ROMANIAN MATHEMATICAL MAGAZINE

SOLVED RMM-PROBLEMS BY SAMUEL AJIBADE
By Samuel Adekunle Ajibade- Nigeria

01 Prove that:

oo 2
j Liz(—e™) sech(x) dx = w6 3m¢3)
0

6 64

—2p4)

Where
Liz(2)is the trilogarithm function,
G = B(2) is Catalan’s constant
{(3)is Apery's constant, B(s) is the Dirichlet beta function

Proposed by: Samuel Adekunle Ajibade- Nigeria

Solution 1 by: Emedi Abner Ngoy- DR Congo
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I+1=2 f 5 du+f 5 du
o 1+u 0 1+u
Li; () — Li ( 1)— L in3 ”21
is(—u iz 2= @ n3u nu
® Liz(—u) 1 (! Inu 1 lnu
I=] 5 du——f 5 u——f 5 d
o 1+u 6J),1+u 1+u
* Liz(—u) uln®y
1 fo 1+ M fol+u2< f(1+u2)(1+uy) y

I, = 1f112 ’ v duld
=72, Y, arwda+uy) )Y

1 (1t my Iny
__ = 2 _
Iy = zfol“ y(2(1+y2) 1+y2)dy




ROMANIAN MATHEMATICAL MAGAZINE

2

1 (! In3u T fl Inu 2 (1 lnu 4
=_ - u
32 ),

u__
1+u 6 J, 1+ u?

flln"‘lu Y B(n) r(n)
o 1+uz (—nnt

1lnnud =(-1)"n!l(1-2" 1
| T du= 0" A2+ D)

_1/(p4)r4) ? 1 w? (B(2) I'(2)
! ‘§<W> _E(Z (-7 (1 ‘1)“3)) ‘?(W>

3n ?
I1=-2B(4) —6—4((3) +?ﬁ(2)

71'2

I=
6

3n
G- 2,83 -26(4)

Solution 2 by: Pham Duc Nam- Vietnam

oo 2
I= fo Li; (—e )sech(x)dx = — G — 2—2((3) _28(4)

6
1)
e In?(x)
: T =
a>0:T@=| croern®
1 1l ' (a) nzl()+1t3
T1ta2\ 3 WTpma@Tga
Proof':

Some basic integrals :
- f"" In?(x) md [ In?(x) w?
0

1+ 2% 5 ) Gro2 ™3

And:
“ In(x)

——dx =
o (1+x)?
Observation :
1+ a? 1 +a—x
(x+a)(x2+1) x+a 1+=x2
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=>(1+a2)T(a)—aC—fooln2(x)< 1 . )dx
o x+a 1+ x2
But:
fool 2()( 1 ad )d 0 by x - —
—_ — - —
" R I R b Y=y
=>(1+az)T(a)—aC—fmln2 (x)( ! - 1 )dx
—Jo x+a x+1

:fomln2 (x)<j:(x_|_1t)2dt>dxf:( ooo(lxn_zl_—(:))zdx\dt

w
x=tu

_ f11< © (In(t) + ln(u))2 du) dt
a 0

t (1 +u)?
1 2 2
_ fa %(1112(::) + %) dt = —%1n3(a) _ %ln(a)

=T(a) =

L13(@) - Ina) + aC
1+az\ 3 T3 nTa

3

1 113() nzl()+1t d
=7 a2\ ~30*(@ —3In(a) + a), proved.

From here, integrate both sides w.r.t a from 0 to 1 we have:

f°°1n2(x)l (1+x)d T e+ B + 284)

o 1422 U x /)T 3 16" A
®1n3(x ®1n?(x 1+x ©In%(x

But:f (3dx=0=>j (2ln( )dx=J (2ln(1+x)dx
o 1+x o 1+x x o 1+x

1In%(x) *1n2(x)
= .’; mln(l + x)dx + _]-1 mln(l + x)dx

“

x—-=
x

1In%(x) 1In3(x)
= Zf In(1+ x)dx — f dx
o 1+ x2 o 1+ 2

1In%(x)
= 2[0 152 In(1+ x)dx + 68(4)
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1 2 2 3
= j In"(x) In(1 + x)dx = L + n—ln(z) —2p(4)

0 1 _|_x2 6 32
2) 1= J{Lis(—esech(xdx = 2 [1HC0q;

oY1 [t (2w

_Zfo 1+t2<_if0 1+utdu>dt
= 1l 2 ' t dt)d
__fo n (u)<f0 (1+ t2)(1 + ut) t) u

I OO S d
__fo 1+u2<§ n( )+Zu— n( +u)> u

3

1In%(u) /4
*j;, 1+u2du_2ﬂ(3)_ﬁ

>kflulnz(u)d ~ lfllnz(u)
0 0

3
1+uz “78 1+udu_ﬁz(3)

TInZ(u) From1) 1% 3
In(1 = —G+==In(2) -2B(4
*fo1+uz n(1+w)du =G +55In(2) - 28(4)

I= 11 2 ™ ™3 3 nZG 1T3l 2)-2p(4
=1=—7In( )<1—6>—Z<R(( ))"'? +351n(2) —2B(4)
2

3
=G~ 8(3) —2B(4)

I =

Solution 3 by: Yang Silva Cartolin-Peru

0= fooLi (—e™)sech(x)dx = n—ZG — 3—n((3) —-2B(4)
) - 64

6
“Liz(—e™* “Liz(—e™*
2= Zf 2(—_) dx = Zf 3(—_2) dx

o €e*+e’* o 1+e™=*

. Liy(—t)
tmex LLiz(—t) u = Liz(—t) » du = ” dt
> gzzf T dtLB.P: it

0 dv = rwrind arctan(t)

. In(1+1¢)
02 3T o o Larctan(t)Liy(—t) it LB.P: u=Liz(-t) > du=—"p-——dt
-8 ‘- J0 t R arctan(t)
v =

3n ? ITi,(O)In(1 + ¢
a=——z(3)+—a—zf O+
8 6 o t
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_1q\n 1
=__((3)+—G 22(2( +)1)2f t>"In(1 + ¢t) dt
We know that: | 22" In(1 + x) dx = 222 ! Ho Mo
mWe know t at'fo M ax = T @nr 02 Tt 1 Zn+d
_1)n = (=1
) =__z(3)+—c 4ln(2)z(2( +)1)3+ ﬁ
n=0

o (-1)"H, N o (—1)"Ha,
i (2n+1)3 P (2n+1)3

m We know that:
o Dirichlet Beta Function: B(s) = CO" pay=T
irichlet Beta Function: B(s) = =0m,ﬁ( ) = 32
.S i B(4)——((3)——ln(2)
(2 +1)3
(_1)nH2n
i (2n + 1)3 =B - 133 ((3)
3n m? 3
Therefore: 2 = —?((3) + ?G - ?ln(Z) +2B(4)

7 3
-2 (33(4) - E((B) - Rln(z)) (3(4) - m((:f))

.Q—nZG 3T 3 2(4) -
=5 —6—4(()— B(4) -

02 Evaluate in closed form:
* x%1n?(x) sinh(bx)
f dx
0

e*—-1
Where
a>—-1,c>b>0,{abc eR}
Proposed by: Samuel Adekunle Ajibade- Nigeria

Solution 1 by: Archit Jain- India

bx
sinh(bx) =

—bx
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* x*(Inx)%sinh(bx)
I= f dx
0 e*—1

Let

@ xS~1ginh(bx
I(S) = f Cx—()dx

Differentiating with respect to s,

1 = fo e xs‘llne(:fc)iirllh(bx) dx. 1'(s) = fo o xs‘llnzgic)_si;)h(bx) dx
Our target is to find
I'a+1)=1
Now,
1 e X

e*—1 1-—-e

For ¢ > 0 and x € (0, »), we have
0<e <1

Then e™“* satisfies the infinite geometric progression:

[ee)

i(e_cx)n =Y e
n=1

n=1

Therefore,

I(s) = joooxs"l (_ebx _Ze—bx> (i e‘"“") dx

n=1

1 (¢
I(S) — Ef Z xs—l (ebxe—ncx _ e—bxe—ncx)dx
0 n=1

— %foo Z xs—l (e—(nc—b)x _ e—(nc+b)x)dx
0 n=1

Now x571, e~(c=b)x gpg e~mc+b)x 3re 3] positive for x > 0, assuming s > 0.
As givenc > b > 0,wehave nc — b > O foralln > 1.

