RMM - Triangle '4201 4300
- > & @D

ROMANIAN MATHEMATICAL MAGAZINE

Founding Editor

DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by
Nguyen Hung Cuong-Vietnam, Dang Ngoc Minh-Vietnam
Kostantinos Geronikolas-Greece, Prashanna Khanal-India
Jenish Rijal-Nepal, Neculai Stanciu-Romania
Zaza Mzhavanadze-Georgia, Jafar Nikpour-lran
Adgozel Adgozalev-Azerbaijan, Alex Szoros

Bogdan Fustei-Romania, Viorel Ovidiu Ignatescu-Romania

RMM-TRIANGLE MARATHON 4201-4300



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solutions by

Daniel Sitaru-Romania, Soumava Chakraborty-india
Mirsadix Muzefferov-Azerbaijan, Tapas Das-India

Adgozel Adgozalev-Azerbaijan

RMM-TRIANGLE MARATHON 4201-4300



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
4201. In AABC the following relationship holds:

a b PN 83
r,sin?A  ry,sin?B  r.sin?C ~ 3

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b
- + - +— = E - = E =
resin?A  rysin?B  r.sin?C r.sin? A F a?
cyc Cycs_a'4R2

WS ).
= a =
cyc
4R? ab + bc + ca 4R%? [ s>+ 1%+ 4Rr
(s- —3)= s -
4Rrs

rs abc rs

4R? s +r2+4Rr—12Rr R
= = (s +1%2—8Rr) >

rs 4Rr
GERRETSEN R R(8R — 41) EULER
> ——(16Rr — 5r*> +r?> — 8Rr) = — (8Rr — 41%) = ¥ >
R?S 2s rs
_ R(16r — ar) mirrivovic 3\/_5 121 24 8 8v3
s s 3/3 V3 3

Equality holds fora = b = c.
4202.In any A ABC the following relationship holds :
(n, + ny + n.)(m, + my, + m,) = 3(m,w, + mywy, + m.w,)
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4s(s — a) z:(b+c)2—a2 z(Zs—(Zs—a)z)
Tt e i

(b+c)? (b + c)? (2s — a)?
cyc cyc cyc

2
_4SZF_4 i (Zb+c> Zs(sz+2Rr+r2)'Z(b+c)

cyc cyc cyc
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4s(5s2 + 4Rr + r?) (5s% +4Rr +r?)? 16s?
~ 2s(s2+2Rr + rZ) ~ (s2+ 2Rr +r2)2 TS 2Rr+ 12
4s(s —a) [© s*+ (20Rr + 18r?)s? + r3(4R +r)

(b + c)? (s?2 + 2Rr +r?2)?
cyc
bcs(s —a)) cBS
NOWBZmaWa—6Z TThrc <
cyc cyc

s(s — a) via(+)
3 (723 0302 Jue ). [SEC D
AR e (b + )2
cyc cyc cyc

s* + (20Rr + 18r2?)sZ + r3(4R+r) ;
4(s% + 2Rr +r2)2 -

\/(9s2 — 80Rr — 2r2)(4s2 — 28Rr + 29r2)
squaring

& 27s% — (554Rr — 163r?)s® + r2(1320R? — 1244Rr + 484r?)s* +
r3(9552R3 — 1604R?*r — 2790Rr? 4 299r3)s? +

r*(8960R* + 480R3r — 6616R?*r? — 2388Rr3 — 49r*)(>|0 and -

®
Gerretsen
27(s> —16Rr + 5r%)* > 0 - in order to prove (1), it suffices to prove :
?
LHS of (1) > 27(s? — 16Rr + 5r?)*
& (1174R — 377r)s® — r(40152R? — 24676Rr + 3566r?)s* +
r2(16(28245R3 — 26021R?r + 7925Rr? — 825r3) + 12R?*r + 10Rr? — r3)s? —

3 (128(13754R4 17284R3r + 8152R?r? — 1669Rr3 + 132r%) +) I 0
®

3.\/4(54 — (4Rr + r?)2 — 6Rrs?2).

32R3r — 40R?r? + 20Rr3 + 28r*

Gerretsen

and - (1174R — 377r)(s®? —16Rr + 5r?)> > 0 - in order to prove (2),

,
it suffices to prove : LHS of (2) > (1174R — 377r)(s? — 16Rr + 5r2)3
< (16200R%? — 11030Rr + 20891‘2)8 —
(64-(7027R3 6824R?r + 2222Rr? — 236r3) ) n

16R3 + 4R?r — 8Rr? + 30r3
12 (128(23814-R4 30000R3*r + 14164R?r? — 3012Rr3 + 236r%) — ) 0 and -
32R3r + 72R?r? — 2Rr3 — 7r* @

Gerretsen

(16200R%? — 11030Rr + 2089r2)(s? —16Rr+5r2)2 > 0
- in order to prove (3), it suffices to prove :

?
LHS of (3) > (16200R? — 11030Rr + 2089r?)(s? — 16Rr + 5r?%)2

4 | RMM-TRIANGLE MARATHON 4201-4300
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& (17172R3 — 19557R?r + 8737Rr? — 14-54-1"3)52
@
. (64-(4-293R4 — 6155R3r + 3482R?r? — 877Rr?3 + 86r%) +)
8R3r + 32R?r?2 — 15Rr3 + 2r*
Rouche + Euler

Now, (17172R3 — 19557R?r + 8737Rr? — 1454r3)s? >
r’2(R-2r
16Rr — 5r?2

)\ ?
—_— >
+ — = RHS of (3)

? R
& 6156t* — 171723 + 11159t2 — 3164t + 572 > 0 ( = ;)

Euler

& (t—2)(6156t% — 4860t% + 1439t — 286) > 0O->true~t > 2@ =>0Q3) =
2) = (Distrue - 3 Z m,w, <+/(9s2 — 80Rr — 2r2)(4s2 — 28Rr + 29r2)

cyc
Mohamed Amine Ben Ajiba
and

Chu-Yang
(S

cyc cyc
Reference : Inequality in Triangle by Mohamed Amine Ben Ajiba — 74;
< published at www.ssmrmbh. ro
(ng + ny, + n)(m, + my + m,) = 3(m,w, + myw, + m.w,) V ABC,
" =""iff A ABC is equilateral (QED)

) and so,

4203. In any A ABC holds :

zbc+31 8r> wa[> Zbc+103+16r
36 O9R

cyc cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z (az cos? B ; C) = 4;1'5'2 (a(b + ¢)?(—s? +sa + bc))

cyc cyc
1 (—SZ(ZS(SZ + 4Rr + r?) + 12Rrs) + 2s((s? + 4Rr + r?)? — 8Rrs?) +)
4Rrs’ 8Rrs(2(s? — 4Rr — r?) + s? + 4Rr + r?)
2ca B 2ab C
_(2R+r)sz+r2(4R+r):>2 wbw ch+a 2 a+b0052
= R b7 _

cyc cyc
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B-C

a? cos?

2
4Yeye—B=C BC 4 @R+ 12 + 12 (4R + 1)

B—-C
cosS 0<cos——=14 chc (aZ COSZ T)
>

_ 2R
s2 + 2Rr + r2 s2 + 2Rr + r2 - s2 + 2Rr + r2

2
wyw, 2 (@R+1)s? + r2(4R +1)) w, be
> Z— >
bc R(s% + 2Rr +r?) a a?
cyc cyc cyc
2
chc (bC (a4 + 2a? chc ab + (chc (lb) )) 2 ((ZR + I‘)SZ + 1‘2(4R + I‘))
4s2(s2 + 2Rr + r?)2 + R(sZ + 2Rr +r2)
B Z bc 1 ( 4Rrs.2s(s? — 6Rr — 3r?) + )
a? 4s?(s?+ 2Rr +1r2)2°'\2(s? + 4Rr + r?).4Rrs.2s + (s? + 4Rr + r?)3

cyc

=2

2 ((2R +1)s” +r?(4R + r)) » xbc 103 16r .
> ——— 2R —
R(s? + 2Rr + r?) - Z * © (32R + 8r)s

2136 TR
cyc
r(448R?% — 87Rr — 16r?)s* — r?(988R3 + 236R?*r — 46Rr? — 8r3)s? —
9Rr3(4R +r)3 0 and - P = (32R + 8r)(s? — 16Rr + 5r%)3 +
®

Gerretsen

r(1088R? — 9Rr — 104r2)(s? — 16Rr + 5r?)2 > 0 - in order to prove (1),
?
it suffices to prove : LHS of (1) > P & (2313R® — 547R?r — 438Rr? + 112r3)s?

I'(37008R4 — 21460R3r — 1389R?r? + 2706Rr3 — 400r*)
@

Gerretsen

?
LHS of @ >  (2313R3 — 547R?r — 438Rr? + 112r3)(16Rr — 5r?) >
? R
RHS of @ © 1143t3 — 2884t% + 1276t — 160 > 0 (t = ;)

Euler

?
& (t—2)(1143t2 - 598t +80) >0 > true~t > 2= (2)= (Distrue

2
Wy = hg a | ~La? (b+¢)?  (s?+ 2Rr +r2)(4Rrs) L. 2rs
e cyc

cyc cyc
bc 8Rrs?(s? — 6Rr — 3r?) + (s? + 4Rr + r?).16Rrs? + (s? + 4Rr + r?)3 N
a? 4s2(s2 + 2Rr + r?)2
cyc
8(s?2—4Rr—r?) » bc 31 8r
< —+——— & —32s° 224R%? — 63Rr — 64r?)s*
sZ + 2Rr + r2 Za2+4 R s+ ( r s+

cyc

?
r(444R3 + 204R?r — 62Rr? — 32r3)s? + Rr?(4R + r)30
®

Double—Rouche
Now, Q = —32s%(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3) >

6 RMM-TRIANGLE MARATHON 4201-4300
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~ in order to prove (3), it suffices to prove : LHS of 3) > Q © (96R — 703r)s* +
r(2492R?% + 1740Rr + 322r?)s? + r2(4R + r)30 and it’s trivially true if :
®

96R — 703r > 0 and when : 96R — 703r < 0, then via (x),Q’ =
(96R — 703r)(s* — s2(4R? + 20Rr — 2r%) + r(4R 4+ 1)3) > 0 - to prove (4,

?
it suffices to prove : LHS of 4) > Q' & (12R® + 50R?r — 391Rr? + 54r3)s?
?
r(192R4 — 1264R3r — 1020R2r2 — 261Rr3 — 22r%)
®

3 2. 2 3 Gerretsen
12R3 + 50R?r — 391Rr? + 54r® > 0 and then : : LHS of (5
(12R3 + 50R?*r — 391Rr? + 54r%)(16Rr — 5r?) 2 RHS of (5)
? R
& 1002t3 — 2743t + 1540t — 124 >0 ( = ;)

& (t—2)(1002t% — 739t + 62) > 0 - true ' t Elier 2 = (5)is true
[Case 2] 12R? + 50R?r — 391Rr? + 54r° < 0 and then : LHS of (© perngen
(12R3 + 50R?*r — 391Rr? + 54r3)(4R? + 4Rr + 3r?) > RHS of @

& 24t° +28t* — 32t3 - 89t2 — 348t + 92 ; 0

Euler

(t—2)(24t* + 76t3 + 120t% + 151t — 46) > 0-true~t > 2= (5istrue

. Zbc+31 8r> wa> Zbc+103+16r N iffa = b = ED
- a2 4 R° a = a2 36 "or’ 4T = ¢ (QED)

cyc cyc cyc

4204. In any A ABC the following relationship holds :
bc r z z r 29
a? a? — 9R 36
cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

ws NO4bcs(s—a) ~obe((b+c)?-a?) <Cbc bc
?‘z a%(b + c)? ‘; a%(b + c)? ‘;J_Z(bﬂ)z

cyc cyc cyc

7 RMM-TRIANGLE MARATHON 4201-4300
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2
bc 1 / 4 ) \
=Z¥_4sz(sz+2Rr+r2)2' | be| a* + 2a Zab+ Zab /|

cyc cyc cyc cyc

B Z bc 1 ( 4Rrs.2s(s? — 6Rr — 3r?) + )
a? 4s?(s?+ 2Rr +r2)2°'\2(s? + 4Rr +r?).4Rrs.2s + (s? + 4Rr +r?)3

cyc

? bc r 1
< E — ———— & —4s°+ (32R? — 15Rr — 8r¥)s* +
a’> R 4

cyc

?
r(60R3 — 4R?r — 14Rr? — 4r3)s? + Rr?(4R + r)30
®

Now, Rouche = s?2 — (m—n) > 0and s? — (m+n) < 0,wherem =
2R2 + 10Rr —r2 & n = 2(R — 2r)vR? — 2Rr - (s2 —(m+ n)) (s2 — (m-— n)) <0
)
=>s*—-s22m)+m? —n?<0=s*—-5s2(4R? 4+ 20Rr—2r3>) + r@GR+r)3* <0
=P =—-4s%(s*—-s?2(4R? + 20Rr— 2r>) + r4R+nr3 >0

?
- in order to prove (1), it suffices to prove : LHS of (1) > P

& (16R — 95r)s* + r(316R? + 188Rr + 34r%)s? + r2(4R + r)30
@

and it’s trivially true if : 16R — 95r > 0 and when : 16R — 95r < 0, then via (x),
Q = (16R — 95r)(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3) > 0 - to prove (2),

?
it suffices to prove : LHSof 2) > Q &

(4R3 + 16R?r — 109Rr? + 14r%)s2| = |r (64R4 — 336R°r — 276R"r* —)
& 71Rr3 — 6r*

Gerretsen

4R3 + 16R?r — 109Rr? + 14r3 > 0 and then : LHSof 3) >
?
(4R3 + 16R?r — 109Rr? + 14r3)(16Rr — 5r2) > RHS of (3

? R ?
& 143t3 - 387t2 + 210t — 16 >0 (t = ;) o (t—2)(143t2 - 101t+8) >0

Euler ]
Strue vt > 2= (3)istrue

8 RMM-TRIANGLE MARATHON 4201-4300
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Gerretsen
[Case 2]4R3 + 16R?r — 109Rr? + 14r3 < 0 and then : LHS of (3)

(4R3 + 16R?*r — 109Rr? + 14r3)(4R2 + 4Rr + 3r?) > RHS of (3)
© 2t5 +2t* - 3t3 - 7t2 - 25t + 6 > 0 (t—2)(2t* + 6t3 +9t2 + 11t — 3) > 0
Euler
—>true~t > 2= (3)istrue combining both cases,

3)= @ = Distrue v AABC - z z_z ___z

cyc cyc
Aeqi Zwﬁ_z Z AM- GMZ bc_zbc 3
g, Jaz (b + c)2 4bc Lia? 4
cyc cyc cyc cyc cyc cyc
; Z be + — d 29 > R > 2 t Eul
o — PR N
> 9R 36 © 182 9R r — true via Euler
cyc
w2 bc r 29
p” ZZ?-'_ﬁ_ﬁ and so,
cyc cyc
bc r 1> w§> bc+ r 29\7’ABC
a2 R 4~ a? — 9R 36
cyc cyc cyc

= ""iff A ABC is equilateral (QED)
4205. In any A ABC holds :

W,Wp + WpW¢ + WeW, = \/3(gtzlgl2) + glz)g% + g%gg)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2
Z WyW, | = Z WEW?Z + 2w, Wy W, Z w, | >

cyc cyc cyc

256R%*r*s* (2R+r1)s?+r?(4R+r) N 32Rr?%s? Z b
(s2 + 2Rr +r2)2° 8Rr2s2 s2 + 2Rr + r2 @
cyc
"Zl _(2R+r)sz+r2(4R+r)Rf . Solution to I ity in Trianel
‘QwE s SRrZsZ ; Reference : Solution to Inequality in Triangle
cyc

by Dang Ngoc Minh — 258; published at www. ssmrmh. ro

32Rr?2s ((ZR +1)s?+r?(4R + r)) + 16r%s%(s? + 2Rr + r?)(s? + 4Rr + r?) »
- (s2 + 2Rr +r2)2 23 ) gi9¢
cyc
9 | RMM-TRIANGLE MARATHON 4201-4300
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312 ((6R + 6r)s2 + 16R3 — 24R%r — 15Rr? — 2r3)

R
Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 69;

published at www.ssmrmh.ro
& —(2R + 18r)s° + (16R3 + 128R?r — 31Rr? — 30r3)s* —
r(192R* — 376R3r — 308R?r? — 40Rr3 + 6r*)s? —

r2(192R5 — 96R*r — 420R%r? — 276R?r® — 69Rr* — 6r5)0
®

Now, Rouche = s?2 — (m—n) > 0and s? — (m+ n) < 0,wherem =

2R? + 10Rr —r? & n = 2(R — 2r)+/R% — 2Rr - (s2 —(m+ n)) (52 —(m- n)) <0
)
=>s*—s22m)+m? —-n?<0=>s*-s2(4R>+20Rr—-2r>) +r4R+r)3 <0
= P =—(2R + 18r)s?(s* — s?2(4R? + 20Rr — 2r?) + r(4R+1r)3®) >0

- in order to prove (1), it suffices to prove : LHS of (1) > P
< (8R3 + 16R?r — 387Rr? + 6r3)s* —
r(64R* — 1624R3r — 1196R?r? — 258Rr3 — 12r%)s? —

r2(192R5 — 96R*r — 420R%r? — 276R?r® — 69Rr* — 6r5)0
@

8R3 + 16R?*r — 387Rr? + 6r3 > 0 and then, since Q =
Gerretsen

(8R3 + 16R?r — 387Rr? + 6r3)(s? —16Rr + 5r)> > 0
?

