ROMANIAN MATHEMATICAL MAGAZINE

SOLVED RMM-PROBLEMS BY OMKUMAR RAO
By Omkumar Rao-India

SP.610.1f a,b,c > 0 then:

Jaz+1+yb2+1+Je2+1=/(a+b+c)?+9

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

m = (a,1),n = (b,1),q4 = (c, 1)
Let |m| =va? + 1,5 = Vb2 +1,|q] =2 +1

By Triangle Inequality of vectors:
|m| + |7i] + 4] = |m+ 7+ 4| > (1)
m+n+q=(a+b+c3)
m+7n+q| =+ (a+b+c)?+32
From (1):
vaz +1+yb2+1+c2+1=/(a+b+c)?+9
Equality holds if and only if the vectors

m,n,q are collinear ,that is,
a b c b
1 1 1

SP.611.1f x,y,z > 0 then:
(B +y°+2°)x8 +y° +28) (% + y2 +22)° = (3 + y3 + 23)7
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

Generalized weighted Power — mean (Holder) inequality: for any
positive real numbers m;, k;, q; and positive weights u,v,w satisfying
u+tv+w=1

<i mi>u (i ki>v (i q")w z Z m k" q;"

i=1 i=1 i=1

(m1,m2,m3) = (xs'ys'ZS)' (k1,k2'k3) = (x5, }’6' 2°),(q1,92.93) = (xz,yz,zz)

1
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Weights:u=;,v=;,w=§,u+v+w= 1
(S () () = 3 A%

=)= = (=)

Hence Proved.
SP.594.Find x,y > 0 such that:

(In(xy))? = In(xe).In (g)

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

Let In(x) = a,In(y) = b.Then(a+ b)> = (a+1)(b—1)
a’?+alb+1)+B*-b+1)=0
For ato be real ,the discriminant must be non — negative:

D=(b+1)?%?-4b*>-b+1)>0, —3b2+6b—-3>0
(b-1)2<0=b=1, (a+1)?=0=a=-1
1
ln(x)=—1:>x=; Iny) =1=y=e

1
9 =(gre)
UP.593.For b > a show that:

b
(x+1)3-3x

f e’

a

b3 +1
dx<b—-—a+In

a3 +1

with equality if and only if a = b.
Proposed by HuseyinYigit Emekci — Turkey
Solution by Omkumar Rao — India
Forb>a (x+1)3—-3x=x3+3x%2+1, et > 1+ x3 for all x3 € R,

b
3 +3x%24+1
Letl= | — " " "dx
ex
a
1 < 1
ex* " 1428
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3 +3x2+1 x3+3x2+1
3 < 3
ex x> +1

b b
3 +3x2+1 3x?
T Todx< |1+ dx

ex x3+1

a

I<b +1 Lahat
aTin at+1

Equality holds if and only if a = b,since 0 <0
Hence Proved

SP.592.1f a,b,c > 0and n € N,n = 2 then:
Z aVb" + c* > V2(ab + bc + ca)

Proposed by Marin Chirciu — Romania
Solution by Omkumar Rao — India

Applying Power mean Inequality for n > 2:
1

(b"+c">ﬁ>b+c T E n>,\l/2b+c
2 ) = 2 ¢ = 2

n N2a(b+c) V2b(c+a) “N2c(a+b
Za b + ¢ > (2 U (2 n (2 )

n V2
Za\/b"+cn ZT.Z(ab+bc+ca)

Za" b" + c* > V2(ab + bc + ca)
Hence Proved.
SP.607.Let be the function f:[0,1] - R integrable such that

y

1
£(1) =1 and f F®)dt = (yf(y) - xf(), v,y € [0,1]. Find:

NP

I= jf(x).(tanx)2 dx
0

Proposed by Marian Ursarescu, Florica Anastase — Romania
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Solution by Omkumar Rao
Differentiating both sides with respect toy (treatmg X as constant):

_1 : fo .
) =500 +yr0), [ f ay, ) =ky

Using f(1) = 1: f(y) =

T T
4 4 4 14
14 ?
= jx(tanx)2 dx, I= fx(secx)2 dx — jxdx I= 1 Jtanxdx— 32
0 0 0 0
[ = T m? ll 5
4 32 2"

UP.609.If f:[a,b] — (0, ) is a continuous function such
T
fa+b—x)+ f(x) =c,Vx€labl,a+ b= >

(sinx)"+ f(x) +d
(sinx)® + (cosx)" + ¢ + 2d .

a
wheren € N xandd > 0.

Proposed by D. M. Batinetu — Giurgiu, Neculai Stanciu — Romania
Solution by Omkumar Rao — India

B (sinx)" + f(x) +d
~ ) (sinx)"+ (cosx)™ + ¢ + 2d

dx — (1)

xX—a+b—x
fla+b—x)+f(x)=c

- f (sinx)"+c—f(x)+d
(cosx)™ + (sinx)"+ c + 2d
’ Adding (1) and (2):
’ (sinx)" + (cosx)" +c+ 2d
(sinx)™ + (cosx)"+ c + 2d x
’ b—a
2

dx — (2)

2] =

I =
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JP.611.Find the angle between the real planes:
P1:2x+y+3z—1=0, P2:3x—-2y+z+1=0
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India
The angle between two planes is determined by the angle between their
normal vectors. For plane P1, the normal vector is
n, = (2,1,3) and for plane P2, the normal vector is n, = (3,—-2,1).