We apply Tonelli’s theorem to interchange the order of sum and integral.
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I(S) — %Z f [xs—le—(nc—b)x _ xs—1e—(nc+b)x] dx
0
n=1

o

— lz fooxs—l e—(nc—b)xdx _ f xs—l e—(nc+b)xdx
2n=1 0 0

Now,
fus‘le‘“du=l"(s)
()}
Let
J(a) =f x*le®dx, a>0
0
Put
du
u=ax, dx=—
a
“ u\s1 du 1 (°® Ir(s)
— _ —u__ s—1 ,-u —
s = (G e[ wterau=13

I(s) becomes

1| I(s) r(s)
I(s) = E; l(nc — b)* B (nc + b)s

I(s) = F(ZS); [(nc 1 b)s (nc -1|- b)s]

Now we know the Hurwitz zeta function:

=1
((s,q)=kz=0(k+q)s

_I(s) = 1 1
1) =35 ;[(n—b/c)s_ (n+b/c)s]
Let
k=n—-1=>n=k+1

When n = 1, k = 0. Substitute n = k + 1 in summation:

b b b b
n—-—-=k+1-- and n+-=k+1+-—
c c c c
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I(s) F(S) Z [(k +1-b/c)’ (k+ 11 b/c)s]

I(s) = I;(Ss) [( (S: 1- g) —¢ (s' 1+ g)]

Now,
I(s) = F(s)G(s)
where
r
F(s) = z(css)
Taking logarithms,
InF(s) =InI'(s) — In2 — sInc
Using
r' (s)
we get
F'(s) = F(s)[$(s) — Inc]
Also,
b b
G(s) = ((s,l—z) —{(s,1+z>
Therefore,
b b
G'(s) = {0 (s, 1- Z) -0 (s, 1+ Z)
Now,

F'(s) = F'(s)[y(s) — Inc] + F(s)p™P(s) = F(s){[p(s) — Inc]? + pP(s)}
Also,

G'(s) = {0 (s, 1- g) — {20 (s, 1+ g)
Using the product rule,
I"(s) = F'(s)G(s) + 2F'(s)G'(s) + F(s)G"(s)
= F(s){[$p(s) — Inc]* + pD (s)}G(s)
+2F(s)[yY(s) — Inc]G'(s) + F(s)G"(s)

8
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= F(s) {([9(s) — Inc]? + D (s)) G(s) + 2[1(s) — Inc]G'(s) + 6"(s)}
Now put s = a + 1. We know that

ra+1)
Fla+1)= W
And I=1"(a+ 1)

Hence,

rla+1)
= 2ca+1

—((a+1,1+2)]

+2[(a+ 1)~ Inc] {10 (a+1,1- 2) -¢00(a+ 11+ g)]

+ [((2'0) (a +1,1- g) — {20 (a +1,1+ 9])

(([t[)(a +1) —Inc)? + pyD(a + 1)) [( (a +1,1— g)

Solution 2 by: Yang Silva Cartolin-Peru

I = lf alnz(x)( bx __ —bx) dx
2 0

1/ (* x*e®*In?(x) x%e~b*In%(x)
= j P [PF)
2 e*r—1 0 e*r—1

© ¥ e(b c)xan(x) ooxae—(b+c)xln2(x)
dx—f dx
0

1
_2

- e—Cx 1 — e—cx

o0}

_ %Z (f o e—(—b+c+cn)xln2(x) dx — J x® e—(b+c+cn)x1n2 (x) dx)
0

n=0

S Let: &), = f x5 e *n?(x) dx
0

t= kx—)cll(

= - & = ifoots‘l e ‘In? (E) dt = lfoots‘l e !(In(t) - ln(k))Z de
T ks, k ks J,

1

& = = (J t5~1 e~'In%(t) dt — 2In(k) J t*"te~‘In(t) dt
0 0

+ In?(k) f t5slet dt>
0

o

We know that: I'(z) = f x> le*dx
0
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oo (0]

x> 1In(x)e *dx, I'"(z) = f x> 11n?(x)e * dx
0

->TI'(z) = f

0

= &= 22 (I"(9) — 2m(Or' () + WG (S))

Therefore:

r"(a = Z ((cn +c—b)**1  (cn+ c1+ b)a+1>

, In(cn+c—b) In(cn+c+b)
~ra+ 1)2 ((cn+c—b)“+1 - (cn+c+b)“+1>

80

ra+1) <~ /In’(cn+c—b) In%(cn+c+b)
-~ (en+c—b)e*1  (cn+ c + b)a+l

ra+1 rla+1

S3

[0e]

1 1
o — —_
51 Z} ((cn +c—b)**1 (en+c+ b)a+1>

n=

o 1 c < 1 1
1= -
ca+1z b a+1 b arl
n=0 (n+1—z) (n+1+z)
Hurwitz Zeta Function: {(s, q) Z 1
Urwitz Zeta runcuon: ¢(s,q) = T T NS
& (k+q)

=>sl=Ca1+1<((a+1,1—2)—((a+1,1+§))

o _i In(cn+c—b) In(cn+c+b)
2= o (ecn+c¢—b)*1  (cn+ c + b)at!

Ca+1 a+1 a+1

0 (n+1—%) (n+1+b)

s, - 1 i(ln(c)+ln(n+1—2) ln(c)+ln(n+1+b)>

10
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5, :‘;§j>(<(a+1,1_g)_q(aH,Hg))
ca+1§:< n+1—i)1 ln(n+1+a%+)1>

n=0 n+1—E) (n+1+g)
S, =l;%<((a+1,1—g)—((a+1,1+2)>

1 b b
i <(<1r°) (a +1,1- ?) -0 (a +1,1+ ?))

o _i In?(cn+c—b) In*(cn+c + b)
37 = (ecn+c—b)**1  (cn + ¢ + b)a+1

2

L& /(ln(c)+ln(n+1—g)>2 <ln(c)+1n n+1+ )\
S3 = catl b a+1 - b a+1 |
n=0 (n+1—E) (n+1+ ) /

S3 =lrj—£?<(<a+1,1—2)—((a+1,1+g)>

2In(c) b b
~ (((1'0) (a +1,1- ?) — {10 (a +1,1+ E))

1 - lnz(n+1—%) lnz(n+1+2)
+Ca+1z ( b a+l b a+1
n

+1-2) (n+1+2)

S3 =lr:z#<((a+1,1—2)—((a+1,1+2)>

Thus:

11
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—((a+ 1,1+g)]

+2[p(a + 1) — Inc] [((1‘0) (a +1,1- g) -¢ao (a t1L1+ g)]
+ [((2'0) (a +1,1- g) - {20 (“ +1,1+ g)])
03 Find:

z w2
I(a) = jo In(tan(x)) tan(x) <T sin®(x) — x2> dx

Va> =2
Proposed by: Samuel Adekunle Ajibade- Nigeria

Solution 1 by: Pham Duc Nam- Vietnam

T 2
a>-2: I(a) = len (tan(x))tan(x) (% sin®*(x) — x2> dx
0

1.) Reducing the given integral

Note that :
2

I(a) = 1(0) + %D(a)

