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SOLVED RMM-PROBLEMS BY OMKUMAR RAO 
By Omkumar Rao-India 

𝑺𝑷. 𝟔𝟏𝟎. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑡ℎ𝑒𝑛: 
 

√𝒂𝟐 + 𝟏 + √𝒃𝟐 + 𝟏 + √𝒄𝟐 + 𝟏 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟗 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
  

𝒎⃗⃗⃗ = (𝒂, 𝟏), 𝒏⃗⃗ = (𝒃, 𝟏), 𝒒⃗⃗ = (𝒄, 𝟏) 

𝑳𝒆𝒕 |𝒎⃗⃗⃗ | = √𝒂𝟐 + 𝟏, |𝒏⃗⃗ | = √𝒃𝟐 + 𝟏 , |𝒒|⃗⃗  ⃗ = √𝒄𝟐 + 𝟏 
 

𝑩𝒚 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓𝒔: 
|𝒎⃗⃗⃗ | + |𝒏⃗⃗ | + |𝒒⃗⃗ | ≥ |𝒎⃗⃗⃗ + 𝒏⃗⃗ + 𝒒⃗⃗ | → (𝟏) 

𝒎⃗⃗⃗ + 𝒏⃗⃗ + 𝒒⃗⃗ = (𝒂 + 𝒃 + 𝒄, 𝟑) 

|𝒎⃗⃗⃗ + 𝒏⃗⃗ + 𝒒⃗⃗ | = √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟑𝟐 
𝑭𝒓𝒐𝒎 (𝟏): 

√𝒂𝟐 + 𝟏 + √𝒃𝟐 + 𝟏 +√𝒄𝟐 + 𝟏 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟗 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔  

𝒎⃗⃗⃗ , 𝒏⃗⃗ , 𝒒⃗⃗  𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓 , 𝒕𝒉𝒂𝒕 𝒊𝒔 , 
𝒂

𝟏
=
𝒃

𝟏
=
𝒄

𝟏
⇒ 𝒂 = 𝒃 = 𝒄 

 

𝑺𝑷. 𝟔𝟏𝟏. 𝑰𝒇 𝒙, 𝒚, 𝒛 > 0 𝑡ℎ𝑒𝑛: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟓 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟕 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑮𝒆𝒏𝒆𝒓𝒂𝒍𝒊𝒛𝒆𝒅  𝒘𝒆𝒊𝒈𝒉𝒕𝒆𝒅  𝑷𝒐𝒘𝒆𝒓 −𝒎𝒆𝒂𝒏 (𝑯𝒐𝒍𝒅𝒆𝒓) 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝒇𝒐𝒓 𝒂𝒏𝒚  
𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒎𝒊, 𝒌𝒊, 𝒒𝒊 𝒂𝒏𝒅 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒘𝒆𝒊𝒈𝒉𝒕𝒔 𝒖, 𝒗, 𝒘 𝒔𝒂𝒕𝒊𝒔𝒇𝒚𝒊𝒏𝒈 

 𝒖 + 𝒗 +𝒘 = 𝟏 

(∑𝒎𝒊

𝒏

𝒊=𝟏

)

𝒖

(∑𝒌𝒊

𝒏

𝒊=𝟏

)

𝒗

(∑𝒒𝒊

𝒏

𝒊=𝟏

)

𝒘

≥∑𝒎𝒊
𝒖𝒌𝒊

𝒗𝒒𝒊
𝒘

𝒏

𝒊=𝟏

 

 

(𝒎𝟏,𝒎𝟐,𝒎𝟑) = (𝒙
𝟓, 𝒚𝟓, 𝒛𝟓), (𝒌𝟏,𝒌𝟐, 𝒌𝟑) = (𝒙𝟔, 𝒚𝟔, 𝒛𝟔), (𝒒𝟏, 𝒒𝟐, 𝒒𝟑) = (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 
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𝑾𝒆𝒊𝒈𝒉𝒕𝒔: 𝒖 =
𝟏

𝟕
 , 𝒗 =

𝟏

𝟕
 , 𝒘 =

𝟓

𝟕
 , 𝒖 + 𝒗 +𝒘 = 𝟏 

(∑𝒙𝟓)

𝟏
𝟕
(∑𝒙𝟔)

𝟏
𝟕
(∑𝒙𝟐)

𝟓
𝟕
≥∑𝒙

𝟓
𝟕
+
𝟔
𝟕
+
𝟏𝟎
𝟕   

 
 

(∑𝒙𝟓)

𝟏
𝟕
(∑𝒙𝟔)

𝟏
𝟕
(∑𝒙𝟐)

𝟓
𝟕
≥∑𝒙𝟑 

 

(∑𝒙𝟓) (∑𝒙𝟔) (∑𝒙𝟐)
𝟓

≥ (∑𝒙𝟑)
𝟕

 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅. 

𝑺𝑷. 𝟓𝟗𝟒. 𝑭𝒊𝒏𝒅 𝒙, 𝒚 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 

(𝐥𝐧(𝒙𝒚))𝟐 = 𝐥𝐧(𝒙𝒆). 𝐥𝐧 (
𝒚

𝒆
) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑳𝒆𝒕 𝐥𝐧(𝒙) = 𝒂, 𝐥𝐧(𝒚) = 𝒃. 𝑻𝒉𝒆𝒏 (𝒂 + 𝒃)𝟐 = (𝒂 + 𝟏)(𝒃 − 𝟏) 
𝒂𝟐 + 𝒂(𝒃 + 𝟏) + (𝒃𝟐 − 𝒃 + 𝟏) = 𝟎 

𝑭𝒐𝒓 𝒂 𝒕𝒐 𝒃𝒆 𝒓𝒆𝒂𝒍 , 𝒕𝒉𝒆 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 𝒎𝒖𝒔𝒕  𝒃𝒆 𝒏𝒐𝒏 − 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆: 
𝑫 = (𝒃 + 𝟏)𝟐 − 𝟒(𝒃𝟐 − 𝒃+ 𝟏) ≥ 𝟎, −𝟑𝒃𝟐 + 𝟔𝒃 − 𝟑 ≥ 𝟎 

(𝒃 − 𝟏)𝟐 ≤ 𝟎 ⟹ 𝒃 = 𝟏, (𝒂 + 𝟏)𝟐 = 𝟎 ⟹ 𝒂 = −𝟏 

𝐥𝐧(𝒙) = −𝟏 ⟹ 𝒙 =
𝟏

𝒆
, 𝐥𝐧(𝒚) = 𝟏 ⟹ 𝒚 = 𝒆 

(𝒙, 𝒚) = (
𝟏

𝒆
, 𝒆) 

𝑼𝑷. 𝟓𝟗𝟑. 𝑭𝒐𝒓 𝒃 ≥ 𝒂 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕: 

∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ 𝒃 − 𝒂 + 𝐥𝐧(
𝒃𝟑 + 𝟏

𝒂𝟑 + 𝟏
) 

𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒂 = 𝒃. 
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑯𝒖𝒔𝒆𝒚𝒊𝒏 𝒀𝒊𝒈𝒊𝒕 𝑬𝒎𝒆𝒌𝒄𝒊 − 𝑻𝒖𝒓𝒌𝒆𝒚 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
𝑭𝒐𝒓 𝒃 ≥ 𝒂, (𝒙 + 𝟏)𝟑 − 𝟑𝒙 = 𝒙𝟑 + 𝟑𝒙𝟐 + 𝟏, 𝒆𝒙

𝟑
≥ 𝟏 + 𝒙𝟑 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒙𝟑 ∈ 𝑹, 

𝑳𝒆𝒕 𝑰 = ∫
𝒙𝟑 + 𝟑𝒙𝟐 + 𝟏

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 

𝟏

𝒆𝒙
𝟑 ≤

𝟏

𝟏 + 𝒙𝟑
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𝒙𝟑 + 𝟑𝒙𝟐 + 𝟏

𝒆𝒙
𝟑 ≤

𝒙𝟑 + 𝟑𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
 

∫
𝒙𝟑 + 𝟑𝒙𝟐 + 𝟏

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ ∫(𝟏 +
𝟑𝒙𝟐

𝒙𝟑 + 𝟏
)

𝒃

𝒂

𝒅𝒙 

 

𝑰 < 𝑏 − 𝑎 + 𝐥𝐧(
𝒃𝟑 + 𝟏

𝒂𝟑 + 𝟏
) 

              
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒂 = 𝒃, 𝒔𝒊𝒏𝒄𝒆 𝟎 ≤ 𝟎 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

 
𝑺𝑷. 𝟓𝟗𝟐. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝑛 ∈ 𝑁, 𝒏 ≥ 𝟐 𝒕𝒉𝒆𝒏: 

∑𝒂√𝒃𝒏 + 𝒄𝒏
𝒏

≥ √𝟐
𝒏
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝑷𝒐𝒘𝒆𝒓 𝒎𝒆𝒂𝒏 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒏 ≥ 𝟐: 

(
𝒃𝒏 + 𝒄𝒏

𝟐
)

𝟏
𝒏

≥
𝒃 + 𝒄

𝟐
, √𝒃𝒏 + 𝒄𝒏

𝒏
≥ √𝟐

𝒏 𝒃 + 𝒄

𝟐
 

∑𝒂 √𝒃𝒏 + 𝒄𝒏
𝒏

≥
√𝟐
𝒏
 𝒂(𝒃 + 𝒄)

𝟐
+
√𝟐
𝒏
 𝒃(𝒄 + 𝒂)

𝟐
+
√𝟐
𝒏
 𝒄(𝒂 + 𝒃)

𝟐
 

∑𝒂 √𝒃𝒏 + 𝒄𝒏
𝒏

≥
√𝟐
𝒏

𝟐
. 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

 

∑𝒂 √𝒃𝒏 + 𝒄𝒏
𝒏

≥ √𝟐
𝒏 (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅. 

𝑺𝑷. 𝟔𝟎𝟕. 𝑳𝒆𝒕 𝒃𝒆 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇: [𝟎, 𝟏] → 𝑹 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒃𝒍𝒆 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕  

𝒇(𝟏) = 𝟏 𝒂𝒏𝒅  ∫ 𝒇(𝒕)

𝒚

𝒙

𝒅𝒕 =
𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏]. 𝑭𝒊𝒏𝒅: 

𝑰 = ∫ 𝒇(𝒙). (𝒕𝒂𝒏𝒙)𝟐 𝒅𝒙

𝝅
𝟒

𝟎

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒂𝒏 𝑼𝒓𝒔𝒂𝒓𝒆𝒔𝒄𝒖, 𝑭𝒍𝒐𝒓𝒊𝒄𝒂 𝑨𝒏𝒂𝒔𝒕𝒂𝒔𝒆 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 
𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒕𝒊𝒏𝒈 𝒃𝒐𝒕𝒉 𝒔𝒊𝒅𝒆𝒔 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒚 (𝒕𝒓𝒆𝒂𝒕𝒊𝒏𝒈 𝒙 𝒂𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕): 

𝒇(𝒚) =
𝟏

𝟐
(𝒇(𝒚) + 𝒚𝒇′(𝒚)), ∫

𝒇′(𝒚)

𝒇(𝒚)
𝒅𝒚 = ∫

𝟏

𝒚
𝒅𝒚, 𝒇(𝒚) = 𝒌𝒚 

𝑼𝒔𝒊𝒏𝒈 𝒇(𝟏) = 𝟏: 𝒇(𝒚) = 𝒚 

𝑰 = ∫𝒙(𝒕𝒂𝒏𝒙)𝟐 𝒅𝒙

𝝅
𝟒

𝟎

, 𝑰 = ∫ 𝒙(𝒔𝒆𝒄𝒙)𝟐 𝒅𝒙 −∫𝒙𝒅𝒙

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

, 𝑰 =
𝝅

𝟒
− ∫ 𝒕𝒂𝒏𝒙𝒅𝒙 − 

𝝅𝟐

𝟑𝟐

𝝅
𝟒

𝟎

 

𝑰 =
𝝅

𝟒
− 
𝝅𝟐

𝟑𝟐 
−
𝟏

𝟐
𝒍𝒏𝟐 

 

𝑼𝑷. 𝟔𝟎𝟗. 𝑰𝒇 𝒇: [𝒂, 𝒃] ⟶ (𝟎,∞) 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒔𝒖𝒄𝒉  

𝒇(𝒂 + 𝒃 − 𝒙) + 𝒇(𝒙) = 𝒄, ∀𝒙 ∈ [𝒂, 𝒃], 𝒂 + 𝒃 =
𝝅

𝟐
, 

𝑰 = ∫
(𝐬𝐢𝐧 𝒙)𝒏 + 𝒇(𝒙) + 𝒅

(𝐬𝐢𝐧 𝒙)𝒏 + (𝐜𝐨𝐬 𝒙)𝒏 + 𝒄 + 𝟐𝒅
𝒅𝒙

𝒃

𝒂

 

𝒘𝒉𝒆𝒓𝒆 𝒏 ∈ 𝑵 ∗ 𝒂𝒏𝒅 𝒅 ≥ 𝟎. 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖, 𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑰 = ∫
(𝐬𝐢𝐧𝒙)𝒏 + 𝒇(𝒙) + 𝒅

(𝐬𝐢𝐧 𝒙)𝒏 + (𝐜𝐨𝐬 𝒙)𝒏 + 𝒄 + 𝟐𝒅
𝒅𝒙

𝒃

𝒂

⟶ (𝟏) 

𝒙⟶ 𝒂+ 𝒃− 𝒙 
𝒇(𝒂 + 𝒃 − 𝒙) + 𝒇(𝒙) = 𝒄 

𝑰 = ∫
(𝐬𝐢𝐧𝒙)𝒏 + 𝒄 − 𝒇(𝒙) + 𝒅

(𝐜𝐨𝐬 𝒙)𝒏 + (𝐬𝐢𝐧𝒙)𝒏 + 𝒄 + 𝟐𝒅
𝒅𝒙

𝒃

𝒂

⟶ (𝟐) 

𝑨𝒅𝒅𝒊𝒏𝒈 (𝟏) 𝒂𝒏𝒅 (𝟐): 

𝟐𝑰 = ∫
(𝐬𝐢𝐧𝒙)𝒏 + (𝐜𝐨𝐬 𝒙)𝒏 + 𝒄 + 𝟐𝒅

(𝐬𝐢𝐧𝒙)𝒏 + (𝐜𝐨𝐬 𝒙)𝒏 + 𝒄 + 𝟐𝒅

𝒃

𝒂

𝒅𝒙 

𝑰 =
𝒃 − 𝒂

𝟐
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𝑱𝑷. 𝟔𝟏𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍  𝒑𝒍𝒂𝒏𝒆𝒔: 
𝑷𝟏: 𝟐𝒙 + 𝒚 + 𝟑𝒛 − 𝟏 = 𝟎, 𝑷𝟐: 𝟑𝒙 − 𝟐𝒚 + 𝒛 + 𝟏 = 𝟎 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒑𝒍𝒂𝒏𝒆𝒔 𝒊𝒔 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒊𝒓  

𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓𝒔. 𝑭𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝑷𝟏, 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 
 𝒏𝟏 = (𝟐, 𝟏, 𝟑) 𝒂𝒏𝒅 𝒇𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝑷𝟐, 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔  𝒏𝟐 = (𝟑,−𝟐, 𝟏). 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒊𝒔: 

𝐜𝐨𝐬𝜽 =
|𝒏𝟏. 𝒏𝟐|

|𝒏𝟏|. |𝒏𝟐|
 

𝐜𝐨𝐬𝜽 =
|𝟕|

√𝟏𝟒√𝟏𝟒
=
𝟕

𝟏𝟒
=
𝟏

𝟐
 

𝜽 = 𝐜𝐨𝐬−𝟏 (
𝟏

𝟐
) = 𝟔𝟎° =

𝝅

𝟑
 𝒓𝒂𝒅𝒊𝒂𝒏𝒔 

 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒑𝒍𝒂𝒏𝒆𝒔 𝑷𝟏 𝒂𝒏𝒅 𝑷𝟐 𝒊𝒔 𝟔𝟎° 𝒐𝒓  
𝝅

𝟑
 𝒓𝒂𝒅𝒊𝒂𝒏𝒔 . 