The angle 0 between the planes is:

|ny.1,]
cos0 = ———
[1n4]. 03|
0 |7] 7 1
c0sf=———=—=—
V1414 14 2
0= cost () = 60° = rad
= cos )= =3 radians

The angle between planes P1 and P2 is 60° or g radians.

JP.586.1f a,b,c are sides of acute AABC
2 1

— + then (tan B)? > tan A.tan C
a?+c2—-b* b*+c2—-a? c?+a?—b? ( )

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

By the Law of Cosines: b* + ¢* — a? = 2bc cosA,
a’? + ¢ — b?* = 2ac cosB,a? + b?> — c¢? = 2ab cosC

2 B 1 N 1
2accosB  2bc cosA 2ab cosC
2b a c

= +
cosB cosA cosC

By law of Sines,a = 2RsinA,b = 2RsinB,c = 2R sin C.
2tanB =tanA4 +tanC

Since AABC is acute,tanA4,tan A,tan C > 0.

. tanA +tanC
By AM — GM Inequality: — >+vtanA.tanC

:2tanB =tan4d +tanC

tanB > +vtanA.tanC
(tan B)? > tan A.tan C
Hence Proved




ROMANIAN MATHEMATICAL MAGAZINE

SP.606.Let be A(2,1,0); B(0,1,2); €(3,0,1); D(4,4,4). Find the volume of
the tetrahedron ABCD.
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

1 —— > ——>
The volume of tetrahedron ABCD is givenby:V = - |[AB, AC, AD]|
AB=B-4=(-2,02),AC=C-4=(1,-1,1)

L 1]1-2 0 2
AD=D-A=(234), V=21 -1 1
2 3 4
-2 0 2
1 -1 —2[(-D@) - (DB)] - 0[(D(®) — (D(2)] + 2[(DB) - (-D)(2)]
2 3 4

= 24

1 . .
V= A (24) = 4 cubic units

UP.588. If a > 0 then:

a a 2 a 3

o 2 3 2
x X X 9 X
15 ;dxj;dxj;dx <a fﬁdx
0 0 0
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India
Cauchy — Schwarz Inequality:

<I%dx>2 < (fxze‘zxdx><f1dx = a(oj.l:szdx>:> (1)

<Ix2e‘2xdx><f x%dx =%3<Ofa
S<fx e‘z"dx><fax4dx :%5<fa:—:xdx>=>(3)
0

0 0
Multiplying these three nequalities:
2

a a a a 3
x x2 x3 ad a’® x2

Foan B[] (a2 5)( [
x ex ex 3 5 ex

0 0 0

IA
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a z a E

; x axz x3 0 x2
0 0 0 0
Hence Proved

SP.609.1f a,b,c > 0 then:

Jazb? + c? +/c2b? + a? ++/ca? + b2 = \[(a + b + ¢)? + (ab + bc + ca)?

Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India

U= (ab,c),v = (bc,a),,w = (ca,b) € R?:
[U| =+ a2b? + ¢, |v| = v c2b? + a?
|W| = +/c2a? + b?
Minkowski Inequality : |u| + |[v| + |W| > [Uu+V + W|

Uu+v+w=(ab+bc+caa+b+c):
Vazb? + ¢ +/c2b? + a? +/c?a?® + b2 = \/(a+ b + c)? + (ab + bc + ca)?
ab bc ca

E lit :_)_)_)@—=—=—@ =p =
quality: ul|v||w L & c

Hence Proved

UP.611. If R, — R}, is a continuousfunction and (x,,)>1,

n
1 -
Xp = Zi,fmd
k=1

. f(x —e™)
lim

tim | flemn -0+ fa—em)

exn

e‘n+1

Proposed by D. M. Batinetu — Giurgiu, Neculai Stanciu — Romania
Solution by Omkumar Rao — India
e*n+1
f(x —e*n)

In= ei f(e*n+1 — x) + f(x — e*n)

dx - (1)

e‘n+1

x_,exn+:xn+1—x f(exn+1 — x)
N o ®
e'n

—e*n) + f(e*n+1 — x)
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e*n+1
2I, = f 1dx
e*n
exn+1 — exn 1
I, = — e*n+l — e*n = e*n (en+1 - 1)

Xn+1 Xn — pX 1 +0<1) =1 + +1+0(1)
€ er=et \nt1 nz))’ = MRTY T n2

wherey is Euler Mascheroni constant.

I, = nev (1 + 0(%)) (ﬁ) I, = %%(1 + 0(%))

n 1
Asn->o00,—— > 1,1+0(—)—>1
n+1 n

e*n+1

: f(x —e*n) e
4m ,[ f(e*n+1 — x) + f(x — e*n) dx = 2

e*n

UP.597. Find the following limit:

<zn: (Z) sin((k + 1)x)>>

n \k=0
Proposed by Marian Ursarescu, Florica Anastase — Romania
Solution by Omkumar Rao — India

n

Sa(x) = Z (Z) sin((k + 1)x).

k=0

n—oo

1
L = lim (—.lim
n x_)T[

L = lim (cos%)n.sin (g+ g) =1.1

n—-oo

L=1

8
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JP.615. In AABC the following relationship holds:
a4+b4_|_b4+c4_|_c4+a4

> 9612
h? h,* h,>

Proposed by Nguyen Hung Cuong — Romania
Solution by Omkumar Rao — India

The altitudes are:
n _ZS n _ZS h _ZS
a — a yItp — b y e — c

cZ(a* + b*) + a?(b* + ¢*) + b%(c* + a*)

LHS = o
By AM — GM, x* + y* > 2x%y? for all real x,y.
LHS > 6a’b?c?