- in order to prove (2), it suffices to prove : LHS of (2) > Q

& (48R* + 514R3r — 2837R?r? + 1080Rr3 — 12r4)s2

®
r(560R® + 680R*r — 25463R%r? + 15895R?*r® — 2676Rr* + 36r°)

R
Now, with t = ;,8t3 +16t2—-387t+6>0=> (t—6)(8t2 +64t—3) >12 >0
=>t>6=48t* + 514t3 — 2837t% + 1080t — 12
Gerretsen
= (t— 6)(48t3 + 802t% + 1975t + 12930) + 77568 > 0 ~. LHSof 3) >
?
(48R* + 514R3r — 2837R?*r? + 1080Rr3 — 12r*)(16Rr — 5r2) > RHS of (3)
?
& 208t5 + 7304t* — 22499t3 + 15570t% — 2916t + 24> 0 &

Euler

?
(t—2)(208t* + 7720t — 7059t + 1452t — 12) > 0;true ~ t > 2 = (3)istrue
8R3 + 16R?*r — 387Rr? + 6r® < 0 and then, since T =

via (%)

(8R3 + 16R?r — 387Rr? + 6r3)(s* — s2(4R? + 20Rr — 2r?) + r(4R+1)%) = 0
?
- in order to prove (2), it suffices to prove : LHS of 2) > T

10 RMM-TRIANGLE MARATHON 4201-4300
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< (8R* + 40R3r + 95R?*r? — 1638Rr3 + 288r%)s I
@®

r(128R5 + 400R*r — 6000R3r? — 4603R?*r® — 1154Rr* — 96r°)

Case (2a)|8R* + 40R%r + 95R’r? — 1638Rr> + 288r* > 0; then : LHS
(8R* + 40R3r + 95R?r?2 — 1638Rr3 + 288r*)(16Rr — 5r2) > RHS(

2760t2 +1744t- 168 >0 &

{v -

Gerretsen

=

Euler

& 25t +915t3 —
(t—2)(25t3 + 965t — 830t + 84) > 0->true~t > 2= (4)istrue
Gerretsen

: >

Case (2b)|8R* + 40R%r + 95R?*r? — 1638Rr? + 288r* < 0; then : LHS5,
(8R* + 40R3r + 95R?r?2 — 1638Rr3 + 288r%)(4R? + 4Rr + 3r2) > RHS(,

& 8té + 16t5 + 41t* — 13t3 — 128t% — 652t +240 >0e
Euler

(t—2)(8t5 + 32t* + 105¢3 + 197t% + 266t — 120) S0otruert > 2
= (4) is true .. combining cases (2a) and (2b),®) = 2) = (1) is true

V A ABC and so, W,w;, + Wy W, + W,W, > \/B(gﬁgb +9g2g2 + g2g%) v ABC
"iff A ABC is equilateral (QED)

4206. In AABC the following relationship holds

bc 2R
R S —_—
m2~ r

cyc
Proposed by Kostantinos Geronikolas-Greece

Solution by Mirsadix Muzefferov-Azerbaijan

bC Tereshln 16R2 bc AMMGM
S Laray S

cyc cyc
16R2bc_4R2 Z 1 AR a+b+c_4R2 2p 2R
4b2cz "Libc " abc @ "4prR r
cyc cyc
Equality holds for: a=b=c

4207. In AABC the following relationship holds:
1 r, r, 1. 27R3(R-71)
r~ h2 h_lz, hZ~  8r3s?
Proposed by Kostantinos Geronikolas-Greece

11 RMM-TRIANGLE MARATHON 4201-4300
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Solution by Mirsadix Muzefferov-Azerbaijan

A
Sy ) wtin() - Y e atan(2) -
h2 = ar?z ar2 L% MMN\2) T e LN 2) T

cyc cyc _2 cyc cyc
s s
=m2a(ra—r) = 1F2 Zara—Zar =
cyc cyc cyc
4F2 —(2s(2R—1) — 2s1) = 4F2 —— (4sR — 4sr) =
2

_s?2(R-1) M“”Z"”“‘ 2R (R-7) _27R*(R-T) E‘%"r 27R*(R — 1) (RHS)
-~ F? - sZrZZ B , 4522 - 28$2r3
r r (%) (hi> (hl) Bergstrom (chc hi) 12
Ta b  Tc a b c ~ a/ _T> _
h£+h,2,+h2 11 Tt y 1 -1 LHS)

T, Ty r. Yer, r

Equality holds for: a=b=c
4208. In AABC the following relationship holds:

a+b+c>4\/§
h?  hZ hZ~ 3R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b ¢ AM-6M 3 abc s abc 3((abc)?3
—+5+ts = 3 |———=3 -=3 | =
hi hZ hZ (hghph,) (E 2F E) 64F

a b c
abc 4RF _ 3R _ 3R miTrINovic 3R 2 43
=3. =3. — > = > =13
AF2 4F2 ~ F rs 3\/§R /3 3R
r ¢ —

S 6R >12r © R = 2r  (Euler)

Equality holds fora = b = c.

12 RMM-TRIANGLE MARATHON 4201-4300
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4209. In AABC the following relationship holds:

a. b AN 8V3
St+t=+t5=2-=
h3 ' h3 ' h3~ 9RZ

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c AM—-GM 3 abc 3 3 EULER 3 3
—y— 34— 3 = -\V4R > =555 V8ris>
BT 2 3 [ahoh?  hhoh, VARTS 2 2F 2F 2F VBTS2
a b c
MITRINoOVIC 3abc 3, 3abc 3V3-4RFr 3V3Rr
> . 2. = . . = = =
> SF3 2 [r2-3V/3r e V3.1 e 2
3V3Rr 3V3R 8V3
— — 3 2
=i = gz 29R2@27\/§R > 8V3rs
27R3 > 8rs?
27R? 3V3

27R3 =27R? - 2r > 8rs? © 27R? > 45> & s? < = es< T3R (MITRINOVIC)
Equality holds fora = b = c.

4210. In AABC the following relationship holds:

192V3r® < (a + b)(b + ¢)(c + a) < 24V3R?
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

We will use the known result:
(a+b)(b+c)(c+a)=2s(s*+71*+ 2Rr)
We must prove that:
192V3r3 < 2s(s? + 1% + 2Rr) < 24V3R?

MITRINOVIC-GERRETSEN  3+/3R
2s(s®2 + 1%+ 2Rr) < 2. — (4R? + 4Rr + 31> +r?> + 2Rr) =

R R?
= 3vV/3R(4R? + 6Rr + 412) < 3+/3R <4R2 +6R - 7+ 4. T) =

= 3vV3R(4R? + 4R?) = 24/3R3
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MITRINOVIC—-EULER
2s(s?2 + 12 + 2Rr) > 2-3V3r(27r2 + 124+ 2-2r-r) =
= 6V3r(28r2 + 41r2) = 6V3r - 3212 = 192313
Equality holds fora = b = c.

4211. In AABC the following relationship holds:

a b c 83
+ + z—

2 A 2 B 2 C
ra€os®s  ThC08%5 T COStS

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c a
+ + D e

A B Cc A
T, COS? 5 Tb cos? 7 T cos? 5 ocTa cos? 5

Z abc _3abc _3-4RF _12R 12:373°
F s(s — a)

8
Fs Fs s ~— s NeE

cye'g cyc
Equality holds fora = b = c.
4212. In AABC the following relationship holds:

3R

h cos(B)+cos(C) h cos(4)+cos(C) h cos(B)+cos(A4) <( )
(hy) (hy) . (h) >
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

In AABC wlog: a<b<c, h, > h, = h,
N {cos(A) + cos(B) = cos(A4) + cos(C) = cos(C) + cos(B)

cos(4) = cos(B) > cos(C)
Weighted AM—-GM

(h )cos(B)+cos(C) (h )cos(A)+cos(C) (h )cos(B)+cos(A) <

2(cos(B) + cos(C)) + hy(cos(A) + cos(C)) + h.(cos(B) + cos(A))
( 2(cos(A) + cos(B) + cos(C))

>2 Y. cos(A) Chebyshev
~

1 2Y cos(A4)
- 3 (hy+ hy + hc)(Z(cos(A) + cos(B) + cos(C)))
- 2(cos(A) + cos(B) + cos(C))
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_ 1 (h. + Ry + 1) 23, cos(4) . (1 9R)ZZCOS(A) 161:en 3R)
= 3 a b c 3 2 = 2
Equality holds if a=b=c

4213.In any A ABCand V m,n > 1, the following relationship holds :

a” + b" a™ + b"
—< E —_—
h r&t
cyc cyc

Proposed by Prashanna Khanal, Jenish Rijal-Nepal

Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assumea >b > cand then: b" +c" < c"+a" < a" +b"

1 1 1 1 1 1
& n>1>0)andh—mzh—m_h—m( m>1>0)andalsora SESE
1 1 1 1 1 1

':r= A_r——B_r—= and - m=>1>0 | and so,
L § ) had et
@ stans stan; ¢ stany

b™ + cn Chebyshev 1
h < Z(b“+c“) th — (1) and also,

cyc cyc cyc

b™ + cn Chebyshev 1 1
b" n Z _
Z rn Z( et r» ” @

cyc cyc cyc

1 ?
. (1) and (2) = it suffices to prove : ) — — < Z — & 2m, Z(S —a)™ > Z

cyc cyc cyc cyc

=S Zm.z (y+z)m
cyc ) cyc

(x=s—ay=s—bz=s—candthen:a=y+zb=z+x,c=x+Yy)
We note that : for m = 1, LHS of (¥) = ZZx and RHS of (%) =

cyc

Z(y+ Z) = ZZx = LHS of (x) and when : m > 1,we have :
cyc cyc
and analogs

1
via Holder's Inequality, ym+z™ > 2 om
:>Z:(ym +z™m) > w1 Z(y+z)m = 2m me 22(y+z)m
cyc cyc cyc

a" + b" a" + b"

< E VAABCandVm,n > 1,
hn r"

cyc ¢ cyc ¢

cyc

= () is true and so,
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" =" iff A ABC is equilateral (QED)

4214. In AABC the following relationship holds:
312 T, 2R—r
— < <
2R? b2 + c? 8r

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

rr, AM-GM
- - S
b2 + c? Zbc 2 bc
cyc cyc cyc
Euler
r(ar, + bry + cr r.2 (ZR—r) 2R—1r "7 2R —
— _( a b c) — P — 2 (RHS)
2 abc 2.4pr.R

T, Z
BZ+cZ b? + c?

cyc
as<b<c-or,<r,<r,

In AABCwlog : { 2 | 2 2 2 2 2 1 1 1
b +c*=>a*+c*=>2b*"+a* - b2+c2Sa2+czsb2+a2

r Chebyshev 2 Bergstrom
z:b2+c2 = 3Zr“2b2+ 2 4RJFT)Z:b2+c2 =
cyc cyc cyc cyc

Ei.llef
AR+r (1+1+1)2 4R+r 9 el or 9 3r

= . = . 2 T T
- 3 2(b? +c% + a?) 3 2(b2+c*+a?) ~ 3 '2.9R? 2R?
rr, 31'
sz +c2 2R2 (LHS)
Equality holds for: a=b=c

4215. In any A ABC the following relationship holds :

Z my — Mg > 0
(m, + my)(2sin? A + 2sin? B —sin?C) —
cyc

Proposed by Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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2

e A +Y GyGety) | =3+ =Y
y| =%z Xyz xy(x+y)) | =

cyc cyc cyc
y
-3+ Z + Z Z i z 3 + z
cyc cyc cyc cyc cyc
x2 1 x\ AM-GM 1 X x2 x y AM- GM
Now,z—zz— Z— > —.3.2—:2—222—and z
y- 3 y 3 y y y
cyc cyc cyc cyc cyc cyc
x2 x
ZF-FZ%Z Z;+ 3 = (D is true
cyc cyc cyc
2
Zx>13 +Z((+))—1z Z d with
y| =%z XyZ xy(x+y = xyz X xy | and wi
cyc cyc cyc cyc
b t z 2) > 1 Z Z b (m) and
x=ay=b,z=cweget: - =>—. a ab | - (m) and now,
cyc b abc cyc cyc

kt Z b-c 2 O@Z (@’b* —a’b’*c)(c+a) 7
weseektoprove: ) 2+ b) = a’b2c?(a+b)(b+c)(c+a) —

cyc

& abc. Z ab?® + Z a3b42azb2 z, a
cyc

cyc cyc

a 2
ab? Bergstrom abc. ( Yever
NOW,Z a’b?* = azbzcz.z:c—2 = azbzcz.zg > a?b2c2, ( cch)

= - chc ab
cyc cyc oc g
1
via (m) abc.——. (Y ve @)(Deve ab
> a’b3c2. abc (eye @) (Eeye ab) Z a3b* > a’b?c2. Za - (i)
Ycyc ab
cyc cyc
2
b? Bergstrom Y ve @
and again, abc.z ab3 = azbzcz.z — > ad’b?c> M
c Yeyc @
cyc cyc

abc.z ab3 > a?b?c?. Z a | - (ii) and so, (i) + (ii) = () is true
cyc cyc

Z b=¢ . o&impl ting it t le with sides 2 e 2My ZM,
CZ (a n b) = lmp emen lngl ona rlang e wl sidaes 3 , 3 , 3 ,

cyc
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2
3 (mp, — m) m;, — m,

> >
- O:Z(ma+mb)(2a2+2b2 —c?) 0
cyc

we arrive at : Z >
cyc ﬁ (4m%)(ma + mb)
my — Mg

=
Zyc: (m, + mb)(4-R2 (2 sin% A + 2 sin? B — sin? C))

Z My — M > 0V ABC
(m, + my)(2sin? A + 2sin? B—sin?C) — ’
cyc

" =" iff A ABC is equilateral (QED)

and so,

4216. In any A ABC the following relationship holds :

Proposed by Neculai Stanciu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

2

Y sing | = stz 42 (singsing)
Sln2 = sin 2 Sll'lZSll'l2

cyc cyc cyc

_2R—r+(2_A_B_C>Z A
= 2R SIHZSIHZSIHZ COSEC2

cyc

_2R—r+ r Z bc(s—a)CESZR—r_I_ 1 Z N Z( )
~ 2R 2R’ r’s ~ 2R 2R.+/s v sTa

cyc cyc cyc

2R—r 1 Gerretsen 2R — r
= .Vs?+4R Z, <
SR +2R.\/§\/S +4Rr +r2.4s < R

_2R—r 2R+2r_4R+r ?

R ? ?
= < — > 2 > 4r2
>R + R >R _2+8r<:>R(R+16r)_4r(4R+r)<:>R > 4r

A R
— true via Euler .. z sin—< |2+ — VABC,
2 8r
cyc

" =""iff A ABC is equilateral (QED)

1
- 2 2
+ 2R.\/4R + 8Rr + 4r

Solution 2 by Adgozel Adgozalov-Azerbaijan

In any triangle ABC, the following identity for half-angles is well-known:
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ZqinA 1+4sinAsinB inC 1+ !
sin — = sin — sin — sin — = —
2 2 2 2 R

cyc

Therefore, the inequality is equivalent to:

7\ 2 R
1 —) <94
(+R - +8r

R

.L —_—
Let 7. By Euler’s inequality, x2 2. Substituting x gives:

1\? T
1+—-) <24 -
€T 8

2 1 T T 2 1
1+24+ = <242 &= S41-2-—=>0
+;:c+.r2_ +8 8+ r  xr

Multiplying by 8x?> 0:

x3+8x2-16x-820

Factoring the polynomial:
(x-2)(x*+10x+4) =0
Since x = 1r_z > 2 we have x-2 2 0 and x?+10x+4 > 0, so the inequality holds directly.

Equality holds if and only if x = 2 &R = 2r, which corresponds to an equilateral triangle.

4217. In any acute A ABC the following relationship holds :

atanA btanB ctanC
+ + > 6

Iq Iy Ie
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Jensen

For an acute A ABC,Z tanA > 3V3 = HtanA >3V3

cyc cyc

AM-GM 3 |4Rrs. 3v/3 Mitrinovic 3 2
~LHS > 3. |——— = 3. |4.——.3V3 =6V acute ABC,
rs?2 3V3

" =""iff A ABC is equilateral (QED)
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4218.

In any A ABC the following relationship holds :

A B C
acotf bcotf ccoti

+ +
Iq I'y I¢

> 6

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

AM-GM 3 [4Rrs.s3 3 |4Rrs* Euler 3 |8r
LHS > 3. ———=3. |—— = 3. |—=6VYAB(,
(rarpre)? r2s4 r

" =""iff A ABC is equilateral (QED)

4219. Prove that in any AABC holds:

A B . C_3
—+Ssin°—+sin° - > —

2 2 2_64

sin®

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Adgozel Adgozelov — Azerbaijan
Let A,B,C be the internal angles of AABC;lUsing the fundarzental trigonometric identity:
Zsinzi =1- 2]___[51115
By Euler’s Inequality (R 2 2r):
Hsm 2= IR < 3
Therefore:

Zbln A QHHlné Euler (%) _ z

Now, applying the Power Mean Inequality:

L, A\3
St = 3 =227 1) T ea
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Equality holds if and only if A = B=C = 60° (AABC is equilateral).

4220. In AABC the following relationship holds:
a b ¢ 43

tS+5=>—==
r2 r: ri 3R
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a _ 38 ab 33 abc
r,zJ r2 r2 - (r rbrc) ( F F3s
s—a s— b s — c (F

3| 4RF 3 4RF 3 4R 3/4R 3 4R EULER 33 |8r

=3 =3 =3 — = > = |—

(Fs)? F2s2 _ ° |Fs? rs? s|r s|r

MITRINOVIC
= — \/_ =
3\/_ 3R \/§R 3R
2

Equality holds fora = b = c.
4221. In AABC the following relationship holds:
a? b? c?

+ + > 4
WpW, WcWq WqaWp

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a? b? c? abc \? 3 abc 2
+ + >3 ( ) >3 =
WpWe WwWWw, W,Ww, WWpW, \/S(S - a) . \/S(S - b) . \/S(S - C)

_ 33 (abc)2 _ 33 (4RF>2 _ 3 (4R>2 MITRI>NOVIC 33 4R B 33 ( 8 )2 B
B sF) sF /) s - 3\/§R B 3v3/
2

= 33\/% =3 -g = 4. Equality holds fora = b = c.
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4222. In AABC the following relationship holds:
a? b? c?