 

 

𝑱𝑷. 𝟓𝟖𝟔. 𝑰𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪 
𝟐

𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐
=

𝟏

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
+

𝟏

𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐
 𝒕𝒉𝒆𝒏 (𝐭𝐚𝐧𝑩)𝟐 ≥ 𝐭𝐚𝐧𝑨. 𝐭𝐚𝐧 𝑪 

             
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑩𝒚 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝑪𝒐𝒔𝒊𝒏𝒆𝒔: 𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐 = 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨 , 
𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐 = 𝟐𝒂𝒄 𝐜𝐨𝐬𝑩 , 𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐 = 𝟐𝒂𝒃 𝐜𝐨𝐬𝑪 

𝟐

𝟐𝒂𝒄 𝐜𝐨𝐬𝑩
=

𝟏

𝟐𝒃𝒄 𝐜𝐨𝐬𝑨
+

𝟏

𝟐𝒂𝒃 𝐜𝐨𝐬 𝑪
 

𝟐𝒃

𝐜𝐨𝐬𝑩
=

𝒂

𝐜𝐨𝐬 𝑨
+

𝒄

𝐜𝐨𝐬 𝑪
 

𝑩𝒚 𝒍𝒂𝒘 𝒐𝒇 𝑺𝒊𝒏𝒆𝒔, 𝒂 = 𝟐𝑹𝐬𝐢𝐧 𝑨 , 𝒃 = 𝟐𝑹𝐬𝐢𝐧𝑩 , 𝒄 = 𝟐𝑹𝐬𝐢𝐧𝑪. 
𝟐 𝐭𝐚𝐧𝑩 = 𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧 𝑪 

𝑺𝒊𝒏𝒄𝒆 ∆𝑨𝑩𝑪 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆, 𝐭𝐚𝐧𝑨 , 𝐭𝐚𝐧 𝑨 , 𝐭𝐚𝐧 𝑪 > 0. 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 
𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧 𝑪

𝟐
≥ √𝐭𝐚𝐧𝑨 . 𝐭𝐚𝐧 𝑪 

: 𝟐 𝐭𝐚𝐧𝑩 = 𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧 𝑪 

𝐭𝐚𝐧𝑩 ≥ √𝐭𝐚𝐧𝑨 . 𝐭𝐚𝐧 𝑪 
(𝐭𝐚𝐧𝑩)𝟐 ≥ 𝐭𝐚𝐧𝑨. 𝐭𝐚𝐧 𝑪 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 
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𝑺𝑷. 𝟔𝟎𝟔. 𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟐, 𝟏, 𝟎); 𝑩(𝟎, 𝟏, 𝟐);  𝑪(𝟑, 𝟎, 𝟏); 𝑫(𝟒, 𝟒, 𝟒). 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 
 𝒕𝒉𝒆 𝒕𝒆𝒕𝒓𝒂𝒉𝒆𝒅𝒓𝒐𝒏 𝑨𝑩𝑪𝑫. 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑻𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒆𝒕𝒓𝒂𝒉𝒆𝒅𝒓𝒐𝒏 𝑨𝑩𝑪𝑫 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 𝑽 =
𝟏

𝟔
|[𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ ]| 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩⃗⃗ − 𝑨⃗⃗ = (−𝟐, 𝟎, 𝟐), 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪⃗⃗ − 𝑨⃗⃗ = (𝟏,−𝟏, 𝟏) 

𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝑫⃗⃗ − 𝑨⃗⃗ = (𝟐, 𝟑, 𝟒), 𝑽 =
𝟏

𝟔
|
−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏
𝟐 𝟑 𝟒

| 

|
−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏
𝟐 𝟑 𝟒

| = −𝟐[(−𝟏)(𝟒) − (𝟏)(𝟑)] − 𝟎[(𝟏)(𝟒) − (𝟏)(𝟐)] + 𝟐[(𝟏)(𝟑) − (−𝟏)(𝟐)] 

= 𝟐𝟒 

𝑽 =
𝟏

𝟔
(𝟐𝟒) = 𝟒 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔 

𝑼𝑷. 𝟓𝟖𝟖.  𝑰𝒇 𝒂 ≥ 𝟎 𝒕𝒉𝒆𝒏: 

𝟏𝟓(∫
𝒙

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟐

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟑

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ 𝒂𝟗 (∫
𝒙𝟐

𝒆𝟐𝒙

𝒂

𝟎

𝒅𝒙)

𝟑

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 

(∫
𝒙

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ (∫𝒙𝟐𝒆−𝟐𝒙 𝒅𝒙

𝒂

𝟎

)(∫𝟏𝒅𝒙

𝒂

𝟎

) = 𝒂(∫
𝒙𝟐

𝒆𝟐𝒙

𝒂

𝟎

𝒅𝒙) ⟹ (𝟏) 

(∫
𝒙𝟐

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ (∫𝒙𝟐𝒆−𝟐𝒙 𝒅𝒙

𝒂

𝟎

)(∫𝒙𝟐

𝒂

𝟎

𝒅𝒙) =
𝒂𝟑

𝟑
(∫

𝒙𝟐

𝒆𝟐𝒙

𝒂

𝟎

𝒅𝒙) ⟹ (𝟐) 

(∫
𝒙𝟑

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ (∫𝒙𝟐𝒆−𝟐𝒙 𝒅𝒙

𝒂

𝟎

)(∫𝒙𝟒

𝒂

𝟎

𝒅𝒙) =
𝒂𝟓

𝟓
(∫

𝒙𝟐

𝒆𝟐𝒙

𝒂

𝟎

𝒅𝒙) ⟹ (𝟑) 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒕𝒉𝒓𝒆𝒆 𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔: 

(∫
𝒙

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟐

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟑

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ (𝒂.
𝒂𝟑

𝟑
.
𝒂𝟓

𝟓
)(∫

𝒙𝟐

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟑
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𝟏𝟓(∫
𝒙

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟐

𝒆𝒙

𝒂

𝟎

𝒅𝒙.∫
𝒙𝟑

𝒆𝒙

𝒂

𝟎

𝒅𝒙)

𝟐

≤ 𝒂𝟗 (∫
𝒙𝟐

𝒆𝟐𝒙

𝒂

𝟎

𝒅𝒙)

𝟑

 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

 
𝑺𝑷. 𝟔𝟎𝟗. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑡ℎ𝑒𝑛: 
 

√𝒂𝟐𝒃𝟐 + 𝒄𝟐 + √𝒄𝟐𝒃𝟐 + 𝒂𝟐 +√𝒄𝟐𝒂𝟐 + 𝒃𝟐 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝒖⃗⃗ = (𝒂𝒃, 𝒄), 𝒗⃗⃗ = (𝒃𝒄, 𝒂), , 𝒘⃗⃗⃗ = (𝒄𝒂, 𝒃) ∈ 𝑹𝟐: 

|𝒖⃗⃗ | = √𝒂𝟐𝒃𝟐 + 𝒄𝟐, |𝒗⃗⃗ | = √𝒄𝟐𝒃𝟐 + 𝒂𝟐 

|𝒘⃗⃗⃗ | = √𝒄𝟐𝒂𝟐 + 𝒃𝟐 
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ |𝒖⃗⃗ | + |𝒗⃗⃗ | + |𝒘⃗⃗⃗ | ≥ |𝒖⃗⃗ + 𝒗⃗⃗ + 𝒘⃗⃗⃗ | 

𝒖⃗⃗ + 𝒗⃗⃗ + 𝒘⃗⃗⃗ = (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒂 + 𝒃 + 𝒄): 

√𝒂𝟐𝒃𝟐 + 𝒄𝟐 + √𝒄𝟐𝒃𝟐 + 𝒂𝟐 +√𝒄𝟐𝒂𝟐 + 𝒃𝟐 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝒖⃗⃗ ||𝒗⃗⃗ ||𝒘⃗⃗⃗ ⟺
𝒂𝒃

𝒄
=
𝒃𝒄

𝒂
=
𝒄𝒂

𝒃
⟺ 𝒂 = 𝒃 = 𝒄 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 
 

𝑼𝑷. 𝟔𝟏𝟏.  𝑰𝒇 𝑹+
∗ → 𝑹+

∗  𝒊𝒔 𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 (𝒙𝒏)𝒏≥𝟏, 

𝒙𝒏 = ∑
𝟏

𝒌

𝒏

𝒌=𝟏

, 𝒇𝒊𝒏𝒅 

𝐥𝐢𝐦
𝒏→∞

∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙. 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖, 𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙   → (𝟏) 

 

𝑰𝒏 =⏞
𝒙→𝒆𝒙𝒏+𝒆𝒙𝒏+𝟏−𝒙

∫
𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒇(𝒙 − 𝒆𝒙𝒏) + 𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 → (𝟐) 
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𝟐𝑰𝒏 = ∫ 𝟏𝒅𝒙

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

 

𝑰𝒏 =
𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏

𝟐
, 𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏 = 𝒆𝒙𝒏 (𝒆

𝟏
𝒏+𝟏 − 𝟏) 

𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏 = 𝒆𝒙𝒏 (
𝟏

𝒏 + 𝟏
+𝑶(

𝟏

𝒏𝟐
)) , 𝒙𝒏 = 𝐥𝐧𝒏 + 𝜸 +

𝟏

𝟐𝒏
+𝑶(

𝟏

𝒏𝟐
) 

𝒘𝒉𝒆𝒓𝒆 𝜸 𝒊𝒔 𝑬𝒖𝒍𝒆𝒓 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 

𝑰𝒏 = 𝒏𝒆
𝜸 (𝟏 + 𝑶(

𝟏

𝒏
)) (

𝟏

𝒏 + 𝟏
) , 𝑰𝒏 =

𝒆𝜸

𝟐
.
𝒏

𝒏 + 𝟏
. (𝟏 + 𝑶(

𝟏

𝒏
)) 

𝑨𝒔 𝒏 → ∞ ,
𝒏

𝒏 + 𝟏
→ 𝟏 , 𝟏 + 𝑶(

𝟏

𝒏
) → 𝟏 

𝐥𝐢𝐦
𝒏→∞

∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 =
𝒆𝜸

𝟐
 

 

 
𝑼𝑷. 𝟓𝟗𝟕.  𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒍𝒊𝒎𝒊𝒕: 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐𝒏
. 𝐥𝐢𝐦
𝒙→

𝝅
𝒏

(∑(
𝒏

𝒌
) 𝐬𝐢𝐧((𝒌 + 𝟏)𝒙)

𝒏

𝒌=𝟎

)) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒂𝒏 𝑼𝒓𝒔𝒂𝒓𝒆𝒔𝒄𝒖, 𝑭𝒍𝒐𝒓𝒊𝒄𝒂 𝑨𝒏𝒂𝒔𝒕𝒂𝒔𝒆 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑺𝒏(𝒙) = ∑(
𝒏

𝒌
)𝐬𝐢𝐧((𝒌 + 𝟏)𝒙) .

𝒏

𝒌=𝟎

 

𝑺𝒏(𝒙) = 𝑰𝒎 [∑(
𝒏

𝒌
) 𝒆𝒊(𝒌+𝟏)𝒙

𝒏

𝒌=𝟎

] = 𝑰𝒎 [𝒆𝒊𝒙∑(
𝒏

𝒌
)𝒆𝒊𝒌𝒙

𝒏

𝒌=𝟎

] = 𝑰𝒎[𝒆𝒊𝒙(𝟏 + 𝒆𝒊𝒙)𝒏] 

𝑺𝒏(𝒙) = 𝟐
𝒏 (𝐜𝐨𝐬

𝒙

𝟐
)
𝒏

𝐬𝐢𝐧 (𝒙 +
𝒏𝒙

𝟐
) 

𝒙 =
𝝅

𝒏
 

𝟏

𝟐𝒏
𝑺𝒏 (

𝝅

𝒏
) = (𝐜𝐨𝐬

𝝅

𝟐𝒏
)
𝒏

𝐬𝐢𝐧 (
𝝅

𝒏
+
𝝅

𝟐
) 

(𝐜𝐨𝐬
𝝅

𝟐𝒏
)
𝒏

= (𝟏 −
𝝅𝟐

𝟖𝒏𝟐
+ 𝑶(

𝟏

𝒏𝟒
))

𝒏

= (𝟏 − 𝒏(
𝝅𝟐

𝟖𝒏𝟐
−𝑶(

𝟏

𝒏𝟒
))) → 𝟏 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(𝐜𝐨𝐬
𝝅

𝟐𝒏
)
𝒏

. 𝐬𝐢𝐧 (
𝝅

𝒏
+
𝝅

𝟐
) = 𝟏. 𝟏 

 

𝑳 = 𝟏 
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𝑱𝑷. 𝟔𝟏𝟓.  𝑰𝒏 ∆𝑨𝑩𝑪 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒉𝒐𝒍𝒅𝒔: 
𝒂𝟒 + 𝒃𝟒

𝒉𝒄
𝟐 +

𝒃𝟒 + 𝒄𝟒

𝒉𝒂
𝟐 +

𝒄𝟒 + 𝒂𝟒

𝒉𝒃
𝟐 ≥ 𝟗𝟔𝒓𝟐 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑵𝒈𝒖𝒚𝒆𝒏 𝑯𝒖𝒏𝒈 𝑪𝒖𝒐𝒏𝒈 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑻𝒉𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆𝒔 𝒂𝒓𝒆: 

𝒉𝒂 =
𝟐𝑺

𝒂
 , 𝒉𝒃 =

𝟐𝑺

𝒃
 , 𝒉𝒄 =

𝟐𝑺

𝒄
 

 

𝑳𝑯𝑺 =
𝒄𝟐(𝒂𝟒 + 𝒃𝟒) + 𝒂𝟐(𝒃𝟒 + 𝒄𝟒) + 𝒃𝟐(𝒄𝟒 + 𝒂𝟒)

𝟒𝑺𝟐
 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴,𝒙𝟒 + 𝒚𝟒 ≥ 𝟐𝒙𝟐𝒚𝟐  𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒙,𝒚. 