Where:

T

2
D(a) = j In (tan(x))tan(x)(sin*(x) — 1)dx
0

And letting : t = sin(x) we have :

1 1t%—1 t
D(a)=—f 1n< )dt
. 1

4 1-t —t
Set:s=§>—1=>

14s 14s

4D(a) = f In(1 —t)dt

jlts_ldt H (1+s) Jlln(t)dt ™
* %0 = — = — —_ _— = ——
o 1-t s=¥A+S) =Y ) T 6

ln(t)dt—j 1—¢
0

12
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1gs -1 0 In(t) w?
= —— — At = — — D
=>j;) ——In(©)dt =~ (A +5) +7) fol_tdt =D+ )
14s 9 1
*fo 1_tln(1—t)dt=ul_39}+@f0(t —1)(1 - pUdt
= li 0 B 1 1 —1 )
= Jim, 5 (B + Lut D -

2 2
= %((Y+IIJ(1 + s))2 +%_¢(1)(1 + s)) = I(a) = 1(0) +%D(a)

= 1(0) +13T—;(%2—¢(1) (1+g) —<y+¢(1+g)>2)

The rest of this solution is evaluating of 1(0)

2.) Evaluating of 1(0)

xLet: & = 2 we have:
T

L4 2
1(2) = len (tan(x))tan(x) (% sin?(x) — x2> dx

0

Then the difference of :

T

2
1(2) - 1(0) = —j In (tan(x))sin(x)cos(x)dx
0

And by substitution : x — g — x we immediately have: I(2) — 1(0) = 0

So, instead of calculating 1(0), we can calculate 1(2)
Set:
T p
p=3 q(x) = p%sin?(x) —x%2 = 1(0) = 1(2) = f q (x)In(tan(x))tan(x)dx
0

Since: q(0) = q(p) = 0, consider the sine Fourier series :

q(x) = Z b, sin(2nx)
n=1

Where :
4 (P
b, = —f q (x)sin(2nx)dx
T Jo

Integration by parts gives us :
14 2 n n
. p°(—1) 1(-1) 1
2 2nx)dx = —— +—
fo x“sin(2nx)dx > 1 3

13
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And:
P
sin?(x) = %(1 — cos(2x)) = f sin? (x)sin(2nx)dx
0

1
—, if nis odd
2n

1 n if i
an_l,l nis even
Combine two formulas, we have :
21
——3,ifnisodd
p. = JEN
L 4 1 if i
Zn(nz—l)'l nis even

Now we define :

S, = f psin (2nx)In(tan(x) )tan(x)dx,
0

using :
cos(2kx
ln(tan(x)) = -2 (T)
k=1, kis odd

But:

n-1

sin(2nx)tan(x) = (—=1)"*1 + 2 Z:(—l)"“‘+1 cos(2kx) — cos(2nx)
k=1

Then by orthogonality of cosine :

T
P B o
f In (tan(x))cos(2kx)dx = { 2k’ if k is odd
’ 0,if k is even
Now set :
E 1 h +—n if nis odd
hn = —_= Sn — {71’ n Zn'

1<k<n, k is odd —mh,, if nis even

Replace to 1(0), we have :

1(0)—ibs =2 z h"+ 1+”2 Z il
B nen o n3 nt 2 n(n? —1)
n=1 n=1, nis odd n=1, nis odd n22, nis even
h, h, 1
L t: - Z _’E - Z ’ Z nt
*Let:Q n3 nnz-1) n*
n=1, nis odd n=2, nis even n=1, nis odd
(1 1)21_15 (4)_114
B 16/ Ly w165 =9
n=

14
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Using generating function :
Z hogn = tarctanh(t)
nt = _ 42
n=2, nis even 1 t
and
1 1 fl
————=—| t"?(1-t)?dt
nn?-1) 2)J,
. 1f1 1-t tanh(£)dt 1f1arctanh(t) de flarctanh(t) it
= — r n = — —_— —_ _
o ta+p A 2), " ¢ o 1+t
1 arctanh(t) _ m?  1arctanh(t) _ 11'_2
By substitution u = —we easily find : [, dt =, [;—, —dt=2,
E In® m° _m 1(0) =2 +n4+n2E n4+2
S5 F=—————=—> = 4 F=—_
28 24 48 Q 96 2 48 Q
Using generating function :
o t?arctanh(t)
nt = _ 42
n=1, nis odd 1 t
and

1 _ 1fltr"‘ll 2(tdt
n3 2, n

2 1
=>Q= Ejo tlln (tt) arctanh(t)dt = —%JO In? (t)arctanh(t)d (ln(l _ tz))

Bps 1 jllnz(t)ln(l —t?) 1[ n(t)
= — dt

2 Tl n(1 — t?)arctanh(t)dt

Since:

In(1 — t?)arctanh(t) = %(lnz(l +t)—In?(1 - t))

1In?(t)In(1 — t?)

1
:Q:Z(A+B+—B_)where:A=f
0

1-—t2 ’
n(t
Bi=J ()1 21+ t)dt
0
1nZ(t)In(1 — t> 21 1 In(1—u
A:j ®) (2 ) ar —J w7 inza) 2T g,
o 1—t 8, 1-u

From section 1.) :

14s 2
s>—1:J0 tl_tlln(l—t)dt=%<(y+1[)(1+s))2+%—¢(1)(1+S)>

15
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4

1 ts -1 1 -
» fo In(1-O)de = 3 (281n(2)((3) _ T)
-2

8 0s? . 1-t
ot 7
=-33 + = ln(2)((3)

_(‘@® ,
*B__fo ) 21 — Ot

From section 1.) :

14s 2
s>—1:j; tl_:ln(l—t)dt=%<(y+1[)(1+s))2+%_¢(1)(1+S)>

gs —1 1 1
But : j SIn(1 -t 'Z [——1n2(1 — (& - 1)]
0 1- 2 0

[}

=0

s 1
+ —f " 1In?(1 — t)dt
2 0

1 2
= f 57 1In%(1 - t)dt = %((y +p(1+5)" + % -y + s))
0

5= tim (o rpar o)+ T o y0asn )= Lo =T
-~ 0 as L4 = 180

() 2 1
*B, = —In“(1+x)dx,let:t=——= B,
0

1+x
lnz(t)
_ f% =g (1~ ~In()ae

1 1 1
= L (In2(OIn(1 - &) - In*(0)) (1——1: + ?) dt
2
1 2 _ 1 2 _ 1 3 1 3
:fl In“(t)In(1—-1t) dt"‘fl In“(t)In(1—1t) dt—fl In°(t) dt—fl In°(t)
1 t

dt
1-t t 3 1-t

-
t->1-t

TIn3(¢t 1
sz nt()dtz—zln"(Z)
2

16



ROMANIAN MATHEMATICAL MAGAZINE

113 112 _
© f n (t) (- o O]} +3 J In (t)l':(l D e
172 _
=In*(2)+ 3 fl In (t)h:(l 2 de
2

1

2In%(1 — t)In(t IIn?(t)ln(1 -t 3
=>B+=f“’( )n()dt—2f O 4,32

0 t % t 4

1 t 1
2 n=1 2

Un2(0)In(1 — 1 (1
Qfl n?(t)In( t) =—Z;Lt"‘1ln2(t)dt

(0]

Z%<_ 2"n3 n3 22117:1(;) - h;z"(:)>
= 2Li, (%) —2{(4) + 2In(2)Li; (%) +In%(2)Li, (%)