+ + > 4
Tqlp rpre relq

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

2
a? N b? N c? >33 ( abc )2 33 4RF
rqTp rpre rrq N raTpTc B F F F B

s—a s—-b s—c

2
33 ARF . 4RF - F2\* 33 4R\2 MITRINOVIC
= = _— = —_— >
F3-s F3s ( s ) -

s(s—a)(s—b)(s—0)

Equality holds fora = b = c.

4223. In AABC the following relationship holds:

2 2 2
r r Tr
a b c>3

hoh, | hohg ' hghy =

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

2 2 2 2 3 F . F . F
hbhc hcha hahb N hahbhc 2F 2F 2F
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_33 abc 2_33 abcs 2_33 4RFsZ_
T4 ((s—a)(s—b)(s—c)) T4 (s(s—a)(s—b)(s—c)) T4 (FZ ) -
33 4Rs 4R EULER33 8r 3 _

TS 1‘ Z -

Equality holds fora = b = c.
4224. In AABC the following relationship holds:

a b c
—+—+—2>2V3
Wp W¢ Wq

. = 3

S| W

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c AM-GM 3| abc 4RF
—+—+— = 3.
W We W, WaWch \/s(s—a) Js(s—b)- \/s(s—c)
3
3|/4RF 3|4R MITRINOVIC
=3 |—==3 |— > 3
s F S
6 =23
r V3 3

Equality holds fora = b = c.
4225. In AABC the following relationship holds:

a b c
+ + 628x/§

. , A . , B i
h, sin? 7 hy sin? 5 he sin? 5

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

C.lA+ - Bt C Z a Zzp (s—b)(s—c)

h,sin?5 h sm2 h, sm2 sm2
osin?5  hysin?35 cye h v g bc
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abc a 4RF 1
~2F o (s=b)(s—0) ~ 2F '(s—a)(s—b)(s—c);a(s_a)=

_ 2Rs 2r(4R + )EU;ER 2Rs 2r(8r + )_4Rrs-9r_
TsG-a)G-bi-0c " o= T ArierTir = B

_36Rr_36Rr_36RMITRI>NOVIC 36R 72 —24—24\/§—sﬁ
~ F " rs s T 33, 33 V3 3
2

F-rs

Equality holds fora = b = c.
4226. In AABC the following relationship holds:

a N b N c - 83
h,sin?A  h,sin?B  h.sin?C ~ 3

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

L b L€ _Z a _Z a _\a 4R*>
h,sin2A ~ hysin?B '~ h,sin2C Z.h,sin24 E.(i)z_ 2F -a
cye a \2R
_4R2 3_12R2 _6R2 EU;ER 6R-2r 12R MITRI>NOVIC 12R 24 8 _8\/§
~2F T 2F rs ~ rs s - 3v3R 3V3 V3 3
2

Equality holds fora = b = c.
4227. In any A ABC the following relationship holds :
3A 3B A-B
sinT + sinT < 2cos >

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

34 3B _  3A+3B 3A-3B 3A — 3B
sin— + sin— = 2 sin 1 oS < 2 cos
. 3A+3B 3A+3B 3m\ ? A—B A—-B
('.'O<sm <1las0< 2 —)SZcos = 2 cos? -1
? A—-B
®4cos39—3cosBSZcoszﬂ—1(BzT)
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? T A—-B =
=>(t—1)(2t2—1+2t2+2t)SO(t=cosB)—>true°-‘—Z<9=T<Z
1 3A 3B A—B
> —<t<1=>2t2-1>0 . sin— + sin— < 2 cos v A ABC,
2 2 2
A—-B 3A+ 3B
" =""iff cos =1A sinT = 1 = iff A = B and subsequently iff
inom — 1and~0< <3 sino2 i o T L it A =T and
— = — < — — = —_— == =—
Sin 2 an 2 2 sin 2 1 21.[ 2 1 3 ana so,
in conclusion,”’ =" iff A=B = E(QED)
4228. In any acute A ABC withtan A + tanC = 2tan B
3v2

the following relationship holds : cosA + cosC < 1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

sinA sinC 2 tan B sin(A + €) 2 tan B
= =5 =
cosA cosC an cosAcosC an

tanA+tanC=2tanB =

sinB 2sinB
= 2cosAcosC=cosB=—cosB+ cos(A—C) =cosB

cosAcosC_ cosB
=1+ 2cosB and so, (cosA + cos C)? = (2 sin? g) (1+2cosB)
)_2_(4cosB—1)2 <2

8 8 — 8

= 2 cos?

9 1
= (1—cosB)(1+2c0sB)=§—(§—cosB+2coszB

3:i2(

=|cosA+cosC < ——

2V2 4

1 1
and "’ =" iff [cosB = 7 and consequently, iff cos(A —C) = 2

L T
that is iff (A — C) =3 or (C—A) =3

T
-.-O<A,C<E:> cosA+cosC>0)

T V3 + tanC
WhenA—-C=—,then:tanA+tanC=2tanB = tanC+ — = 2v15
3 1—+3tanC

3V5—-6
V3

wC< 273 E) and consequently,via tan A + tan C = 2vV15,we get :

and solving this quadratic equation in "tan C",we get : |tan C =
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tana = 25| 1nd similarly, if C— A = t
anA = and similarly,if C — A = —,we get :
3 y 3 g
tan C 3V5 +6 d tan A 3V5 -6 d A+ (:<3\/E
anC = and tan A = and so, cos cosC<—
V3 V3 4
V acute A ABCwithtan A + tanC = 2 tanB,
( 35 + 6) ( 3v/5 - 6)
A =tan™! A =tan™!
3 V3
144 I’ = 1 1
=""iff { B=cos1- > or 1 B = cos‘IZ + (QED)
3V/5-6 3V/5+6
C=tan™?! C=tan?!
\ NE, \ N,

4229. In AABC the following relationship holds:

m,m, mpym, msm,

2 2 2z =
2 rs ry,

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

=3

m,m, mym, mgm, AM;GM 3. 3 (Tn'a"nb"nc)2 > 3. 3 (rarbrc)Z
raTpTc N

r2 r2 s Tal'pT
Equality holds fora = b = c.

4230. In AABC the following relationship holds:

abc < 3+/3R3
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
EULER R
abc = 4RF = 4Rrs < 4R-Es=

MITRINOVIC 3V/3
< 2R*-—-R= 3V3R3

Equality holds fora = b = c.

=2R? s

4231. In AABC the following relationship holds:
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GA~GB+GB-GC GC-GA>4

r2 r2 r: 3

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

GA-GB GB-GC GC-GA
z T z T 2
T2 i Ty,

s[6a-GB-Go\2 *|[3m,-5m,-am
>3. (_) _3 3 Ma "3 "3 _
TalpTe TalpTc

_3. (E)Z C|(mamammey® gy 4| rarerey?_ %
3 ToTpTc 9 T TpTc 3
Equality holds fora = b = c.

4232. In AABC the following relationship holds:

GA GB GC
> 2

+—+—=
rp L Tq

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

GA GB GC 3|GA-GB - GC
—+—+—2>3 | ———=
L) re rq raTpTc
3|2, 2 2
_3 3Mg - 3My -3 mc 2 3 mambmc 3 TalpTc _
LA YaTpTc rarbrc

Equality holds fora = b = c.

4233. In any A ABC the following relationship holds :

r, I rc<3(ra+rb+rc)

b ¢ a+b+c

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

Z Z stan Z s s?+ (4R +r)?
=R 2.5 s?

cye oc 4R tanz cos2 cye
4R +r)?
Doicet 1 % + (4R +1r)? Elier (4R +1r)(9R) _ 3(r, + 1 + 1)
= 4R’ s =~ 3R(a+b+c) a+b+c ’

" =""iff A ABC is equilateral (QED)

4234. In any A ABC such thatr, # r,, #

r., the following relationship holds :

g Ty re

(I‘a - l‘b)(l'a - l‘c) * (rb - rc)(rb - ra) * (rc - ra)(rc - rb)

Proposed by Zaza Mzhavanadze-Georgia

2s% <

27
< 7 (SRZ - 81'2)

Solution by Soumava Chakraborty-Kolkata-India

x4
Forx vy # z,z
y x-yx-2)
cyc

~ 1
S x—-yy-2)(z-

Z xt __x4(y—Z)+y‘*(z—x)+z4(x—y)_)@
) L (x=y)(x~2) B

ot (—x‘*(y —2)—y*z—x) - z*(x - y))

(x—y)(y —2)(z—x)
Now,x*(y—z)+y*(z—x) +z*(x —y) =
x*(y—z) - x(y — z)(y? + y*z + yz® + 2%) + yz(y — 2)(y* + yz + z?)
=(y—2) (x(x3 —-y?) —y*z(x —y) —yz*(x —y) —z3(x — y))
=y -2 x-y) &+ 2%y +xy? —y’z —yz? — z%)
=y-D&-y) (- +xz+720) +y@x—2)(x +2) + y*(x — 7))
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Zx“(y— 2)=-(x-y)y-2(z—x) (sz +ny> - @

cyc cyc cyc
x*
~(Mand 2) = Z = Z x% + z xy - (3) and via
@ @ x—-y)(x—12) y=>®
cyc cyc cyc
X=T, Y=y, Z =T,weget:
4 4 4
5 S T Qe
+ + = rg + Iyl
(ra - rb)(ra - rc) (rb - c) (rb - ra) (rc - ra) (rc - rb) . a’b
cyc cyc
Euler
M'ta'nd i 81R? 41R?
1trinovic
=(4R+1r)?—-s? < 16R?+4R?+r%?-27r*= ) — 2612
Euler 81R%  41.4r2 81R? 27
< 2 T3 — 2612 = 2 108r?2 = 7(3R2 —8r?)

(equality doesn’t occur becauser, # 1, # r, = a # b # ¢) and also,

4
I, Doucet or Trucht
Z = (4R +r1r)? —s? > 3s2 — s? = 2s? and so,
(ra - rb) (ra - rc)
cyc
4 4 4
r, I},
2s? < <

(ra - rb) (ra - rc) * (rb - l'c)(rb - ra) * (rc - ra) (rc - rb)
22—7 (3R2 — 8r2) V A ABC (QED)
4235.
In any A ABC such that a # b # ¢, the following relationship holds :
a* b* ct
+ +
(a—b)la—c) (b-c)(b—-a) (c—a)(c—Db)

Proposed by Zaza Mzhavanadze-Georgia

72r% < < 18R?

Solution by Soumava Chakraborty-Kolkata-India

x*
Forx vy # z,z
Y -y -2)
cyc

1
T -y -2z-0

(-x*y -2 - y* @ -2 -z (x —y))
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Z x* __x4(y—Z)+y4(z—x)+z4(x—y)_)@
B L (x—y)(x —2) B (x -y -2)(z—x)
Now,x*(y—z)+y*(z—x) +z*(x —y) =
x*(y—2z) —x(y —z)(y® + y*z + yz® + 2%) + yz(y — 2)(y? + yz + z%)
= (y - 2 (x(3 - y®) - y?z(x — y) —y22(x —y) 2 (x —y))
= (y - z2)(x—y)(x* + x%y + xy? — y?z — yz? — z3)
=y-z)(x-y) ((x —z)(x?*+xz+z23)+y(x—z)(x +2z) + y*(x — z))

Zx“(y— z)=-(x-y)y-2)(z—x) (sz +ny> - @

cyc cyc cyc
o4
~(Mand 2) = Z = Z x% + z xy - (3) and via
D and 2 CEICEr y-®
cyc cyc cyc

x=ay=b,z=cweget:

at b* ct
(a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b)=Za2+zab<

cyc cyc
4

Leibnitz a
ZE:a2 < 18R2andalso,z(a_b)(a_c)=Za2+2ab>22ab
cyc

cyc

cyc cyc cyc
Gordon Mitrinovic i !
S ev3irs e 8 3 r.3V3.r = 7212 (equallty doesn’t occur because)
a+b+*c
a* b 4

and so, 72r? <

C
@ Da-90 b-ob-a c—ar-—p 1%

v A ABC (QED)

4236. In AABC the following relationship holds:
V31?2 a b c v3R?

< + + <
R3 (a+b)a+c) (b+c)(b+a) (a+c)b+c) ™ 32r3
Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan
a b c
@rb@a+o (brob+a) @robro
a b c
+ + =
2p-c)@p—-b) (@2p-a)2p—-c) (2p—-a)2p—b)

a2p-a)+b(2p—b) +c(2p—c) 4p*—(a®+b*+c?) AM_GM

(2p—a)(2p — c)(2p — b) “(a+b)(b+c)(a+c)
4p2 _ 2(p2 _ Tz _ 4-R1') ~ sz + 21'2 + 8Rr Gerretsen,M’iérinovici,Euler
8abc B 32prR B
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8R? + 8Rr + 6r° + 2r> + 8Rr _ 8(R* + 2rR +1?) -
32.3V3r.2r.r 1924313
(R +1)? - 3R>  3V3R* 3R?
24+/3r3 ~ 32+/3r3 3.32r3  32r3
a _Ap*—(a®* +b* +c?)
;(a+b)(a+c) " (a+b)(b+c)a+c)

(RHS)

2p% + 2r? + 8Rr ‘”‘EGM 2p% + 2r% + 8Rr _
(a+b)(b+c)a+c) ((a+b) +(a+c)+ (b+c))3
3
54(p® + r2 + 4Rr) Ge"e“e"";""""""”"”' 27(12Rr + 312 + 12 + 4Rr) _
64p3 - 81+/3R3 o
32.55

16Rr + 4r2 4™ 3672 /372

> =
12V3R3 12V3R3 R?
Equality holds for: a=b=c

(LHS)

4237.
In any A ABC such that a # b # ¢, the following relationship holds :

(b + 0O)r, (c+ a)r, (a + b)r, 3v3R
@—b)a-0o b-ob-a (c—a)ic—b) - 2r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

(b+ o)r, (c+ a)ry, (a +b)r,
@-b@a-0 b-ob-a (c—a(c—b)
A
Z((b +c)(b—c)(s—b)(s— c))
cyc

- (a—b)(b—-c)(c—a)r3s’

-1
= . (b% — c%)(—s? + sa + bc)
(a—b)(b—c)(c—a)r ;( )

/—SZZ(bZ —c?)+ sz (a(b2 - cz)) +\

~ ~1 e cye
“(a-b)b-o)(c-ar’ Z (be(b? - ¢)) )

cyc

. (b+ O)r, (c+ a)r, (a +b)r,
“la-b@a-0o b-ob-a  (c-a)c—b)
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1
“@-bb-ok- a)r'<sz (b= ) + ), (bett - CZ))> o
cyc

cyc

Now,z (a(b2 - cz)) =ab(b—a)+c? (b—a)—c(b+a)(b—a)
cyc
=(b- a)(b(a —c)—c(a- c)) =(a—b)(b—c)(c—a) = z (a(b2 — cz)) -2
cyc
Z (be(®? - 2)) = be(b — (b + ) — a(b — (b2 + be + ¢2) + a3(b — ©)
cyc
=(b-0c) (bz(c —a)+bc(c—a)—alc—a)(c+ a))
=(b-c)(c— a)((b +a)(b—a)+ c(b - a)) =-2s(a—b)(b—c)(c—a)
= Z (bc(b2 - cz)) - (3) and so,(1),(2) and (3) = LHS =

cyc
(a— b)(b__lc)(c —or (s(a—b)(b—-)(c—a)—2s(a—b)(b—c)(c—a))

S Mitrinovic 3\/§R .
=- < - ; equality doesn’t occur because a # b # c and so,

r
(b +0)r, (c+ a)r, (a+ b)r, 3vV3R

@—b)a—0o  b-—oOb-a) (c—a)c=b) ~ 2r

Vv A ABC (QED)

4238. In any A ABC such that a # b # c,the following relationship holds :

1 1 1 1 1
27R® < (a—b)(a— c)a?bc + (b—-c)(b—a)b?ca + (c—a)(c—b)c2ab < 1728r®

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

1
Forx zy + Z,Zyc: (x — y)(x — 2)x%yz
1
T x—)(y -2z - 0)xy?z?’ (—yz(y — 2) —zx(z — x) — xy(x — y))
1
= G0 Da oy PP 26D +2) + 5y - 2)

1

CE V( —2)(z — x)x2y2z2’ (y—2)(y(z—x) — x(z—x))
1

= GG D= natyiz ¥~ PE-DE-y)
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1 1
Z — — — =5 2andviaan,yEb,ZEc,
o (x —y)(x —z)x?yz  x%y’z
1 4 1 4 1 _ 1
(a—b)(a—c)a*bc (b—c)(b—a)b%2ca (c—a)(c—b)czab a?b2c?
1

and - via Mitrinovic and Euler,

~ 16R?r2s?

1 1 1

< <
» R% 27R? "~ 16R?*r?s? =~ 64r2.r2.27r?

16R=. —.

4 4
lityd "t b #b+c) <

(equality doesn’t occur because a c) S7RE

1 1 1
(@-b)(a—oatbc ' - )(b—ablca ' (c—a)(c—b)cZab - 1728r6 (D)

4239.