𝑳𝑯𝑺 ≥
𝟔𝒂𝟐𝒃𝟐𝒄𝟐

𝟒𝑺𝟐
 

𝑩𝒚 𝒆𝒙𝒕𝒆𝒏𝒅𝒆𝒅 𝒍𝒂𝒘 𝒐𝒇 𝒔𝒊𝒏𝒆𝒔:  𝒂𝒃𝒄 = 𝟒𝑹𝑺 
𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:𝑹 ≥ 𝟐𝒓 

𝑳𝑯𝑺 ≥ 𝟗𝟔𝒓𝟐 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒃𝒐𝒕𝒉 𝒕𝒉𝒆 𝑨𝑴− 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅  

𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒓𝒆 𝒕𝒊𝒈𝒉𝒕 ,𝒘𝒉𝒊𝒄𝒉 𝒐𝒄𝒄𝒖𝒓𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 
∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

 
𝑱𝑷. 𝟔𝟏𝟒.  𝑰𝒏 ∆𝑨𝑩𝑪 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒉𝒐𝒍𝒅𝒔: 

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
≥ 𝟐𝟖𝟖𝒓𝟑 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑵𝒈𝒖𝒚𝒆𝒏 𝑯𝒖𝒏𝒈 𝑪𝒖𝒐𝒏𝒈 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑻𝒉𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆𝒔 𝒂𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 ∶  𝒉𝒄 =
𝟐𝑺

𝒄
 , 𝒉𝒂 =

𝟐𝑺

𝒂
 , 𝒉𝒃 =

𝟐𝑺

𝒃
 

: 𝑺 − 𝑨𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪 , 𝒔 − 𝒔𝒆𝒎𝒊𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓 𝒓 − 𝒊𝒏𝒓𝒂𝒅𝒊𝒖𝒔 , 𝑹 − 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒖𝒔 

𝑳𝑯𝑺 =
𝒄(𝒂𝟒 + 𝒃𝟒)

𝟐𝑺
+
𝒂(𝒃𝟒 + 𝒄𝟒)

𝟐𝑺
+
𝒃(𝒄𝟒 + 𝒂𝟒)

𝟐𝑺
 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴,𝒙𝟒 + 𝒚𝟒 ≥ 𝟐𝒙𝟐𝒚𝟐 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒙, 𝒚. 

𝑳𝑯𝑺 ≥
𝒂. 𝟐𝒃𝟐𝒄𝟐 + 𝒃. 𝟐𝒄𝟐𝒂𝟐 + 𝒄. 𝟐𝒂𝟐𝒃𝟐

𝟐𝑺
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𝑳𝑯𝑺 ≥
𝟐𝒂𝒃𝒄(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟐𝑺
. 𝑩𝒚 𝒆𝒙𝒕𝒆𝒏𝒅𝒆𝒅 𝒍𝒂𝒘 𝒐𝒇 𝒔𝒊𝒏𝒆𝒔, 

𝒂𝒃𝒄 = 𝟒𝑹𝑺, 𝑳𝑯𝑺 ≥ 𝟒𝑹(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 
𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ 𝑹 ≥ 𝟐𝒓 
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 

𝒔 ≥ 𝟑√𝟑𝒓 

𝑳𝑯𝑺 ≥ 𝟒. 𝟐𝒓. 𝟑𝟔𝒓𝟐 = 𝟐𝟖𝟖𝒓𝟑 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏 𝒃𝒐𝒕𝒉 𝑬𝒖𝒍𝒆𝒓′𝒔  

𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 − 𝒊𝒏𝒓𝒂𝒅𝒊𝒖𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒓𝒆 𝒕𝒊𝒈𝒉𝒕 ,𝒘𝒉𝒊𝒄𝒉  
𝒐𝒄𝒄𝒖𝒓𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅  

 
𝑼𝑷. 𝟔𝟎𝟕. 𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍: 

𝑰 = ∫
𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)
𝒅𝒙

𝟏

𝟎

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑽𝒂𝒔𝒊𝒍𝒆 𝑴𝒊𝒓𝒄𝒆𝒂 𝑷𝒐𝒑𝒂 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰 =
𝟏

𝟐
∫(

− 𝐥𝐧𝒙

𝒙 + 𝟏
+

𝐥𝐧𝒙

𝒙𝟐 + 𝟏
+
𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏
)𝒅𝒙

𝟏

𝟎

 

𝑨 = ∫
𝐥𝐧 𝒙

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙, 𝑩 = ∫
𝐥𝐧𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙, 𝑪 = ∫
𝒙 𝐥𝐧𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

𝑰 =
𝟏

𝟐
(−𝑨 + 𝑩+ 𝑪), 𝑨 = ∑(−𝟏)𝒏

∞

𝒏=𝟎

∫𝒙𝒏 𝐥𝐧 𝒙𝒅𝒙

𝟏

𝟎

 

𝑨 = −∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟐
= −

𝟏

𝟐

∞

𝒏=𝟎

𝜻(𝟐) = −
𝝅𝟐

𝟏𝟐
 

𝑩 =∑(−𝟏)𝒓∫𝒙𝟐𝒓 𝐥𝐧 𝒙 𝒅𝒙

𝟏

𝟎

∞

𝒓=𝟎

= −∑
(−𝟏)𝒓

(𝟐𝒓 + 𝟏)𝟐
= −𝑮

∞

𝒓=𝟎

 

𝒘𝒉𝒆𝒓𝒆 𝑮 𝒅𝒆𝒏𝒐𝒕𝒆𝒔 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 

𝑪 = ∫
𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 ⟹ (𝒙⟶ 𝒙𝟐), 𝑪 =
𝟏

𝟒
∫
𝐥𝐧𝒙

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟒

𝟏

𝟎

𝑨 = −
𝝅𝟐

𝟒𝟖
 

𝑰 =
𝟏

𝟐
(
𝝅𝟐

𝟏𝟐
− 𝑮 − 

𝝅𝟐

𝟒𝟖
) 
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𝑰 =
𝝅𝟐

𝟑𝟐
− 
𝑮

𝟐
 

𝑼𝑷. 𝟓𝟗𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒍𝒊𝒎𝒊𝒕: 

𝑳 = 𝐥𝐢𝐦
𝒙→𝟎

(
𝟏

𝒙
. 𝐥𝐢𝐦
𝒏→∞

∑𝟑𝒌−𝟏 (𝐬𝐢𝐧
𝒙

𝟑𝒌
)
𝟑

𝒏

𝒌=𝟏

) , 

𝒂 ∈ 𝑹 
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒂𝒏 𝑼𝒓𝒔𝒂𝒓𝒆𝒔𝒄𝒖, 𝑭𝒍𝒐𝒓𝒊𝒄𝒂 𝑨𝒏𝒂𝒔𝒕𝒂𝒔𝒆 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

(𝐬𝐢𝐧𝜽)𝟑 =
𝟑𝐬𝐢𝐧 𝜽 − 𝐬𝐢𝐧𝟑𝜽

𝟒
, ∶ 𝜽 =

𝒙

𝟑𝒌
 

𝟑𝒌−𝟏 (𝐬𝐢𝐧
𝒙

𝟑𝒌
)
𝟑

=
𝟏

𝟒
(𝟑𝒌 𝐬𝐢𝐧

𝒙

𝟑𝒌
− 𝟑𝒌−𝟏 𝐬𝐢𝐧

𝒙

𝟑𝒌−𝟏
) 

𝑳𝒆𝒕 𝒇(𝒌) = 𝟑𝒌 𝐬𝐢𝐧
𝒙

𝟑𝒌
 , 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑,…. 

∑𝟑𝒌−𝟏 (𝐬𝐢𝐧
𝒙

𝟑𝒌
)
𝟑

=
𝟏

𝟒

𝒏

𝒌=𝟏

∑(𝒇(𝒌) − 𝒇(𝒌 − 𝟏)) =
𝟏

𝟒

𝒏

𝒌=𝟏

(𝒇(𝒏) − 𝒇(𝟎))

=
𝟏

𝟒
(𝟑𝒏 𝐬𝐢𝐧

𝒙

𝟑𝒏
− 𝐬𝐢𝐧𝒙) 

𝑨𝒔 𝒏 → ∞,𝒙.
𝐬𝐢𝐧

𝒙
𝟑𝒏
𝒙
𝟑𝒏

→ 𝒙, 𝑳 = 𝐥𝐢𝐦
𝒙→𝟎

𝟏

𝒙
.
𝒙 − 𝐬𝐢𝐧𝒙

𝟒
 

𝒙 − 𝐬𝐢𝐧𝒙 =
𝒙𝟑

𝟔
+ 𝑶(𝒙𝟓), 𝐥𝐢𝐦

𝒙→𝟎

𝒙 − 𝐬𝐢𝐧 𝒙

𝟒𝒙
=
𝒙𝟐

𝟐𝟒
+ 𝑶(𝒙𝟒) → 𝟎  

𝒂𝒔 𝒙 → 𝟎 
𝑳 = 𝟎 

𝑱𝑷. 𝟔𝟎𝟐.  𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝜆 ≥ 0  
𝒕𝒉𝒆𝒏: 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
+
𝝀 + 𝟏

𝟐
∑𝒃𝒄 ≥ 𝟐∑𝒂𝟐 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

=∑
𝒂𝟒

𝒂𝒃 + 𝝀𝒂𝒄
𝒄𝒚𝒄

 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 (𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛, 𝑬𝒏𝒈𝒆𝒍 𝒇𝒐𝒓𝒎): 
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∑
𝒂𝟒

𝒂𝒃 + 𝝀𝒂𝒄
𝒄𝒚𝒄

≥
(∑𝒂𝟐)𝟐

𝝀∑𝒂𝒃 + ∑𝒂𝒃
 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

≥ 𝟐
(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐

(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝑨𝑴− 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒏 𝑹𝑯𝑺: 

𝟐
(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐√

𝟐(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
 
𝝀 + 𝟏

𝟐
∑𝒂𝒃 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐∑𝒂𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑳𝑯𝑺 ≥ 𝟐∑𝒂𝟐 = 𝑹𝑯𝑺 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅. 

𝑼𝑷. 𝟓𝟗𝟒.  𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎: 
𝒙 − 𝟐𝒚 + 𝒛 + 𝟐 = 𝒌𝟐, 
 𝒘𝒊𝒕𝒉 𝟑 < 𝑘 < 11 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟏𝟎𝟗𝟔𝟓𝟗 
−𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐 = 𝟖𝟎𝟗𝟐𝟗 

𝟑 < 𝑥 < 𝑦 < 𝑧, 𝑥, 𝑦, 𝑧 ∈ 𝑁 
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑺𝒂𝒊𝒅 𝑨𝒕𝒕𝒂𝒐𝒖𝒊 − 𝑨𝒍𝒈𝒆𝒓𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) − (−𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐) = 𝟐𝟖𝟕𝟑𝟎 
𝒙𝟒 + 𝒙𝟐 − 𝟐𝟖𝟕𝟑𝟎 = 𝟎, 𝒙𝟐 = 𝟏𝟔𝟗⟹ 𝒙 = 𝟏𝟑 

(𝒙 ∈ 𝑵), 𝒚𝟐 + 𝒛𝟐 = 𝟏𝟎𝟗𝟒𝟗𝟎 
𝒛 = 𝟐𝒚 + 𝒌𝟐 − 𝟏𝟓, 𝒚𝟐 + (𝟐𝒚 + 𝒌𝟐 − 𝟏𝟓)𝟐 = 𝟏𝟎𝟗𝟒𝟗𝟎 

𝟓𝒚𝟐 + 𝟒𝒚(𝒌𝟐 − 𝟏𝟓) + (𝒌𝟐 − 𝟏𝟓)𝟐 = 𝟏𝟎𝟗𝟒𝟗𝟎 
𝑭𝒐𝒓 𝒚 𝒕𝒐 𝒉𝒂𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 , ∆ 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆: 
∆= 𝟓𝟒𝟕𝟒𝟓𝟎 − (𝒌𝟐 − 𝟏𝟓)𝟐, ∆  𝒊𝒔 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆 𝒇𝒐𝒓 𝒌 = 𝟏𝟎 

𝒚𝟐 + 𝟔𝟖𝒚 − 𝟐𝟎𝟒𝟓𝟑 = 𝟎⟹ 𝒚 = 𝟏𝟏𝟑𝒛 ⟹ 𝟑𝟏𝟏 
: 𝟑 < 𝑥 < 𝑦 < 𝑧 ⟹ 𝟑 < 13 < 113 < 311 

(𝒙, 𝒚, 𝒛) = (𝟏𝟑, 𝟏𝟏𝟑, 𝟑𝟏𝟏) 
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𝑱𝑷. 𝟔𝟎𝟎.  𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝒕𝒉𝒆 𝒍𝒊𝒎𝒊𝒕 𝒐𝒇 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 (𝒂𝒏)𝒏≥𝟏 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 
𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑: 

𝒂𝒏 =
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆𝒏𝐬𝐢𝐧

−𝟏 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑽𝒂𝒔𝒊𝒍𝒆 𝑴𝒊𝒓𝒄𝒆𝒂 𝑷𝒐𝒑𝒂 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝒂𝒏 =⏞

(𝐬𝐢𝐧−𝟏𝒙→𝒙)
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆𝒏𝒙) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙, 𝒂𝒏 =
𝟏

𝒏
∫(𝒏𝒙 + 𝐥𝐧(𝟏 + 𝒆−𝒏𝒙)) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

𝒂𝒏 =
𝝅

𝟐
− 𝟏 +

𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏𝒙) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏𝒙) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

𝟎 ≤
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏𝒙) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 ≤
𝟏

𝒏
∫ 𝐥𝐧 𝟐

𝝅
𝟐

𝟎

𝒅𝒙 =
𝝅 𝐥𝐧𝟐

𝟐𝒏
 

𝑨𝒔 𝒏 → ∞ ,
𝝅 𝐥𝐧𝟐

𝟐𝒏
 → 𝟎.  𝑩𝒚 𝑺𝒒𝒖𝒆𝒆𝒛𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 ∶  

𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏𝒙) 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 = 𝟎 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 =
𝝅

𝟐
− 𝟏 

 
𝑼𝑷. 𝟓𝟗𝟗. 𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍: 

∫
𝐜𝐨𝐭−𝟏 𝒙

√𝟑 − 𝐜𝐨𝐬 𝒙

𝝅

−𝝅

𝒅𝒙 

𝑰𝒏 𝒕𝒉𝒊𝒔 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒘𝒆 𝒘𝒊𝒍𝒍 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝐜𝐨𝐭−𝟏 𝒙 
𝒘𝒉𝒊𝒄𝒉 𝒉𝒂𝒔 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 (𝟎, 𝝅). 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑽𝒂𝒔𝒊𝒍𝒆 𝑴𝒊𝒓𝒄𝒆𝒂 𝑷𝒐𝒑𝒂 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰 = ∫
𝐜𝐨𝐭−𝟏 𝒙