4 2
= 2Li, (%) —1n(2)((3) - Z—S — 11n4(2) - —1n2(2)
1 1
zln*(1—-In(®)  mes [1, , ) 7 (7ln? (OIn(1 —¢t)
Q-fo . dt = [Eln (t)In (1—t)]0+1; -1 dt
1
1, jilnz(t)ln(l —t)
=3 In*(2) + 1—¢ dt
1 lnz(t)ln(l —t) IIn?2(H)In(1 -¢) 1
1 4(2) + j de — jl ¢ dt = 2<21n4(2)+B )
11'4
— _In4 o
= 4lrl 2)-360"
t 1 wt
B, = —1n4(2) ~ 360" 2 (zm4 (2) +-1n(2)¢(3) — a5 g1n‘*(2) — —ln2(2)>
- le’l4(2)
1 7 4- 2
= —4Li, (2) - —1n(2)((3) + 22 —1n4(2) + —1n2(2)
1 . (1\  23m* n’
=>Q=3@+B,—B)=-Li, (z) 5760 24 22" @
4 1\ 83
=10 = Z_s +2Q = -2l (z) zsgo 1z " 12 1n2(2)

3.) Conclusion

17



ROMANIAN MATHEMATICAL MAGAZINE

From section 1.) :
2 (-2 2
I(a) = 1(0) +:—2<%—tp“) (1 +g) - <y+tIJ(1 +%)> )

From section 2.) :

1(0) = —2Li, (%) +

83t 1 Tt
T In4 - 2
2880 12 @)+ 5In"(2)

) 49t 1 w2
> I(a0) = —2Li, (E) F It (2) + S In*(2)

~ g(#ﬂl) (1+ %) + <y +9p©@ (1+ %)>2>

Solution 2 by: Yang Silva Cartolin-Peru

1

z 2
I(a) = len (sin(x))tan(x) (% sin?(x) — x2> dx
0

7 ?
- f In (cos(x))tan(x) (T sin?(x) — x2> dx
0

I(a) =iy — i, (1)

kS

mi; = jiln (sin(x))tan(x) (
0

-
u= Tsin“(x) —x2 5 du= (
I.B.P:

kdv = tan(x)In(sin(x)) > v = %Liz (cosz(x))

sin®(x) — x2> dx

2

3

a

o

sin® 1(x)cos(x) — 2x> dx

s
] 12 . m’a
i = _Zj Li, (cosz(x)) <T
0

Y3 w

sin® 1(x)cos(x) — 2x> dx

i, = _ﬂ isin“‘1 (x)cos(x)Li (cos2 (x)) dx + lfix Li (cosz(x)) dx
1 16 J, 2 2), 7"

T 2

1 = 16 1 2 2 ( )

T

, A, = f: sin®! (x)cos(x)Li, (cos2 (x)) dx

y=sin?(x)

1 (1 a
2.1,.
= Al:ff y2 " Li;(1-y)dy,
0

18
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u=Li,(1-y) - du=——-
I.B.P:

21
|dv=y2"dy>v=—y2

QN

a
1 —
_ y2In(y)
44 = a), 1=y dy

1 bln
*+ We know that: Y (y)

=—pOb+1) =4, = —1p<1> (G+1) =

l, Ay = fix Li, (cosz(x)) dx
0

*Fourier Series:

n.Z
Li, (cosz(x)) ==~ 2In%(2)

-2 Z(—l)" (211;(2) — L — 2%) cos(2nx),x € R

n2
n=1

T

2 2
=4, = (% — 21n2(2)>f x dx
0

-2 Z(—l)" <2h:1(2) — L -2 %) f:x cos(2nx) dx

nZ
2In(2 -1 H -1 -1
42=———ln(2)——2( ( n(2) (nz) —27"><( ,),z )
nzki1 > [ 2In(2) 1 Hoprr
= 48 _l 2) - kzo ((Zk + 1)3 2k + 1D* 2 (2k + 1)3>

_ Hyyq — Hy,
2=18" _1“(2) ~2In(2) Z (Zk +1)3 Z (2k e TR Z 2k + 1)3

4 2
A, —%—”—111(2)—21 (2)( (é )>

2( —vi, (X Din2) + 2% L e+ Btz
+ —L14(E)+§(()n()+2880—ﬁn()+—n()

17n* =w?

A, = 2(2) 11 4(2) — 2Li (1) :
27720 6 1z 4\2) -

19
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Therefore,in(2): iy
2 a
— @ (Z
16¢ (2 + 1)
1 (171:4 2

1 1
—_In2 — _I1n4 _ O
+5 | ag — e @) — 5 In*(2) 2L14(2))

17n* m? 1 1
— 2 In2(2) - —1n*(2) - Li (-)
1220 12 (2) — 5 In"(2) —Liu (35

2
i = -1 (5+1) +
z 2
mi, = len (cos(x))tan(x) (nT sin?(x) — x2> dx

0

( =2 mla
u=—sin%x) —x% - du = (— sin® 1(x)cos(x) — 2x> dx
I.B.P: 4 4

Ikdv = tan(x)In(cos(x)) - v = —%ln2 (cos(x))

z 2

i, = %foz In? (cos(x)) (? sin? 1(x)cos(x) — 2x> dx
2, 2 n

i, = Efz In? (cos(x))sin® ! (x)cos(x) dx — fzx In?(cos(x)) dx
8 Jo 0

. mta
122751—52 (3)

Y

L & = f: In? (cos(x))sin® 1 (x)cos(x) dx

I

3
+ Euler’s Beta Function: B(m,n) = 2 f sin?™~1 (x)cos?* 1(x) dx
0

_rmrm
S r(m+n)
OB(an;, n_ 4[: sin?™"1 (x)cos?"1(x)In(cos(x)) dx
2 —
0 Ba(:;' ) =8 foz sin?™1 (x)cos?™ 1 (x)In?(cos(x)) dx
_ 1[8’B(m,n) _ 1] 9% (rm)r(n)
:>f1—gl n? | a _1_§I6n2<r(m+n)>lngn .

:7'1[_

20
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£ = 1 [I‘(m)l’(n)

8|T(m+n) <—21P(0) (n)lli(o) (n+m) + (w(O)(n + m))z _ w(l)(n +m)

+(¥Om) +p® <n))]

a
m—i,n—l

rz) a : a a m
&= —1)<<¢“’) G+ 1)) 2@ (5 +1) -9 (G+1) + =+ y2>
&= %((uﬂ’) (g + 1))2 + 2pp© (; +1) - p® (g +1)+ %2 + y2>

s

L & = fix In?(cos(x)) dx
0

*Fourier Series:

In?(cos(x)) = In?(2) + + 2 Z( 1" <M — Zinz + H—) cos(2nx), —g
T
<x< E

2\ F
=& = <ln2(2) + )fzx dx

12
+2 Z ()" <1n1(12) — 2—1112 + %) fix cos(2nx) dx
~ 0
In@) 1 H,\((-D"-1
& =?ln2(2)+—+22( 1) < _z_nz+7>< > )
n=2k+1 ™ o In(2) 1 Hypiq
= &= _1“2(2) 96" kzo ((Zk Y17 22k+1D* “2k+ 1)3>
¢, _n_21n2(2)+—+1n(2)z Z _2 S Hain
8 2k +1)3 2 (2k +1)4 & 2k +1)3
2 4 72(3 1 4
52:%1n2(2)+ 5c+1n (2)< (é )> 2(’;—6)
. (1 nt 4 2
+( -Li, ( 2) - —((3)111(2) +E - ﬁ1n 2 +ﬁln 2)

791t @2 1 1
£ = 3)

B n2(7) — —1nt
2880+ 6ln (2) ln (2) — Liy >

21
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Therefore, in (3):

(0 (® ’ © (2 @ (2 ™|
lz—s_z<("’ (E“)> +2ryp® (3 +1) - v (E+1)+?+”>_2880

2 1 1
R Ind o = T
3 In“(2) + 24ln (2) + Lig <2>

2 4 2
14 a 17m T 1
) — 1) n2 4
Thus: I(a) —< 161/) (2+1)+1 0" 12 (2) ln (2) — Liy > >