In any A ABC such that r, # r, # r., the following relationship holds :
64 1 1 1 1

< + + <
729R6 (ra - rb)(ra - rc)rgrbrc (rb - rc)(rb - l'a)l‘bzl'cl'a (rc - ra)(rc - rb)rczrarb 729r°

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

1
Forx #y + Z,Zyc: (x — y)(x — 2)x%yz
1
“ -y -2)(z— 0)xy2z? (~yz(y — z) — zx(z — x) — xy(x — y))
1
T -y - 2@ - 0ty (yz(y_ z) - x(y—2z)(y+2z) + x*(y - z))

1
T (k- -2)(z—0)x%yz? = 2)(yz -2~ x(z-x)
1

S Gy -—DE-—nayz Y- PE-NE-Y)

1 . ~ ~ B
Z =y = Diyz = PR andviax=r,y=nr,z=r,,
cyc
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1 1 1
+ +
(ra - rb) (ra - I'c)l',%l'bl'c (rb - rc) (rb - ra)rlfrcra (rc - ra) (rc - l'b)rczrarb
1 1 o 1 1 1
= rgrfrcz = e and - via Mitrinovic and Euler,R_2 72 9RA < 71 < 2 72004
4" 16
(equality doesn’t occur becauser, #r, #r.>a # b # c)
64 < 1 + 1
T 729R6 T (r, — 1,)(r, — T)2rr.  (r, — ro)(r, — ) o A N
1 1
< ED
(rc - ra) (rc - l"b)rczl«arb 729r¢ (Q )

4240.
Let P,A4,A;, A3 are any points on a plane and G4, G,, G are the centroids of
PA,A,,PA,A3, PA3A  respectively. Prove that :
1) 6162 ” A1 A3, Gng ” A1 A2 and 6361 ” Az A3
2) [AA1A243] = 9[AG1G,G3]
Proposed by Jafar Nikpour-Iran

Solution by Mirsadix Muzefferov-Azerbaijan

Let's determine the coordinates of the centers of gravity G,,G,, G5
(x1+x2+x4 }’1"‘}’2"‘}’4)
G, 3 ) 3 ,
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(x2+x3+x4'YZ+Y3+Y4> (x1+x3+x4_J’1+J’3+J’4)
2 » 3

3 ’ 3 3 ’ 3

P X3 —X1 Y3~ Y1\ —

G1G, = ( 3 ' 3 )'A1A3 = (X3 —x1;¥3 —¥1) = G1G2 || A1 A3
X1 —X2 Y1— Y2\ —

G,G3 = ( 3 ; 3 )'A1A2 = (X2 —X1;¥2— Y1) = G,G3 || A A,
X2 —X3 Y2 — Y3\ ——

6361 = ( 3 ) 3 );A2A3 = (xg —X2,¥Y3 — yz) = GgGl Il AZ A3

GG, || A, A3

G,G3 || Ay AZ} = AG,G,G3~AAA,A; = k = 3 here k — is the ratio of similitude
G3G1 || A A3
Then [AA;A,A3] = [AG,G,G3] = k* =9.

4241. In a non — equilateral AABC with%a = wjb = ; prove that:
R 14
=—T
3

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

2a 3V3b s kR ks
Let —=——=—=kthena=—,b =
R s r 2 3V3
kR ks
abc=4Rrsor,—.—.kr=4Rrs:>k=2\/§
2 '3V3
23

kR ks 2s k=
a+b+c=Zsor,—+—+kr=250r\/§R+?+2\/§r = 2s

2 33

4s s 3V3/R
? = \/§(R + Zr) OT,; = T(;-I_ 2) (1)
2v3 4+/3
ab = T\/_RS' bc = Trs, ca = 6Rr
23 43

ab + bc + ca = s> + r? + 4Rr or, 3 Rs + 3 rs+ 6Rr =s* +1r% + 4Rr
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2V3 43
or, xy + y + 6x
3 3
R s 3V3 (R 3\/_
= y2 1+ 4x, =—,y=—-= —(— 2) _ 2
y++x<x Y= 4r+ (x+2)
2
2V3 33 443 343 3V3
—x—( )+——( +2)+6x=|—-((x+2)] +1+4x
3 4 3 4
3 27
—x(x+2)+3(x+2)+6x=—(x+2)2+1+4x
> +12 +6—27 2+43x+31 3 20x+28=0
2x x T m 7 o x? x
Bx—-14)(x-2)=0
14 R ) , ] ] 14
x=?(asx=7¢2,smce triangle is non—equllateral) orR=?r.

4242. In any A ABC with P — an interior point,
the following relationship holds :

PA?
z T = 2\/§l‘

cyc
Proposed by Adgozel Adgozalov-Azerbaijan

Solution by Soumava Chaktraborty-Kolkata-India

Via Murray S.Klamkin (1975),if x,y, z are real numbers, then :
(x +y + z)(x.PA? + y.PB? + z.PC%) > yza? + zxb? + xyc?

dvi 11 1 . zl Z:PA2 Z
andviax=_,y =,z = _, weget: - >

cyc cyc cyc
. Z PAZ2 . chc a3 Cheb;shev (chc az)(chc a) - (chc ab) (chc a)
a ~ Ygcab 3 Ycycab - 3 Ycycab

cyc
Mitrinovic 6\/§1‘ PA?
=" 22— and so,:ZTZ 2v3r V A ABC,

cyc

" =" iff A ABC is equilateral (QED)

4243. In AABC the following relationship holds:

3R a b c 33/abc
——2>—+—t—+—
r b ¢c a a+b+c
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Proposed by Alex Szoros-Romania
Solution by Tapas Das-India

b z X+y+z
Lemma:Vx,y,z>O,—+X+— ( xryry )

x /
x z x x z Z z Xx\AM-GM
Pr00f13(—+z+—>=<—+—+X)+(X+X — +(—+—+—) >
y z x y Yy z z z Xx X xy
_3(x+y+2) x y z ((x+y+2z)
—+=+—-—=>——— (proof complete
Z ayz | ayz y p Tiye (proof complete)

a b c 33/abc 2a b c 1a b c 33/ abc
—+—+—+—=—(—+—+—)+—(— —+—)+—2
b ¢ a a+b+c 3\b ¢ a b ¢ a a+b+c
AM—-GM
Len;mazx3+1 a+b+c+ 33 abc AM;GM2+2 1 a+b+c 3Vabc B
- 3 3° B\Iabc a+b+c 3 3\/abc ‘a+b+c
33¥abc amMm-6M a+ b + ¢ a b ccss
_— < —F—=1& -+ —+—S
a+b+c at+b+c b a
1 Leibniz ,Steining 9R2 3R
< 2 Z—) < _— =
- (Za)( a? - 4712 2r
3R 3R
We need to show: 1 + > < poai 2 or,; >3 or,R = 2r true by Euler

Equality holds for an equilateral triangle.
4244, In any A ABC the following relationship holds :

R (R 1) 3s I,
S
2r 4/ 4r

Sea —4r2 + (b — c)?

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

f r A
2 ___ g2 2_-
chc n, CES 3 chc a Bogdan Fustei \/3 ZCYC (S R s°.sec 2 )

4R+r = 4R+4r 4R +r
(BR—r)s?2 —r(4R +r)?
3 » IR

R
< R
4R+r .| 2r
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squaring

& RZ?(4R+71)% +61r%(4R + r)2 6r(3R — r)s?
®

Rouche
Now, 6r(3R — r)s? < 6r(3R —r) (2R2 + 10Rr — r2 + 2(R — 2r).+/R% — 2Rr)

< (R?% + 6r2)(4R +71)?
< R(R — 2r)(16R? + 4Rr — 63r?) > 6r(3R—r).2(R — 2r).A/R%Z — 2Rr
Euler
and * R—2r > 0 . itsuffices to prove following squaring :
R2(16R? + 4Rr — 63r2)2 > 144r2(3R — r)%(R? — 2Rr)

? R

& 256t° + 128t* — 3296t3 + 2952t% + 2097t + 288 > 0 (t = ;)
(4t + 1)? 2340(t—2) + 504

@ —
100 5

336
((16t + T) (10t —21)% + ) > 0 - true

Euler
(strictinequality) -t > 2 = (%) is true

R/AR 1 3s r,
2r< +4>+E_Z 2 22
cyca—\/4r +(b-2c¢)

Dicyc Ng N 3s Z r, Bogdan Fustei n,+s Z I,
4r _ 2 ——% = - an
4r 4r Sia Jar2 + (b —c) T 4r Sla—-—*
n,+s z r,(s +n,) Bogdan Fustei n,+s Z r,(s+n,)
B 4r a(s —ng)(s + ng,) B 4r a.2h,r,
cyc cyc cyc cyc
n,+s s+ n, 0 and
= - = 0 and so
4r 4r ’
cyc cyc

R(R+1> 35>Z r, v ABC
,‘21‘ 4/  4r cyca_\/4r2+(b_c)2

" =" iff A ABC is equilateral (QED)

4245, In any A ABC the following relationship holds :

R R R T

r,+1r, +r. 2r

ONIH

1
<wawbwc 3 ((hg = r)(hy — r)(h, —1))3
hohph, ) ' 2r

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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(5) (wawbwc)2 _ ((hy — ©)(hy — (b — 1))’ _

2r/ \ hghyh, 64r®
R
— (ﬂ) 32Rr?s? R r3(a+b)b+0(c+a) _R?
~ 64r° "\ (a+b)(b +c)(c+ a) 2r2s?’ 4Rrs ~ 8r3

R W,
~RHS = |—-> (D) and - p,. |— <n, and analogs
2r 9da

(Reference : Solution to Inequality in Triangle — 118 by Bogdan Fustei;)
publshed at www.ssmrmh.ro

Wa r A

r,+rn,+r.  4R+r 4R +r 4R +r
\[3 ((BR —r)s?—r(4R+ r)z)
R ? vian@® |R
= AR + 1 <RHS = \[2_:
squaring

& RZ?(4R+71)% 4+ 61r%(4R + r)2 6r(3R — r)s?
(*)

Rouche
Now,6r(3R — r)s? < 6r(3R —r) (ZR2 + 10Rr — r2 + 2(R — 2r).+/R% — 2Rr)

< (R?% + 6r2)(4R +1)?
& R(R — 21)(16R? + 4Rr — 63r2) = 6r(3R — ). 2(R — 2r)./RZ — ZRr
and ~ R — 2r Euzler 0 - it suffices to prove following squaring :
R%*(16R? + 4Rr — 63r?)? > 144r*(3R — r)*(R? — 2Rr)
& 256t5 + 128t* — 3296t3 + 2952t% + 2097t + 288 é 0 (t = g)
- (4t +1)2 2340(t—2) + 504
100 5

336
((16t + T) (10t —21)2 + > > 0 - true

Euler
(strict inequality) t > 2= (x)istrue

\/7+Pb \/Wb+pc \/; 6 (w wbw> ((hg — 1) (hy —r)(h, —r));
Zr '

I, +1I, +1¢ h,hyh, 2r
v ABC,”" =" iff A ABC is equilateral (QED)

4246. In any A ABC the following relationship holds :

1 1 1
ng + 0y + 0, _ (5)6 (wawbwc)g ((hg — r)(hy — r)(h, — 1))3
r,+r,+r. — \2r/ \hghyh,/ ° 2r
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Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

(5) . (WaWbWC>Z | ((ha —r)(hy, —r)(h, — r))2 _

2r/ \ h hyh, 64r®
R
(zx) 32Rr?s? R r3a+b)®b+oc+a)’ R
~ 64r6 " \(a+b)(b +c)(c+ a) 2r2s?’ 4Rrs ~ 8r3
, /3 Y e
R chc n, CBs €yc "a Bogdan Fustei
o RH = —_— < =
S 2r_)®and4R+r_ 4R+r
r A (BR—r)s?2 —r(4R +r)?
J3chc(sz—§.sz.seczf) \[3( R ) ? vie® |R
= <RHS = —
4R +r 4R +r 2r

squaring

& RZ?(4R+71)% 4+ 61r%(4R + r)26r(3R —r)s?
()

Rouche
Now,6r(3R—r)s2 < 6r(3R—r) (ZR2 + 10Rr — r2 + 2(R — 2r)./R% — 2Rr)

< (R? + 612)(4R + )2
& R(R — 21)(16R? + 4Rr — 63r2) > 6r(3R — r).2(R — 2r)./R? — ZRr
and ~ R — 2r Euzler 0 - it suffices to prove following squaring :
R?(16R? + 4Rr — 63r?)? é 144r2(3R — r)?(R? — 2Rr)
© 25615 + 128t+ — 3296t% + 2952t2 + 2097t + 288 > 0 (t = g)

(4t + 1)? 336 ,  2340(t—2)+504) ?
@W (16t+T> (10t —21)% + 5 > 0 - true

Euler
(strictinequality) ~t > 2 = (%) is true

1 1 1
 Dg t 0y + 0 (E)E (WaWch>§ ((hg —r)(hy — 1) (h, —1))?
Cra+rn+r. ~ \2r/ ‘\hghph,/ 2r

" =""iff A ABC is equilateral (QED)

Vv ABC,

4247. In any A ABC the following relationship holds :

Wa

n, + ( | —)
Z r,—r E N chc a chc Pa 94
w, .r,| " r,+r,+r.

cyc
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Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z r,—r |h, _Z rs.a(b + ¢) 2rs
W, Tq A’ 4 A A

cyc cyc s(s — a).2bc cos > Rsm Cos5 .S tang
f Z ra(b + c) [ z ZRr a(b +¢)
cyc a)bc 2 COS smf (S - a)abc
2Rr a(s+s—a) r 1 a—s+s
- | s z ———+2s
R4-RI‘S s—a 2R 2s s—a
cyc oye

B 1 3+s(4Rr+r2) L) = r 1 4R
\/ZR 2s'\° rZs *)=N2R2s S 1
r,—r ’ha ’2R ] w,
= Z . |—|= |— - @) and again, p,. |— < n, and analogs
cyc Wa ra r . ga .

(Reference : Solution to Inequality in Triangle — 118 by Bogdan Fustei;)
publshed at www.ssmrmbh. ro

[Wq ’ 2
ZC}’C n, + chc (pa ga> - 2 chc n, CES 2. |3 chc Ny Bogdan Fustei
= =

I+ 1, +1¢ ~ 4R+r 4R +r1
r A (BR—r)s?2 —r(4R +r)?
Z.JSchc(sz—ﬁ.sz.seczf) Z.JB( ) R ) ra—r h,
= < —
4R +r 4R +r Z
cyc

ia M) |2R squaring
et /T S ° RE(4R +1)? + 6r2(4R + 1) > |6r(3R — 1)s?
@

Now,6r(3R—1)s? & 6r(3R — 1) (2R? + 10Rr — r? + 2(R - 2r)./R? — 2Rr)
< (R?% + 6r2)(4R +1)?

& R(R — 2r)(16R? + 4Rr — 63r2) > 6r(3R — 1). 2(R — 2r).R? — 2Rr
and - R — 2r Elger 0 .. it suffices to prove following squaring :
RZ(16R? + 4Rr — 63r?%)? é 144r*(3R — r)?(R%? — 2Rr)

& 256t° + 128t* — 3296t3 + 2952t% + 2097t + 288 é 0 (t = g)

o (4t + 1)? 2340(t—2) + 504

100 5

336
((16t + ?> (10t — 21)? + ) > 0 - true
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. . . Euler .
(strictinequality) ~t > 2 = (%) is true

W,
chc ng + chc (pa- _a)

r,—r |h
Z Tam¥ Ma Ya/ \ aBC,
W, I, I+ 1, + I

cyc

" =" iff A ABC is equilateral (QED)

4248. In any A ABC the following relationship holds :

R rg+nr,+re+l,+1,+1.+n, +n,+n,

2r  hy,+hy,+h.+mg+my+m.+r, +1, + 1,

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

CBS Bogdan Fustei r A
Zna < BZHE s usel\/32(sz—ﬁ.sz.seczf)

cyc cyc cyc

3R—r)s?2—r(4R +r)2 CBS
:\/3<( ) R ( )>.'.sx/§+na+nb+nc < V2. (352 + Zna

cyc

3R—r)s? —r(4R +r)?
Sﬁ.\/3s2+3<( ) R ( ) ) and so, it suffices to prove :

65 + 6 ((BR —1r)s? —r(4R + r)2>
R 2
o > - - R > o st 4+
f +gg+r+4R+Q

?
(16R? — 180Rr + 50r2)s? + 64R* + 96R3r + 820R?r? + 396Rr3 + 49r40
®

Gerretsen
and = (s? —16Rr+5r2)2 > 0 . inorder to prove (1), it suffices to prove :

?
LHS of (1) > (s? — 16Rr + 5r2)%? & (4R%? — 37Rr + 10r?)s? +

@
4R? — 37Rr + 10r? > 0and when : 4R? — 37Rr + 10r? < 0, then :

Blundon—Gerretsen

LHS of (2) >

?
16R* + 24R3r + 141R?r? + 139Rr3 + 6r40 and it's trivially true if :
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R(4R + r)?
4R — 2r R
& 128t5 — 496t* + 38413 + 317t2 —244t—12 >0 (t = ;)

Euler

<=>(t—2)(4t+3)(21t2+10t(t—2)+(t2—4)+3)>0—>true t > 2
R S\/_+n + ny, + n,
= (2) = (D is true ¥ A ABC - / b v ABC - (i)

(4R? — 37Rr + 10r2). + 16R* + 24R3r + 141R%r2 + 139Rr3 + 6r* > 0

h +hb+h +r +rb+

s—b s-—c
=4a(b+c—a)

? A 1 1
and now, (b + ¢)? > 32Rr. cos? 5= 8r(rb +r.) = 8rzs< + )

=8(s—a)(s—b)(s—o).

