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JP.026. Let ࢈,ࢇ, ,࢟,࢞ be non-negative real numbers and let ࢉ  be real numbers ࢠ
different from ૙, such that ࢟࢈ + ࢠࢉ = ࢞, ࢠࢉ + ࢞ࢇ = ࢞ࢇ,࢟ + ࢟࢈ =  .Prove that .ࢠ
 
a. ࢉ࢈ࢇ ≤ ૚

ૡ
 

 
b. ૚

૛ାࢇା࢈
+ ૚

૛ା࢈ାࢉ
+ ૚

૛ାࢉାࢇ
≤ ૚ 

 
c. ࢇ + ࢈ + ࢉ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
 

Solution by Kevin Soto Palacios – Huarmey – Peru  
 

Sean:  ࢈,ࢇ, ,࢟,࢞ :números reales no negativos y sean ࢉ  números reales ࢠ
diferentes de cero. 

Además: ࢟࢈ + ࢠࢉ = ࢠࢉ,࢞ + ࢞ࢇ = ࢟, ࢞ࢇ + ࢟࢈ =  :Probar que .ࢠ
 

a) ࢉ࢈ࢇ ≤ ૚
ૡ
 

b) ૚
૛ାࢇା࢈

+ ૚
૛ା࢈ାࢉ

+ ૚
૛ାࢇାࢉ

≤ ૚ 
 

c) ࢇ + ࢈ + ࢉ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢉࢇ
 

Sumando las ecuaciones se tiene: 
 

૛(࢞ࢇ + ࢟࢈ + (ࢠࢉ = ࢞ + ࢟ + ࢠ → ࢞ࢇ) + (࢟࢈ + ࢠࢉ =
࢞ + ࢟ + ࢠ

૛
→ 

 

→ ࢠࢉ =
࢞ + ࢟ − ࢠ

૛
→ ࢉ =

࢞ + ࢟ − ࢠ
૛ࢠ

 

 
De forma análoga se tiene que: 

 

ࢇ =
࢟+ ࢠ − ࢞

૛࢞  
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࢈ =
ࢠ + ࢞ − ࢟

૛࢟  

 
Por la tanto: 

 
a) ࢉ࢈ࢇ ≤ ૚

ૡ
⇔ (࢞ + ࢟ − ࢠ)(ࢠ + ࢞ − ࢟)(࢟ + ࢠ − ࢞) ≤  ࢠ࢟࢞

 
(࢞ + ࢟ − ࢠ)(ࢠ + ࢞ − ࢟)(࢟ + ࢠ − ࢞) = (࢞૛ − (࢟ − ࢟)(૛(ࢠ + ࢠ − ࢞) = 

= (࢞૛ − ࢟૛ − ૛ࢠ + ૛࢟ࢠ)(࢟ + ࢠ − ࢞) 
 

→ (࢞૛ − ࢟૛ − ૛ࢠ + ૛࢟ࢠ)(࢟ + ࢠ − ࢞) = ࢞૛࢟ + ࢞૛ࢠ − ࢞૜ − ࢟૜ − ࢟૛ࢠ + ࢟૛࢞ − 
૛࢟ࢠ− − ૜ࢠ + ૛࢞ࢠ + ૛࢟૛ࢠ + ૛࢟ࢠ૛ − ૛࢞࢟ࢠ 

 
⇒ (࢞ + ࢟ − ࢠ)(ࢠ + ࢞ − ࢟)(࢟ + ࢠ − ࢞) = −࢞૜ − ࢟૜ − ૜ࢠ + ࢞࢟(࢞ + ࢟) + 

࢟)ࢠ࢟+ + (ࢠ + ࢠ)࢞ࢠ + ࢞) − ૛࢞࢟ࢠ ≤  ࢠ࢟࢞
 

⇒ ࢞૜ + ࢟૜ + ૜ࢠ + ૜࢞࢟ࢠ ≥ ࢞࢟(࢞ + ࢟) + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ + ࢞) 
 

⇒ ࢞(࢞ − ࢟)(࢞ − (ࢠ + ࢟(࢟ − ࢞)(࢟ − (ࢠ + ࢠ)ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙ → 
 

→ (Válido por desigualdad de Schur) 
 