T 482

By extended law of sines: abc = 4RS
Euler's Inequality:R > 2r
LHS > 9612
Equality holds if and only if both the AM — GM Inequality and
Euler's Inequality are tight ,which occurs if and only if
AABC is equilateral.
Hence Proved

JP.614. In AABC the following relationship holds:
at*+b* b*+c* t+at

+ + > 288713
h hq hy "

Proposed by Nguyen Hung Cuong — Romania

Solution by Omkumar Rao — India
28 28 28

The altitudes are given by : h, = - yh, = o yhy = b
:S — Area of AABC,s — semiperimeter r — inradius ,R — circumradius
cla*+b*) ab*+c*) b(c*+a*)
LHS = + +
285 25 2S5
By AM — GM, x* + y* > 2x%y? for all real x, y.
a.2b%*c? + b.2c%a? + c.2a?b?
LHS > 25
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2abc(ab + bc + ca)
LHS > 25
abc = 4RS, LHS > 4R(ab + bc + ca)
Euler's Inequality : R > 2r
ab + bc + ca = s* + 4Rr +1?

s > 3V3r
LHS > 4.2r.361% = 288713
Equality holds when both Euler's
Inequality and the side — inradius inequality are tight ,which
occurs if and only if AABC is equilateral.
Hence Proved

.By extended law of sines,

UP.607.Calculate the integral:
1

xIlnx d
+D2Z+1)
0

Proposed by Vasile Mircea Popa — Romania

Solution by Omkumar Rao — India
1

1 —Inx Inx xlnx
I=—f( + + )dx

2 x+1 x24+1 x2+1
1 0 1 1
A—flnxd B_j‘ Inx J‘
T x+1 ™ N x2+1
0 0 0
1 (o]
I=—(—A+B+C), Z 1)"J. x"Inxdx

2

- (—1)n n
Z(n+1)2 E((Z):_E

[ ermrdr = =S CD_
B = Z( 1)(_[ xInxdx = Om——G

where G denotes C atalan s constant.

1

xInx

_ 2 _

C—fx2+1dx:>(x—>x), C=-—
0

10
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UP.598. Find the following limit:

n
1 x\3
= li — li k-1 _
irg (x fim ) 37" (sin ) )
k=1

a€ER
Proposed by Marian Ursarescu, Florica Anastase — Romania

Solution by Omkumar Rao — India

(si 9)3_35in9—sin30 'e_x
sin —3 1 , 10 =3¢
X 1 X x
3k-1 (smﬁ) = 4(3"sm§—3" 1sm3k 1)
Letf(k)=3"sm§,k 0,1,2,3,.

ZSkl sin— k 4Z(f(k) f(k - 1))__(f(n) f(0))

1 (3" sm1 — sin x)

371
singz .1 x—sinx
Asn > oo, x. x X L=lim—.——
A x-0 X 4
311
x3 x—sinx x?
x—sinx=?+0(x5), !Ci_l}(}Tzﬁ+0(x4)—>0
asx -0
JP.602. If a,b,c>0and A >0
then:

3

zz a A+1zb >Zz
btic ¢

Proposed by Marin Chirciu — Romania

Solution by Omkumar Rao — India

4

a
b+/1c:zab+/1ac

cyc cyc

Applying (Cauchy — Schwarz, Engel form):

11
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a4 - (ZaZ)Z
;ab+lac_12ab + Y ab

a3 (ZaZ)Z
22b+lc22(l+1)2ab

cyc

zz a3 +A+lz b2 S a?)? +A+1 b
b+ic 2 V=2 A¥DYab 2 a

Applying AM — GM Inequality on RHS:

X a?)? A+1 20 a2)2 A+41
G+DYab 2 “”22\/(,1+1)2ab 2

zz a3 +A+1 b>22 )
b+ Ac | 2 a0 = a

cyc
Therefore, LHS > 2 z a’ = RHS

Hence Proved.

cyc

UP.594. Solve the system:
x—2y+z+2=Kk?
with3 <k <11
x% +y? + 2z = 109659
—x* + y? + 22 = 80929
I3<x<y<yz, x,v,Z€N
Proposed by Said Attaoui — Algeria

Solution by Omkumar Rao — India

(x% + y? + z%) — (—x* + y? + z%) = 28730
x* +x% - 28730 =0, x2 =169 = x =13
(x EN), y? + z2 = 109490
z=2y+k?*—-15  y*+ (2y+ k* —15)% = 109490

5y + 4y(k? — 15) + (k? — 15)? = 109490
For y to have integer solutions ,A must be a perfect square:
A= 547450 — (k? — 15)2, A is aperfect square for k = 10

y? + 68y — 20453 = 0=y = 113z = 311

3<x<y<z=3<13<113<311
| (x,y,2) = (13,113,311) |

12
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JP.600. Calculate the limit of sequence (a,),-1 defined by the following
relationship:
(3

2

1 -
a, = ;f ln(l + e™s'" 1") dx
0

Proposed by Vasile Mircea Popa — Romania

Solution by Omkumar Rao — India
7 2

a, = r_zf In(1+ e™)cosxdx,a, = 1J(nx +In(1+e™))cosxdx

0

s

S

a =E—1+1 In(1+ e ™) cosxdx
o2 n

o — iy

NI ]

1
lim— | In(1+ e™™)cosxdx

n-on
0 T
wln2

2n

T
2 2
1 1
0 SE ln(1+e‘"")cosxdx£; In2dx =
0 0

min2
Asn > oo,

— 0. By Squeeze theorem :

Sle

T

2

f In(1+e™)cosxdx =0
0

T
lima, = 7 1

n—ooo

UP.599.Calculate the integral:
T
cot™lx
—dx
V3 —cosx
-1

In this problem we will consider the definition of the function cot™!x
which has the image the interval (0, ).