(s b)(s— )

& (b + ¢)? + 4a? —4a(b+c)>0(:>(b+c—2a)2>0

A Lascu b + ¢
- true . b + ¢ > V32Rr. cos >m, =

4R+T1
and analogs = Z m, > V8Rr. R (4R +r)

cyc

A> R , A
.cosz_ I.cos 2

f R . .
ol (m, + my + m) > r, + 1, + r. — (ii) and finally,

—GM CBS
la+lb+l Z,/s(s—a < /3s. Z(s—a):>la+lb+lcSS\/§—>(iii)

cyc cyc
rp,+rn+r.+1l,+1,+1l.+n, +n, +n,
h,+hy,+h.+m,+my+m.+r,+r,+r. "~
(sV3+n,+ny+n.)+r,+1,+r Via<(i)
h,+h,+h.+m,+my+m,+r,+1, +r,

(/;.(ha+hb+hc+ra+rb+rc)>+(ra+rb+rc)
< |[—
’Zr

h,+h,+h.+r,+ 1, +1r. + m, + my + m,

-~ (iii) =

R ?
s ,ﬂ (m, + my + m,) > r, + 1y, + 1. - true via (ii) and so,

R r,+rn,+r.+1l,+1l,+1l.+n,+n,+n
- > a b [ a b [ a b c VAABC,
2r h,+bhy+h.+m,+my+m.+r,+1r, +r,

" =" iff A ABC is equilateral (QED)
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4249. In any A ABC the following relationship holds :

2R>S\/§+la+lb+lc+2(na+nb+nc—l—ra—|—rb+rc)
r  hy+hy+h.+m,+my+m.+r, +1, +r,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z CBS 3 Z , Bogdan Fustei 3 z ( , I ) A )
n, < n = §< ——.S8“.secc—

a a R 2
cyc cyc cyc

3R—r)s?2 —r(4R +r)?2 CBS
=j3<( ) ( )>-'-S\/§+na+nb+nc < V2. [3s2+ Zna

R

cyc

3R—r)s? —r(4R +r)?
S\/E.\/3sz+3<( ) R ( ) > and so, it suffices to prove :

2 (BR—r)s? —r(4R +r)?
52 2 aR 2 3 = st +
(S LU +4R+r>

(16R? — 180Rr + 50r2)s? + 64R* + 96R3r + 820R?r? + 396Rr3 + 49r*|>|0

@
Gerretsen
and = (s? —16Rr+5r2)2 > 0 . inorder to prove (1), it suffices to prove :

?
LHS of (1) > (s? — 16Rr + 5r%)? & (4R%? — 37Rr + 10r?)s? +

?
16R* + 24R3r + 141R?r? + 139Rr3 + 6r40 and it's trivially true if :
©)
4R? — 37Rr + 10r? > 0and when : 4R? — 37Rr + 10r? < 0, then :

Blundon—Gerretsen

LHS of (2) >

R(4R + r)?
2 _ 2
(4R%? — 37Rr + 10r ).—4R _—

? R
& 128t5 — 496t* + 38413 + 317t2 —244t—12>0 (t = ;)

?
+ 16R* + 24R3r + 141R?r? + 139Rr3 + 6r* > 0

Euler

?
o (t-2)4t+3)21t2+10t(t—-2)+(t?-4)+3)>0->true~t > 2

R sv3+n,+n,+n
=@ > QDistrueVAABC . |— > @’ b’ ¢  vABC- (i)
2r h,+hy+h.+r,+1,+r
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? A 1 1
and now, (b + ¢)? > 32Rr.cos?— = 8r(r, + r.) = 8rzs< + )
2 s—b s—c

=4a(b+c—a)

a
=8(s—a)(s—b)(s—c)( b)(s )
< (b + ¢)? + 4a? —4-a(b+c)>0=>(b+c—2a)2>0

A Lascu b 4 ¢
- true . b + ¢ > V32Rr. cos >m, =

4R + r 2r
and analogs = Z m, > V8Rr. /i (4R + 1)

A> R , A
.cosZ_ I.cos 2

2R

cyc

R
/ﬂ (mg + my + m,) >r, + 1, + r, — (ii) and finally,

I+ 1, +1, e z,/s(s— 2 V3s. Z(s—a)=>l + 1, + I, < sV3 - (iii)

cyc cyc
sV3+ 1, + 1y + 1, +2(na+nb+nc+ra+rb+rc)
h,+hy,+h.+m,+my,+m.+r, +1, +r1,
2((5\/_+na+nb+nc)+ra+rb+rc) v1a<(1)
h,+hy+h.+m,+m,+m.+r, + 1, +r.

2( /%-(ha+hb+hc+ra+rb+rc))+2(ra+rb+rc)

h,+h,+h.+r,+ 1, +r. + m, + my + m, r

~ (iii) =

2R

AR

2R ! e
gl (mg + my, + m.) = 2(r, + 1, + 1) — true via (ii) and so,

2R>S\/§+la+lb+lc+2(na+nb+nc+1ra+r,,+rc)VAABC
r hy+hy+h.+mg+my+m.+r,+1r,+r, '

" =" iff A ABC is equilateral (QED)

4250. In any A ABC the following relationship holds :
R _ svV3 +n, + ny, + n,

r h,+hy,+h.+r,+n,+r,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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Z CBS 3 z , Bogdan Fustei 3 Z ( , I ) A )
n, < n = §% — —.S“.secc —

a a R 2
cyc cyc cyc

3R—r)s?2 —r(4R +r)?2 CBS
=j3<( ) = ( )>-'-S\/§+na+nb+nc < V2. [3s2+ Zna

cyc

3R—r)s?2 —r(4R +r)?
<+2. szZ +3 <( ) ( ) > and so, it suffices to prove :

R
R, 65246 ((SR —r)s? E r(4R + r)z)
52 s2 + 4Rr + r? g =t
( 7R +4R + r)

(16R? — 180Rr + 50r2)s? + 64R* + 96R3r + 820R?*r? + 396Rr3 + 49r40

@
Gerretsen
and = (s? —16Rr+5r2)2 > 0 . inorder to prove (1), it suffices to prove :

LHS of (1) > (s — 16Rr + 5r2)%? & (4R% — 37Rr + 10r?)s? +

16R* + 24R3r + 141R?r? + 139Rr3 + 6r40 and it's trivially true if :
©)
4R? — 37Rr + 10r? > 0and when : 4R? — 37Rr + 10r? < 0, then :

Blundon—Gerretsen

LHS of (2)
R(4R + r)?
4R - 2r

? R
& 128t5 — 496t* + 38413 + 317t2 —244t—12>0 (t = ;)

?
(4R? — 37Rr + 10r?). + 16R* + 24R3r + 141R?r? + 139Rr3 + 6r* > 0

Euler

?
o (t-2)4t+3)21t2+10t(t—2)+(t?-4)+3)>0->true~t > 2
sV3+n, +n, +n,

,R
= (2) = (D is true v A ABC - 2o Z v ABC,

“hothythetrgtr
" =""iff A ABC is equilateral (QED)

4251. In any A ABC the following relationship holds :
R sV3.(n, + ny, + n,)

>
2r (rp+r,+r.)th, +hy+h)

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

CBS Bogdan Fustei A
2y 3 (st~ s7sect3)
\[ S R .s<.sec 2

cyc cyc cyc

3 \/3 (BR—r)s?2 —r(4R +r)?

R

- 352 <3 ((SR —r)s? 1; r(4R + r)2)>

>
4r2 — (4R + r)%2(s? + 4Rr + r2)2
& (16R3 + 8R?r — 431Rr? + 144r3)s* +

> and so,

it suffices to prove : .4R?

?
r(128R* + 96R3r + 2328R?r? + 1154Rr3 + 144r*)s? + Rr’(4R +r)*|>1|0
@O
Now, Rouche = s?2 — (m—n) > 0and s? — (m+n) < 0,wherem =

2R2 + 10Rr —r2 & n = 2(R — 2r)vR? — 2Rr - (s2 —(m+ n)) (s2 — (m-— n)) <0

)
=>s*—s22m)+m? —n? <0>s*—-s?(4R*+ 20Rr—2r?) + r4R+r)3 <0
(D is trivially true if : 16R3 + 8R?*r — 431Rr? + 144r® > 0 and when :
16R3 + 8R?r — 431Rr? + 144r3 < 0, then via (+),in order to prove (1),

it suffices to prove : LHS of (1) >
(16R3 + 8R?r — 431Rr? + 144r3)(s* — s2(4R? + 20Rr — 2r?) + r(4R + 1)?)

& (16R5 + 120R*r — 375R%r? — 1433R?*r3 + 1224Rr* — 36r5)s2
®

r(256R® + 256R°r — 6816R*r? — 2864R°r® + 433R?*r* + 324Rr’ + 361°)
[Case 1]X = 16R® + 120R*r — 375R%*r? — 1433R?r® + 1224Rr* — 361r° > 0

Gerretsen

?
and then : LHS of (2) X(16Rr — 5r%) > RHS of (2)
? R
& 17615 + 24t* — 20213 + 2924t2 — 780t + 16 > 0 (t = ;)

?
e (t-2) (176t2(t2 —4) +376t%(t—2) + 187t% + 364t + 4(t — 2)) >0

Euler
—true-t = 2

Blundon—Gerretsen R(4R + r)?% ?
[Case 2]X < 0 and then : LHS of (2) > x% > RHS of (2)

& 256t8 + 1024t7 — 5536t + 1968t> + 5569t* + 323t3 + 506t2 + 468t +
? ?
72 >0 (t—2)(4t+ 1)?(16t* + 120t3 + 36t2 + 5t(t—2) +t+18) >0

Euler

—true~t > 2= (2)istrue .. combining both cases,(2) = (1) is true v A ABC
R sv3.(n, + n, +n,)
' (r +r1, +r)(h, +hy +h.)

v ABC," = "iff A ABC is equilateral (QED)
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4252. In any A ABC the following relationship holds :

29b9. _ W,.1/41r2 + (b — )2
h,  n,—.4r2+ (b-c)?

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

y/ yZ
:mand—zzn
X

c=x+yands = x+y + z and furthermore, we denote : y

X
and then, we have the following set "’S" of relations : y? + z? = x*(m? — 2n),

squaring
? and via Bogdan Fustei
y3 + z3 = x3(m3 — 3nn), and now, g, g. < r,w, =
((s b2+ 4(s — a)(sb— b)(s — ¢) (s— O + 4(s — a)(sc— b)(s — c)> é
s(s—b)(s—c) 4bc ( )
s—a '(b+q:)2'SS a

o 4(z+x0)2(x + )2 (x +y +2)% = (4zx + xy + yz)(4xy + zx + yz) 2x + y + 2)?
& 4x°% + 16x5(y +z) + 8x*(y? + z%) — 12x*.yz — 32x3.yz(y + z) —

5x2.yz(y +z)? + 3x.yz(y3 + z3) + 13x.y%z%(y + z) + 3y?z2%(y + z)ZO and via
®

set of relations ”’S”, to prove (1), it suffices to prove, following simplification :

0 Q; Q3
P ———— ?
(3m2 +4m)n? + 3m3 —5m?2 — 32m —28)n + (8m?2 + 16m + 4) +0
@

and it’s trivially true when : Q, > 0 and when : Q, < 0,then :
3m3® —-5m? —-32m-28=(m-5)(3m? + 10m + 18) + 62 < 0
>(m-50GBm?+10m+18)<-62<0=>m<5- (i)

Now, LHS of (2) is a quadratic polynomial in 'n” with discriminant,[§] =
62 — 40,05 = (m + 1)(m + 2)?2(9m3 — 75m? + 40m + 196) and when :
9m3 — 75m? + 40m + 196 < 0,then 8 < 0 = (2) is trivially true and when :
9m3 — 75m? + 40m + 196 > 0, then : 9m3® — 75m? + 40m + 196

86 14
=(3m(m—5)—3m—?>(3m—7)—?>0
86 14 via (i)
:>(3m(m—5)—3m—?>(3m—7)>?> Oand~m < 5

7
:>3m(m—5)—3m—?<0.'.m<§—>(ii)andso,when:8>0,
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? AM-GM m?
then it suffices to prove : 2Q,.n<-—Q, — V8 @ and v n < 1
m2 ? ?
- suffices to prove : 91.7 <—Q,-V6 & —(m+2)2(3m? —2m — 14) > 2./8
7 via (ii)
3 < 0 .. itsuffices to prove :

(m+2)*(3m? — 2m — 14)? > 4(m + 1) (m + 2)2(9m3 — 75m? + 40m + 196)

5
and - 3m2—2m—14=<m+§>(3m—7)—

o m(m + 2)2(m — 2)2(3m + 4)(3m? + 16m + 4) > 0|~ gpg. < r,W,

Wg./4r2 + (b — €)? Bogdan Fustei 2T w, 2rs aw, 2rs
a = R =—. = W,
na—\/4r2+(b—c)2 a __a__ 1 a s—a s—a

an,
(%59
29bgc _ Wa-y/ 412 + (b — ©)?
ha B n, — \/4‘r2 + (b - C)Z
" =""iff A ABC is equilateral (QED)

=>h

= 2r,w, = 2gpg. and so, Vv A ABC,

4253. In any A ABC the following relationship holds :
9vYc < n,w,
r  n,—+4r2 + (b —c)2

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

yA Z
c=x+yands =x+y + zand furthermore, we denote : = m and % =n

x
and then, we have the following set ’'S" of relations : y? + z? = x*(m? — 2n),
squaring

? and via Bogdan Fustei
y3 + z3 = x3(m3 — 3nn), and now, g, g. < r,w, =
4(s—a)(s—b)(s—0¢) 4(s—a)(s—b)(s—0)\ ?
—h)2 _ M2 <
((s b)~ + b (s—co)+ . <
s(s—b)(s—c) 4bc ( )
s—a '(b+c)2'SS @

?
©4(z+x)(x+y)?(x+y+2z)? > [4zx+ xy +yz)(4xy + zx + yz)(2x + y + z)?
© 4x% + 16x5(y + z) + 8x*(y? + z2) — 12x*.yz — 32x3.yz(y + z) —

?
5x%.yz(y +z)? + 3x.yz(y3 + z3) + 13x.y%2%(y + z) + 3y?z%(y + z)20 and via
O

set of relations "’S”, to prove (1), it suffices to prove, following simplification :
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Q4 Q; Q3 5
(3m2 +4m)n? + (3m3 — 5m2 — 32m — 28)n + (8m?2 + 16m + 4) +0
@
and it's trivially true when : Q, > 0 and when : Q, < 0,then :
3m3 -5m? -32m—-28=(m-5)(3m? + 10m + 18) + 62 < 0
5>mM-50Gm?2+10m+18)<-62<0=>m<5- (i)

Now, LHS of (2) is a quadratic polynomial in "'n” with discriminant,[§] =
6% — 46,03 = (m + 1)(m + 2)?2(9m3 — 75m? + 40m + 196) and when :
9m3 — 75m? + 40m + 196 < 0,then § < 0 = (2) is trivially true and when :
9m3 — 75m? + 40m + 196 > 0, then : 9m3 — 75m? + 40m + 196

=(3m(m—5)—3m—83—6)(3m—7)—13—4>o

86 14 via (i)
:(3m(m—5)—3m——)(3m—7) >—>0and~m < 5
3 3
86 7
:3m(m—5)—3m—?< 0. m<§—> (ii) and so,when : § > 0,

] ) ? AM-GM m?
then it suffices to prove : 2Q;,.n<—Q, —V8 @ and v n < v
2 4

m ?
- suffices to prove : 91.7 <-Q,—V6 o —-(m+2)2(3m? —2m — 14) > 2.8
5 7 via (ii)
and - 3m? - 2m — 14 = (m + §> Bm-7) — 3 < 0 . it suffices to prove :

?
(m+2)*GBm?-2m—-14)2>4(m+ 1)(m + 2)2(9m3 — 75m? + 40m + 196)

?
©mim+2)?2(m—2)2GBm+4)(3m? + 16m+4) > 0| gpg. < ryW,

n,w, Bogdan Fustei n,w, rs
>T. = r. an. — Wy =TqWo = gp9c
n, —+/4r2 + (b — c)? n,-—* S74@
IvIc n,wg,
and so, < Vv A ABC,

" n, —/4r2 + (b —c)?
" =" iff A ABC is equilateral (QED)

4254. In AABC the following relationship holds:
2r my,+m R
a n b c <=
hy, + h, 2r, T
Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
We will show : a? —a(b + ¢) + 4bc > 0 in any AABC (1)
Proof: we know that a > |b — c|then a? > (b — c¢)?
a’—a(b+c)+4bc> (b—c)? —a(b+c) +4bc = b%> +2bc+ c? —a(b + ¢)
=b+c)-ab+c)=b+c)(b+c—a) >0
as in AABC,b + ¢ > a(proof complete)
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my, +m, Pa"agl’vol R (hb + hc)

2r, - 4r Tq
Zra m, + m, R 2ra R hb + hc R
i : <— or,—2 +— <— (2
we will show h, + h, + 2r, ~r or, h, + h, 4-r( T, ) T r (2)
2F

2r — bc h,+ h 2

let x = a __SsS—a _ then b c_Z

hy +h. 2F 2F (b+o)(s—a) Tq x

b [

(2) t +R(2)<R g 2x+1<0(3)
from (2)we get , x ) SF X X <

r 4F? _4(s—a)(s—b)(s—c)

R abcs abc

putting the value of x and% in(3)we get
4(s—a)(s—b)(s—o¢) bc z bc
2( abc )((b+c)(s—a)) _2(b+c)(s—a)+1so

or,8bc(s —b)(s —c) —2abc(b+c)+ab+c)*(s—a)<0
or,2bc(a? — (b —c¢)?) — 2abc(b+c)+a(b+c)*(s—a)<0
or,4bc(a? — (b — ¢)?) — 4abc(b + ¢) + a(b + ¢)*(2s — 2a) < 0(Multiply by 2)
or,4bc(a? — (b —c¢)?) —4abc(b+c)+ab+c)*(b+c—a) <0

or,a’(4bc — (b + ¢)?) + ((b +¢)3 — 4bc(b + c)) a—4bc(b—-c¢c)*<0

of,—a*(b—c)* +a(b+c)(b—c)* —4bc(b—c)* <0
or,—(b —c)?(a? —a(b + ¢) + 4bc) < 0 true by (1)
Equality holds for b=c

4255. In any A ABC the following relationship holds :

R+ 2r
16r

m, < (rp + 1)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=1z+x,

y/ yZ
=mand — =n
X

c=x+yands = x+y + zand furthermore, we denote :

and then, we have the following set ’'S" of relations : y? + z? = x*(m? — 2n),
y3 + z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),

