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JP.026. Let a, b, ¢ be non-negative real numbers and let x, y, z be real numbers
different from 0, such that by + cz = x, ¢z + ax = y,ax + by = z. Prove that.

a.abc <

Q| =

1 1 1
. + + <
2+a+b 2+b+c 2+c+a

c.a+b+c>2(ab+ bc+ ca)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sean: a, b, c numeros reales no negativos y sean: x, y, z numeros reales
diferentes de cero.
Ademés: by + ¢z = x,cz+ ax =y, ax + by = z. Probar que:

a) abc <
1 1 1
b) + + <
2+a+b 2+b+c 2+a+c

Q| =

c)a+b+c=>2(ab + bc+ ac)

Sumando las ecuaciones se tiene:

xX+y+z

2(ax+by+cz):x+y+z—>(ax+by)+cz:T—>
xX+y—z xX+y—z
- = s =—
€z 2 ¢ 22

De forma anéloga se tiene que:

_ytz-—x
a= 2x
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_z+x-—y
=—
Por la tanto:
a) ach%@(x+y—z)(z+x—y)(y+z—x)Sxyz
x+y-2)z+x—-y)(y+z-x)=*-(y-2))(y+z—x) =
=(x* —y? -2 +2yz)(y +z — x)

> 2—yrt—z22+2yz2)(y+z—x) =x’y+x’z—x3 -y} —ylz+ y?x —

—z%y — 23 + Z2x + 2y%*z + 2yz® — 2xyz

>@x+y-2)z+x-y)y+z-x)=-x*-y’ -2 +xy(x+y) +
+yz(y +z) +zx(z + x) — 2xyz < xyz

> x3+y3+ 23+ 3xyz > xy(x +y) + yz(y + z) + zx(z + x)
>x(x-y)x-2)+y(y—-x)(y-2)+z2(z-x)(z-y) 20—

— (Valido por desigualdad de Schur)

1 1 1
b) + + <1
2+a+b 2+b+c 2+a+c

- 2+a+c)2+b+c)+2+a+b)2+a+c)+2+a+b)(2+b+0)
<

<@2+a+b)2+b+c)(2+a+c)

—>4(3)+Z(a+c)(b+c)+22(2a+b+c)S8+4(2)(a+b+c)+
+zZ(a+c)(b+c)+ﬂ(a+b)

- 4+8(a+b+c)
S8(a+b+c)+Z(a+c)(b+c)+Zab(a+b)+2abc
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=>4S2a2+32ab+2ab(a+b)+2abc

Tener en cuenta lo siguiente:

+z—x
a:y—zo
Z —
b:—yzO
2y
xX+y—1z
c=2"2""5y
2z

1 1 1
= + +
1+a 1+b 1+c

—>3+22a+2ab:2+22a+22ab+2abc

1
=>1=ab+ bc+ ac+ 2abc »> ab+ bc+ac=1—-2abc /\ach§<:>

:2—>Z(1+b)(1+c):21_[(1+a)—>

3
@ab+bc+aCZZ

N|W

9 3
=>a+b+c2J3(ab+bc+ac)2\[;:E—>a+b+c2

3
Za2+32ab+2ab(a+b)+2abc24Zab+2ab(i—0)+2abc

_uy 33 1
2 a ac_8

8_
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c)a+b+c=>2(ab + bc + ca)

Desde que:
_ytz—x
a= 2x
zZ+Xx—
b= zrry >0
2y
XxX+y—2z
= >0
Cc 27 =

Sy=n+mz=n+p,x=m+p

n
a= =0
m+p

P m

m+p m+n n+p

m

n p n m p
22( . + . +
m+p m+n m+p n+p

m+n n+p

=>n(n+m)(n+p) +p(p +m)(p +n) + m(m + p)(m + n) -

(m +n)(n + p)(m + p)

- 2np(n + p) + mn(m + n) + mp(m + p)

(m +n)(n + p)(m + p)

:Zn3—2mn(m+n)+3mnp20

)
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>nn-m)(n—p)+m@m-n)(m—p)+plp-—-m)(p—n) =20

& (Desigualdad de Schur)