(oG n) <20 6 )w( )+ )
79t @2
2880 6

1 1
2(2) + ﬁln‘*(Z) + Li, (E) )

o (40 G+1)+9) +o0 (G+1)|+ LI SWCS

2Li (1)
14 2

22
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04 Prove that:
1+ x“y
I < (1+xy)3>arctan(xy)d dv = 3 cin(z) - 3 2o 3
=[], F iy = g ~ @)~

G = B(2) is Catalan’'s constant
Proposed by: Samuel Adekunle Ajibade- Nigeria

Solution 1 by: Pham Duc Nam- Vietnam

< 1( 1+ :zy;) arctan(xy) : .
xy -
= f f (1 + x2y2)In((xy)*) dxdy = 2 GIn n(2) - —1 2(2) — 68

1.) Reduce the given integral

Using symmetry integral : fol fol f (xy)dxdy = — fol In (x)f(x)dx

1+ t2
In (W) arctan(t)

1
=I=- j O aromn "
arctan(t)

_ arctan(t)

Set:a ==,1 = 1n(2). With t = tan(6), we have )

2 ——=dt = Ocot(0)do

V2cos(a—0)

In (1 + tan? (9)) = —Zln(cos(e)). Moreover, 1 + tan(6) = cos(6)

, and hence

%ln(l + tan(0)) — In (1 + tanz(e)) = BZI-I— %ln(cos(@)) + ;ln(cos(a -90))

Introduce 5 auxiliary integrals : W = f(;l 0 cot(0)do, C = foa In (cos(8))do = g—
gln(Z)

P = fae cot(0)In(cos(0))do, Q = fae cot(0)In(cos(a — 0))do,J
0 0

1,.3
5@

a 3
= f In? (cos(0))d6 =1 =—IW +
. FR

3
2.) First relation P + Q. We will prove: P + Q = % + In(cos(a))(W + C) —

23
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Starting from : In(cos(a — 8)) = — [ tan (s — 6)ds = Q =
- foa ) oa 6 cot(f)tan(s — 0)dsdo

Change order of integration a s

= —f f 0 cot(@)tan(s — 6)d0 | ds

o \Jo

Using : cot(@)tan(s — @) = tan(s)cot(8) — 1 — tan(s)tan(s — 0) (Blue relation)

Define: W(s) = fosucot(u)du, C(s) = fos In (cos(u))du, also :

fse tan(s — 0)de "=’ fs(s — u) tan(u)du 15 _ fsln (cos(w))du
0 0 0
= —C(s) (Redrelation)

Multiply both sides of Blue relation by 0, integrating from 0 to s and using Red
2

= fse cot(@)tan(s — 6)d@ = tan(s)(W(s) + C(s)) — s?
0

Therefore: Q = a—: - f: tan (s)(W(s) + C(s))ds

IBPs a3

= =+ In(cos(a))(W(a) + C(a)) — faln (cos(s))(W'(s) + C'(s))ds
0

Since : W'(s) = scot(s),C'(s) = ln(cos(s)), followed by definitions of above
auxiliary integrals

3
Wehave: P+ Q = % + In(cos(a))(W + C) — ], proved.

3.) Second relation: P + % ]

a3

2
Wewillprove:P+§] = —216—%4. 3

1 arctan(t)In(1+t

2
Define another integral : V = fo ; ) dt

Since < t < 1:Log(1 + it) = ~In(1 + t?) + iarctan(t)
8 2

Where : Log(.) denotes principal logarithm. Then : 3{Log?(1 + it)} =
arctan(t)In(1 + t?)

Log2(1+2)
z

Let: ®(z) = and integrate this function over the contour D as shown,

which defined by D = {z: |z| < 1,R{z} > 0,J{z} > 0}
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For z in a neighborhood of D, 1 + z avoids the nonpositive real axis, so the
principal logarithm is analytic. Also Log(1 + z) = z + 0(z%), hence ®(z) = z +
0(z?) at z = 0 : the apparent singulairy is removable. Cauchy’s theorem therefore
applies to the entire closed contour

fl Log? (1+it)

) e =0

2
Cauchy’s theorem gives : | (o

e dt + [ @ (z)dz -

The first integral is purely real then taking imaginary part givesus: V =
3{ f P (2) dz}

On :Let:z = e%%(0 < 6 < a), in this interval cos(0) > 0 and :

. ; . dz
1+ e?® = 2cos(0)e'®, Log(1 + %) = In(2cos(0)) + i6,— = 2ido

>V = S{Zif (In(2cos(0)) + i6)" de} = Zf (In?(2cos(8)) — 6%) do
0 23 0
= 2] + 4lC + 2al? -

On the other hand, let: t = tan(@)inV =V = -2 foaB (cot(@) +
tan(0))In(cos(0))do

a
=_—2P—-2 f 6 tan(6)In(cos(0))do
0
Integration by parts gives us:

a 2 a
f 6 tan(0)In(cos(6))do = —a?lnz(cos(a)) + %f In? (cos(6))do
0 0
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L O
=~ 2/ B I+
2 2a3 al?
Now compare two forms of : 2] + 41C + 2al” — 5 = —2P -] + -
2P + 3 41C 7al” + 2a” P+ > 2IC 7al” + @ d
{—1 = — —_ —_— —) = — —_ R .
J 2 73 2/ g ' 3 'Prove
4.) Magical cancellation
. 3 1 3 3 3
From section 1.) : I =ZlW+5P+§Q =ZlW+§(P+Q) -P
From section 2.) :
a3 a——l In(2) 1
P+Q =?—ln(cos(a))(W+C)— = ?——I(W+C)
From section 3.): P + ] = —ZlC—ﬂ+—

3 3/a® 1
=>1= le + 2 (? — El(W +0C) —]> — P, then [Wcancels out nicely

or=® 30 ( )—a3 31— (—21c T2 @
4 4 ] 8 3

3

e (z) Z1n(2) i) - = (%)
~ 2 8 12 an n ga 12 \2

3

_Sem@) 1 2(2) — d
—8 n n 768,pr0ve

Solution 2: Yang Silva Cartolin-Peru

( 1(1+ny 2)3) arctan(xy) . 3 ,
J@ +xy)3 -
?= j j (1 + x2y2)In((xy)*) dxdy = 2 GIn (2) - —ln2 (2) - 7

u=xy,v=

1.1 1
d):fo fof(xy)dxdy ; y(bz—fof(u)ln(u)du

2
n 1+—L¢3> arctan(u)

"
Jl (1 + u)2
0

u(1 + u?)