Proposed by Vasile Mircea Popa — Romania

13
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Solution by Omkumar Rao — India
[ cotlx

N

-

I(x—:x fn. —cot~lx d @)
= ——dx =
Vv3 —cosx
T TtTl' T
21 j i d | f 1 J
= | ————dx, = | — — dx
V3 —cosx \/3—cosx \/_
“n 0 0 sm 2)
T T T
E_) 2 2 2
bf 1:— (smx J 1+ (cosx oj — (smx
2 dx (smx—>x)
I= nf ) I = f
(sin x)?2 V1 — x2\/2 — x2
0 [1—
2
(xzﬁx) (1-x-%)
_\/_.I-\/_\/l 2 —x \/_J.\/_\/l x?2

(X;X) fx4 (1- x) 2 dx, Iz—fxrl(l—x)f_l dx
2V2 2vz)

aany @) wr()
_ﬁﬁ(li>‘ 22 r(i) ’ _2\/2<m/§>

r(3)

‘ cot 1x i T (I‘ (1))2
—_—dx = — —
J V3 —cosx 4 4

UP.612. If f:R*, - R", is a continuous function and (a,),>q is
defined bya; = a, =1,

n

n
ay 1
An+1 Z 7 vn = 2 and (xn)n>1;xn - Z a_:find

k=1 k

14
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efn+1
lim 1 j fx—e™) 4
im — X
n-oon f(e*n+1 — x) + f(x — e*n)
exn
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu
— Romania

Solution by Omkumar Rao — India

e*n+1 f(x _ exn)
xf fleXn+1 —x) + f(x — e*n) adade

(x > e + e*n+1 — x):

I, =

e*n+1

B f(exn+1 — x)
" ei f(x — e*n) + f(e*n+1 — x) dx = (2)

e*n+1

21n=f 1dx
(x x) e
efn+l — e*n 1
- e i — Xn+1 — pXn
I, > L= lim n(e e*r)
n n—-1
a a a a n
L DI - PR A
k=1 k=1
n
1

1 1 1
Hn=y+lnn+ﬁ+0 n2>' xn=2y+21nn+;+20( )—1

n?
2 _ nZeZY—leZO(nl—Z), ezo( :

1 1
e*n n2=1+20<—2)z1
n

) Apni1
. exn (em - 1) . nzezy_l(z)
s 2n ’ gt 2n(n+1)
L=e*1

UP.610.If f: R, — R, is continuous function and

n Yn
_ 1 fx-v)
e ;"’ﬁnd m"l -0+ fa-n "

Proposed by D. M. Batinetu — Giurgiu, Neculai Stanciu — Romania

15
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Solution by Omkumar Rao — India
_ fx—vy)
I"_yf fn—20)+flx—7v)
(x =y +yn—2:
f()’n_x)
J f=v)+fyn—x)
Yn
21n=j 1dx, ,nz(”nz__")
Y

dx = (1)

Yn

I, = dx = (2)

n

L=limnw, n=—Inn+ z

n-oo 2
=1

n

Yn—Y=—-Inn+ Z

k=1

n
pnasmn — oo
I

1 1
H, = In n+y+2—+0(n2)

1 1 1 1
o oy—Intindy g +0(E) o 5n+0()
limn > =limn >
n—oo n—oo

L=

| -

1
4

JP.613.Find the angle between the lines:
x=3—-2t x=2+4t
dl:{y=1+t ;dzz{y=—1+2t
z=-1+3t z=4-t
(teR)

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

The angle between two lines is determined by the angle between their
direction vectors.For line d,, the direction vector isv, = (—2,1,3),
and for line d,, the direction vector:v, = (4,2,—1)

The angle 0 between the lines is given by:

cosezm, V1.7, = -9, |y, =V14 ,|v,| = V21
11102
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3V6
14
The angle between the lines d, and d, is

3vV6
— -1
0 = cos <—14 )

JP.612. Find the angle between the line d and the real plane P.

cos0 =

x=2+4+3t
d:{y=3—2t
z=1+ 5t

teER; P:2x+y+z—-5=0
Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India
The angle between a line and a plane is determined by the angle between the
line's direction vector and the plane'snormal sector. For line d, the direction
vector isd = (3,-2,5),and for plane P,the normal vector isn = (2,1,1).
The angle 0 between the line and the plane is given by:

dn|
sin=—=——,dn=9

|d|. 17|
|d|=v38, [il=+6

0 — 3V57

sinf = —2
The angle between the line d and the
3V57
plane P is @ = sin™! (W)

SP.593. Solve for real numbers:
(sinx + cosy)? = (sinx + 1)(cosy — 1)
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

m=sinx € [-1,1],n =cosy € [-1,1]:
m+n)?=m+1Dn-1),m?*+mnrn+1D)+m*-n+1)=0
A=m+1)?-4n*>-n+1)
A= —3(n —1)?
A>0=>n-1)?<0=n=1,A=0>m?*+2m+1=0>m= -1
cosy=1=y=2rm,

T
sinx=-1=x= —E+2pn,

17
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r,pELZ.