√𝟑− 𝐜𝐨𝐬 𝒙

𝝅

−𝝅

𝒅𝒙 ⟹ (𝟏) 

𝑰 =⏞
(𝒙→−𝒙)

∫
𝝅− 𝐜𝐨𝐭−𝟏 𝒙

√𝟑 − 𝐜𝐨𝐬 𝒙

𝝅

−𝝅

𝒅𝒙  ⟹ (𝟐) 

𝟐𝑰 = ∫
𝝅

√𝟑 − 𝐜𝐨𝐬 𝒙

𝝅

−𝝅

𝒅𝒙, 𝑰 = 𝝅∫
𝟏

√𝟑 − 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙, 𝑰 =
𝝅

√𝟐
∫

𝟏

√𝟏 + (𝐬𝐢𝐧
𝒙
𝟐
)
𝟐

𝝅

𝟎

𝒅𝒙 

 

𝑰 =⏞

(
𝒙
𝟐
→𝒙)

√𝟐𝝅∫
𝒅𝒙

√𝟏 + (𝐬𝐢𝐧𝒙)𝟐

𝝅
𝟐

𝟎

, 𝑰 = √𝟐𝝅∫
𝒅𝒙

√𝟏 + (𝐜𝐨𝐬 𝒙)𝟐

𝝅
𝟐

𝟎

, 𝑰 = √𝟐𝝅∫
𝒅𝒙

√𝟐 − (𝐬𝐢𝐧 𝒙)𝟐

𝝅
𝟐

𝟎

 

𝑰 = 𝝅∫
𝒅𝒙

√𝟏−
(𝐬𝐢𝐧𝒙)𝟐

𝟐

𝝅
𝟐

𝟎

, 𝑰 =⏞
(𝐬𝐢𝐧𝒙→𝒙)

√𝟐𝝅∫
𝒅𝒙

√𝟏 − 𝒙𝟐√𝟐 − 𝒙𝟐

𝟏

𝟎

 

 

𝑰 =⏞

(𝒙𝟐→𝒙)
𝝅

√𝟐
∫

𝒅𝒙

√𝒙√𝟏 − 𝒙√𝟐 − 𝒙

𝟏

𝟎

, 𝑰 =⏞
(𝟏−𝒙→𝒙) 𝝅

√𝟐
∫

𝒅𝒙

√𝒙√𝟏− 𝒙𝟐

𝟏

𝟎

 

𝑰 =⏞

(𝒙𝟐→𝒙)
𝝅

𝟐√𝟐
∫𝒙

−𝟑
𝟒 (𝟏 − 𝒙)

−𝟏
𝟐 𝒅𝒙

𝟏

𝟎

, 𝑰 =
𝝅

𝟐√𝟐
∫𝒙

𝟏
𝟒
−𝟏(𝟏 − 𝒙)

𝟏
𝟐
−𝟏 𝒅𝒙

𝟏

𝟎

 

𝑰 =
𝝅

𝟐√𝟐
𝜷(
𝟏

𝟒
,
𝟏

𝟐
) , 𝑰 =

𝝅

𝟐√𝟐

𝚪(
𝟏
𝟒
) . 𝚪 (

𝟏
𝟐
)

𝚪(
𝟑
𝟒)

, 𝑰 =
𝝅

𝟐√𝟐

𝚪 (
𝟏
𝟒
) . √𝝅

(
𝝅√𝟐

𝚪 (
𝟏
𝟒
)
)

 

∫
𝐜𝐨𝐭−𝟏 𝒙

√𝟑 − 𝐜𝐨𝐬 𝒙

𝝅

−𝝅

𝒅𝒙 =
√𝝅

𝟒
(𝚪 (

𝟏

𝟒
))

𝟐

 

 

𝑼𝑷. 𝟔𝟏𝟐.  𝑰𝒇 𝒇: 𝑹∗+ → 𝑹∗+ 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 (𝒂𝒏)𝒏≥𝟏 𝒊𝒔  
𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒂𝟏 = 𝒂𝟐 = 𝟏, 

𝒂𝒏+𝟏 = ∑
𝒂𝒌
𝒌

𝒏

𝒌=𝟏

, ∀𝒏 ≥ 𝟐 𝒂𝒏𝒅 (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑
𝟏

𝒂𝒌

𝒏

𝒌=𝟏

, 𝒇𝒊𝒏𝒅 
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𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫

𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.  𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖,𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖
− 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟏) 

(𝒙 → 𝒆𝒙𝒏 + 𝒆𝒙𝒏+𝟏 − 𝒙): 

𝑰𝒏 = ∫
𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒇(𝒙 − 𝒆𝒙𝒏) + 𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟐) 

𝟐𝑰𝒏 = ∫ 𝟏

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 

𝑰𝒏 =
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏)

𝟐
, 𝑳 = 𝐥𝐢𝐦

𝒏⟶∞

𝟏

𝟐𝒏
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏) 

 

𝒂𝒏+𝟏 = ∑
𝒂𝒌
𝒌

𝒏

𝒌=𝟏

= (∑
𝒂𝒌
𝒌

𝒏−𝟏

𝒌=𝟏

) +
𝒂𝒏
𝒏
= 𝒂𝒏 +

𝒂𝒏
𝒏
, 𝒂𝒏 =

𝒏

𝟐
 

𝒙𝒏 =∑
𝟏

𝒂𝒌

𝒏

𝒌=𝟏

=
𝟏

𝒂𝟏
+∑

𝟐

𝒌

𝒏

𝒌=𝟐

, 𝒙𝒏 = 𝟏 + 𝟐(𝑯𝒏 − 𝟏) = 𝟐𝑯𝒏 − 𝟏 

𝑯𝒏 = 𝜸 + 𝐥𝐧𝒏 +
𝟏

𝟐𝒏
+ 𝑶(

𝟏

𝒏𝟐
) , 𝒙𝒏 = 𝟐𝜸 + 𝟐 𝐥𝐧𝒏 +

𝟏

𝒏
+ 𝟐𝑶(

𝟏

𝒏𝟐
) − 𝟏 

𝒆𝒙𝒏 = 𝒆
(𝟐𝜸−𝟏)+𝟐𝑶(

𝟏

𝒏𝟐
)+𝐥𝐧 𝒏𝟐

= 𝒏𝟐𝒆𝟐𝜸−𝟏𝒆
𝟐𝑶(

𝟏

𝒏𝟐
)
, 𝒆
𝟐𝑶(

𝟏

𝒏𝟐
)
= 𝟏 + 𝟐𝑶(

𝟏

𝒏𝟐
) ≈ 𝟏 

𝒆𝒙𝒏 = 𝒏𝟐𝒆𝟐𝜸−𝟏, 𝒙𝒏+𝟏 = 𝒙𝒏 +
𝟏

𝒂𝒏+𝟏
 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝒙𝒏 (𝒆
𝟐

𝒏+𝟏 − 𝟏)

𝟐𝒏
, 𝑳 = 𝐥𝐢𝐦

𝒏→∞

𝒏𝟐𝒆𝟐𝜸−𝟏(𝟐)

𝟐𝒏(𝒏 + 𝟏)
 

𝑳 = 𝒆𝟐𝜸−𝟏 
 

𝑼𝑷. 𝟔𝟏𝟎. 𝑰𝒇 𝒇: 𝑹+
∗ → 𝑹+

∗  𝒊𝒔 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅  

𝜸𝒏 = − 𝐥𝐧𝒏 +∑
𝟏

𝒌

𝒏

𝒌=𝟏

, 𝒇𝒊𝒏𝒅 𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒇(𝒙 − 𝜸)

𝒇(𝜸𝒏 − 𝒙) + 𝒇(𝒙 − 𝜸)

𝜸𝒏

𝜸

𝒅𝒙 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖, 𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝜸)

𝒇(𝜸𝒏 − 𝒙) + 𝒇(𝒙 − 𝜸)

𝜸𝒏

𝜸

𝒅𝒙  ⟹ (𝟏) 

(𝒙 ⟶ 𝜸+ 𝜸𝒏 − 𝒙): 

𝑰𝒏 = ∫
𝒇(𝜸𝒏 − 𝒙)

𝒇(𝒙 − 𝜸) + 𝒇(𝜸𝒏 − 𝒙)

𝜸𝒏

𝜸

𝒅𝒙  ⟹ (𝟐) 

𝟐𝑰𝒏 = ∫ 𝟏

𝜸𝒏

𝜸

𝒅𝒙, 𝑰𝒏 =
(𝜸𝒏 − 𝜸)

𝟐
 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒏
(𝜸𝒏 − 𝜸)

𝟐
, 𝜸𝒏 = − 𝐥𝐧𝒏 +∑

𝟏

𝒌

𝒏

𝒌=𝟏

 

𝜸𝒏 − 𝜸 = −𝐥𝐧𝒏 +∑
𝟏

𝒌

𝒏

𝒌=𝟏

−  𝜸 

∑
𝟏

𝒌

𝒏

𝒌=𝟏

∶ 𝑯𝒏 𝒂𝒔 𝒏 → ∞ 

𝑯𝒏 = 𝐥𝐧𝒏 + 𝜸 +
𝟏

𝟐𝒏
+ 𝑶(

𝟏

𝒏𝟐
) 

𝐥𝐢𝐦
𝒏→∞

𝒏
−𝜸 − 𝐥𝐧𝒏 + 𝐥𝐧𝒏 + 𝜸 +

𝟏
𝟐𝒏 + 𝑶(

𝟏
𝒏𝟐
)

𝟐
= 𝐥𝐢𝐦

𝒏→∞
𝒏

𝟏
𝟐𝒏 + 𝑶(

𝟏
𝒏𝟐
)

𝟐
 

𝑳 =
𝟏

𝟒
 

 
𝑱𝑷. 𝟔𝟏𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔: 

𝒅𝟏: {
𝒙 = 𝟑 − 𝟐𝒕
𝒚 = 𝟏 + 𝒕
𝒛 = −𝟏 + 𝟑𝒕

  ;  𝒅𝟐: {
𝒙 = 𝟐 + 𝟒𝒕
𝒚 = −𝟏 + 𝟐𝒕
𝒛 = 𝟒 − 𝒕

  

(𝒕 ∈ 𝑹) 
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒍𝒊𝒏𝒆𝒔 𝒊𝒔 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒊𝒓 
𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓𝒔. 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅𝟏, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒗⃗⃗ 𝟏 = (−𝟐, 𝟏, 𝟑), 

𝒂𝒏𝒅 𝒇𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅𝟐, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓: 𝒗⃗⃗ 𝟐 = (𝟒, 𝟐, −𝟏) 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

𝐜𝐨𝐬𝜽 =
|𝒗⃗⃗ 𝟏. 𝒗⃗⃗ 𝟐|

|𝒗⃗⃗ 𝟏|. |𝒗⃗⃗ 𝟐|
, 𝒗⃗⃗ 𝟏. 𝒗⃗⃗ 𝟐 = −𝟗, |𝒗⃗⃗ 𝟏| = √𝟏𝟒  , |𝒗⃗⃗ 𝟐| = √𝟐𝟏 
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𝐜𝐨𝐬𝜽 =
𝟑√𝟔

𝟏𝟒
 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒅𝟏 𝒂𝒏𝒅 𝒅𝟐 𝒊𝒔 

𝜽 = 𝐜𝐨𝐬−𝟏 (
𝟑√𝟔

𝟏𝟒
) 

𝑱𝑷. 𝟔𝟏𝟐.  𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒅 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒑𝒍𝒂𝒏𝒆 𝑷. 

𝒅: {
𝒙 = 𝟐 + 𝟑𝒕
𝒚 = 𝟑 − 𝟐𝒕
𝒛 = 𝟏 + 𝟓𝒕

 

𝒕 ∈ 𝑹  ;    𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 
𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒂 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆  
𝒍𝒊𝒏𝒆′𝒔 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆′𝒔𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒆𝒄𝒕𝒐𝒓. 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏  

𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒅⃗⃗ = (𝟑,−𝟐, 𝟓), 𝒂𝒏𝒅 𝒇𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝑷, 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒏⃗⃗ = (𝟐, 𝟏, 𝟏). 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

𝐬𝐢𝐧𝜽 =
|𝒅⃗⃗ . 𝒏⃗⃗ |

|𝒅⃗⃗ |. |𝒏⃗⃗ |
, 𝒅⃗⃗ . 𝒏⃗⃗ = 𝟗 

|𝒅⃗⃗ | = √𝟑𝟖  , |𝒏⃗⃗ | = √𝟔 

𝐬𝐢𝐧𝜽 =
𝟑√𝟓𝟕

𝟑𝟖
 

 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒅 𝒂𝒏𝒅 𝒕𝒉𝒆  

𝒑𝒍𝒂𝒏𝒆 𝑷 𝒊𝒔 𝜽 = 𝐬𝐢𝐧−𝟏 (
𝟑√𝟓𝟕

𝟑𝟖
) 

 

𝑺𝑷. 𝟓𝟗𝟑.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 
(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒚)𝟐 = (𝐬𝐢𝐧 𝒙 + 𝟏)(𝐜𝐨𝐬 𝒚 − 𝟏) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝒎 = 𝐬𝐢𝐧𝒙 ∈ [−𝟏, 𝟏], 𝒏 = 𝐜𝐨𝐬𝒚 ∈ [−𝟏, 𝟏]: 
(𝒎 + 𝒏)𝟐 = (𝒎+ 𝟏)(𝒏 − 𝟏),𝒎𝟐 +𝒎(𝒏 + 𝟏) + (𝒏𝟐 − 𝒏 + 𝟏) = 𝟎 

∆= (𝒏 + 𝟏)𝟐 − 𝟒(𝒏𝟐 − 𝒏 + 𝟏) 
∆= −𝟑(𝒏 − 𝟏)𝟐 

∆≥ 𝟎⟹ (𝒏 − 𝟏)𝟐 ≤ 𝟎 ⟹ 𝒏 = 𝟏, ∆= 𝟎 ⟹𝒎𝟐 + 𝟐𝒎+ 𝟏 = 𝟎 ⟹ 𝒎 = −𝟏 
𝐜𝐨𝐬 𝒚 = 𝟏 ⟹ 𝒚 = 𝟐𝒓𝝅, 

𝐬𝐢𝐧 𝒙 = −𝟏 ⟹ 𝒙 = −
𝝅

𝟐
+ 𝟐𝒑𝝅, 
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𝒓, 𝒑 ∈ 𝒁. 
 