D= — du
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1 (% In(1+u) —In(1 + u2)> arctan(u)

b = d
0 u(1 + u?) U
3 j‘lln(l + u)arctan(u) flln(l +u®)arctan(u) 3.
2, u(1 + u?) v 0 u(1 + u?) U=zh-h
o fl In(1 + u)arctan(u)
i = 0 u(1 + u?)
In(1 4+ w)arctan(u) Luln(1 + u)arctan(u)
= f du — f 5 du
0 u 0 u+1
i1=%§1—$2
du
In(1 + uw)arctan(u) f=m1+u) - df = 1+tu
SE = f du, 1. B. P:
0 u arctan(u) .
dg - — du—) g = le(u)

Tip (u)
T+u du = GIn(2) —

1" 1u2n+1
(-1) f du
0

1
$1=6In(2) - ,I;, ~ 2n+1)2), 1+u

1 x2n+1

We know that: f
o 1+x

dx = Hypy1 — Hp — In(2)

C (—1)"Hanyy O (—1)"H,

=2GIn(2) - y — 2 "2t ~_Z n

§1=26In(2) (Zn + 1)2 2n + 1)2
Where:

(=1)"Hyp41 _
(2n+1)? 128
n=0

<—64Gln(2) — 1285 {Li3 (1 ;r l)} + 713 + 41tln2(2)>

3

> (-1"H, (e 1+1 b4 o,
D —Gln(2)+ZJ{L13( _ )}—a—ﬁln 2)
n=

1+ 93 3m
- )} _2n2(2) -

3
Thus: £, = > 6In(2) + 33{Li3( -

Luln(1 + u)arctan(u)
S EZ = f > du
0 u”+1

arctan(x) 1

We k that: =—
e know tha 1522 >

Z(—n"-l X2 1(2H,, — H,), |x| < 1
n=1
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1¢ !
=&, = Ez(—l)"‘1 (2H,,, — Hn)f u*In(1 + u) du
n=1 0

We know th tfl nin(t + )= o) Ly Mo
oW A ) X T o1 @2n+ 12 2n+1 2n+1
o 1 o 1
ooy 5 CD (Hon = 3Ha) 2 (D" (Han — 5 H)
=& = —2In( )z 2n+1 +Z (2n +1)2
n=1 n=1
[e's) 2 o n 1
(D" (HonHy — 3 H2) & (~1)" (HSy — 53 HoHo)
_Z 2n+1 +Z 2n+1
=1 n=1

- (-1)"H, < (-1)"Hy, 1< (-1)"H,

= _2In(2 v D" In2) Y —2-nyy 272 - I
§2 = —2In( )nz i1 TI® ) S Lien+ 1?2 24 @n+ 12

1 n=1
__Z CU"HzuHy 1 CD"HL | (CD"H,
2n+1 2 2n+1 2n+1
Where:
C(-1)"Hy, m - (-1)"H, n
T T T2 /\z—= “hne2
,Zn+1 g n(2) 2+ 1 G—7In2)
n= n=

O (—D"Hy, 1 (e (1
, 2n+1)? =178 —64GIn(2) — 1283 {L13 (

;r l)} +3m3 + 41tln2(2)>

3

(—1)"H,,H, G (. A+iy m 3w,
Z 2n+ 1 Eln(z)+2"{"'3( 2 )}_R 6™ (2)

S CDHL fuis (1)) - 3w + 2 n2(2)

2n+ 1 2 16
n=1

o (-1)"H3, G 1+iy) 1173
Syl (1)

. 2n+1 5 In(2) +23Lis (— 192
n:

1+iy 5% 3
2)} ”——"1n2(2)

3

o 37
_ - 2
} 128 3z W@

3
Therefore:i; ==GIn(2) + 33 {Lis ( )
3 1+i\) 5 3
<4 GIn(2) + J{ng ( - )} ™ —"1n2(2)>

2

192 32
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1+ l)} 17n3

.3 .
i1 ==GIn(2) + 23 {ng ( > T

4

o flln(l + u?)arctan(u)
iz = 0 u(1 + u?)

IIn(1 + u?)arctan(u Tuln(1 + u?)arctan(u
iz=f ( ) ()du—f ( ) ()duzll—lz
0 0

u 1+ u?

*© —-1)" 1
G A =— Z St f u?larctan(u) du
0

n
n=1

1 /¢
We know that: f x*"larctan(x) dx = — (— - —( D"+ (-1)"0, )

0 2n\4 4
ﬂz(—l)" ! ni 1 12”:5,1
8 nz 2 n2
n=1 n=1
Where:
iri i (_ )n ! 1-s
* Dirichlet Eta Function: n(s) = = (1-219)¢(s)
n=1 n
1+
z—=—+—ln2(2) 2GIn(2) — 4J{L ( _ )}
Thus: 4, = - oo " In2(2) + GIn(2) + 23 {L (1”)} :
us: A = 32 16 n n X} 2 o
o /12
_ _ du
Lyuln(1 + u?)arctan(uw) f = arctan(u) - df = o2
:f du,l.B.P: 5
0 1+ u? uln(1+u)d 11 21+ u?)
- b = —
1T+uz M9 " u
1 (1In?(1 +u?)
—  In2 4T u)
u=tan(x)

= A = —an(Z) f In? (cos(x)) dx

eix + e—ix
2
In(2) + ix + In(cos(x)) = In(1 + %)

We know that: cos(x) = - 2e*cos(x) =1 + e?*
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In%(2) — x2 + In%(cos(x)) + 2iln(2)x + 2In(2)In(cos(x)) + 2ixIn(cos(x))
= In2(1 + e%¥)

R{In?(cos(x))} = R{In%(1 + €**)} — In%(2) + x% — 2In(2)In(cos(x))

Y

5w
— 2 2 2ix -
=4y = T In*(2) - {fo In2(1+e )dx} 1oz " 21n(2)f In (cos(x)) dx
We know that:

- (-1)"H —e2ix o (—D)"Hp_qy .
*In?(1+x) = Zz—( )"Hy Lxn TS In2(1 + ) = ZZ—( )n n-l g2inx
n= —

R{In?(1 + e?*)} =2 Z %cos&nx)

cos(2nx)

«In(cos(x)) = —In(2) — Z D"

=, 5Ttl 2(2)—2:(1)—nlsin(n-n)—n—3

2/ 192
+2In(2) (—gln(Z) Z sm )
"B, = —1n2(2) Z gk):;’; 1’; - ZIn2(2) + In(2)6

Where:

o (-1D*Hy, 1
~ (2k+1)2 128

(—64Gln(2) — 1283 {Li3 (1 ;r l)} +3m + 4nln2(2)>

Thus: 1 —1Gl 2 ”{L' (1+i>} 7m3 51tl 209
us: 4 = 5 6In(2) =3 Lis (—; 382 32" P~
Therefore:i, = 3 In?(2) + GIn(2) + 23 {L (1+i)}
erefore:i, =-—7 16n n Iz | —
1+ 7n® 5w
Y — X _ 202
(zGln(z) "{L13< 2 )} 382 32" (2)>
1 1+1i 25m3 31t
. _ T ~Irs _ 2 a2
i, = 2Gln(Z) +3J{L13( > )} 384 32 In“(2) -

Finally:
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1=2(2a (2)+2’{L' (1“)} 17m”
“2\g"™ S\ 384

- (1 GIn(2) + SS{Lig (1 il l)} _ 25m7 3—”1n2(2)>

2 2 384 32

5 3n 3
= 26In(2) - —1n2(2) _r .

8 768
Solution 3 by: Emedi Abner Ngoy- DR Congo
1+ x°y 1
i ((1+x)3>an ("’y)dd_sal 3T
‘f f A+ 2Dy V=g 5~ g6
Letxy =t
1
= —f f (OInt dt
0

1+ t?

zz_flln(\/(ﬂt)?’
0

(1 + t2) tint

)tan‘l(t)lnt
dt

[ 3 flln(l + t)tan"1t flln(l + t¥)tan"1t
2 0 0

t(1+t?) t(1+t?)
B jlln(l + t)tan~t B flln(l + t>)tan" 1t
17, t1+2) S t(1+t?)

