log?2

=3 + log4. =34+6=09

log abc 3log 2
Equality holds for a=b=c=2.

1999. If a, b,C > 0 then:
a+ b)(b+c

cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania
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AM-GM CESARO 3,
Z\/(a+b)(b+c) 2 3\/(a+b)(b+c)(c+a) S 3 Baabbccz3%=6

b abc

cyc

Equality holds for:a = b = c.
2000.

If0<abc<1landA > 2then:

1 1 1 3 1 1 1
+ - 2—( - + )
Aa+2ib a+(A+1b b+(A+1)a 2A\Aa+1 Ab+1 a+b+1

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
1 ; 3
b+(A+1)a 22" Aa+1

?
@a(212—31—2)+21—3b—a§Oand'.' —-3b-a>-4(asab<1)
©)

?
~ in order to prove (*), it suffices to prove : a(A —2)(2A+1)+2(A—-2) >0

?
o 22%2a+ 22> 3b + 32a+ 3a

-t A=2Ana>0 —1 > —3 1 d similarl
rue - @ b+(A+1)a  2A Aa+1 ancstmiiarty
1 ? 3 1

since —3a —b > —4 .. in order to prove : m = A b1’
?

it suffices to prove : b(A —2)(2A+ 1) + 2(A — 2) >0->truevA=>2Ab>0
a+b

- 1 3 1 1 avain 2 1 73 1
@+ A+ Db = 21 b+ 1 e asan

Aa+b = o +b
2L a+b+1 2 a+b+a2

1 1 ® 3 1
= >
Aa+b) ra+Ab-27 a+b+1 andso, W+ @ +® =

1 1 1 3 1 1 1
+ + 2—( + + )
Aa+2b a+(A+1)b b+A+1)a 2A\Aa+1 2Ab+1 a+b+1

Vab,ce(01] AA=>2"="iffa=b=c=1 A A=2(QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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