x,y) = (—§+ 2p1t,2r1t),r,p €Z

JP.588.1f a,b,c,d > 0,abcd = 1

then:

ab+c+dbc+d+aca+b+dda+b+c <1

Proposed by Marin Chirciu — Romania
Solution by Omkumar Rao — India
Letm=a+b+c+d, am-apm-bem-cgm-d < q
(abcd)™ < a®b®c¢d?, a’b?c¢d® > 1
alna+blnb+clnc+dlnd >0

1
Let f(x) = xInx, f’(x)=1+lnx,f”=;>0forx>0

Hence f is a strictly convex function on
(0, ).
Apply Jensen's Inequality:
fla) + f(b) + f(c) + f(d) >f(a+b+c+d)

4
alna+bInb+clnc+dlind a+b+c+d a+b+c+d
= )in )
4 b 4d 4
a+b+c+
By AM — GM Inequality:fz Vabed =V1 =1

a+b+c+d
(1250

alna+bInb+clnc+dind
. > (1)(0)
alna+bInb+clnc+dind =0
This proves that a®b®ccd® > 1,

and hence
ab+c+dbc+d+aca+b+dda+b+c <1

Hence Proved

SP.595. Solve for real numbers:
tan2x + tan 3x + tan 5x = tan 2x.tan 3x.tan 5x

Proposed by Daniel Sitaru — Romania
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Solution by Omkumar Rao — India
tan4d +tanB +tanC —tanAtan Btan C

1—(tanAtanB +tanBtanC + tan Ctan A)
tan2x + tan 3x + tan 5x = tan 2x.tan 3x.tan 5x

tanA+B+C) =

tanA+B+C) =0 A+B+C=rm,r€Z.

10x =rm
rm
*= 710
rrm T
5x=7ei+rn:reven,r=2k
_km ez
X = 5

UP.591.Find:

1%§ZJ (s 1)

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

ORT)=E75 S OGTI=3G 056! )

k=0 k=0

1
Z\/T—‘(Z(Z" D), 0=, MS(zn—1)

=0
0<li / (2"
nl—rj)lo n Z k 1 n—»oo

noo 3
By Squeeze theorem:

rltl—>1?03"2\] k+1

SP.615. Let be A(1,2,3) and the real plane:P:2x+y+z—5=0.
Find the parametrical equations of the
perpendicular line from A to the real plane P.

Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India
Aline 1 to aplane is parallel to the normal vector of that plane.
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Direction vector of the lineisn = {(a,b,c) = (2,1,1)
AX)Y,Z)=(1,2,3),x=X+ady=Y+bAz=Z+cA
{x =1+241

y=2+41
z=3+A41
AER

SP.614.Let be A(1,3,2); B(3,1,1); C(4,2,0).
Find the area of the parallelogram builded on AB and AC.

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

Let the given vertices of the triangle in the three — dimensional Cartesian
coordinate system R3be denoted by their position vectors with respect to the
origin:r, = (1,3,2),rg =(3,1,1),r = (4,2,0)
Aparallelogram embedded in R3defined by two adjacent sides can be
characterized by the directed line segments representing those sides.
AB=rp—1,=2i—-2j—k
AC=r;—r,=3i—j—2k
where i,j, k constitute the standard orthonormal basis for R3.

ABXxAC=|2 _2 _1|,ABXAC=(3,1,4)
3 -1 -2

Area = ||ﬁ X R” = V26 square units

UP.592. Solve for real numbers:
cosx+cosy+cosz=1

(cos x)? + (cos y)? + (cos z)? =1
(cos x)3 + (cos y)3 + (cosz)3 =1

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

m=cCosSx n-= COS}’ ,p = C0SZ
mn,p € [—1,1]
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S, =ab+ bc +ca
S; = abc
(a+ b +c)*> =a?®+ b? + c? + 2(ab + bc + ca)
12 =1+ 2(ab + bc + ca)
S, =ab+bc+ca=0
a3+ b3+ c®—-3abc=(a+b+c)(a?+ b* + c?> —ab — bc — ca)
1-35;=(1)(1-0)
53 = 0
Applying Vieta's relations:
m3 —Slmz +Szm—S3 =0
m*-—m?*=0=>m=0,01
(cosx,cosy,cosz) =(1,0,0)
(cosx,cosy,cosz) =(0,1,0)
(cosx,cosy,cosz) =(0,0,1)
cosY=1=Y =2rmand
T
2
Solution set consisting of all three
permutations:

(2rn’£+'n’£+ 11:)
' ] ' D
wherer,j,pEZ

UP.586. If M,(R); B € M ,(R); AB = (g ‘1)) then find BA .

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

Az(Z), B=(c d

2.5= (50 ba)

ac=0,ad =0,bc=8,bd =1
B.A = (ca + bd)

{ Si=a+b+c

cosY=0=>Y=—-+jm

JP.603. If a,b,c > 0 then:

2(a®+ bP +¢°) = ab + a® + b* + b + ¢ + c”
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

fora>b,a*+b? >a’ +b* = (1)
forb>c,b? +c¢ > b +c’ = (2)
forc>a,cc+a*=>c*+a‘ = (3)
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Adding all three equations gives:
2(a®+b® +c¢) = ab + a® + b* + b + ¢ + ¢
Hence Proved

JP.601.If a,b,c > 0and A = 0 then:

2
a
1 2 >
A+ )Eb+/1c+ \/B(ab+bc+ca) 3(a+b+c)

Proposed by Marin Chirciu — Romania
Solution by Omkumar Rao — India

. a? (a+ b+ c)?
Cauchy — Schwarz Inequality: Z b+ Ac = A+D@+b+0

cyc

A+1 @ o ath
(4+ )Zb+,1c—“+ te
cyc

LHS > (a+ b +c) + 2/3(ab + bc + ca)
(a+b+c)+2/3(ab+bc+ca)=3(a+b+c)
3(ab + bc + ca) = (a+ b + ¢)?, a’?+b*+c2—ab—bc—ca=>0
1
E((a—b)2+(b—c)2+(c—a)2)20

Since squares of real numbers are
always non — negative, this inequality is true.
Hence Proved

UP.613. Let be A(1,2,0); B(2,0,1); C(3,3,3).Find the area of AABC.