11 t 4
Il=j0 (?—1+t2)1n(1+t)tan tdt

1tan‘ltln 1+t = (—1)"
N = f ( ) Z L f t>"In(1+t) dt
n=0

N_i(—n" 2In2 1 _H, Hy,
B 12n+112n+1 2n+1)?2 2n+1 2n+1
n=
(1" o (-D”
S1=) ———=G, S,=) ———=p@3
1 ~(2n+ D2 2 —~ (2n + 1) B3)
> (—1)"H
5, = (-1D"H,

— (2n+1)2
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1 th
f dt =H, +1n2 — Hyp,q +

o 1+t 2n+1

dt

(_1)n 1 t2n
=0(2n+ 1)2f0 1+t
="

= W(Hn+ln2—H2n+1+
=0

2n+1)

1 1 (1)nt2n+1

L1+t<_z (2n+1)2> Z(_l) @2n+1
3 i"a,
(2

11 (1 o ingn 1 Li,(it)

o 1+t\t> (Z;?) dt_3<0(1+t)tdt>
([ 2 fl inx o Nae)= [ L f’( : )ltdt—K
S\ ety 1= )T ) 1+, T P\ —aew) )T

S(=m) "1
S\1 it T 1+ 222

K = fll fl X gx)de, letxt=
B 1+e\J, 1T+a22 F)9 =Y

1 1
K= fft(1+t)(1+uz)dudt:f0 1-|-1u2<fu (% t:1>1n< )dt>d

K—fl 1 fl(l 1>(ltl)dtd
_01+u2ut1+tn m u

11 n
K= Jo T (E In?t — Inulnt — Liy(—¢t) —In¢In(¢ + 1) + Inuln(t + 1)) |2

1 1 11'2
szo m(le( u)+—ln u+ In(2)Inu + >du

ILi,(—u 1 1 In2u
K = f 2( ) f—du
2 o 1+u?

32



ROMANIAN MATHEMATICAL MAGAZINE

w1 1

Y12 o 1+u?

1Li,(—w) 1 1 1 ulnt
sz 5 du=f 5 f dt |du
o 1+u o 1+us\J, 1+ut

1 1 u
- fo “”(fo A+ w1 +up) d"> a

du

B fl tint ln(2)f1 Int j‘llntln(l +t) Qs
B 1+ ? 1+ t? 0o 1+1t2
- m? In(2)G
192 2

1 1]ln (1+xy),/(1+x2 )3)
P cfrd f f
0

xd
1+ x2y? Y
P = -33(Lis(1 - 1) - o~ 122 2m(2)6
— —33(Li, i 1 1cn n
7 3w
—_ —_— 2 oy i =1
= T+ 2 + 1n(2)6+33(hs(1 D)

K—L+1f11n2ud +1(2)f +”2f1 1 4
TET) Tzt 1+2 12), 1+uz ™

3

K= L+3(3)—1n(2)a+E

Z e (Ha 0@ = Hypo + )

3

L+B3)-1In(2)6 +— =S; +In(2) 6 — Zﬁ +B(3)

S;=L—21 (2)G+”3+’ ZinH"
3 n 48"~ n?

n=1

3
T

+In(1 - i)Li,(1—1iQ) + %ln(i)lnz(l —i)+ z(3)>

33



ROMANIAN MATHEMATICAL MAGAZINE

SemL—2n(2) 6+ — 22 - Lin(2) 6 — S(Lin(1 — i
2= L—2In(2) 6 + 1=~ 1 In2(2) ~ 7 1n(2) 6 ~ S(Lia(1 - D)

: , , _ 7nd  wl
S; = J(3L13(1 — i) —Liz(1 - l)) + (W + E)

3 1
+ (E In(2) ¢ - 51n(2) 6 - 2In(2) G)

( 3 mln22 — —anZ)
16 16

3n® mln?(2)

S3 = 23(Liz(1—1i)) + 32 T8 In(2)G
o (—1)"Ha, 1
S4= Y ——— Hy,=Hyp1 —
4 L (2n+ 1)2 2n 2n+1 n+1

="
=335 Rt
S, = 3(Liz(i) — Liz(1 —i) + In(1 — i)Li,(1

—i) + %ln(i)lnz(l —i)+ ((3)) - B(3)

) S | 3
Sy =-3(Liz(1-1) - —ln 2 - —ln(Z) G — 32
= [21“(2)51 - SZ + S3 - S4]

. . 3n® mln?2
N = 2In(2) G - B(3) + 23(Liz(1 - D)) +37 g

1
—In(2) 6 + I(Liz(1 — i) + —1n22 + = ln(Z) G+ B(3)

_ 3, 3G
dt = 33(Liz(1 — i) + — + Rln 2+ —ln(2)

fl In(1+ t)tan1¢t
N =
0 t

1tln(1 + t)tan~ 't
M= f .
0 1+t

tan 1t

1+ t2

1 N n 2n-1
=2 ) (1" (Hy - 2Hz)t
n=1

34



ROMANIAN MATHEMATICAL MAGAZINE

1+ !
M = EZ(—D" (H,, — 2H,,) f t?"In(1 + t) dt
n=1 0

1 o
M= 5;(—1) (Hn

- 2In(2) 1 N H, H3,
) |2 1 2n+1)?2 (2n+1) @2n+1)

1
M =[2In(2)A— B + C - 3D — 4In(2)E + 2F + 20|

] 2n+1) L (2n + 1)2
R )
¢= Z((_zi) :Hf)n
DN B

1+1¢ 2n+1
® (_1)n 1 th
dt
;(2n+1) o 1+t

o (-D" 1
n=

1 th
J- dt=Hn+ln(2)—H2n+1+
0

2n+1)

j-l 1 - 1 ® (_1)nt2n+1 " 1
_J [— —_— =

o 1+t \t L (2n+1)

mln(2 - i"H
+ U—S(Zl ”>+G
4 n

n=1

35



ROMANIAN MATHEMATICAL MAGAZINE

—In(1 — it) 4 AT | B¢ )
3(,[0Wdt>=A+Zln(2)_J<L12(l)+ 2 >+G

3 (—Liz(—i) — Li,(—i) — In(1 — DIn(@) + Li, (1 _ l)) =

+G

4 in(2)
A+ Zln(Z) -G+ 8

min(2) 3min(2)
() e

G —gln(Z) —4

313 min?2

B =S;=23(Lizs(1—i) +—= 37 T8 —In(2)6
> (—1)"H? 1 1
C= ) z, J 2" dt
1(2n+1) 2n+1 ),
n=

In?(1 —t) + Li, (¢t
D Hit =T L ) e

n=0

C_f11n2(1+t2)+L12( t2)
Jo 1+ t?

1In%2(1 +t?)
[ware,

2t
ou In? (

2\ 2
1+t2) =(ln2+lnt—ln(1+t ))

2t
In? (1 - tz) =In%(1 + t?) + In%t + In?2

+2In(2)In(t) — 2In(2)In(1 + t?) — 2In(t)In(1 + t?)

2t
2 2y — In2
In“(1+t*) =1In (1+t2

—2In(2)In(t) + 2In(2)In(1 + t2) + 2In(t)In(1 + t?)

) — In%t — In22

let t = tanx

2t

2

_fll“ (1+t2)

a=| —————dt,
o 1+1t?

36



ROMANIAN MATHEMATICAL MAGAZINE

1 + tan?x

1 /2 1 aZ /2
a=— f In? (sinx) dx = ——; [ f sin® x dxl
0 0

/4 2tanx /4
a= f In? (—) dx = f In? (sin(2x)) dx
0 0

2
20s <=0

_162[B(s+11>]_ 11'3+122
1= 1052 2 '2)| Ta\1z2T ™"
3

=2 +Zin22
TR

1 In%¢ g3
b=) Tre = e T o

_ lZZfl 1 gt = In22
c=-m 01+t2 -y

— _2In(2) f n® e - r2m@)p@)

1In(1 + ¢t?)

