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JP.032. Prove the following inequality holds for all non-negative real numbers
a,b:

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 3b+a+1

Proposed by Nguyen Viet Hung- Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Solution 2 by Soumitra Mandal — Kolkata — India
Solution 3 by Henry Ricardo - New York — USA

Solution 4 by Imad Zak — Saida — Lebanon

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar la siguiente desigualdad para todos los numeros reales non
negativos: a, b:
1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 3b+a+1
Sea:x=4a+1=>1,y=4b+1=>1,x+y=22a+2b+1)

Ademas:
12a+4b+4=3(4a+1)+(@b+1)=3x+y,
12b+4a+4=34b+1)+(4a+1)=3y+x

1 1 12 16 16 + 12 16(3y+x)+16(3x+
=S4 -+ > + _>u+_2 (3y+x) (3x+y)
x y x+y 3x+y 3y+x xy x+y Bx+y)(y+3x)

(x +y)% + 12xy 64(x +y)
> -
xy(x+y) — (3x2+3y%+ 10xy)

= [3(x* +y%) + 10xy][(x + y)* + 12xy] = 64(x + y)*xy
= 3(x2 +y?)(x +y)? + 36xy(x? + y2) + 10xy(x + y)? + 120x%y? > 64(x + y)?xy
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= 3(x% + y?)(x + y)? + 36xy(x? + y?) + 10xy(x + y)? + 120x%y? >
> 64(x +y)’xy
= 3(x% + y2)(x + y)? + 36xy(x* + y*) + 120x%y? > 54(x + y)*xy
= (22 + y2) (x + y)? + 12xy(x% + y2) + 40x%y? > 18(x + y)xy
= (x + yH)? + 14xy(x® + y?) + 40x%y? > 18xy(x? + y?) + 36x2y?

S (2 + y1)? — 4ay(x2+2) + axly? = (62 +y2) — (249)) = (x—)* > 0

Laigualdad se alcanzacuando:x =y =4a+1=4b+1->a=»>b

Solution 2 by Soumitra Mandal — Kolkata — India

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 a+3b+1
1 1 1

1
=N fx"“ dx + f 4 dx + 6 f x2(at+h) gy > 4[ 230D gx + 4fxa+3b dx
0 0

& A*+ B* + 6A%B? > 4AB(A? + B?)
& (A*> + B?»)? —4AB(A* + B?) +44’B?> >0 < (A—- B)* > 0,

which is true

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 a+3b+1
(proved)

Solution 3 by Henry Ricardo - New York — USA

Noting that ﬁ = fol t*2 dt, we see that the given inequality is equivalent to

1

1
0 0
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or t** + t*0 + 6t29+2b > 43940 4 44304 |fwe let t* = x and t? = y, the
inequality is equivalent to
x* + yt + 6x2y? > 4x3y + 4xy3, or (x —y)* > 0,

which is true.

Solution 4 by Imad Zak — Saida — Lebanon

Another attempt:
1 3 4 1 3
LetA = 2ar1 | 2arzbel | 3brati and B = b+1 " 2arzbr1 3brar1 VEWANLO
: -b)(5a—b
prove A+ B > 0.We find 4 = ——a-DGabtl) 4

(4a+1)(3a+b+1)(2a+2b+2)

B = 2(a-b)(a-5b-1)
(4b+1)(3b+a+1)(2a+2b+1)
2(a —b) 5a—-b+1 a—-5b—-1 _
((4a F1)Ba+b+1) @b+1)(a+3b+ 1)) -

and finally

+B= .
A+B 2a+2b+1

4
= 24(a — b)» where
D=({4a+1)(4b+1)Ba+b+1)(a+3b+1)(2a+2b+1)
Clearly A+ B > 0. Q.E.D. and equality holds when a = b.