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

AB =(1,-2,1),AC=(2,1,3), ABxAC=|1 2 1
1 3

2
=i((-2)(3) - (D@D) - j((DB) — (V(2)) + k(1) — (-2)(2))
=(-7,-1,5), ||4B xAc|| =5v3
5V3

Area=1||A_B)><R|| =—
2 2
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SP.612.Let be A(1,2,3);B(4,1,1);€(0,3,2); D(2,1,3).Find the volume
of the parallelipiped builded on the vectors AB,AC, AD.

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

AB = (3,-1,-2),
AC = (-1,1,-1),AD = (1,-1,0)
Volume = |(det(V))| = AB.(AC x AD)

3 -1 -2
det)=1-1 1 -1
1 -1 O

det(V) = -2

The volume of the parallelipiped
is 2 cubic units.

SP.613. Let be A(2,4,1); B(4,2,5).
Find the mediator plane of the segment|AB)].

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

The mediator plane passes through the midpoint C of the segment connecting
A and B.
C_(xA+xB yA+yB ZA+ZB> C—(2+4 4+2 1+5
S\ 2 7 2 2 ) T o\l27 22
The plane is L to the segment [AB].
Therefore,the vector AB serves as a normal vector 7 to the plane:
= (xp—x)i+ (g —ya)j + (zg — 22Dk
n=02,-2,4)=>n=>01,-1-2)

General equation of a plane with normal vector(a, b, c) passing through a point
(X,Y,Z) is:
alx—-X)+b(y-Y)+c(z—2)=0
1(x—-—3)—-1(y—-3)+2(z—-3)=0
x—y+2z—-6=0
:The equation of the mediator plane is
X—y+2z—-6=0

) — (3,3,3)
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JP.594. Solve for real numbers:

1
(sin x)2%%2(cos x)29%4 = %02

Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

(sin x)%29%22(cos x)%9%2* = (sin x cos x)?%2(cos x)?
2022

(sin2 2x> (cos x)? =

22022 (sin 2x)2%22(cos x)% =1

|sin2x| < 1,(cosx)? <1
Equality needs (sin 2x)?°?%2 = 1 and (cosx)? =1
(cosx)’=1=x=r1m
2x =2rm=sin2x =0
(sin2x)?%22 =0 » 1

SP.590. Solve the following system in integers(x,y, z)
EN"XN"XLZ.
x3—y2+2z=0
{xz +y%+22=179
Proposed by Said Attaoui — Algeria
Solution by Omkumar Rao — India
Adding both equations : x3 +x? +2z>+2z=179 = x3 + x> + (z + 1)?> = 180
(z+1)?=180—x3—x? > x3+x2<180=x€{1,2,3,4,5} forx € N*
= x € {1,2,4,5} rejects as 180 — x3 — x%isnot a perfect square.
Forx=3=2z¢€{11,—-13}

_{z=11=y=7
z=-13=>y=1

| (x,y,2) € (3,7,11),(3,1,-13) |
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SP.586. Solve for real numbers:

((\/m—\/})( x2+xy+1)=xy

x+y+z=3
k(,/y+z—\/;)( y2+yz+1) = zy
Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India

Jx+y+1 t=yx
y?E:_1r9=mmzaw+y+hﬂWﬂ+y+ﬁ
Jx+y X

1—p = [t2+y_(t2_t)=(1—t)(1+t+t2+t t2+y)=0

A-O(1+t+2+t/E+y)=0=>t=1=x=1

z(Jyy+z+1) k=
=yz = kVk2+z+1=k3Ek2+z+ K3
Wy +z+y)

1—k3=\/k2+z.(k2—k)=>(1—k)(1+k+k2+k\/k2+z)=0

A-K(1+k+K+k/i+z)=0=>k=1=y=1

x+y+z=3=2z=1

| Thus, the solution setis (x,y,z) = (1,1,1) |
JP.592. Solve for real numbers:

2 +3Y +572=10

1 1 1 1 1 1
\/x2+y2+zz—\/—2+—2+—2 :‘x——‘+ y——‘+‘z——‘
x2 y?  z x y z

Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India

)

N | =
N——

| =
|

Leta = (x,y,z) andb = (
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By Triangle Inequality : ||a| — |b|| < ||a— b||

v [ 2 oo

ry Tz x2  y? z2| T X Y y 277
1)’ 1\° 1\2 1 1 1

st (o3 o3 e el Ho -
x y z x y z

etm=|x——| , n=|y——|,p=|z——| ,mn,
po y y p P p

m*+n?+p’<(m+n+p)?=2(mn+np+pm)=>0

VX2 +y?+z% — l+i+ls|x—1|+|y—1|+
x2  y? z? x y

According to question :

> > > 1 1 1 1 1 1
VERY T at et e =|"‘;|+|y‘;|+|2‘;|
y V4

= = :k:}xzzy

Z— —

:
Z

® 6 @
1 1 1
x—;zy—;zz—;zO=>x,y,ze{—1,1}

| Thus, the unique solutionis (x,y,z) = (1,1,1) |

JP.587.1f x,y = 1 then:
Inxy 2Qlnxy +1) > 4(lnxw/lny + lnyVlnx)

Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India

Letm =+VInx andn = \/Iny

(m? + n>)(2m? + 2n% + 1) = 4(m?*n + n*m)
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4mn(m+n) < (m+n)?(m+n) = (m+n)d
(m?> +n®>)2m? +2n%+1) > (m+n)3
(m+n)=m+n)?(m+n) <2(m? +n?)(m+n)
2m? +n®*)(m+n) < (m?> +n®>)(2m? +2n® + 1)
2m+n) <2m? +2n%+1)

m?-2m+2n> -2n+1>0

1\2 1\2
=>(m—i) +(n—i) +m?+n?2>0
which holds for allm,n > 0

UP.608. If f:R - (1,) and f: R — R are continuous

functions,and (L,),so is Lucas sequence, and

yo=1@n—-1DIL, ,n€N*—{1}, find:

Yn _
. 1 (f(x _ yn))g(}’n+1 x) )
nl—>123 ( IYns1—%) g(x—yn) x
Vn f(x - yn)) + (f(yn+1 - x))

Proposed by D. M. Batinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Omkumar Rao — India

Yn+1

IWns1—%)
_ (f(x B yn))
In = f IOns1-%) oGy X = 1)
Vn (f(x - yn)) + (f(}’n+1 - x))
SYni1tyn—x T 9(x=yn)
L (fOnis =) dx = (2)
n IYn+1-%) g(x=yn)
Yn (f(x - }'n)) i (f(Yn+1 - x))
[ = Oni1 = yn)
" 2
D' Alembert's Theorem y n|K
LetK, = (2n—-1D!L, = lim =& = lim |—

n—oo N n—oo nn
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. .y . "|K
lim (ypy1 = yp) = lim == = lim =2
i K 0" 1 Ly @rt DU 2 L
n—oo K, (n+1)"1 en>» L, n2n—-1)!! en—wo L,
L
Let lim ntl _ k
n—ooo n
L L, _
Ln+1=Ln+Ln_1: n+1=1+ n-1
Ln Ln
L L,_
lim =2 = lim 1 + lim 21
n—o L, n—oo n—oo Ln

1
k=1+E=kz—k—1=0=>k=¢

T Vns1 — Yn) _
n-co 2 e 2e

¢ 1+5

UP.606. If f:R — (1,0) and g: R —» R are continuous
functions,and y,, = \/n!F,,,n € N* — {1}, where (F,) 50 iS
Fibonacci's sequence, find:
g(yn+1_x)
. (f(x - yn))
Yim 9017 G
Y (f(x - Yn)) + (f(Yn+1 - x))

Proposed by D. M. Batinetu — Giurgiu, Neculai Stanciu — Romania

Yn+1

Solution by Omkumar Rao — India

I = f (f(x _ yn))g(}’n+1—x)
Yn (f(x - yn))g(yn+1—x) + (f(yn+1 _ x))g(X—)’n)

Yn+1

dx = (1)

X=Yn+1tyn—Xx yj-+1

(f(yn+1 . x))g(x—yn)
Yn (f(x - yn))g(y"“_x) + (Fns1 — x))g(x—yn)

~

I, = dx = (2)
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[ = (yn+1 - yn)
n 2
D' Alembert's Theorem y 2K
~ . n . n
Let K, =n!F, = lim — = lim |—
n—o N n—oo NN
. . Yn . Ky
1111_210()’n+1 —Yn) = Jl_f)l(}o; = lim pory
Iim Kn+1 n" _ 1 im (n + 1)! Fn+1 _ llim (Fn+1) _ 9
n—o K, (n+1)"1 en>o nn!'F, en-o\ F, e
. (yn+1 = yn) 1+ \/g
lim =
n-oo 2 4e

SP.605. Let A(1,2,1); B(2,1,3); C(4,4,4).Find the distance from the
point A to the line BC.
Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India

. o |BA x BC|
BC=C-B=(231) |, BA =A-B=(-1,1,-2),D=———
|BC|
BAXBC=|—1 1 -2|=(7,-3,-5)
2 3 1
|BA x BC| = V83, |BC| = V14
, , , . V83
= The distance(D) from the point A to the line BC is N

SP.604. Let be A(2,1,0); B(1,2,1);€(3,3,3); D(0,0,4). Find the distance
from the point D to the real plane (ABC).
Proposed by Daniel Sitaru — Romania
Solution by Omkumar Rao — India

AB=B-4=(-1,1,1),AC=C-4=(1,2,3)
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. i j k
n=ABxAC=|-1 1 1|=(1,4,-3)
1 2 3

Point — normal equation: a(x — xy) + b(y —yo) + c(z—25) =0
1(x-2)+4(y-1)+(-3)(z-0)=0=>x+4y—-3z—-6=0
= Distance d from a point (xy,y,, 2z,) to a planeax + by +cz+dy =0

d= laxg + byo +czo +do| 18

VaZ+ b2 +¢z V26

18
:The distance d from the point D to the plane (ABC) is —
f p p (ABC) o

JP.607 Solve for reals:

V8x—7+13—-2x*=2

Proposed by Marin Chirciu — Romania

Solution by Omkumar Rao — India
7 3
x2§,x4 SE letm=%Y8x—7,n=33-2x* m+n=2

(m + n)*

m4+n4ZTzz,Equalityiffmzn.

m*+nt=8x—-7+3-2x*=-2x*+8x—-4
mt+nt>2=-2x*+8x-4>2=x*-4x+3<0=(1)
x*—4x+3=(x—-1)*(x*+2x+3) =0 forallreal x.= (2)

From(1)and 2),x*-4x+3=0=>x=1

SP.596. Solve for real numbers:

((sin x)? = % + (sin(y — 2))?