? R+ 2r
y> +z5 = x° (m((m2 —2n)? +n? - nmz)),and now, m, < / Tor (1)
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? /R 1 16R?s?%(s — a)?a?
—0)?+4s(s—a) < (— _)_

© b= +4s(s—a) < 4r * 2/ 16R%2.s(s—a)(s—b)(s—c¢)
P (y+2)(z+x)(x+y) +8xyz x(x +y+2z)(y + 2)*
@(y—z)2+4x(x+y+z)§(y ) )(x+y) yz xty+z)(y+z)

16xyz yZ
e x3(y +2)° + 2x2(y* + z*) + 16x%.yz(y? + z2) — 36x%.y?z? + x(y° + z°) +
14x.yz(y3 + z3) — 27x.y?2%(y + z) + yz(y* + z*) — 12y%z%(y? + z?%) + 38y3z3

?
0 and via set of relations "’S”, in order to prove (1), it suffices to prove,
©)

following simplification : m®> + m*n + 2m* + 9m3n + m3 + 8m?n — 64mn? —

64n2 + 16n2(4n — m2) > 0 and ~ 16n%(4n — m?) > 4nm?(4n — m?)
-~ it suffices to prove :
m5 + m*n + 2m* + 9m3n + m3 + 8m?n — 64mn? — 64n2 + 4nm?(4n — m?) > 0
21 Q) Q3

 (16m2 — 64m — 64)n? — (3m* —9m3 — 8m?)n + m3(m + 1)2 0

@
m? — 4m — 4 > 0 and now, LHS of (2) is a quadratic polynomial in

"n” with discriminant, 8§ = Q3 — 4Q,.Q; =
m?(9m® — 118m* + 161m® + 848m? + 832m + 256) and when § < 0,

then (2) is trivially true and when : 8 > 0, then it suffices to prove :
? AM-GM m? ?
20, n<Q,—V8andvn < T ~ it suffices to prove : m2.Q, < 29, — 2V8

?
& 3m* —9m® —16m? + 32m + 32 > V8 and ~* m?> —4m > 4 > 0 - [m > 4]
= 3m* -9m3 —16m? + 32m + 32 =
(m-4)(3m3 +2m? + m(m — 4) + 16) + 96 > 0 .. it suffices to prove :
? 5_ 4 3
(3m* — 9m® — 16m? + 32m + 32)% > m3 (9“‘ 118m" +161m +)
848m- + 832m + 256

?
& [64(m + 1)(m? — 4m — 4) (4m4 +md+11m? + (m — 4)(m + 4)) >0

— true (strict inequality) = 2) = (1) is true
m? — 4m — 4 < 0 and then, 2) can be re — written as :

—9.1 9-2 Q3
?
(64 + 64m — 16m?) n? + (3m* —9m3 — 8m2)n — m3(m + 1)2 0
®

Discriminant of LHS of (3) is again, 8§ = Q2% — 4(—Q,).(—Q3)
= m?(9m°® — 118m* + 161m> + 848m? + 832m + 256)
(m3(9m — 44) — 30m3®)(9m — 44) 1807m? 10820m
B 9 - < 81 ' 729
86m

44
: +256>0('.-m2—4m—4<0:>0<m<2+2\/§<?)

(9m — 44) +

6
178m +
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it suffices to prove : 2(—Q,). nH —Q, +V8 AND 2(—Q,).n

—Q).n| = -0, -8
® D)
—0,.).m? ?
Now,2(—Q,).n < UV

< ﬂz+\/_=>m2(24+23m—5m2)<\/_and

<Vé
24+23m-5m?*=(5-m)(5m+2)+14 >0 (~ m<2+2V2<5)
-~ it suffices to prove

3(9m® — 118m* + 161m? + 848m? + 832m + 256) > m*(24 + 23m — 5m?)
(=

16m3(m + 1)(m — 2)2(4 + 4m — m?) > 0| - true = () is true
-Q1>0
and 2(-Q).n+V8 >V8 = [Q% +4(-Q,).Q; >

Q3 = |Q,| = -Q,
= (*#) is true and so, 3) = 2) = (1) is true
R+ 2r "

- m, o (fy + 1) V AABC,

=""iff A ABC is equilateral (QED)
4256. In any A ABC the following relationship holds

zh“ zwa Zra Sl_[(ra+rb+hc)
cyc

cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

,A 3 s? 2r2s?
1_[ (4R cos 2 + ha> = 64R 16R2
cyc

16R2-Z <s(s —b) s(s —¢) bc b?%c?

+4RZ s(s—a) ca ab
ca ab 2R’b%¢c?
cyc

bc 2R 2R
5 o cyc
2r

R +

= 4Rs? +
1 ( s2((s?® + 4Rr +r?)? — 16Rrs?) + (s? + 4Rr + r?)3 ) N
2Rr? 24Rrsz(s + 2Rr + r?) + 4Rrs?(s? + 4Rr + rz)
<2s(s — 4Rr — r?) — 2s(s? — 6Rr — 3r2))
(s2 4+ 4Rr + r2)(4R + r).Vs? + 21Rr + 12r?2 squaring
2R
(64R* —

s8 +27r2s® +
272R3r — 120R?*r? — 5Rr3 + 184r%)s* +
r(1024R% — 1664R*r — 1440R3r?

r2 — 296R2r3 —
53 |

+

R

=14

2Rr* + 3r5)s? —
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2 (4096R6 + 768R°r — 4608R*r? — 3808R*r* — 1248R*r* —) Zlo
189Rr> — 11r® o

“

O
Now, Rouche = s? — (m—n) > 0and s? — (m+n) < 0,wherem =

2R% + 10Rr — r? & n = 2(R — 2r)V/R? — 2Rr - (s2 — (m + n)) (s2 — (m— n)) <0

=>s*—s?22m)+m? —n?<0=>s*-5s?2(4R*+20Rr—-2r>) +r(4R+r)3 <0

- in order to prove (1), it suffices to prove :
LHS of (1) > (s* — s2(4R?% + 20Rr — 2r?) + r4R+ r)3)? o
(8R? + 40Rr + 23r?)s® + (48R* — 560R3r — 600R?*r? + 51Rr3 + 178r*)s* +
r(1536R° + 1280R*r + 320R3r? — 10Rr* — r%)s? —

r3(5376R° + 8448R*r + 5088R%r? + 1488R%*r> + 213Rr* + 12r5)0 and -
®

Gerretsen
(s —16Rr+5r?)3 > 0 . inorder to prove (2),
it suffices to prove : LHS of (2) > (8R? + 40Rr + 23r%)(s2 — 16Rr + 5r2)3
& (48R* — 176R3r + 1200R?r? + 555Rr3 — 167rt)s* +
r(1536R° — 4864R*r — 26560R3r? + 936R?r3 + 8030Rr* — 1726r°)s? +
3 (64(428R5 + 1948R*r — 858R%r? — 669R?r3 + 350Rr* — 45r5)> 2o and -
+32R3r? + 8R?r3 — 13Rr* - 7r° &
P = (48R* — 176R3r + 1200R?r? + 555Rr3 — 167r*)(s? — 16Rr + 5r?)?
?

Gerretsen

> 0 - in order to prove (3), it suffices to prove : LHS of (3) > P
& (384R° — 1372R*r + 1700R%r? + 837R?*r® — 358Rr* — 7r5)s2

O
r(1536R® — 10016R5r + 26486R*r2 + 70R3r® — 7343R%r* + 2276Rr® — 161r°)

Gerretsen

and finally, LHS of (4) >
5 _ 4 3.2 2.3 _ ?
(384R 13721;;'841—111'3(10;51' + 837R“r )(16Rr —5r2) > RHSG

? R
& 2304t — 6928t° + 3787t* + 2411t3 — 1285t% — 299t + 98 > 0 (t = ;)

Euler

?
& (t—2)(2304t° — 2320t* — 853t3 + 705t% + 125t —49) > 0 > true = t > 2

=@ =03 =2 =Qistrue
(s2 4+ 4Rr + r2)(4R + r).Vs? 4+ 21Rr + 12r2
n(l‘a + Iy + hc) = 2R

Dang Ngoc Minh
= (S (S (S

cyc cyc cyc

cyc
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Reference : Inequality in Triangle by Dang Ngoc Minh — 90;
( published at www.ssmrmh.ro

Zha ZWa Zra Sl_[(ra+rb+hc)VABC,

cyc cyc cyc cyc

" =" iff A ABC is equilateral (QED)

) and so,

4257.In A ABC holds :

2
3 Y cyc(23a* — 14b%c?) N z m2 y 3 ¥ c(8a* + b2c?)
16 Yoy a? - my, + m, 16 Yoy a?
cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z az j— (chc az)(2cyc ab) + 2 chc a2b2 - 161‘252
b+c 2s(s2 + 2Rr + r2)
2

cyc
2
a
> 42 2 Z
a b+c
cyc cyc
~ 8(s%2 + 4Rr + r?)(s* — (4Rr +r?)? + (s® + 4Rr + r?)? — 16Rrs? — 8r?s?)? ;
B s2(s2 + 2Rr + r2)2 -
172 a’b? — 128r?s? = 17((s? + 4Rr + r?)? — 16Rrs?) — 128r?s?
cyc
& 15s8 — (316Rr + 164-1'2)86 + r2(1740R2 — 2236Rr — 634-1‘2)84 —
1'3(2592R3 + 3752R?r + 1748Rr? + 2281‘3)82 —

?
r*(1088R* + 1632R3r + 884R?r? + 204Rr3 + 17r4)0 and

@®
Gerretsen
© 15(s? —16Rr + 5r2)* > 0 - in order to prove (1), it suffices to prove :
?
LHS of (1) > 15(s? — 16Rr + 5r2)*

& (161R — 116r1)s® — r(5325R? — 4159Rr + 404r?)s* +
r2(32(1899R3 — 1830R?r + 549Rr? — 60r3) + 24R3 + 22R?r — 5Rr? — 12r3)s?
3 (64-(384-4-R4 — 4794R3r + 2254R?*r? — 468Rr? + 361%) +> ; 0 and -
16R* + 24R3r — 35R?r? + 3Rr3 + 44r* (%

P = (161R — 116r)(s? — 16Rr + 5r%)3 +

Gerretsen

r(2403R? — 3824Rr + 1336r2)(s> — 16Rr + 5r2)2> > 0 - to prove (2),
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suffices to prove : LHS of 2) > P & (1755R3 — 4821R?r + 3850Rr? — 824r3)s?
? 4_ 3 2.2 _ 3 4
(32(788R 22535R’r + 2029R“r 703Rr° + 83r*) +) ; Finally, LHS of @

=T

& 2R* + 15R®r + 11R?*r? — 2Rr?

Rouche+Euler I‘Z(R - 21‘)
> (1755R® - 4821R’r + 3850Rr? — 824r%) | 16Rr — 517 + ———

Euler

> RHS 3 © 2862t° — 14913t* + 26241t° — 17210t + 2876t + 184 > 0 ( r)
> 0—-true~t = 2

e (t-2) ((t —2)(2862t3 — 3465t% + 933t + 382) + 672)

17 ¥cyc a®b? — 128r2s? o o
& implementing it on A XYZ with sides

>
b+c/| — 4 Y. cyc A
cyc
2
2m, 2m, 2m, . di ab e F . Z m2
3 '3 3 Whosemediansare -,-,>&area 5, we ge ———
cyc
(o)
2n2 _ 2 2h2
17 Yeye aZb? — 128F Z mzm? — 9Toca?b? Z m = 3Ty @
12 Y yca 16 4
cyc cyc
2
17 Yoy a?b? — 8(2 Xy a?b? — Ty at) m2
= = _—
12 ¥y a? m;, + m,
cyc
2
3 Y.c(8a* + b%c?) 2 Y yc a’b? 23F2 21
e 5 & also,—=¢ Z < (16R —1)s® —
16 Ycyca Ycyc a2 o b+c

r(120R? + 196Rr + 64r?)s* + r?(192R3 + 212R?r + 68Rr? + 3r3)s? +

?
r3(128R* + 192R3r + 104R?r? + 24Rr3 + 21‘4)0 and = Q =
®

(16R —r)(s? — 16Rr + 5r?)3 + r(648R? — 484Rr — 49r?)(s? — 16Rr + 5r?)?
?

Gerretsen
in order to prove (4), it suffices to prove : LHS of (4) > Q

= 0.i
(2160R3 — 3327R?r + 415Rr? +> s2 ; r( 25056R* — 40560R3r + )
142r3 (?) 14488R?r? — 271Rr3 — 338r*
Gerretsen
> (2160R3 — 3327R?r + 415Rr? + 142r3)(16Rr — 5r?)
?

Finally, LHS@ =
?
> RHS of (5) © 3168t* —
Euler

,
t—2)(3168t3 — 1488t2 — 47t +62) >0 >t t > 2.=
(t—2)( +62)20-true vt 2 4\ Lb+c

cyc

782413 + 2929t + 156t — 124 > 0
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2 ¥ cyc a?b* — 23F?

chc a?

& invoking on A XYZ using ""¢"’ & 2 Z a’b? — z a* = 16F?,

cyc cyc

2
z m?2 _ 3 Yeyc(23a* — 14b2c2) .,
m, + m o

165 a2 = ""iff A ABC is equilateral (QED)
cyc

cyc

4258. In any A ABC the following relationship holds :

my, me Wp W hb hc
l'b-|'l'C = max I'rb+m_'rc;W'rb+w_'rc’.h_'rb+h
c b c b c b

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
i 2 2
B+ T = gy by, o T 1_“‘_';> > rg<“‘—;—1>
m, my, me
(mC —m?)(rmZ — r mc)
mj m?
WLOG we may assume : b > c and then : m; > my, and so, it remains to prove :

?
(s — c)? ZZ:aZ—Bb2 > (s — b)? Zz:az—Bc2

cyc cyc

)
= Zz:a2 (b-ca > 3(b(s—c)+c(s—b)).s(b—c) and b >c
cyc
~ it remains to prove :
?
2(y+ 22+ Z+ 2?2+ (x+y))(y+2) 2 3(x+y+2)(ziz+x) +y(x+y))
wherex =s—a,y=s—b,z=s—cand then:
(a=y+z,b=z+x,c=x+yands=x+y+z)

?
© 3xy(x+y) +2x(y+2)?+2xyz+3(y3 +z3) + 7yz(y+z) > 0

- s - my, m,
- true = x,y,z > 0 (strict inequality) - |r, + r. = —.1, + —. T,
m, my,
] 7 Wi W, _ squaring wi\ ? , (We
Again,r, +r.2—.np+—r. © Rll-—|2rg ——1
W, Wy \\Z wi
2 _ 2
w, r2wi — r2w?
_ (w2 ) (i —x2wd) 1

2yar2
Wi W¢

WLOG we may assume : b > c and then : w, > w;, and so, it remains to prove :
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S 4ca ? s 4ab

. > . 2 s 2
s—b ' (c+ a)? s—c(a+b)2and (a+b) = (c+a)

- it suffices to prove : c(s — c) > b(s—b) © (b + c)(b -0) > s(b—oc¢)

o 2s—a —s)(b—c)20@(s—a)(b—c)>0—>true
ey +re =2+ ¥ land finally, ny + 1o = 22 gy + 0
STy I W T " r.|and finally, r, + . hc Ty by’
squaring hi\ 2 _ (h? (h? — hZ)(r? h2—r2h2)
o r(1-2)z>r(—=-1])o ¢
rb( hz) =" \ 2 hZh?
WLOG we may assume:b>cand then : h, > hy, and so, it remains to prove :
by 2 rh, o 5 sec2 B LTS true ~ f(x) = sec> is 1 on (0,m) and
— _ﬁ _— —
rpyhy > r, TR T .sec? > rue - f(x seczls on (0, ) an
h h,
vb>c|np+r. > hb rb+h -|and so, from the boxed relations,
b
my, m, Wy, W, hy, h,
it's clear that : rb+rc2max{ac rb+mb rc;Wc'rb+w_b'rc;h_c'rb+h_b'rc}
v ABC,” =" iff b = c (QED)

4259. In any A ABC the following relationship holds :
I, + I m,
Z Z hy + h, Z h,
cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

p,+r. 4R Z s(s—a) bc
h, +h, 2rs’ bc ‘b+c
cyc

cyc

_ 2R Z ( ) 2"‘2 b
" r.2s(s?2 4 2Rr +r?)’ sTaa a

cyc

cyc
R (Zs(s2 — 4Rr — r?) — 2s(s? — 6Rr — 3r?) + s(s? + 4Rr + rz))

r.s(s?2 + 2Rr + r2)
R(s? + 8Rr + 5r2) @)

- r(s2 + 2Rr +r?) -

rb+l‘c
h, + h,
cyc

2

m, 1 a? 5 5 2a? + bc
PQ()\N; :E:'];:; = ZI;E;;E :E: ) 2 :E: a“ —3a + :E: bc.—
cyc

2
cyc cyc
58 |

cyc
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(Reference : Solution to Inequality in Triangle — 316 by Dang Ngoc Minh;)

publshed at www.ssmrmh.ro

.(2(s> —4Rr — r?»)? — (s® + 4Rr + r?) + 16Rrs? + 12r%s? + 8Rrs?)
2
? r, +r. | via() R%(s? + 8Rr + 5r%)?
<)y 2—<| "= &
h, + h r2(s? + 2Rr + r?)?

cyc

—s8 + (4R? — 4Rr — 8r?)s® + r(64R3 + 20R?*r — 36Rr? — 14r3)s* +
M

"~ 4r2s2

r? (256R* + 256R3r + 12R%r2 — 44Rr3 — 8r%) s? —
N

?
r* (64R* + 96R3r + 52R?r2 + 12Rr3 + r4)0

®

Now, Double — Rouche = in order to prove (1), it suffices to prove :
T

LHS of (1) >— s*(s* — s2(4R? + 20Rr — 2r2) + r(4R + 1)3)