(𝒙, 𝒚) = (−
𝝅

𝟐
+ 𝟐𝒑𝝅, 𝟐𝒓𝝅) , 𝒓, 𝒑 ∈ 𝒁 

 

𝑱𝑷. 𝟓𝟖𝟖. 𝑰𝒇 𝒂, 𝒃, 𝒄, 𝒅 > 0, 𝑎𝑏𝑐𝑑 = 1  
𝒕𝒉𝒆𝒏: 

𝒂𝒃+𝒄+𝒅𝒃𝒄+𝒅+𝒂𝒄𝒂+𝒃+𝒅𝒅𝒂+𝒃+𝒄 ≤ 𝟏 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑳𝒆𝒕 𝒎 = 𝒂 + 𝒃 + 𝒄 + 𝒅, 𝒂𝒎−𝒂𝒃𝒎−𝒃𝒄𝒎−𝒄𝒅𝒎−𝒅 ≤ 𝟏 
(𝒂𝒃𝒄𝒅)𝒎 ≤ 𝒂𝒂𝒃𝒃𝒄𝒄𝒅𝒅, 𝒂𝒂𝒃𝒃𝒄𝒄𝒅𝒅 ≥ 𝟏 
𝒂 𝐥𝐧 𝒂 + 𝒃 𝐥𝐧𝒃 + 𝒄 𝐥𝐧 𝒄 + 𝒅 𝐥𝐧𝒅 ≥ 𝟎 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒙 𝐥𝐧𝒙 , 𝒇′(𝒙) = 𝟏 + 𝐥𝐧𝒙 , 𝒇′′ =
𝟏

𝒙
> 0𝒇𝒐𝒓 𝒙 > 0 

𝑯𝒆𝒏𝒄𝒆 𝒇 𝒊𝒔 𝒂 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒄𝒐𝒏𝒗𝒆𝒙 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏  
(𝟎,∞). 

𝑨𝒑𝒑𝒍𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 
𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) + 𝒇(𝒅)

𝟒
≥ 𝒇 (

𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
) 

𝒂 𝐥𝐧𝒂 + 𝒃 𝐥𝐧 𝒃 + 𝒄 𝐥𝐧 𝒄 + 𝒅 𝐥𝐧𝒅

𝟒
≥ (

𝒂+ 𝒃 + 𝒄 + 𝒅

𝟒
) 𝐥𝐧 (

𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
) 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
≥ √𝒂𝒃𝒄𝒅

𝟒
= √𝟏

𝟒
= 𝟏 

𝐥𝐧 (
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
) ≥ 𝟎 

𝒂 𝐥𝐧𝒂 + 𝒃 𝐥𝐧𝒃 + 𝒄 𝐥𝐧 𝒄 + 𝒅 𝐥𝐧 𝒅

𝟒
≥ (𝟏)(𝟎) 

𝒂 𝐥𝐧 𝒂 + 𝒃 𝐥𝐧𝒃 + 𝒄 𝐥𝐧 𝒄 + 𝒅 𝐥𝐧𝒅 ≥ 𝟎 
𝑻𝒉𝒊𝒔 𝒑𝒓𝒐𝒗𝒆𝒔 𝒕𝒉𝒂𝒕 𝒂𝒂𝒃𝒃𝒄𝒄𝒅𝒅 ≥ 𝟏,  

𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 

𝒂𝒃+𝒄+𝒅𝒃𝒄+𝒅+𝒂𝒄𝒂+𝒃+𝒅𝒅𝒂+𝒃+𝒄 ≤ 𝟏 
𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

 
𝑺𝑷. 𝟓𝟗𝟓.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝟑𝒙 + 𝐭𝐚𝐧𝟓𝒙 = 𝐭𝐚𝐧𝟐𝒙 . 𝐭𝐚𝐧 𝟑𝒙 . 𝐭𝐚𝐧 𝟓𝒙 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝐭𝐚𝐧(𝑨 + 𝑩 + 𝑪) =
𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧 𝑪 − 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪

𝟏 − (𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪 + 𝐭𝐚𝐧 𝑪 𝐭𝐚𝐧𝑨)
 

𝐭𝐚𝐧𝟐𝒙 + 𝐭𝐚𝐧 𝟑𝒙 + 𝐭𝐚𝐧 𝟓𝒙 = 𝐭𝐚𝐧 𝟐𝒙 . 𝐭𝐚𝐧 𝟑𝒙 . 𝐭𝐚𝐧 𝟓𝒙 
 

𝐭𝐚𝐧(𝑨 + 𝑩 + 𝑪) = 𝟎 ⇔ 𝑨+ 𝑩+ 𝑪 = 𝒓𝝅 , 𝒓 ∈ 𝒁. 
𝟏𝟎𝒙 = 𝒓𝝅 

𝒙 =
𝒓𝝅

𝟏𝟎
 

𝟓𝒙 =
𝒓𝝅

𝟐
∉
𝝅

𝟐
+ 𝒓𝝅⟹ 𝒓 𝒆𝒗𝒆𝒏, 𝒓 = 𝟐𝒌 

𝒙 =
𝒌𝝅

𝟓
 , 𝒌 ∈ 𝒁 

 

𝑼𝑷. 𝟓𝟗𝟏. 𝑭𝒊𝒏𝒅: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝟑𝒏
∑√(

𝒏

𝒌
) (

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

√(
𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
) ≤

(𝒏
𝒌
) + ( 𝒏

𝒌+𝟏
)

𝟐
, ∑√(

𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

≤
𝟏

𝟐
(∑(

𝒏

𝒌
)

𝒏−𝟏

𝒌=𝟎

+∑(
𝒏

𝒌+ 𝟏
)

𝒏−𝟏

𝒌=𝟎

) 

∑√(
𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

≤
𝟏

𝟐
(𝟐(𝟐𝒏 − 𝟏)), 𝟎 ≤ ∑√(

𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

≤ (𝟐𝒏 − 𝟏) 

𝟎 ≤ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝟑𝒏
∑√(

𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

≤ 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 − 𝟏)

𝟑𝒏
 

𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 − 𝟏)

𝟑𝒏
= 𝟎 

𝑩𝒚 𝑺𝒒𝒖𝒆𝒆𝒛𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎: 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝟑𝒏
∑√(

𝒏

𝒌
)(

𝒏

𝒌 + 𝟏
)

𝒏−𝟏

𝒌=𝟎

= 𝟎 

 
𝑺𝑷. 𝟔𝟏𝟓.  𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟏, 𝟐, 𝟑) 𝒂𝒏𝒅 𝒕𝒉𝒆  𝒓𝒆𝒂𝒍 𝒑𝒍𝒂𝒏𝒆: 𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎. 

 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆  
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒍𝒊𝒏𝒆 𝒇𝒓𝒐𝒎 𝑨 𝒕𝒐 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒑𝒍𝒂𝒏𝒆 𝑷. 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨 𝒍𝒊𝒏𝒆 ⊥ 𝒕𝒐 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒕𝒉𝒂𝒕 𝒑𝒍𝒂𝒏𝒆. 
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𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒊𝒔 𝒏⃗⃗ = 〈𝒂, 𝒃, 𝒄〉 = (𝟐, 𝟏, 𝟏) 
𝑨(𝑿,𝒀, 𝒁) = (𝟏, 𝟐, 𝟑), 𝒙 = 𝑿+ 𝒂𝝀, 𝒚 = 𝒀+ 𝒃𝝀, 𝒛 = 𝒁 + 𝒄𝝀 

{
𝒙 = 𝟏 + 𝟐𝝀
𝒚 = 𝟐 + 𝝀
𝒛 = 𝟑 + 𝝀

 

𝝀 ∈ 𝑹 

 
𝑺𝑷. 𝟔𝟏𝟒. 𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟏, 𝟑, 𝟐); 𝑩(𝟑, 𝟏, 𝟏); 𝑪(𝟒, 𝟐, 𝟎). 

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎 𝒃𝒖𝒊𝒍𝒅𝒆𝒅 𝒐𝒏 𝑨𝑩⃗⃗⃗⃗⃗⃗  𝒂𝒏𝒅 𝑨𝑪⃗⃗⃗⃗  ⃗. 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑳𝒆𝒕 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒏  𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 − 𝒅𝒊𝒎𝒆𝒏𝒔𝒊𝒐𝒏𝒂𝒍 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 
 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝑹𝟑𝒃𝒆 𝒅𝒆𝒏𝒐𝒕𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆𝒊𝒓 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒕𝒉𝒆  

𝒐𝒓𝒊𝒈𝒊𝒏: 𝒓𝑨 = (𝟏, 𝟑, 𝟐), 𝒓𝑩 = (𝟑, 𝟏, 𝟏), 𝒓𝑪 = (𝟒, 𝟐, 𝟎) 
𝑨 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎 𝒆𝒎𝒃𝒆𝒅𝒅𝒆𝒅 𝒊𝒏 𝑹𝟑𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒘𝒐 𝒂𝒅𝒋𝒂𝒄𝒆𝒏𝒕 𝒔𝒊𝒅𝒆𝒔 𝒄𝒂𝒏 𝒃𝒆  
𝒄𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓𝒊𝒛𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒆𝒅 𝒍𝒊𝒏𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒊𝒏𝒈 𝒕𝒉𝒐𝒔𝒆 𝒔𝒊𝒅𝒆𝒔. 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝒓𝑩 − 𝒓𝑨 = 𝟐𝒊̂ − 𝟐𝒋̂ − 𝒌̂ 

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝒓𝑪 − 𝒓𝑨 = 𝟑𝒊̂ − 𝒋̂ − 𝟐𝒌̂ 

𝒘𝒉𝒆𝒓𝒆 𝒊̂, 𝒋̂, 𝒌̂ 𝒄𝒐𝒏𝒔𝒕𝒊𝒕𝒖𝒕𝒆 𝒕𝒉𝒆 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅  𝒐𝒓𝒕𝒉𝒐𝒏𝒐𝒓𝒎𝒂𝒍  𝒃𝒂𝒔𝒊𝒔 𝒇𝒐𝒓 𝑹𝟑. 

 𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊̂ 𝒋̂ 𝒌̂
𝟐 −𝟐 −𝟏
𝟑 −𝟏 −𝟐

| , 𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟑, 𝟏, 𝟒) 

𝑨𝒓𝒆𝒂 = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = √𝟐𝟔 𝒔𝒒𝒖𝒂𝒓𝒆 𝒖𝒏𝒊𝒕𝒔 

 

𝑼𝑷. 𝟓𝟗𝟐.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

{

𝐜𝐨𝐬 𝒙 + 𝐜𝐨𝐬𝒚 + 𝐜𝐨𝐬 𝒛 = 𝟏

(𝐜𝐨𝐬 𝒙)𝟐 + (𝐜𝐨𝐬 𝒚)𝟐 + (𝐜𝐨𝐬 𝒛)𝟐 = 𝟏

(𝐜𝐨𝐬 𝒙)𝟑 + (𝐜𝐨𝐬 𝒚)𝟑 + (𝐜𝐨𝐬 𝒛)𝟑 = 𝟏

 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝒎 = 𝐜𝐨𝐬𝒙 , 𝒏 = 𝐜𝐨𝐬 𝒚 , 𝒑 = 𝐜𝐨𝐬 𝒛 
𝒎,𝒏, 𝒑 ∈ [−𝟏, 𝟏] 
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{

𝑺𝟏 = 𝒂 + 𝒃 + 𝒄
𝑺𝟐 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝑺𝟑 = 𝒂𝒃𝒄
 

(𝒂 + 𝒃 + 𝒄)𝟐 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 
𝟏𝟐 = 𝟏 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 
𝑺𝟐 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟎 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 − 𝟑𝒂𝒃𝒄 = (𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒄𝒂) 
𝟏 − 𝟑𝑺𝟑 = (𝟏)(𝟏 − 𝟎) 

𝑺𝟑 = 𝟎 
𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝑽𝒊𝒆𝒕𝒂′𝒔 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔: 
𝒎𝟑 − 𝑺𝟏𝒎

𝟐 + 𝑺𝟐𝒎− 𝑺𝟑 = 𝟎 
𝒎𝟑 −𝒎𝟐 = 𝟎⟹ 𝒎 = 𝟎,𝟎, 𝟏 
(𝐜𝐨𝐬 𝒙 , 𝐜𝐨𝐬 𝒚 , 𝐜𝐨𝐬 𝒛) = (𝟏, 𝟎, 𝟎) 
(𝐜𝐨𝐬 𝒙 , 𝐜𝐨𝐬 𝒚 , 𝐜𝐨𝐬 𝒛) = (𝟎, 𝟏, 𝟎) 
(𝐜𝐨𝐬 𝒙 , 𝐜𝐨𝐬 𝒚 , 𝐜𝐨𝐬 𝒛) = (𝟎, 𝟎, 𝟏) 
𝐜𝐨𝐬𝒀 = 𝟏 ⟹ 𝒀 = 𝟐𝒓𝝅 𝒂𝒏𝒅 

𝐜𝐨𝐬𝒀 = 𝟎 ⟹ 𝒀 =
𝝅

𝟐
+ 𝒋𝝅 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒄𝒐𝒏𝒔𝒊𝒔𝒕𝒊𝒏𝒈 𝒐𝒇 𝒂𝒍𝒍 𝒕𝒉𝒓𝒆𝒆  
𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏𝒔: 

(𝟐𝒓𝝅,
𝝅

𝟐
+ 𝒋𝝅,

𝝅

𝟐
+ 𝒑𝝅) 

 𝒘𝒉𝒆𝒓𝒆 𝒓, 𝒋, 𝒑 ∈ 𝒁 

𝑼𝑷. 𝟓𝟖𝟔.  𝑰𝒇 𝑴𝟐,𝟏(𝑹); 𝑩 ∈ 𝑴𝟏,𝟐(𝑹);  𝑨𝑩 = (
𝟎 𝟎
𝟖 𝟏

)  𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝑩𝑨 . 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨 = (
𝒂

𝒃
) , 𝑩 = (𝒄 𝒅) 

𝑨.𝑩 = (
𝒂𝒄 𝒂𝒅
𝒃𝒄 𝒃𝒅

) 

𝒂𝒄 = 𝟎 , 𝒂𝒅 = 𝟎 , 𝒃𝒄 = 𝟖, 𝒃𝒅 = 𝟏 
𝑩. 𝑨 = (𝒄𝒂 + 𝒃𝒅) 

𝑩. 𝑨 = (𝟏) 

𝑱𝑷. 𝟔𝟎𝟑.  𝑰𝒇 𝒂, 𝒃, 𝒄 > 𝟎 𝒕𝒉𝒆𝒏: 
 