b) ૚
૛ାࢇା࢈

+ ૚
૛ା࢈ାࢉ

+ ૚
૛ାࢇାࢉ

≤ ૚ 
 

→ (૛ + ࢇ + +૛)(ࢉ ࢈ + (ࢉ + (૛ + ࢇ + ૛)(࢈ + ࢇ + (ࢉ + (૛ + ࢇ + ૛)(࢈ + ࢈ + (ࢉ
≤ 

≤ (૛ + ࢇ + ૛)(࢈ + ࢈ + ૛)(ࢉ + ࢇ +  (ࢉ
 

→ ૝(૜) + ෍(ࢇ + ࢈)(ࢉ + (ࢉ + ૛෍(૛ࢇ + ࢈ + (ࢉ ≤ ૡ + ૝(૛)(ࢇ + ࢈ + (ࢉ + 

+૛෍(ࢇ + ࢈)(ࢉ + (ࢉ + ෑ(ࢇ +  (࢈

→ ૝+ ૡ(ࢇ + ࢈ + (ࢉ
≤ ૡ(ࢇ + ࢈ + (ࢉ + ෍(ࢇ + ࢈)(ࢉ + (ࢉ + ෍ࢇ)࢈ࢇ + (࢈ + ૛ࢉ࢈ࢇ 
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⇒ ૝ ≤෍ࢇ૛ + ૜෍࢈ࢇ + ෍ࢇ)࢈ࢇ + (࢈ + ૛ࢉ࢈ࢇ 

 
Tener en cuenta lo siguiente: 

 

ࢇ =
࢟ + ࢠ − ࢞

૛࢞ ≥ ૙ 

࢈ =
ࢠ + ࢞ − ࢟

૛࢟
≥ ૙ 

ࢉ =
࢞ + ࢟ − ࢠ

૛ࢠ
≥ ૙ 

 

⇒
૚

૚ + ࢇ +
૚

૚ + ࢈ +
૚

૚ + ࢉ = ૛ →෍(૚ + ૚)(࢈ + (ࢉ = ૛ෑ(૚ + (ࢇ → 

 

→ ૜ + ૛෍ࢇ + ෍࢈ࢇ = ૛ + ૛෍ࢇ + ૛෍࢈ࢇ + ૛ࢉ࢈ࢇ 

 

⇒ ૚ = ࢈ࢇ + ࢉ࢈ + ࢉࢇ + ૛ࢉ࢈ࢇ → ࢈ࢇ + ࢉ࢈ + ࢉࢇ = ૚ − ૛ࢉ࢈ࢇ	 ∧ ࢉ࢈ࢇ ≤
૚
ૡ
⇔ 

 

⇔ ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥
૜
૝ 

 

⇒ ࢇ + ࢈ + ࢉ ≥ ඥ૜(࢈ࢇ + ࢉ࢈ + (ࢉࢇ ≥ ඨૢ
૝

=
૜
૛
→ ࢇ + ࢈ + ࢉ ≥

૜
૛

 

 

෍ࢇ૛ + ૜෍࢈ࢇ + ෍ࢇ)࢈ࢇ + (࢈ + ૛ࢉ࢈ࢇ ≥ ૝෍࢈ࢇ + ෍࢈ࢇ൬
૜
૛ − +൰ࢉ ૛ࢉ࢈ࢇ

= 

=
૚૚
૛ ෍࢈ࢇ − ࢉ࢈ࢇ ≥

૜૜
ૡ −

૚
ૡ ≥ ૝ 
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c) ࢇ + ࢈ + ࢉ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ
 

Desde que: 
 

ࢇ =
࢟ + ࢠ − ࢞

૛࢞ ≥ ૙ 

 

࢈ =
ࢠ + ࢞ − ࢟

૛࢟ ≥ ૙ 

 

ࢉ =
࢞ + ࢟ − ࢠ

૛ࢠ
≥ ૙ 

 
⇔ ࢟ = ࢔ ;࢓+ ࢠ = ࢔ + ࢞;࢖ = ࢓ +  ࢖

 

ࢇ =
࢔

࢓ + ࢖
≥ ૙ 

 

࢈ =
࢖

࢔ + ࢓
≥ ૙ 

 

ࢉ =
࢓

࢔ + ࢖
≥ ૙ 

 

⇒
࢔

࢓ + ࢖
+

࢖
࢓ + ࢔

+
࢓

࢔ + ࢖
≥ ૛൬

࢔
࢓ + ࢖

⋅
࢖

࢓ + ࢔
+

࢔
࢓ + ࢖

⋅
࢓

࢔ + ࢖
+

࢖
࢓ + ࢔

⋅
࢓

࢔ + ࢖
൰ 

 

⇒
࢔)࢔ + ࢔)(࢓ + (࢖ + ࢖)࢖ ࢖)(࢓+ + (࢔ + ࢓)࢓ + ࢓)(࢖ + (࢔

࢓) + ࢔)(࢔ + ࢓)(࢖ + (࢖ ≥ 

 

≥
૛࢔)࢖࢔ + (࢖ + ࢓)࢔࢓ + (࢔ + ࢓)࢖࢓ + (࢖

࢓) + ࢔)(࢔ + ࢓)(࢖ + (࢖  

 

⇒෍࢔૜ −෍࢓)࢔࢓ + (࢔ + ૜࢖࢔࢓ ≥ ૙ 
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⇒ ࢔)࢔ − ࢔)(࢓ − (࢖ −࢓)(࢔−࢓)࢓+ (࢖ + ࢖)࢖ ࢖)(࢓− − (࢔ ≥ ૙ ⇔ 

 
⇔ (Desigualdad de Schur) 

 
 