& —(24R + 61)s° + (128R3 + 68R?r — 24Rr? — 13r3)s* + rMs? — r3N0
@

Again = P = —(24R + 6r)T > 0 - to prove (2), it suffices to prove : LHS of (2) > P
& (32R3 — 436R?*r — 96Rr? — r3)s* +

U
Gerretsen

r(1792R* + 1792R3r + 588R?r? + 52Rr3 — 2r4)s? — r3N0 and - U >

®
Euler
U(16Rr — 5r%) > r3N ( R = 2r> ~ if 32R3 — 436R?r — 96Rr? —r? > 0,

then (3) is definitely true and if : 32R3 — 436R?r — 96Rr? — r? < 0, then, since :
via (ii)
Q = (32R® — 436R?*r — 96Rr? — r3)T > 0 - to prove (3), it suffices to prove :
? ?
LHS of @ > Q © (8R* + 43R3r — 461R?r? — 29Rr3 + 14-1‘4)52
@
r(128R° — 1648R*r — 1664R%r? — 611R?*r® — 99Rr* — 61°)
[Case 1]X = 8R* + 43R%r — 461R?r? — 29Rr® + 14r* > 0 and then :

Gerretsen

?
LHSof @) > X(16Rr — 5r2) > RHS of ()
? R
& 32t% + 76t° — 167t — 832t + 68t +48 > 0 (t = ;) =3

? Euler
(t—2)(32t5 + 140t* + 280t> + 393t — 46t —24) >0 > true = t > 2
Gerretsen

?
[Case 2]X < 0 and then : LHSof (4) >  X(4R? +4Rr + 3r2) > RHS of (2
?
© 2296t* — 5927t3 + 2452t + 468t — 64 > 0
?
& (t—2)(2296t% — 1335t% — 218t + 32) > 0 — true = t > 2 = (4) is true; again,
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z Ta _ 29R? — 2s% + 10Rr + 14r? ( Inequality in Triangle — 228 by Dang )
w, 16Rr Ngoc Minh; publshed at www. ssmrmh. ro
? R(s? + 8Rr + 5r?)
~ r(s?+ 2Rr +r?)

r(70R3 + 31R?r — 38Rr? — 14-r3)0 and it suffices to prove : LHS of (5) >— 2T
®

cyc

& —2s* + (13R? + 6Rr + 12r%)s? —

< (5R? — 34Rr + 16r?)s? + r(58R3 + 65R?r + 62Rr? + 16r3)0 and it’s

®
trivially true when : 5R? — 34Rr + 16r? > 0 and when : 5R? — 34Rr + 16r2 < 0,
Gerretsen
then : LHS of (6) (5R2 — 34Rr + 16r?)(4R? + 4Rr + 3r?) +

r(58R3 + 65R?r + 62RrZ + 16r3) > 0 & 10t* — 293 + 4t2 + 12t + 32 > 0
Euler

<:>(t—2)2(10t2+11t+8)>0—>true t > 2= (6) = (5istrue;so

LI Z V ABC,"” = " iff A ABC i ilateral (QED
. h, +h, > i is equilateral (QED)

cyc cyc cyc

4260. In AABC the following relationship holds:

my m, Wp We hy h.
r,+r.>2max)—r,+—7r;—7ry + e b + h e
m, m,y W, wy c b

Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Bardiya-Nepal
Let | € {m,w, h} represent the median,angle bisector or the altitude.
It suffices to prove that:
]b ]c
rpt+r.=—r,+—r
b Cc ]c b ]b c
WLOG,assume b > c.
Also let (a,b,c) = (y+2z,z+x,x+y)sothatz+x=>x+y ~z>Yy
1 1
We know,b > c =], <]C<:)— ]—
c
Lemma: r,J, = 1],
Proof of the lemma:
1.) For h,we have to prove that:r,h, > r.h, <

A ZA A 20 1 1 1 1
— s —- >—- =
s—b b - s—c c Yy z+x z x+Yy

S zx+yz>yz+xy < zx = xy which is true sincez > y.
2.) For w,we have to prove that:r,w, > r.w, &
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Squaring and simplifying

A 2 A 2 —
. - > . -
Py a_l_c,/acs(s b)_s—c a+b‘/abs(s c) S
c 1 - b 1
s—b (a+c¢)2  s—c (a+ b)?
c(s—c) b(s—Db) xXz+yz Xy +yz o )
> >
@t o> (at b2 = Gt2y 122> (xty+ 22)2 which is true since z

=Y.
3.) For m,we have to prove that:r,m, > r.m, &
A? <2a2 + 2¢? — b2> A? <2a2 + 2b% — (:2>

(s — b)? 4 ~(s—0¢)? 4
20+ 2% +2(x+y)?2—(z+x)? 2(y+2)?*+2(z+x)?—(x+y)?
A y? = 72
which is equivalent to:
zZ— 2 _yz422\* yz(8y? + Tyz + 822
(ZZ)(J’”)"—y y +y(y y )2
y°z y+z y+z

which is also true sincez > y.
Thus, the lemma is now proven!

1
We can notice that ( —) and (rpJ,, r.J.) are similarly sorted.

]b ]c

Hence, by Rearrangement Inequality we have:

T (rb]b) + (rc]c) =+ (rb]b) + (rc]c)

_]]c
b
Sry+r.=>—1,+—
‘7 Je ]b
my, m, w, w, h, h,
Therefore, Ty +7.=> max{—rb T — T+ —T Ty + — }
m, m, “w, w, " h, hb

Equality holds if the triangle is isosceles (b = c)

4261. In AABC the following relationship holds:

1 1 4
— 4+ <
r, mg; hp+h,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
Letx=s—ay=s—b,z=s—cthen:
a=y+zb=z+x,c=x+y&s=x+y+z
F? =s(s—a)(s — b)(s — ¢) = sxyz, l:s—azf (1)
r, F F
2b% + 2¢? — a?
4

2
a

m
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2 2 _ 2 2 — )2 — )2
m2=2b +2c*—a =4-x +4xy +4xz+ (y — z) =4J|cs+(y z) 2
a 4_ 4 4
4 2bc

h, + h, F(b+c)
We need to show:
1 1 4

o tm, Sh, "
F F 4F
—+—<

T, m, hb+hc

W 2(x+y)(x+2) F - 2x+y)(x+2)

x+m_a_ 2x+y+z Or'ma_ 2x+y+z
i<x(y+z)+2yz F_2<<x(y+z)+2yz>2
m,- 2x+y+z m:~ \ 2x+y+z
4sxyz - <x(y +z)+ 2yz>2
4xs+ (y—2)?> "\ 2x+y+z

(x(y+2) +2y2)?(4xs + (y — 2)?) —4sxyz(Qx +y+2)> > 0
(xy + xz + 2yz)?(4x* + 4xy + 4xz + y?-2yz + %) — 4dxyz(x + y + 2) 2x + y + 2)?
=0
(putting the valueof s=x+y + z)
4x*y? + 4x*z% + 8xtyz + 4x3y3 + 4x323 — Axtyz — Ax3y?z — Ax3yz? + xPy* +
+x2z* + 8x%y3z + 8x%yz3 + 10x%y?z% + 4y*z? — 4y323 + 4y?z* > 0
or,(y —2)?(4x* + 4x3(y + 2) + x*(y — 2)? + 4y*2?) > 0 true
Equality holds fory=zor b =c

4262. In any A ABC the following relationship holds :

A B B <\/§
smz.ma smz.mb smz.mb_2 S

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3 (on m) - 3 e

cyc cyc

V4Rrs jZ((S_b)(S_C)) z a ZZaZ—BaZ =

cyc cyc cyc
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V4Rr + r2 3 ? V3
=———— [2s(s2—4Rr—r?) ——.2s(s2 - 6Rr—-3r?2) < —.s
VaRTs 4 2

squaring (s? + 2Rr + 5r?)(4R +r) ? 3s? ?
PN ( R ) ) < 2 < (2R —r)s? 2 r(4R+r)(2R + 5r)

)
Gerretsen ?
Now,(2R-r)s? > (2R-r)(16Rr —5r?) >r(4R+r)(2R + 5r)
?
< 24Rr(R — 2r) = 0 - true via Euler = (%) is true
A B B

s sin—. in—. in—. <—.sVABC,
sm2 ma+sm2 mb+sm2 my < > S

" =""iff A ABC is equilateral (QED)

4263. In AABC the following relationship holds:
1 1
E z ma(ha + hb)(ha + hc) < gl_[(ra + ha) < mympym,

cyc cyc
Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

ho+h _2F<1+1>_2F(a+b) & h + _2F(a+c)
a’ b a b/ ab , a e ac

1 F my,(a+ b)(a+c)
E zma(ha + hb)(ha + hc) = ?Z a’bc

Fcyc 2F_F(Zs—a)_F(b+c)
s—a a a(s—a) a(s—a)
1 F? (a+b)(b+c)(c+a) Fs(a+b)(b+c)(c+ a)
§n(r“ +ha) = '8 abc(s—a)(s—b)(s—¢) - 8abc

re+h, = &F*=s(s—a)(s—b)(s—¢)

cyc

1 1
we need to show: 12 Z my(h, + hy)(hy + h,) < gﬂ(ra + h,)
cyc cyc

FPxmy(a+b)(a+c) <Fs(a+b)(b+c)(c+a)
or3 a’bc - 8abc

or, 8Fzma(a +Z)(a ) <3s(a+b)(b+c)(c+a)
my(a+ b)(b+c)(a+c)
SFZ a(b+ c)

Z m, <3$_ 3
a(b+c) ~ 8F 8r

Caris) T OCm) Y amra) " Gre) X mmm) <

Leibniz (3 2) (12 bc ) 27 (a+b+c)? 27 X 4s? 9

< —.9R — < = =
- 4 4/L.a’b%c?) ~ 16a%b%c? 3 48 X 16R%r2s2 6412

<3s(a+b)(b+c)(c+a)
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thenz T S —&—Zma(h + hy)(h, +hc)S81_[(r +hy) (A)

cyc cyc
_1—[( T h )_F_3 (@a+b)(b+c)(c+a) Fs(a+b)(b+c)c+a)
8 T @ 8 abc(s—a)(s—b)(s—c) 8abc
cyc
3 Fs(a+b)(b+c)(c+ a) B s(a+b)(b+c)(c+ a)
B 8 x 4RF a 32R
- b+c A a+c B b+a Cc
momym, > cos X cos > X 5 €S>
(a+b)(b+c)(c+ a) A
= 3 cos| | =
B (a+ b)(b+c)(c+a)i_ s(a+b)(b+c)(c+ a)
B 4R 32R

1
§n(ra + ha) < moym,m, (B)

cyc

From (A) & (B) we get:
1 1
E Z ma(ha + hb) (ha + hc) < gn(ra + ha) smymym,

cyc cyc
Equality holds for an equilateral triangle.
4264. In any AABC the following relationship holds:

T, T T, 20R? — Rr + 312
+ + >
h,+h, h.+h, h,+h, 18r(R + 1)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

T, T T, re(1 1 ry /1 1 ro/1 1
+ <)t () () =
h, + h, hc+hb h,+h.~ 4 \h, h, 4 \h, h, 4 \h, h,

1 1 1 1 1 1 1 1({(rg+rp+r.) (ro, 1 rc)
_Z<r“(;_h_c>+rb(;_h_a>+rc(;_h_b>)_Z< r _<h_c+h_a+h_b

1 1/mr, r, 71,
—E(ra+rb+rc)—z(h—c+h +hb>—

Tq 4 Tp 4 T AM;\GMgg Tal'pTc 33 R
h, h, h, =~ h,h,h, = |2r

T, T T, R 1 33|R
+ + <S—4——— =
h,+h, h.+h, h,+h. " r 4 4 |2r

Let's prove that :
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R 1 33]R 20R?—Rr+3r?
—+—= =<
r 4 4 |2r 18r(R+71)

3| R
Let : ;:xz:l(RZZr)
Then: 2x3—1—§x<80x6_2x3+3@8x3_3x+1<80x6—2x3+3
2 2 ST 1823 + 1) 2

18(2x3 + 1)
(8x3 —3x+1)(18x3+9) < 160x° —4x3 + 6

16x° + 54x* —94x3 +27x -3 >0
(x — 1)(16x° + 16x* + 70x® — 24x* —24x +3) > 0 — to prove

3| R
x-1)=20 » x=>1- /521—> R > 2r (True)
Remains to prove: 16x° + 16x* + 70x3 — 24x2 —24x+3 >0

16x5 + 16x* + 24x%(x — 1) + 24x(x?> — 1) + 22x3 + 3 > 0 (True)
Equality holds for: a=b=c

4265.

In any A ABC the following relationship holds :

2m, I,+r, R + 6r
+ <
n, +r. 2m, 2r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Zma_( ) and ¢ -+1é R+6r_t( )
rb+rc_x say) and we are to prove : x = T say

? ? ?
@xz—xt+1SO<:>2xt+ t2—4AND2xt—\/t2—4

@ @

R — 2r Euler
( t2—4= > 0)
2r

? A 1 1
Now, (b + 2> 2 — 2
.( C) = 32Rr.cos 8l‘(l‘b + l‘c) = 8r S( + )

=8(s—a)(s—b)(s—oc).

a
(S_b)(s_c)=4a(b+c—a)
65
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& (b+c)2+4a2—4ab+c)=>0< (b+c—2a)?=>0- true

A Lascub+c A A
~b+c=+v32Rr. cos—=>m > cos—> r.cos?—

2m, 4, r.cos?
= > =>2x>2 —>t— t2
Ih +1Ic 4-Rcos2
R+ 6r R-—-2r 8r? R+6r R-2r R+6r |[R-—2r
= — S —2> + - 2. .
2r 2r R 2r 2r 2r 2r

\[R+6r \[R—Zr ? R% + 2Rr — 8r?
=i . >

2r 2r Rr

(R +6r)(R — Zr) ? (R? + 2Rr — 8r?)?
r? - R2r?2

Euler ?
( RZ+2Rr—8r? =R?—-4r?2+2r(R-2r) > 0) o 32r3(R-2r)>0

- true via Euler = |(2) is true

Dang Ngoc Minh R + 2r
Again, 2x <

r

(Reference : Inequality in Triangle by Dang Ngoc Minh — 352;)
published at www. ssmrmh.ro

2r 2r

R+2r? R+6r R-2r R+6r |[R-—2r R+6r |[R—2r?>
& < + + 2. . o 2. . >0
r 2r 2r 2r 2r 2r 2r

— true via Euler = |(1) is true| . both (1) and (2) are true and so,

zrna I, +Tc R+ 6r " "= : :
+ < vV AABC," = " iff A ABCis equilateral (QED)
n, +r. 2m, 2r

4266. In any A ABCwitha >b >candd, e, f > 0,e = mid{d, e, f},

? R+ 6r R—2r
St+\/t2—4=\/ +\/

the following relationship holds :
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d. (r,h, — hyh.) + e. (rihy, — h hy) + f. (rch, —h hy) >0

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Eh, — hoh, = 2r2g2 ~ 4r2s? _ g2t (bc —2a(s — a))(s —b)(s—o¢)
a(s—a) bc abc(s —a)(s—b)(s—c)
_— (a? + bc —ab — ac)(s—b)(s —¢) - (a—b)(a—c)(s—b)(s—c)
= 2r“s-. = 2r<s-.
abc(s—a)(s—b)(s—¢) abc(s —a)(s—b)(s—c)

. _ _ 2.2 YZ(x_Y)(x—Z)

“ Tallq = hphe = 21%s "abc(s —a)(s —b)(s — ¢)
(x=s—a,y=s—b,z=s—candthen:a=y+z,b:z+x,c:x+y

ands=x+y+z

and analogs

)=>LHS

2c2 "
> —;:C:ZS (d.yz(x —yx-z)+ezx(y—z)(y—x) +f.xy(z—x)(z— y)) ~®

[Case 1]d > e > f and then,we can assign:e =f + mandd=f+ m +n
(where m, n > 0) and then, following simplification :
~ (1,2 = d.(r;h, — hyh) + e. (i;hy — hchy) + f. (rch, — hghy) > 0
[Case 2|f > e > d and then,we can assign:e=d+m'andf=d+m’ +n’
(where m’,n’ > 0) and then, following simplification :

M=n'yz(x—y)(x—z)+ m'z? (x —y)? +f Z x%y? — xyz (Z x> >0
cyc cyc
+m’,n,f>0and va>b>c=>z>y=>x=
( (x-yY(kx-2)=0 >"'M20_>®
~ (), 3 = d.(rzh, — hyh) + e. (r,hy, — hchy) + f. (rch, — hhy) > 0 and
combining both cases, d. (r,h, — hyh.) + e. (r,hy, — h.hy) + . (rche —hghy) =0
v AABCwitha>b >candd,e,f>0 | e = mid{d, e, f},
" =""iff A ABC is equilateral (QED)

4267.In any A ABCwitha>b > candd, e, f > 0,e = mid{d, e, f},

the following relationship holds :

WpW WW, W,W
d.(ra— b c)+e.(rb— :va)+f.(rc— 2 b)ZO
a b c

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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A 2bc A 2ca B 2ab C

Wi W, stan2 b+cC°SZ P Cof—b cos >

. A
_ 2bc/ S Slllii-_
w, \ b+c
4R(c+ a)(a +b) cos

_2abcs< (c+a)(a+b)—2a(b+c) )

Wa \ (a+b)(b + c)(c+ a).4R cos
2abcs(a —b)(a —c)

- 2bc s(s—
(a+b)(b+c)(c+a).4Rb_|_c bc

2abces(s+s—a)(s—b)(s—c)(x—y)(x —z)