A

(sin y)? = % + (sin(z — x))?

21 . 2
k(sm z)° = P + (sin(x — y))
Proposed by Daniel Sitaru — Romania
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Solution by Omkumar Rao — India

A=y+z—-x,B=z+x-Yy, C=x+y-—-z

(ﬁan-®hKy—zD2=shmB)ﬁna3=:%
(siny)? — (sin(z — x))? = sin(C) sin(4) =>%
(sinz)? — (sin(x — y))? = sin(4) sin(B) =>%

sin(4) sin(B) sin(C) = +

SN =

1 1
sin(4) = i§ ,sin(B) = if ,sin(C) = +1

B+C A+C A+B
2 72 7 2

m»n=(

) , M, My, M3 € Z.

1 1 b4
(A,B,C) = (i sin™1 = + 2mym, +sin~?! z + 2m,m, + = + 2m31t)

SP.599 We consider the function f:D - R
o

f(x) = xj tsin! (%) dt,

X

where D is the maximal domain of the function.
a.Find the domain D.
b.Show that the function f(x) is even.

c.Calculate lim f(x)
X——00

Proposed by Vasile Mircea Popa — Romania

Solution by Omkumar Rao — India

(a) Domain D:
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1 1
For sin™?! (;) to be defined, |;| <1=|t|>1
3 3
=Ifx> O,x+;>x. (x> 1) so that [x,x+;] € [1,00)

3 3
= Ifx< O,x+; <x. (x<—-1)so that [x+;,x] € (—o0,—1]

| D = (—,-1] U [1,») |
(b)Proof that f(x) is even.

3 3
o x+2
x—-x

f(—=x) = (—x) f xtsin‘1 (%) dt S xj tsin™! (%) dt = f(x)

X

| f(—x)=f(x) vx€D]

(c) lim f(x)

Since f(x) iseven, lim f(x) = lil}l fx)
X—>—00 X—>+ 00

1 1 1 1
tsm‘l(—):t —+0(—3> =1+0(—2)
t t t t
x+% X3

[ o (G- | (1022002

X

Jim 109 = Jim 19 = Jim (3 +0(35)) =3

UP.589. If X,Y,Z € M4(C) are matrices such that:

X=2Y+1Z
X2 =4Y +4Z then: X?0%% = 22024y 4 2(024,22023 7
X3 =8Y +12Z7

Proposed by Daniel SItaru — Romania

Solution by Omkumar Rao — India

X=2Y+Z—=7Z=X-2Y
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X2 =4Y +4Z = X? = 4Y + 4(X — 2Y) = 4Y = 4X — X?
X3 =8Y +12Z =8Y + 12(X — 2Y) = 12X — 16Y
X3-4X24+4X=0=X(X-2)2=0
X" =K, X + P, X?
X" = K, (2Y + Z) + P, (4Y + 4Z)
2" = 2K, + 4P, , n.2"" 1=K, +4P, =K, = (2—n)2",P, = (n—1)2"1
X" = (2-n)2"2Y + Z) + (n — 1)2""1(4Y + 42)
X" =2"Y +n.2"1Z

| For n = 2024, X2024 = 22024y 4 202422023 7 |
UP.590. If A,B € M,(R);A.B = B.A Then:

det (A* + B* + AB(A® + AB + B%)) 2 0

Proposed by Daniel Sitaru — Romania

Solution by Omkumar Rao — India
A5 _ BS
= det< 1-B >

= det(A — wB).det(A — wB).det(A — w?B).det(A — w?B)

= det(A — wB) = det(A — wB)

= |det(A — wB)|2|det(4 — w?B)|* > 0

— det (A4 + B*+ AB(A% + AB + BZ)) >0

UP.596. If x> 0,y > 0,z > 0 prove that there exists u > 0

sinxsiny +sinysinz +sinzsinx sinu
such as =
Xy +yz+ zx u

Proposed by Cristian Miu — Romania
Solution by Omkumar Rao — India

Since x,y,z> 0,0 <sinxsiny < xy
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0<sinysinz<yz 0 <sinzsinx < zx

0 <sinxsiny +sinysinz +sinzsinx < xy +yz + zx

sinxsiny + sinysinz + sinzsinx

xy+yz+zx

sinu

sinu
Let f(u) = T,f(u) = is continuo us on (0,m) :

u
lim fw) =1, f(@=0

By Intermediate Value Theorem ,there exists at least one
sinxsiny + sinysinz +sinzsinx sinu
u € (0,) such that: =
xy+yz+zx u

SP.591. If a,b,c > 0,a® + b® + ¢® < 768 then:
1

1
—2_

Proposed by Marin Chirciu — Romania

Solution by Omkumar Rao — India

Bergstorm's Inequality
~ 1 9

=

>
Ja+as Ja+aS+a4+b5+/4+c5

2
(\/4+a5 +V4+b5+V4+c5) < (912 +a® + b5 + )

1 1
Power—Mef:Inequality a’ +b5 +C5 g a® + b8 + c8\8
= — | S| ———
3 3
1
a’ + b> + c5\5 1
<#> < (256)8 =2

a’>+ b’ +c® <96

(J4 +a5++/4+b5+4+ c5)2 < (9)(12 + 96) = 324

z 1 9 1
—2_

34