𝟐(𝒂𝒂 + 𝒃𝒃 + 𝒄𝒄) ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝒃 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝒇𝒐𝒓 𝒂 ≥ 𝒃 , 𝒂𝒂 + 𝒃𝒃 ≥ 𝒂𝒃 + 𝒃𝒂 ⟹ (𝟏) 
𝒇𝒐𝒓 𝒃 ≥ 𝒄 , 𝒃𝒃 + 𝒄𝒄 ≥ 𝒃𝒄 + 𝒄𝒃 ⟹ (𝟐) 
𝒇𝒐𝒓 𝒄 ≥ 𝒂 , 𝒄𝒄 + 𝒂𝒂 ≥ 𝒄𝒂 + 𝒂𝒄 ⟹ (𝟑) 
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𝑨𝒅𝒅𝒊𝒏𝒈 𝒂𝒍𝒍 𝒕𝒉𝒓𝒆𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒈𝒊𝒗𝒆𝒔: 

𝟐(𝒂𝒂 + 𝒃𝒃 + 𝒄𝒄) ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝒃 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

𝑱𝑷. 𝟔𝟎𝟏. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 𝟎 𝒂𝒏𝒅 𝝀 ≥ 𝟎 𝒕𝒉𝒆𝒏: 
 

(𝝀 + 𝟏)∑
𝒂𝟐

𝒃 + 𝝀𝒄
+ 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑(𝒂 + 𝒃 + 𝒄) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: ∑
𝒂𝟐

𝒃 + 𝝀𝒄
≥

(𝒂 + 𝒃 + 𝒄)𝟐

(𝝀 + 𝟏)(𝒂 + 𝒃 + 𝒄)
𝒄𝒚𝒄

 

(𝝀 + 𝟏)∑
𝒂𝟐

𝒃 + 𝝀𝒄
≥

𝒄𝒚𝒄

𝒂 + 𝒃 + 𝒄 

𝑳𝑯𝑺 ≥ (𝒂 + 𝒃 + 𝒄) + 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

(𝒂 + 𝒃 + 𝒄) + 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑(𝒂 + 𝒃 + 𝒄) 

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ (𝒂 + 𝒃 + 𝒄)𝟐 , 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒄𝒂 ≥ 𝟎 
𝟏

𝟐
((𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐) ≥ 𝟎 

𝑺𝒊𝒏𝒄𝒆 𝒔𝒒𝒖𝒂𝒓𝒆𝒔 𝒐𝒇 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒂𝒓𝒆  
𝒂𝒍𝒘𝒂𝒚𝒔 𝒏𝒐𝒏 − 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆, 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 
 

𝑼𝑷. 𝟔𝟏𝟑.  𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟏, 𝟐, 𝟎); 𝑩(𝟐, 𝟎, 𝟏); 𝑪(𝟑, 𝟑, 𝟑). 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪. 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟏,−𝟐, 𝟏) , 𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟐, 𝟏, 𝟑), 𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊̂ 𝒋̂ 𝒌̂
𝟏 −𝟐 𝟏
𝟐 𝟏 𝟑

| 

= 𝒊̂((−𝟐)(𝟑) − (𝟏)(𝟏)) − 𝒋̂((𝟏)(𝟑) − (𝟏)(𝟐)) + 𝒌̂((𝟏)(𝟏) − (−𝟐)(𝟐)) 

= (−𝟕,−𝟏, 𝟓),   ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = 𝟓√𝟑 

𝑨𝒓𝒆𝒂 =
𝟏

𝟐
||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| =

𝟓√𝟑

𝟐
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𝑺𝑷. 𝟔𝟏𝟐. 𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟏, 𝟐, 𝟑); 𝑩(𝟒, 𝟏, 𝟏); 𝑪(𝟎, 𝟑, 𝟐); 𝑫(𝟐, 𝟏, 𝟑). 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆  

𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒊𝒑𝒊𝒑𝒆𝒅  𝒃𝒖𝒊𝒍𝒅𝒆𝒅 𝒐𝒏 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ . 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟑,−𝟏, −𝟐), 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (−𝟏, 𝟏, −𝟏), 𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟏,−𝟏, 𝟎) 

𝑽𝒐𝒍𝒖𝒎𝒆 = |(𝒅𝒆𝒕(𝑽))| = 𝑨𝑩⃗⃗⃗⃗⃗⃗ . (𝑨𝑪⃗⃗⃗⃗  ⃗ × 𝑨𝑫⃗⃗⃗⃗⃗⃗ ) 

𝒅𝒆𝒕(𝑽) = |
𝟑 −𝟏 −𝟐
−𝟏 𝟏 −𝟏
𝟏 −𝟏 𝟎

| 

𝒅𝒆𝒕(𝑽) = −𝟐 
𝑻𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒊𝒑𝒊𝒑𝒆𝒅 

𝒊𝒔 𝟐 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔. 
 

𝑺𝑷. 𝟔𝟏𝟑.  𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟐, 𝟒, 𝟏); 𝑩(𝟒, 𝟐, 𝟓). 
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆  𝒎𝒆𝒅𝒊𝒂𝒕𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕[𝑨𝑩]. 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

𝑻𝒉𝒆 𝒎𝒆𝒅𝒊𝒂𝒕𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆  𝒎𝒊𝒅𝒑𝒐𝒊𝒏𝒕 𝑪 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒏𝒈 
𝑨 𝒂𝒏𝒅 𝑩. 

𝑪 = (
𝒙𝑨 + 𝒙𝑩

𝟐
,
𝒚𝑨 + 𝒚𝑩

𝟐
,
𝒛𝑨 + 𝒛𝑩
𝟐

) , 𝑪 = (
𝟐 + 𝟒

𝟐
,
𝟒 + 𝟐

𝟐
,
𝟏 + 𝟓

𝟐
) = (𝟑, 𝟑, 𝟑) 

𝑻𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 ⊥ 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 [𝑨𝑩]. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝑨𝑩⃗⃗⃗⃗⃗⃗  𝒔𝒆𝒓𝒗𝒆𝒔 𝒂𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒏⃗⃗  𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆: 

𝒏⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊̂ + (𝒚𝑩 − 𝒚𝑨)𝒋̂ + (𝒛𝑩 − 𝒛𝑨)𝒌̂ 
𝒏⃗⃗ = (𝟐,−𝟐, 𝟒) ⟹ 𝒏⃗⃗ = (𝟏,−𝟏 − 𝟐) 

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒘𝒊𝒕𝒉 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓(𝒂, 𝒃, 𝒄) 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒑𝒐𝒊𝒏𝒕 
(𝑿, 𝒀, 𝒁) 𝒊𝒔: 

𝒂(𝒙 − 𝑿) + 𝒃(𝒚 − 𝒀) + 𝒄(𝒛 − 𝒁) = 𝟎 
𝟏(𝒙 − 𝟑) − 𝟏(𝒚 − 𝟑) + 𝟐(𝒛 − 𝟑) = 𝟎 

𝒙 − 𝒚 + 𝟐𝒛 − 𝟔 = 𝟎 
: 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒆𝒅𝒊𝒂𝒕𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 

𝒙 − 𝒚 + 𝟐𝒛 − 𝟔 = 𝟎 
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𝑱𝑷. 𝟓𝟗𝟒.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

(𝐬𝐢𝐧 𝒙)𝟐𝟎𝟐𝟐(𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟒 =
𝟏

𝟐𝟐𝟎𝟐𝟐
 

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 
 

(𝐬𝐢𝐧 𝒙)𝟐𝟎𝟐𝟐(𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟒 = (𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙)𝟐𝟐𝟐(𝐜𝐨𝐬 𝒙)𝟐 

(
𝐬𝐢𝐧 𝟐𝒙

𝟐
)
𝟐𝟎𝟐𝟐

(𝐜𝐨𝐬 𝒙)𝟐 =
𝟏

𝟐𝟐𝟎𝟐𝟐
,   (𝐬𝐢𝐧𝟐𝒙)𝟐𝟎𝟐𝟐(𝐜𝐨𝐬 𝒙)𝟐 = 𝟏 

|𝐬𝐢𝐧 𝟐𝒙| ≤ 𝟏, (𝐜𝐨𝐬 𝒙)𝟐 ≤ 𝟏 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒏𝒆𝒆𝒅𝒔 (𝐬𝐢𝐧𝟐𝒙)𝟐𝟎𝟐𝟐 = 𝟏 𝒂𝒏𝒅 (𝐜𝐨𝐬 𝒙)𝟐 = 𝟏 

(𝐜𝐨𝐬 𝒙)𝟐 = 𝟏 ⟹ 𝒙 = 𝒓𝝅 
𝟐𝒙 = 𝟐 𝒓𝝅 ⟹ 𝐬𝐢𝐧𝟐𝒙 = 𝟎 
(𝐬𝐢𝐧𝟐𝒙)𝟐𝟎𝟐𝟐 = 𝟎 ⇏ 𝟏 

: 𝒙 ∈ ∅ 

 

𝑺𝑷. 𝟓𝟗𝟎.  𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎 𝒊𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔(𝒙, 𝒚, 𝒛)

∈ 𝑵∗ × 𝑵∗ × 𝒁. 

{
𝒙𝟑 − 𝒚𝟐 + 𝟐𝒛 = 𝟎

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟏𝟕𝟗
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑺𝒂𝒊𝒅 𝑨𝒕𝒕𝒂𝒐𝒖𝒊 − 𝑨𝒍𝒈𝒆𝒓𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨𝒅𝒅𝒊𝒏𝒈 𝒃𝒐𝒕𝒉 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 ∶  𝒙𝟑 + 𝒙𝟐 + 𝒛𝟐 + 𝟐𝒛 = 𝟏𝟕𝟗⟹ 𝒙𝟑 + 𝒙𝟐 + (𝒛 + 𝟏)𝟐 = 𝟏𝟖𝟎 

(𝒛 + 𝟏)𝟐 = 𝟏𝟖𝟎− 𝒙𝟑 − 𝒙𝟐  ⟹ 𝒙𝟑 + 𝒙𝟐 ≤ 𝟏𝟖𝟎 ⟹ 𝒙 ∈ {𝟏, 𝟐, 𝟑, 𝟒, 𝟓}  𝒇𝒐𝒓 𝒙 ∈ 𝑵∗ 

⟹ 𝒙 ∈ {𝟏, 𝟐, 𝟒, 𝟓} 𝒓𝒆𝒋𝒆𝒄𝒕𝒔     𝒂𝒔  𝟏𝟖𝟎 − 𝒙𝟑 − 𝒙𝟐 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆. 

𝑭𝒐𝒓 𝒙 = 𝟑 ⟹ 𝒛 ∈ {𝟏𝟏,−𝟏𝟑}  

: {
𝒛 = 𝟏𝟏 ⟹ 𝒚 = 𝟕
𝒛 = −𝟏𝟑 ⟹ 𝒚 = 𝟏

 

(𝒙, 𝒚, 𝒛) ∈ (𝟑, 𝟕, 𝟏𝟏), (𝟑, 𝟏, −𝟏𝟑) 
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𝑺𝑷. 𝟓𝟖𝟔.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

{
 

 (√𝒙 + 𝒚 − √𝒙) (√𝒙
𝟐 + 𝒙𝒚 + 𝟏) = 𝒙𝒚

𝒙 + 𝒚 + 𝒛 = 𝟑

(√𝒚 + 𝒛 − √𝒚) (√𝒚𝟐 + 𝒚𝒛 + 𝟏) = 𝒛𝒚

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝒚(√𝒙√𝒙 + 𝒚 + 𝟏)

(√𝒙 + 𝒚 + √𝒙)
= 𝒙𝒚 ⟹⏞

𝒕=√𝒙

𝒕√𝒕𝟐 + 𝒚 + 𝟏 = 𝒕𝟐√𝒕𝟐 + 𝒚 + 𝒕𝟑 

𝟏 − 𝒕𝟑 = √𝒕𝟐 + 𝒚. (𝒕𝟐 − 𝒕) ⟹ (𝟏 − 𝒕) (𝟏 + 𝒕 + 𝒕𝟐 + 𝒕√𝒕𝟐 + 𝒚) = 𝟎 

(𝟏 − 𝒕) (𝟏 + 𝒕 + 𝒕𝟐 + 𝒕√𝒕𝟐 + 𝒚) = 𝟎⟹ 𝒕 = 𝟏 ⟹ 𝒙 = 𝟏 

𝒛(√𝒚√𝒚 + 𝒛 + 𝟏)

(√𝒚 + 𝒛 + √𝒚)
= 𝒚𝒛 ⟹⏞

𝒌=√𝒚

𝒌√𝒌𝟐 + 𝒛 + 𝟏 = 𝒌𝟐√𝒌𝟐 + 𝒛 + 𝒌𝟑 

𝟏 − 𝒌𝟑 = √𝒌𝟐 + 𝒛. (𝒌𝟐 − 𝒌) ⟹ (𝟏 − 𝒌) (𝟏 + 𝒌 + 𝒌𝟐 + 𝒌√𝒌𝟐 + 𝒛) = 𝟎 

(𝟏 − 𝒌) (𝟏 + 𝒌 + 𝒌𝟐 + 𝒌√𝒌𝟐 + 𝒛) = 𝟎 ⟹ 𝒌 = 𝟏⟹ 𝒚 = 𝟏 

𝒙 + 𝒚 + 𝒛 = 𝟑 ⟹ 𝒛 = 𝟏 

𝑻𝒉𝒖𝒔 , 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒊𝒔 (𝒙, 𝒚, 𝒛) = (𝟏, 𝟏, 𝟏) 

𝑱𝑷. 𝟓𝟗𝟐.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔:   

𝟐𝒙 + 𝟑𝒚 + 𝟓𝒛 = 𝟏𝟎 

|√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 −√
𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
+
𝟏

𝒛𝟐
| = |𝒙 −

𝟏

𝒙
| + |𝒚 −

𝟏

𝒚
| + |𝒛 −

𝟏

𝒛
| 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑳𝒆𝒕 𝒂⃗⃗ = (𝒙, 𝒚, 𝒛) 𝒂𝒏𝒅 𝒃⃗⃗ = (
𝟏

𝒙
,
𝟏

𝒚
,
𝟏

𝒛
) 
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𝑩𝒚 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶  ||𝒂| − |𝒃|| ≤ ||𝒂 − 𝒃|| 

|√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − √
𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
+
𝟏

𝒛𝟐
| ≤ √(𝒙 −

𝟏

𝒙
)
𝟐

+ (𝒚 −
𝟏

𝒚
)
𝟐

+ (𝒛 −
𝟏

𝒛
)
𝟐

 

𝑻𝒐 𝒔𝒉𝒐𝒘 ∶  √(𝒙 −
𝟏

𝒙
)
𝟐

+ (𝒚 −
𝟏

𝒚
)
𝟐

+ (𝒛 −
𝟏

𝒛
)
𝟐

 ≤ |𝒙 −
𝟏

𝒙
| + |𝒚 −

𝟏

𝒚
| + |𝒛 −

𝟏

𝒛
| 

𝑳𝒆𝒕 𝒎 = |𝒙 −
𝟏

𝒙
| , 𝒏 = |𝒚 −

𝟏

𝒚
| , 𝒑 = |𝒛 −

𝟏

𝒛
| ,𝒎,𝒏, 𝒑 > 0 

𝒎𝟐 + 𝒏𝟐 + 𝒑𝟐 ≤ (𝒎 + 𝒏 + 𝒑)𝟐 ⟹ 𝟐(𝒎𝒏+ 𝒏𝒑 + 𝒑𝒎) ≥ 𝟎 

|√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 −√
𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
+
𝟏

