
 
SP.637 If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝝀 ≥ 𝟎 then: 

𝒂 + 𝝀

𝒃𝟐 + 𝟏
+

𝒃 + 𝝀

𝒄𝟐 + 𝟏
+

𝒄 + 𝝀

𝒂𝟐 + 𝟏
≥

𝟑(𝝀 + 𝟏)

𝟐
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

Lemma 1: If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝒂

𝒃𝟐 + 𝟏
+

𝒃

𝒄𝟐 + 𝟏
+

𝒄

𝒂𝟐 + 𝟏
≥

𝟑

𝟐
. 

Proof: We have:  

∑
𝒂

𝒃𝟐 + 𝟏
= ∑ (𝟏 −

𝒂𝒃𝟐

𝒃𝟐 + 𝟏
) ≥

𝑨𝑮𝑴
∑ (𝒂 −

𝒂𝒃𝟐

𝟐𝒃
) = ∑ (𝒂 −

𝒂𝒃

𝟐
) = ∑ 𝒂 −

𝟏

𝟐
∑ 𝒂𝒃 = 

= 𝟑 −
𝟏

𝟐
⋅

(∑ 𝒂)𝟐

𝟑
= 𝟑 −

𝟏

𝟐
⋅

𝟑𝟐

𝟑
=

𝟑

𝟐
. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Lemma 2: If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝟏

𝒃𝟐 + 𝟏
+

𝟏

𝒄𝟐 + 𝟏
+

𝟏

𝒂𝟐 + 𝟏
≥

𝟑

𝟐
. 

Proof: We have: 

 ∑
𝟏

𝒃𝟐+𝟏
= ∑ (𝟏 −

𝒃𝟐

𝒃𝟐+𝟏
) ≥

𝑨𝑮𝑴
∑ (𝟏 −

𝒃𝟐

𝟐𝒃
) = ∑ (𝟏 −

𝒃

𝟐
) = 𝟑 −

𝟏

𝟐
∑ 𝒂 = 𝟑 −

𝟏

𝟐
⋅ 𝟑 =

𝟑

𝟐
. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. Let’s get back to the main problem. 

Using the Lemmas, we obtain: 

𝑳𝑯𝑺 = ∑
𝒂 + 𝝀

𝒃𝟐 + 𝟏
= ∑

𝒂

𝒃𝟐 + 𝟏
+ 𝝀 ∑

𝟏

𝒃𝟐 + 𝟏
≥

𝑳𝒆𝒎𝒎𝒂 𝟏+𝑳𝒆𝒎𝒎𝒂 𝟐
 

≥
𝟑

𝟐
+ 𝝀

𝟑

𝟐
=

𝟑(𝝀 + 𝟏)

𝟐
= 𝑹𝑯𝑺 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂 + 𝛌

𝐛𝟐 + 𝟏
𝐜𝐲𝐜

= ∑
(𝒂 + 𝛌)(𝐛𝟐 + 𝟏 − 𝐛𝟐)

𝐛𝟐 + 𝟏
𝐜𝐲𝐜

= ∑(𝒂 + 𝛌)

𝐜𝐲𝐜

− ∑
𝐛𝟐(𝒂 + 𝛌)

𝐛𝟐 + 𝟏
𝐜𝐲𝐜

 



 

≥
𝐀𝐌−𝐆𝐌

∑ 𝒂

𝐜𝐲𝐜

+ 𝟑𝛌 − ∑
𝐛𝟐(𝒂 + 𝛌)

𝟐𝐛
𝐜𝐲𝐜

= 𝟑(𝛌 + 𝟏) −
𝟏

𝟐
∑ 𝒂𝐛

𝐜𝐲𝐜

−
𝛌

𝟐
∑ 𝒂

𝐜𝐲𝐜

 (∵ ∑ 𝒂

𝐜𝐲𝐜

= 𝟑) 

≥ 𝟑(𝛌 + 𝟏) −
𝟏

𝟔
(∑ 𝒂

𝐜𝐲𝐜

)

𝟐

−
𝛌

𝟐
∑ 𝒂

𝐜𝐲𝐜

= 𝟑(𝛌 + 𝟏) −
𝟗

𝟔
−

𝟑𝛌

𝟐
 (∵ ∑ 𝒂

𝐜𝐲𝐜

= 𝟑) = 

=
𝟑(𝛌 + 𝟏)

𝟐
 𝒂𝐧𝐝 𝐬𝐨 

𝒂 + 𝛌

𝐛𝟐 + 𝟏
+

𝐛 + 𝛌

𝐜𝟐 + 𝟏
+

𝐜 + 𝛌

𝒂𝟐 + 𝟏
≥

𝟑(𝛌 + 𝟏)

𝟐
  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 