/4
dt = Zln(Z)J In (sec?t) dt
1+t? 0

e= Zln(Z)f0

e= 21n(2)( In(2) — (;) min22 — 2In(2)G

~ 2fllntln(l + t%) 4 In(1 + t?)
f= o 1+t o1+ 2

— Z(_l)n+1 Hn tZ‘n
n=0

o 1
f=2 Z(—l)“+1 an t?" Int dt
n=0 0

- (_1)an
= -~ L _2B=2
f — (2n + 1) 53
] ] 3n3  min?2
f=43(Liz(1-1) + T3 R 2In(2)6

U=a+b+c+d+e+f

3
+ 2In(2)G + mIn?2

33 min?2
—2In(2)G + 43(Liz(1— 1)) + T

—2In(2)G

37



ROMANIAN MATHEMATICAL MAGAZINE

5mln?2 73
U=43(Liz(1-10)+ —2In(2)G + Ty
TLi,(—t?
c=U +f LZ) dt

TLi,(—t? 2In(1 + t*
o 1+¢2

N t

v =tan 1t

IIn(1 + t®)tan~ 1t
R = [Liy(—t®)tan~1t]} + zf ( t) dt
0
3

12 1In(1 + t*)tan™ 1t
R=——+25, S=f dt
48 . t

H,
In(1 2 -1 =_2 -1 n— 2n+1
n(1 + t*)tan"1t E( )(2 +1)t

S =— ( 1)nHZn

n ( 1) HZn
, @n+1) tz dt = _22(2n+1)2

3
§=-28,=23(Liz(1 - D) + —1n22 +1n(2)6G + R
3

R=-7o+ 43(Liz(1 -

3

YT 43(Liz(1— ) + 2In(2)G + —anZ

3
A T
)+ ZanZ +2In(2)G +

8
R =

C=U+R

72 5 5mIn?2
€ = 83(Liz(1— D)) + <—+i> + (Elnzz 1 )

48 48 4 * 4

] ] n 3m
€ = 83(Liz(1 - 1)) +Z+71n 2

( 1) HHZn
b= Z 2n+ 1)

38



ROMANIAN MATHEMATICAL MAGAZINE

(-1"H,,
In(1 2 1 2 2n+1
n(1+ t*)tan” E (2n )

<_2 (=1)"Han t2n+1>

In(1 + t*)tan"1t =
o O\ TP L
In(1 + t?)tan~t o (—1)"H,, (! t*"
[t b, "
0 t(1+1¢) n=1(2n+1) o 1+t

1t2n
dt=H In(2) — H
,];)1+t n+n() 2n

In(1 + Htan~1t > (—1)"H
_fo e dt—Zz(z +1) " (H, +1n(2) — Hy,)

flln(l + tane dt = 2D + 2In(2)E — 2
0 t(1+1t) B n Q

1 2 -1
1 (_f ln(l +t )tan t dt — Zln(Z)E + ZQ>
0

D=
2 t(1+1¢)

- fltan‘ltln(l + t?)
o t(1+0)

1 1 j‘ltan‘ltln(l + t?)
0

_T==
2 2 t(1+1¢)

1 1 1 1
—T=1]t ‘1tf dx | dt
2 fo an (t 1+ 200 +tx) x)

1 1 “In(1 4 xt) + In(1 + )"
- =ftan‘1t ( ) ( ) dt
0 1-t .
1T j‘ltan‘ltl 2(1+t%) gt lett —
p— et -
o 1-—-t n (1+1t)? » ce 1+x

2
1 1
7T = = -1
2T Jo(4 tan x

N

In(1 + x?)
) x(x+1)

1 m (1In(1 + x?)
(e,
0

T ==
2 4 x(1+x)

39



ROMANIAN MATHEMATICAL MAGAZINE

1In(1 + s2x?)

3 T
2T =W WE :fo x(1+x)

2 4

2sx d
o (1+x)(1+ s2x?) x

_ ("(2tan"'(s) sIn(1+ sz)
W_j;,< 1+ s2 + (1+s2) (2) >ds

Wi(s) =

1
W = [(tan‘ls)2 + %lnz(l +5%) —In(2)In(1 + sz)]
0

—_  _ _ 2
W—16 4_ln2
=™ Sm2) o 1= Tz
2" "2\16 2 " “96 8|
D= T2 m@E+
~ 7192 16 " n Q
> (—1)"Hy, _ 1
2n+1)’ 1 2n 41
n=1
E— o (—1)"Hzpsq ="

2n+1) ZLi(2n+1)?

( = ) _mn2) . min@2)
Z 8 8
=1

o (-D"H, ~ 1
Q_Z(Zn+1) Hon = Honer =507

=0

(—D"H}1 N (CD"Hyniy O (D"
Q= Z 2n+ 1) ; 2Zn+ 1) +n=0(2n+1)3

03 (Z in:,%> g (i i':gn> +B3)

:




ROMANIAN MATHEMATICAL MAGAZINE

=3 (Lig(i) — Liz()In(1 — i) — %ln?’(l - i))

3 GIn(2) N min?2
48 2 16

v=_3 (Z iﬂ’:") = J(Liz(i) — Liz(1 — i)

n=1

+Li,(1 — )In(1 - i) + %ln2 (1-DIn@@) + ((3))

V(4 1
v=-3(Liz(1-1) - Rlnzz — E1n(2)c;

GIn(2) 573  3mIn?2
23(Li, (1 —i —_—
+ 23(Liz( l))+96+ T

Q=n-2v+p3) =

D= T2 m@E+
~ 192 16 ™ n Q

GIn(2 33 3mln?2
D= ()+23(Li3(1—i))+ 7

1
M = (2In(2)A~ B + € - 3D — 4In(2)E + 2F +2Q)

1
M = 3 (J(—2Liz(1 — i) + 8Li3(1 — i) — 6Li3(1

1
—1) = 2Lis(1 - D) + 4Liz(1 - D) + 5 (2 + 1
3 _1+16l (z)+1( 1-243.2,

2 )GIn(2) +5 8 2 8

2
1 3 , 1/, 3 1 9 1 5\,
R LR e e B

8" 8 2\"32742 64 16 ' 48
3 11
M = 3(Liz(1 —i)) +=6In(2) + — 3
I(Lis( l))+4G n( )+384n
N = 33(Lis(1 — D) + S 6In(2) + s + (2
— sl U)o ein 32" 16

I,=N-M

I, = 23(Lis(1 '))+25"3+31 (2)G+3”1 22
1= &M )T 38 T " 16

41



ROMANIAN MATHEMATICAL MAGAZINE

] _jlln(1+t2)tan‘1t dt—fl(l t )l (14 )tan-1e dt
27 ) t(1 + t2) "\t 1+¢2 n an

1In(1 + t*)tan™ 1t 1tln(1 + t*)tan™ 1t
X =f dt, Y =f
0

t 1+ t2
— (=1)"H,, (1 1)"H
X = _2 ( ) 2n th dt ( ) 2;1
=1 (2n + 1) 0 (21’1 + 1)
T 3
X =-2F =23(Liz(1-1) + §ln22 +1n(2)6 + 16
1 2 -1
tin(1 + t*)tan™'t
Y = dt (IPP
fo (1+1t%) (IPP)
1 1
— -1 — I 2 2
u = tan"1t, du—1+t2dt, v—4fd(ln(1+t))
1 L1 (in2(1 + %)
. -1 2 2 _ =
Y—[4tan tin (1+t)]0 4[0 118
B win22 1
16 4
mln?2 1 511']1122 713
Y=—r—7 [4J(L13(1 )+ —2In(2)6G + Ty

e 7n® min®2 G
Y = —J(Ll3(1 l) - ﬁ - ) + E ln(Z)
3

_ 3 ., G
I, =X-Y =33(Liz(1 - z))+ +81tln 2+—ln(2)

I—BI I
=172

|

—32’(L'(1 ))+ m 31 (2)G+3 In%2
T[T U T e n 16 ™

3

3
—133(Liz (1 — D) + + 81tln22+—ln(2)l

(25 19) 3+<9 1)61 (2)+<9 3) In22
256 192)° T\g72)"™ 32 g/™"

5 3 3
— = _ 29 _
= Gln(2) 1tln 2 ~68

42