𝒛𝟐
| ≤ |𝒙 −

𝟏

𝒙
| + |𝒚 −

𝟏

𝒚
| + |𝒛 −

𝟏

𝒛
| 

𝑨𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒕𝒐 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏 ∶ 

|√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 −√
𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
+
𝟏

𝒛𝟐
| = |𝒙 −

𝟏

𝒙
| + |𝒚 −

𝟏

𝒚
| + |𝒛 −

𝟏

𝒛
| 

𝒙

(
𝟏
𝒙)
=

𝒚

(
𝟏
𝒚)
=

𝒛

(
𝟏
𝒛)
= 𝒌 ⟹ 𝒙𝟐 = 𝒚𝟐 = 𝒛𝟐 =

𝟏

𝒌
 

𝒙 −
𝟏

𝒙
= 𝒚 −

𝟏

𝒚
= 𝒛 −

𝟏

𝒛
= 𝟎⟹ 𝒙, 𝒚, 𝒛 ∈ {−𝟏, 𝟏} 

𝑻𝒉𝒖𝒔, 𝒕𝒉𝒆 𝒖𝒏𝒊𝒒𝒖𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 (𝒙,𝒚, 𝒛) = (𝟏, 𝟏, 𝟏) 
 

𝑱𝑷. 𝟓𝟖𝟕. 𝑰𝒇 𝒙, 𝒚 ≥ 𝟏 𝒕𝒉𝒆𝒏:  

𝐥𝐧 𝒙𝒚 (𝟐 𝐥𝐧 𝒙𝒚 + 𝟏) ≥ 𝟒(𝐥𝐧 𝒙√𝐥𝐧𝒚 + 𝐥𝐧𝒚√𝐥𝐧 𝒙) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑳𝒆𝒕 𝒎 = √𝐥𝐧 𝒙  𝒂𝒏𝒅 𝒏 = √𝐥𝐧𝒚 

(𝒎𝟐 + 𝒏𝟐)(𝟐𝒎𝟐 + 𝟐𝒏𝟐 + 𝟏) ≥ 𝟒(𝒎𝟐𝒏 + 𝒏𝟐𝒎) 



 

27 
 

𝟒𝒎𝒏(𝒎 + 𝒏) ≤ (𝒎+ 𝒏)𝟐(𝒎 + 𝒏) = (𝒎 + 𝒏)𝟑 

(𝒎𝟐 + 𝒏𝟐)(𝟐𝒎𝟐 + 𝟐𝒏𝟐 + 𝟏) ≥ (𝒎+ 𝒏)𝟑 

(𝒎 + 𝒏)𝟑 = (𝒎+ 𝒏)𝟐(𝒎 + 𝒏) ≤ 𝟐(𝒎𝟐 + 𝒏𝟐)(𝒎 + 𝒏) 

𝟐(𝒎𝟐 + 𝒏𝟐)(𝒎 + 𝒏) ≤ (𝒎𝟐 + 𝒏𝟐)(𝟐𝒎𝟐 + 𝟐𝒏𝟐 + 𝟏) 

𝟐(𝒎+ 𝒏) ≤ (𝟐𝒎𝟐 + 𝟐𝒏𝟐 + 𝟏) 

𝒎𝟐 − 𝟐𝒎+ 𝟐𝒏𝟐 − 𝟐𝒏 + 𝟏 ≥ 𝟎 

⟹ (𝒎−
𝟏

𝟐
)
𝟐

+ (𝒏 −
𝟏

𝟐
)
𝟐

+𝒎𝟐 + 𝒏𝟐 ≥ 𝟎  

𝒘𝒉𝒊𝒄𝒉 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒎,𝒏 ≥ 𝟎 
 

𝑼𝑷. 𝟔𝟎𝟖.  𝑰𝒇 𝒇: 𝑹 → (𝟏,∞) 𝒂𝒏𝒅 𝒇: 𝑹 → 𝑹 𝒂𝒓𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔  

𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔, 𝒂𝒏𝒅 (𝑳𝒏)𝒏≥𝟎 𝒊𝒔 𝑳𝒖𝒄𝒂𝒔 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆, 𝒂𝒏𝒅  

𝒚𝒏 = √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏

  , 𝒏 ∈ 𝑵∗ − {𝟏} , 𝒇𝒊𝒏𝒅: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖, 𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

 ⟹ (𝟏) 

𝑰𝒏 ⟹⏞
𝒙→𝒚𝒏+𝟏+𝒚𝒏−𝒙

 ∫
(𝒇(𝒚𝒏+𝟏 − 𝒙))

𝒈(𝒙−𝒚𝒏)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

⟹ (𝟐) 

𝑰𝒏 =
(𝒚𝒏+𝟏 − 𝒚𝒏)

𝟐
 

𝑳𝒆𝒕 𝑲𝒏 = (𝟐𝒏 − 𝟏)‼ 𝑳𝒏  ⟹⏞
𝑫′𝑨𝒍𝒆𝒎𝒃𝒆𝒓𝒕′𝒔 𝑻𝒉𝒆𝒐𝒓𝒆𝒎

𝐥𝐢𝐦
𝒏⟶∞

𝒚𝒏
𝒏
= 𝐥𝐢𝐦

𝒏⟶∞
√
𝑲𝒏
𝒏𝒏

𝒏
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𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) = 𝐥𝐢𝐦
𝒏⟶∞

𝒚𝒏
𝒏
= 𝐥𝐢𝐦

𝒏⟶∞
√
𝑲𝒏
𝒏𝒏

𝒏

 

𝐥𝐢𝐦
𝒏⟶∞

𝑲𝒏+𝟏
𝑲𝒏

𝒏𝒏

(𝒏 + 𝟏)𝒏+𝟏
=
𝟏

𝒆
𝐥𝐢𝐦
𝒏⟶∞

𝑳𝒏+𝟏
𝑳𝒏

(𝟐𝒏 + 𝟏)‼

𝒏(𝟐𝒏 − 𝟏)‼
=
𝟐

𝒆
𝐥𝐢𝐦
𝒏⟶∞

𝑳𝒏+𝟏
𝑳𝒏

 

𝑳𝒆𝒕 𝐥𝐢𝐦
𝒏⟶∞

𝑳𝒏+𝟏
𝑳𝒏

= 𝒌 

𝑳𝒏+𝟏 = 𝑳𝒏 + 𝑳𝒏−𝟏 ⟹
𝑳𝒏+𝟏
𝑳𝒏

= 𝟏 +
𝑳𝒏−𝟏
𝑳𝒏

 

𝐥𝐢𝐦
𝒏⟶∞

𝑳𝒏+𝟏
𝑳𝒏

= 𝐥𝐢𝐦
𝒏⟶∞

𝟏 + 𝐥𝐢𝐦
𝒏⟶∞

𝑳𝒏−𝟏
𝑳𝒏

 

𝒌 = 𝟏 +
𝟏

𝒌
⟹ 𝒌𝟐 − 𝒌 − 𝟏 = 𝟎⟹ 𝒌 = 𝝓 

𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏)

𝟐
=
𝝓

𝒆
=
𝟏 + √𝟓

𝟐𝒆
 

 

𝑼𝑷. 𝟔𝟎𝟔.  𝑰𝒇 𝒇: 𝑹 ⟶ (𝟏,∞) 𝒂𝒏𝒅 𝒈: 𝑹 →  𝑹 𝒂𝒓𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔  

𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔, 𝒂𝒏𝒅 𝒚𝒏 = √𝒏!𝑭𝒏
𝒏  , 𝒏 ∈ 𝑵∗ − {𝟏},𝒘𝒉𝒆𝒓𝒆 (𝑭𝒏)𝒏≥𝟎 𝒊𝒔  

𝑭𝒊𝒃𝒐𝒏𝒂𝒄𝒄𝒊′𝒔 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 , 𝒇𝒊𝒏𝒅: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫.𝑴.𝑩𝒂𝒕𝒊𝒏𝒆𝒕𝒖 − 𝑮𝒊𝒖𝒓𝒈𝒊𝒖,𝑵𝒆𝒄𝒖𝒍𝒂𝒊 𝑺𝒕𝒂𝒏𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

 ⟹ (𝟏) 

𝑰𝒏 ⟹⏞
𝒙→𝒚𝒏+𝟏+𝒚𝒏−𝒙

 ∫
(𝒇(𝒚𝒏+𝟏 − 𝒙))

𝒈(𝒙−𝒚𝒏)

(𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

+ (𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

𝒅𝒙

𝒚𝒏+𝟏

𝒚𝒏

⟹ (𝟐) 
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𝑰𝒏 =
(𝒚𝒏+𝟏 − 𝒚𝒏)

𝟐
 

𝑳𝒆𝒕 𝑲𝒏 = 𝒏! 𝑭𝒏  ⟹⏞
𝑫′𝑨𝒍𝒆𝒎𝒃𝒆𝒓𝒕′𝒔 𝑻𝒉𝒆𝒐𝒓𝒆𝒎

𝐥𝐢𝐦
𝒏⟶∞

𝒚𝒏
𝒏
= 𝐥𝐢𝐦

𝒏⟶∞
√
𝑲𝒏
𝒏𝒏

𝒏

 

𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) = 𝐥𝐢𝐦
𝒏⟶∞

𝒚𝒏
𝒏
= 𝐥𝐢𝐦

𝒏⟶∞
√
𝑲𝒏
𝒏𝒏

𝒏

 

𝐥𝐢𝐦
𝒏⟶∞

𝑲𝒏+𝟏
𝑲𝒏

𝒏𝒏

(𝒏 + 𝟏)𝒏+𝟏
=
𝟏

𝒆
𝐥𝐢𝐦
𝒏⟶∞

(𝒏 + 𝟏)!𝑭𝒏+𝟏
𝒏.𝒏!𝑭𝒏

=
𝟏

𝒆
𝐥𝐢𝐦
𝒏→∞

(
𝑭𝒏+𝟏
𝑭𝒏

) =
𝝓

𝒆
 

𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏)

𝟐
=
𝟏 + √𝟓

𝟒𝒆
 

𝑺𝑷. 𝟔𝟎𝟓.  𝑳𝒆𝒕 𝑨(𝟏, 𝟐, 𝟏); 𝑩(𝟐, 𝟏, 𝟑); 𝑪(𝟒, 𝟒, 𝟒). 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 

 𝒑𝒐𝒊𝒏𝒕 𝑨 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝑩𝑪. 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑪⃗⃗ − 𝑩⃗⃗ = (𝟐, 𝟑, 𝟏)     , 𝑩𝑨⃗⃗⃗⃗⃗⃗  = 𝑨⃗⃗ − 𝑩⃗⃗ = (−𝟏, 𝟏, −𝟐), 𝑫 =
|𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ |

|𝑩𝑪⃗⃗⃗⃗⃗⃗ |
 

𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ = ⌈
𝒊 𝒋 𝒌⃗⃗ 

−𝟏 𝟏 −𝟐
𝟐 𝟑 𝟏

⌉ = (𝟕,−𝟑, −𝟓) 

|𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ | = √𝟖𝟑 , |𝑩𝑪⃗⃗⃗⃗⃗⃗ | = √𝟏𝟒 

⟹ 𝑻𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆(𝑫) 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆  𝒑𝒐𝒊𝒏𝒕 𝑨 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝑩𝑪 𝒊𝒔 
√𝟖𝟑

√𝟏𝟒
 

𝑺𝑷. 𝟔𝟎𝟒.  𝑳𝒆𝒕 𝒃𝒆 𝑨(𝟐, 𝟏, 𝟎); 𝑩(𝟏, 𝟐, 𝟏); 𝑪(𝟑, 𝟑, 𝟑); 𝑫(𝟎, 𝟎, 𝟒). 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆  

𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝑫 𝒕𝒐 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒑𝒍𝒂𝒏𝒆 (𝑨𝑩𝑪). 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩⃗⃗ − 𝑨⃗⃗ = (−𝟏, 𝟏, 𝟏) , 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪⃗⃗ − 𝑨⃗⃗ = (𝟏, 𝟐, 𝟑) 
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𝒏⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊̂ 𝒋̂ 𝒌̂
−𝟏 𝟏 𝟏
𝟏 𝟐 𝟑

| = (𝟏, 𝟒,−𝟑) 

𝑷𝒐𝒊𝒏𝒕 − 𝒏𝒐𝒓𝒎𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒂(𝒙 − 𝒙𝟎) + 𝒃(𝒚 − 𝒚𝟎) + 𝒄(𝒛 − 𝒛𝟎) = 𝟎 

𝟏(𝒙 − 𝟐) + 𝟒(𝒚 − 𝟏) + (−𝟑)(𝒛 − 𝟎) = 𝟎 ⟹ 𝒙 + 𝟒𝒚 − 𝟑𝒛 − 𝟔 = 𝟎 

⟹𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒅 𝒇𝒓𝒐𝒎 𝒂 𝒑𝒐𝒊𝒏𝒕 (𝒙𝟎, 𝒚𝟎, 𝒛𝟎) 𝒕𝒐 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 + 𝒅𝟎 = 𝟎 

𝒅 =
|𝒂𝒙𝟎 + 𝒃𝒚𝟎 + 𝒄𝒛𝟎 + 𝒅𝟎|

√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
𝟏𝟖

√𝟐𝟔
 

: 𝑻𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒅 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝑫 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 (𝑨𝑩𝑪) 𝒊𝒔 
𝟏𝟖

√𝟐𝟔
  

𝑱𝑷. 𝟔𝟎𝟕 𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍𝒔: 

√𝟖𝒙 − 𝟕
𝟒

+ √𝟑 − 𝟐𝒙𝟒
𝟒

= 𝟐 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝒙 ≥
𝟕

𝟖
, 𝒙𝟒 ≤

𝟑

𝟐
 𝒍𝒆𝒕 𝒎 = √𝟖𝒙 − 𝟕

𝟒
 , 𝒏 = √𝟑 − 𝟐𝒙𝟒

𝟒
 ,𝒎 + 𝒏 = 𝟐 

𝒎𝟒 + 𝒏𝟒 ≥
(𝒎+ 𝒏)𝟒

𝟖
= 𝟐 , 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝒎 = 𝒏. 

𝒎𝟒 + 𝒏𝟒 = 𝟖𝒙 − 𝟕 + 𝟑 − 𝟐𝒙𝟒 = −𝟐𝒙𝟒 + 𝟖𝒙 − 𝟒 

𝒎𝟒 + 𝒏𝟒 ≥ 𝟐 ⟹ −𝟐𝒙𝟒 + 𝟖𝒙 − 𝟒 ≥ 𝟐 ⟺ 𝒙𝟒 − 𝟒𝒙 + 𝟑 ≤ 𝟎⟹ (𝟏) 

𝒙𝟒 − 𝟒𝒙 + 𝟑 = (𝒙 − 𝟏)𝟐(𝒙𝟐 + 𝟐𝒙 + 𝟑) ≥ 𝟎 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒙.⟹ (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) , 𝒙𝟒 − 𝟒𝒙+ 𝟑 = 𝟎 ⟹ 𝒙 = 𝟏 

𝑺𝑷. 𝟓𝟗𝟔.  𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

{
 
 

 
 (𝐬𝐢𝐧 𝒙)𝟐 =

𝟏

𝟐
+ (𝐬𝐢𝐧(𝒚 − 𝒛))𝟐

(𝐬𝐢𝐧 𝒚)𝟐 =
𝟏

𝟑
+ (𝐬𝐢𝐧(𝒛 − 𝒙))𝟐

(𝐬𝐢𝐧 𝒛)𝟐 =
𝟏

𝟔
+ (𝐬𝐢𝐧(𝒙 − 𝒚))𝟐

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑨 = 𝒚 + 𝒛 − 𝒙 , 𝑩 = 𝒛 + 𝒙 − 𝒚 , 𝑪 = 𝒙 + 𝒚 − 𝒛 

(𝐬𝐢𝐧 𝒙)𝟐 − (𝐬𝐢𝐧(𝒚 − 𝒛))𝟐 = 𝐬𝐢𝐧(𝑩) 𝐬𝐢𝐧(𝑪) ⟹
𝟏

𝟐
 

(𝐬𝐢𝐧𝒚)𝟐 − (𝐬𝐢𝐧(𝒛 − 𝒙))𝟐 = 𝐬𝐢𝐧(𝑪) 𝐬𝐢𝐧(𝑨) ⟹
𝟏

𝟑
 

(𝐬𝐢𝐧 𝒛)𝟐 − (𝐬𝐢𝐧(𝒙 − 𝒚))𝟐 = 𝐬𝐢𝐧(𝑨)𝐬𝐢𝐧(𝑩) ⟹
𝟏

𝟔
 

𝐬𝐢𝐧(𝑨) 𝐬𝐢𝐧(𝑩) 𝐬𝐢𝐧(𝑪) ⟹ ±
𝟏

𝟔
 

𝐬𝐢𝐧(𝑨) = ±
𝟏

𝟑
 , 𝐬𝐢𝐧(𝑩) = ±

𝟏

𝟐
  , 𝐬𝐢𝐧(𝑪) = ±𝟏 

 (𝒙, 𝒚, 𝒛) = (
𝑩 + 𝑪

𝟐
,
𝑨 + 𝑪

𝟐
,
𝑨 + 𝑩

𝟐
)  ,𝒎𝟏, 𝒎𝟐, 𝒎𝟑 ∈ 𝒁. 

(𝑨,𝑩, 𝑪) = (± 𝐬𝐢𝐧−𝟏
𝟏

𝟑
+ 𝟐𝒎𝟏𝝅,± 𝐬𝐢𝐧

−𝟏
𝟏

𝟐
+ 𝟐𝒎𝟐𝝅,±

𝝅

𝟐
+ 𝟐𝒎𝟑𝝅) 

 

 

𝑺𝑷. 𝟓𝟗𝟗  𝑾𝒆 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇:𝑫 → 𝑹 

𝒇(𝒙) = 𝒙 ∫ 𝒕 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)𝒅𝒕,

𝒙+
𝟑
𝒙

𝒙

 

𝒘𝒉𝒆𝒓𝒆 𝑫 𝒊𝒔 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒂𝒍 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏. 

𝒂. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝑫. 

𝒃. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝒙) 𝒊𝒔 𝒆𝒗𝒆𝒏. 

𝒄. 𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙)  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑽𝒂𝒔𝒊𝒍𝒆 𝑴𝒊𝒓𝒄𝒆𝒂 𝑷𝒐𝒑𝒂 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

(𝒂) 𝑫𝒐𝒎𝒂𝒊𝒏 𝑫: 
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𝑭𝒐𝒓 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)  𝒕𝒐 𝒃𝒆 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 , |

𝟏

𝒕
|  ≤ 𝟏 ⟹ |𝒕| ≥ 𝟏 

⟹ 𝑰𝒇 𝒙 > 0 , 𝑥 +
𝟑

𝒙
> 𝑥.  (𝒙 ≥ 𝟏) 𝒔𝒐 𝒕𝒉𝒂𝒕 [𝒙, 𝒙 +

𝟑

𝒙
] ∈ ⟦𝟏,∞) 

⟹ 𝑰𝒇 𝒙 < 0, 𝑥 +
𝟑

𝒙
< 𝑥.   (𝒙 ≤ −𝟏) 𝒔𝒐 𝒕𝒉𝒂𝒕 [𝒙 +

𝟑

𝒙
, 𝒙] ∈ (−∞,−𝟏⟧ 

𝑫 = (−∞,−𝟏⟧ ∪ ⟦𝟏,∞) 
(𝒃)𝑷𝒓𝒐𝒐𝒇 𝒕𝒉𝒂𝒕 𝒇(𝒙) 𝒊𝒔 𝒆𝒗𝒆𝒏.  

𝒇(−𝒙) = (−𝒙) ∫ 𝒕 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)𝒅𝒕

−𝒙−
𝟑
𝒙

−𝒙

⟹⏞
𝒙→−𝒙

𝒙 ∫ 𝒕 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)𝒅𝒕

𝒙+
𝟑
𝒙

𝒙

= 𝒇(𝒙) 

𝒇(−𝒙) = 𝒇(𝒙)   ∀𝒙 ∈ 𝑫 
 

(𝒄) 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) 

𝑺𝒊𝒏𝒄𝒆 𝒇(𝒙)  𝒊𝒔 𝒆𝒗𝒆𝒏 , 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→+∞

𝒇(𝒙)   

𝒕 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
) = 𝒕 (

𝟏

𝒕
+ 𝑶(

𝟏

𝒕𝟑
)) = 𝟏 + 𝑶(

𝟏

𝒕𝟐
) 

∫ 𝒕 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)𝒅𝒕

𝒙+
𝟑
𝒙

𝒙

= ∫ (𝟏+ 𝑶(
𝟏

𝒕𝟐
))𝒅𝒕

𝒙+
𝟑
𝒙

𝒙

=
𝟑

𝒙
+ 𝑶(

𝟏

𝒙𝟑
) 

𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→+∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→+∞

(𝟑 + 𝑶(
𝟏

𝒙𝟐
)) = 𝟑 

 

𝑼𝑷. 𝟓𝟖𝟗.  𝑰𝒇 𝑿, 𝒀, 𝒁 ∈ 𝑴𝟒(𝑪) 𝒂𝒓𝒆 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕: 

{
𝑿 = 𝟐𝒀 + 𝒁
𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁
𝑿𝟑 = 𝟖𝒀 + 𝟏𝟐𝒁

      𝒕𝒉𝒆𝒏: 𝑿𝟐𝟎𝟐𝟒 = 𝟐𝟐𝟎𝟐𝟒𝒀 + 𝟐𝟎𝟐𝟒. 𝟐𝟐𝟎𝟐𝟑. 𝒁 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝑰𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑿 = 𝟐𝒀 + 𝒁 ⟹ 𝒁 = 𝑿 − 𝟐𝒀 
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𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁⟹ 𝑿𝟐 = 𝟒𝒀 + 𝟒(𝑿 − 𝟐𝒀) ⟹ 𝟒𝒀 = 𝟒𝑿 − 𝑿𝟐 

𝑿𝟑 = 𝟖𝒀 + 𝟏𝟐𝒁 = 𝟖𝒀 + 𝟏𝟐(𝑿 − 𝟐𝒀) = 𝟏𝟐𝑿− 𝟏𝟔𝒀 

𝑿𝟑 − 𝟒𝑿𝟐 + 𝟒𝑿 = 𝟎 ⟹ 𝑿(𝑿− 𝟐)𝟐 = 𝟎 

𝑿𝒏 = 𝑲𝒏𝑿+ 𝑷𝒏𝑿
𝟐 

𝑿𝒏 = 𝑲𝒏(𝟐𝒀 + 𝒁) + 𝑷𝒏(𝟒𝒀 + 𝟒𝒁) 

𝟐𝒏 = 𝟐𝑲𝒏 + 𝟒𝑷𝒏   ,   𝒏. 𝟐
𝒏−𝟏 = 𝑲𝒏 + 𝟒𝑷𝒏  ⟹ 𝑲𝒏 = (𝟐 − 𝒏)𝟐

𝒏 , 𝑷𝒏 = (𝒏 − 𝟏)𝟐
𝒏−𝟏 

𝑿𝒏 = (𝟐 − 𝒏)𝟐𝒏(𝟐𝒀 + 𝒁) + (𝒏 − 𝟏)𝟐𝒏−𝟏(𝟒𝒀 + 𝟒𝒁) 

𝑿𝒏 = 𝟐𝒏𝒀 + 𝒏.𝟐𝒏−𝟏𝒁 

𝑭𝒐𝒓 𝒏 = 𝟐𝟎𝟐𝟒 , 𝑿𝟐𝟎𝟐𝟒 = 𝟐𝟐𝟎𝟐𝟒𝒀 + 𝟐𝟎𝟐𝟒. 𝟐𝟐𝟎𝟐𝟑 . 𝒁 

𝑼𝑷. 𝟓𝟗𝟎.  𝑰𝒇 𝑨, 𝑩 ∈ 𝑴𝟒(𝑹); 𝑨. 𝑩 = 𝑩. 𝑨  𝑻𝒉𝒆𝒏: 

𝒅𝒆𝒕 (𝑨𝟒 + 𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 + 𝑩𝟐)) ≥ 𝟎 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

⟹ 𝒅𝒆𝒕 (
𝑨𝟓 −𝑩𝟓

𝑨 −𝑩
) 

= 𝒅𝒆𝒕(𝑨 −𝝎𝑩). 𝒅𝒆𝒕(𝑨 − 𝝕𝑩).𝒅𝒆𝒕(𝑨 − 𝝎𝟐𝑩). 𝒅𝒆𝒕(𝑨 − 𝝕𝟐𝑩) 

= 𝒅𝒆𝒕(𝑨 − 𝝕𝑩) = 𝒅𝒆𝒕(𝑨 −𝝎𝑩)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

= |𝒅𝒆𝒕(𝑨 − 𝝎𝑩)|𝟐|𝒅𝒆𝒕(𝑨 −𝝎𝟐𝑩)|
𝟐
≥ 𝟎 

⟹ 𝒅𝒆𝒕 (𝑨𝟒 +𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 +𝑩𝟐)) ≥ 𝟎 

 

𝑼𝑷. 𝟓𝟗𝟔.  𝑰𝒇 𝒙 > 𝟎, 𝒚 > 𝟎, 𝒛 > 𝟎  𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝒖 > 𝟎 

 𝒔𝒖𝒄𝒉 𝒂𝒔  
𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚 + 𝐬𝐢𝐧 𝒚 𝐬𝐢𝐧 𝒛 + 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧 𝒙

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
=
𝐬𝐢𝐧𝒖

𝒖
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑪𝒓𝒊𝒔𝒕𝒊𝒂𝒏 𝑴𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

𝑺𝒊𝒏𝒄𝒆 𝒙, 𝒚, 𝒛 > 0 , 𝟎 < 𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧𝒚 < 𝑥𝑦 



 

34 
 

𝟎 < 𝐬𝐢𝐧𝒚 𝐬𝐢𝐧 𝒛 < 𝑦𝑧, 𝟎 < 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧𝒙 < 𝑧𝑥 

𝟎 < 𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧𝒚 + 𝐬𝐢𝐧𝒚 𝐬𝐢𝐧 𝒛 + 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧 𝒙 < 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 

𝟎 <
𝐬𝐢𝐧𝒙 𝐬𝐢𝐧𝒚 + 𝐬𝐢𝐧𝒚 𝐬𝐢𝐧 𝒛 + 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧𝒙

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
< 1 

𝑳𝒆𝒕 𝒇(𝒖) =
𝐬𝐢𝐧𝒖

𝒖
, 𝒇(𝒖) =

𝐬𝐢𝐧 𝒖

𝒖
 𝒊𝒔 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐 𝒖𝒔 𝒐𝒏 (𝟎,𝝅) ∶ 

𝐥𝐢𝐦
𝒖→𝟎+

𝒇(𝒖) = 𝟏  , 𝒇(𝝅) = 𝟎 

𝑩𝒚 𝑰𝒏𝒕𝒆𝒓𝒎𝒆𝒅𝒊𝒂𝒕𝒆 𝑽𝒂𝒍𝒖𝒆 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 , 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 

 𝒖 ∈ (𝟎, 𝝅)  𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶  
𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧𝒚 + 𝐬𝐢𝐧𝒚 𝐬𝐢𝐧 𝒛 + 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧𝒙

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
=
𝐬𝐢𝐧𝒖

𝒖
 

𝑺𝑷. 𝟓𝟗𝟏.  𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 , 𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖 ≤ 𝟕𝟔𝟖   𝒕𝒉𝒆𝒏: 

∑
𝟏

√𝟒 + 𝒂𝟓
≥
𝟏

𝟐
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒂𝒓𝒊𝒏 𝑪𝒉𝒊𝒓𝒄𝒊𝒖 − 𝑹𝒐𝒎𝒂𝒏𝒊𝒂 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒃𝒚 𝑶𝒎𝒌𝒖𝒎𝒂𝒓 𝑹𝒂𝒐 − 𝑰𝒏𝒅𝒊𝒂 

⟹⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒐𝒓𝒎′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚

∑
𝟏

√𝟒 + 𝒂𝟓
≥

𝟗

√𝟒 + 𝒂𝟓 + √𝟒 + 𝒃𝟓 + √𝟒 + 𝒄𝟓
 

(√𝟒 + 𝒂𝟓 +√𝟒 + 𝒃𝟓 + √𝟒 + 𝒄𝟓)
𝟐

≤ (𝟗)(𝟏𝟐 + 𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓) 

⟹⏞
𝑷𝒐𝒘𝒆𝒓−𝑴𝒆𝒂𝒏 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚

(
𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓

𝟑
)

𝟏
𝟓

≤ (
𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖

𝟑
)

𝟏
𝟖

 

(
𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓

𝟑
)

𝟏
𝟓

≤ (𝟐𝟓𝟔)
𝟏
𝟖 = 𝟐 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 ≤ 𝟗𝟔 

(√𝟒 + 𝒂𝟓 +√𝟒 + 𝒃𝟓 +√𝟒 + 𝒄𝟓)
𝟐

≤ (𝟗)(𝟏𝟐 + 𝟗𝟔) = 𝟑𝟐𝟒 

∑
𝟏

√𝟒 + 𝒂𝟓
≥
𝟗

𝟏𝟖
=
𝟏

𝟐
 

 