" (a+b)b+c)(c+a)(s—a)(s—Db)(s—c).4R.2s
x=s—ay=s—bz=s—candthen:a=y+zb=z+xc=x+y
( ands=x+y+z )
Wp W, abc(s + x)yz(x —y)(x — z)

w, (a+b)(b+c)(c+a)(s—a)(s—b)(s—c).4R

Wy W, WeW, W Wy
= d.(ra— W, >+e.(rb— Wy )+f.(rc— W, )
B abc(d. s+x)yzix—y)(x—z)+e.(s+y)zx(y—z)(y—x) +f.(s+ z2)xy(z — x)(z — y))
B (a+b)(b+c)(c+a)(s—a)(s—b)(s—c).4R

N .and analogs

M
/s (d.yz(x —y(x—-z)+ezx(y—z)(y—x) + f.xy(z—x)(z — y)) +
abci

N |
\ Xyz (d. x-yyx-z)+e(y—-z)y—x)+f.(z—x)(z— y)) /

(a+b)(b+c)(ct+a)(s—a)(s—b)(s—c).4R

=LHS -» (1)
Case 1|d > e > f and then,we can assign: e =f+ mandd=f+ m+n
(where m,n > 0) and then, following simplification :

M = nyz(x —y)(x — z) + mz?(x — y)? + f<z x?y? — xyz (2 x>> >0

cyc cyc

(.mnf>0and~a>b>c2>z>2y>x=>x-y)(x—2z)=>0)~-M>0- (2)

AlsoN=n(x—-y)(x—z) + m(x —y)? +f zxz—zxy >0

cyc cyc
(.mnf>0and~va>b>c=2>z>2y>x=>(x-y)(x—2)=>0)~N>0- (3
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W, W, WW, W W
.°.@,@,@=>d.(ra— ‘:)vc)+e.(rb— :va)+f.(rc— - b)ZO

a b c
[Case 2|f > e > d and then,we canassign: e =d+ m’ andf =d + m' + n’
(where m’,n’ > 0) and then, following simplification :

M=nyzix—y)(x—z) +m'z? (x —y)? +f szyz—xyz Zx >0
cyc cyc

+m',n,f>0and ~a>b>c>z>y>x=>
A M>
( (x—y)x—2z)=0 ) Mz0-®

AlsoN=n'(x—-y)(x—z) +m'(x —y)? +f ZxZ—ny >0

cyc cyc
+m’,n,f>0and va>b>c>z>y=>x=>
~N>
( x—y)(x—-2z)=0 ) N20-0-O.O®O=
WpW, WcW, W, Wy -
d.(ra— >+e.<rb— w >+f.(rc— )ZOandcomblnlng
a b c

Wp W, W.W W W,
bothcases,d.(ra— b °>+e_<rb_ :Va>+f-(l'c— a b)ZO

a b c
v AABCwitha>b>candd,e,f>0 | e = mid{d, e, f},
" =""iff A ABC is equilateral (QED)

4268. In any A ABC the following relationship holds :
9v3

rEWp W, + I, WeW, + IcW,wWy, > 8 abc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

16Rr?2s? Ta 16Rr%s?  29R? — 2s? + 10Rr + 14r?
s2+2Rr+r2 ' Luiw,  s?2+2Rr+r?’ 16Rr

cyc
Reference : Inequality in Triangle — 228 by Dang Ngoc Minh;\ ’ 93
( ) >——.abc
publshed at www.ssmrmh.ro 8
9+/3.Rrs squaring
=— & 16s® — (707R? + 160Rr + 224r%)s* +

(3364R* + 1348R3r + 3162R?r? + 1120Rr3 + 784r*)s? —

Gerretsen

7
243R%*r?(2R +r)? O and - (s> —16Rr +5r?)3 > 0 . toprove (1),
©)

LHS =
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it suffices to prove : LHS of (1) > 16(s% — 16Rr + 5r2)3
& —(707R? — 608Rr + 464r?%)s*
+ (3364R* + 1348R3r — 9126R?r? + 8800Rr3 — 4161%)s? —

r2(972R* — 64564R3r + 61683R?*r? — 19200Rr3 + 2000r4)0

@
Now, Rouche = s? — (m—n) > 0and s? — (m + n) < 0,wherem =

2R + 10Rr — r2 & n = 2(R — 2r)vR? — 2Rr - (s2 —(m+ n)) (s2 — (m— n)) <0
=>s*—s?22m)+m? —n?<0=>s*-5s?2(4R?+20Rr—-2r>) +r(4R+r)3 <0

~ in order to prove (2), it suffices to prove : LHS of 2) >
—(707R? — 608Rr + 464r2)(s* — s2(4R? + 20Rr — 2r?) + r(4R +1r)3)
& (134R* — 2590R3r + 648R?r? — 424Rr3 + 128r%)s? +

r(11312R° — 1487R*r + 18390R%r? — 11500R?*r> + 6040Rr* — 384r5)0
®

Euler
and © R > 2r - (3)is trivially true if :
134R* — 2590R3r + 648R?*r? — 424Rr3 + 128r* > 0 and if :

Gerretsen

134R* — 2590R%r + 648R?r? — 424Rr3 + 128r* < 0,then LHSof 3) >
(134R* — 2590R3r + 648R?r? — 424Rr3 + 128r*)(4R? + 4Rr + 3r?) +

r(11312R° — 1487R*r + 18390R%r? — 11500R2r? + 6040Rr* — 384r5) > 0
& 536t° + 1488t* — 8853t3 + 11516t% — 10740t + 5280 é 0 (t = g)
& (t—2)(536t* + 2560t3 — 3733t% + 4050t — 2640) é 0 - true - t Eger 2
= 3) =2 = Distrue VA ABC & SO, I;W, W, + I, W, W, + I.W, W}, > ﬁ abc
v ABC,"” =" iff A ABC is equilateral (QED) ®
4269. In any A ABC the following relationship holds :

1 1 1 1 1
+ > + >
h,+rn, hg+r.” 2h; n,+r, /Fbl'c

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 4 1 ; 1 4 1
h,+r, hg,+r. 2h, n,+r,
a(s—b) a(s—oc) > a (s—b)(s—c)
(= + > +
rs(a+2(s—b)) rs(a+2(s—c))  4rs rsa
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a*(s—b)+(s—c))+4a(s—b)(s—c) ? a®> +4(s—b)(s—¢c)

(a+2(s—b))(a+2(s—0)) - 4a
a3 +4a(s—b)(s —c) ? a’ +4(s—b)(s—c)
e >
(a+2(s—b))(a+2(s—0)) 4a

o 4a? é a’+4(s—b)(s—c) +2a((s—b) + (s —0))

o4a2>a?+4(-b)(s—c)+2a2=at>a? -b-c)2o(b-0)2%2=0

1 1 2 1

— true and agam,zha+ ) = o

@a +4(s—b)(s—c¢) ? \/(s—b)(s—c)
4a.rs rs

©a?—-4a./(s—b)(s—c)+4(s—b)(s—c) >0
2 7?
=3 (a—Z\/(s—b)(s—c)) > 0 - true
1 1 1 1
+ = + >
h,+r, hg,+r. 2h, n,+r, /T r,

V ABC,” =" iff b = ¢ (QED)

4270. In any A ABC the following relationship holds :

2 222

mm 9 m;mim

Ebzz ab > (m,m; + mym, + m.m 22—.Ea4+30.—abc
16 § cyc @ (mgmy b™e <Ma) 32 > cyc a?

cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

9 2b2c2 )
Firstly, we seek to prove : 2 Z a’b? + 3 @ > 3abc (Z a)
cyc @

cyc cyc

72R2r s2 2
& 2((s? + 4Rr + r?)? — 16Rrs?) + ~ARr — 5 = 24Rrs?
& s® — (24Rr — r?)s* + r2(132R? + 20Rr — r?)s? — r3(4R + r)30 and -
@

Gerretsen
(s2—16Rr +5r2)3> > 0. inorder to prove (1), it suffices to prove :

?
LHS of (1) > (s? — 16Rr + 5r%)3 © (12R — 7r)s* —
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r(318R% — 250Rr + 38r?)s? + r2(2016R3 — 1944R?r + 594Rr? — 63r3)0
®

2 Rouche + Euler

and - P = (12R - 7r) ((s2 —16Rr + 5r)(R—r) —r?(R — Zr)) >
~ in order to prove (2), it suffices to prove : (R — r)2.LHS of 2) > P
& (66R* — 202R3r + 200R?r? — 68Rr3 + 4r4)52
®

r(1056R> — 3496R*r + 3934R%r? — 1717R?r® + 228Rr*)
Now - 66R* — 202R3r + 200R?r? — 68Rr? + 4r* =

Euler
(R — 2r)(66R3 — 70R?r + 60Rr? + 52r3) + 108r* > 108r3 > 0 .. LHS of 3)

Rouche + Euler 16Rr — 5r2 +
> (66R* — 202R3r + 200R?r? — 68Rr3 + 4r*)| r2(R-2r)
R-r

? ? R
> RHS of (3) & 8t* —43t3 + 79t2 =56t + 12 >0 (tzF)

Euler

e (t—2)2@8t2—11t+3)>0->true~t > 2=03)=>2) = Distrue

9a’b?c? . o o
w2 Z a’b? + > 3abc Z a |;implementing it on a A XYZ with sides

chc
cyc cyc
2m, 2m;, 2m, abc F
3 '3 ' 3 ,whose medians & area are E 22 and 3 respectively, we get :
64
729" mambmc 8 2
Z mamb +9. 4 B.Emambmc.g. z m,
cyc chc m2 cyc
16 9 729 mambmc 8 2
- 2.2
281 16z:bc + 9. 43 , >327mambmc3 Zma
cyc § a chca cyc
2 64 m2mZm?
= —. b%c? + —.— sz Z 4 a—bc>
9 Z ¢ +27 16 Yoy @
cyc cyc
8 2.2
27 2m,mym, m, |+ mgm;j
cyc cyc
21 m5;m; m
= Rz b%c? + 8.5—"2‘: > (mpm, + mym, + m.m,)?
cyc
cyc

? 45a*b?c? F?
We now seek to prove : zab > Z:azb2 +m—72 0o

cyc cyc
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Gerretsen

(4R + 2r)| > r(61R2 +12Rr + 2r?); &LHS; = = (4R+ 2r)(16Rr — 5r?)
@®

2

1
>RHSof@=>R2—4-rZ>O—>truev1aEuler Te Zab >

cyc

22 4 45a?b?c? F2 ] o ]
16 Z b — and implementing it on a triangle XYZ, we get :

t32 zcyc T2
cyc
64
1 16 Z >1 16 9 Z + 4 1652 +45729mmbm F?
— —. == -—
1681\ L ™™ | =7681° 32| L° 343Z 18
CyC CyC 4_ CyC

9 m2m?2m?
(m,m, + mym, + mem,)? > —. Y a*+30.——2—<|" =" iffa=b = c (QED)

32 Yy a*

cyc

4271. In any A ABC the following relationship holds :

1 1 1 1 2
N S T
r,+nmn rg+r.2r, 1,+r.)  hy+h

max {

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,
1 1 ? 2

+ <
r,+n, r,+r. hy+h,
o (s—a)(s—Db) (s—a)(s—c) ? 2bc

rsc rsb er(b +¢)
& (z+x)%(x +y)? > (xy(z +x) +zx(x + y))(Zx +y+2z)

c=x+yands =x+y+zandnow:

expanding and simplifying ? ?
& x* — 2x%yz + y?z?2 > 0 © (x* —yz)? = 0 > true
d o1 N 1 ; 2 s—a+(s—b)(s—c)é 2bc
— s
andagain, 2r, 1, +r.” hy,+h er rsa ~ 2rs(b+c)

o 2x+y+z)(x(y+z)+ 2yz) > 2(y+ z)(z + x)(x+ y)

expanding and simplifying
= x(y? —2yz+z2)20@x(y—z)220—>true
1

+ ,— + <
r,+rn, Tr,+r.2r, r,+r. hy+h
1 1 1 1

P S R
r,+rn, r,+r.2r, r,+r.)  hy+h

= max { Vv ABC,
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" =" iff A ABC is equilateral (QED)

4272. In any A ABC the following relationship holds :
117a?b?c?

4 2.2
(m, + my + m.) S16zb c” — 16 Yoy a?

cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4

? 16 s, 52 mZmim? )
a —-— and since :

1
Weseektoprove=1—6 Za 5? 27'W

cyc cyc

s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) — r3(4R + )3

mZmim? = T
<Reference : Solution to Inequality in Triangle — 124 by Dang Ngoc Minh;)
publshed at www.ssmrmbh. ro
- the inequality becomes : s* ; %((s2 + 4Rr +r?)? — 16Rrs?) —

52 s® —s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r%) — r3(4R + )3

27" 32(s% — 4Rr — r2)
& 155s® — (3588Rr — 171r?)s* + r2(19212R? + 4632Rr + 45r?)s? —

r3(23744R3 + 17808R?r + 4452Rr? + 3711‘3)0 and * (s> — 16Rr + 5r2)3
@

Gerretsen

?
> 0 - to prove (1), it suffices to prove : LHS of (1) > 155(s? — 16Rr + 5r?)3
< (642R — 3591‘)84 — l'(16638R2 —13172Rr + 19301‘2)82 +

?
r2(32(3183R3 — 3193R?r + 945Rr? — 103r3) + 8R?r + 18Rr? + 5r3)0 and

Gerretsen

v (642R — 359r)(s? — 16Rr + 5r?)2 > 0 - to prove (2), suffices to prove :
?
LHS of (2) > (642R — 359r)(s? — 16Rr + 5r2)?2

?
& (1953R? — 2368Rr + 830r2)s?
®
r(31248R3 — 46228R?r + 21616Rr? — 2842r3)

Rouche + Euler

Finally, (1953R? — 2368Rr + 830r?)s? >
r2(R—-2r)\ ?

)ZRHSof@

(1953R? — 2368Rr + 830r?2) (16Rr —5r2 +
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? R
& 528t3 — 1345t%2 + 754t —352>0 (t = ;)
Euler

o (t—2)(528t2-289t+176) >0 > true~t > 2= (3) =2 = (Distrue
4

1 Z <16 Z 21,2 52 m2m;m? dimbl ting it trianel
“Te al s5.) a 27 T @ and implementing it on a triangle

cyc cyc
. . 2rna zrrlb 2rnc . - .
with sides 3 '3 '3 ,whose medians as a consequence of trivial calculations
abc . .
are 2'2'2 respectively, we arrive at :

4

1 16 Z _16 16 Z , 2 52 1 a’b’c?
1681\ L ™| =79 81 L ™M™ " 27642 > me
cyc cyc 9 Zcyc My

16 16 9 2y 52 1 a?bic?

—_— ... a — = T s
9 81 16 27°64°4 3
cyc §'Z'chca2

4 2.2
:>(ma+mb+mc) S16Zb —m
cyc

" =""iff A ABC is equilateral (QED)

v ABC,

4273. In AABC the following relationship holds:
myhyh, + myh h, + m :h,hy, < 3r,rpr,

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

AM-GM
dmgJa? + b2 +c2 =22b2 +2c2 —a%Ja? + b2 +c¢2 < 3(b%+c?)
3(b% + ¢?)
mg < a2 2 2 1
4va* + b +c

m, m, m
mghyh, + myh h, + mhyhy = 4F? (b—g it a;)
M F 3a(b? + c? F 3
< — ( ) =— Za(bz—l—cz)

RZiugva? + b2+ ¢t 4R Va2 + b2 + 2

2

= bc (amg, + bmy + cm,) =

F
=7 (amg, + bmy, + cm,)

<
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cBs F 3 3
< Zb2+c z Ebz)
R4\/a2+b2+c2 '3 R4\/a2+b2 cz'3

F > > 2Leibniz F > F
EZS 2ya*+b*+c> < E4s. 9R =3RS.E=3FS=31"a1"b1"c.

Equality holds for an equilateral triangle.

4274. In any A ABC the following relationship holds :

9bZc2(b — ¢)?
16F2

8m,m, > max {Saz — 12Rr + 60r?,4a% + b? + ¢% -

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata India
s? + 2Rr — 31r?

(mb - mc)z < 2
(Reference : Inequality in Triangle — 345 by Dang Ngoc Minh;)
published at www. ssmrmbh.ro
= 4m? + 4m? — 8mym, < 2s? + 4Rr — 62r?
= 8mpm, > 2¢? + 2a? — b? + 2a? + 2b% — ¢? — 25?2 — 4Rr + 62r?
= 4a? + b? + ¢? — 25?2 — 4Rr + 62r? = 3a? +Z:a2—252—4Rr+62r2
cyc
= 3a? + 2(s? —4Rr — r?) — 2s? — 4Rr + 62r? = 3a? — 12Rr + 60r?
. |8mym, > 3a? — 12Rr + 60r?,” =" iff a = b = c|and again,
9b2c2(b — ¢)?

16F2
9b%c?(b—c)?2 9b3%c%(b —c)? »

{—1
16F2 16F2 )
Ca(m2-m?)’ (@ +2a7-bH) - (22 +2b2 — D)) 9(b— 0)%(b + )2

8m,m, é 4a% + b? + % —

?
& 8mym, > 4mi + 4m? — > 4(m, — m,)?

B (mb + mc)z B 4'(mb + mc)z B 4(mb + mc)z
bc ?
(:)ﬁ (mb+mc)>b+c ( (b—c)? 20)—>true
bc bc abc(b+c) 4RF(b+c)
oo > = =
“2p (Mo +me) 2 o5 (hy +he) =— =0 ARF b+c
9b2c2(b — c)?

"="iffa =b = c|and so,

9b2c2(b — ¢)?
16F2

. |8mym, > 4a? + b? + ¢? —

16F? '

8mym_, > max {Saz — 12Rr + 60r?%,4a? + b? + c2 — }VABC,
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" =" iff A ABC is equilateral (QED)

4275. In any acute AABC following relationship holds:

rpy + 1, A 2h +rp+T,
=082 = 2+ o

J2(b? +¢?)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India
(1st Part)
Letx=s—a,y=s—b,z=s—cthen
a=y+zb=z+x,c=x+y&s=x+y+z

_F F__F _F_ . _F(y+2)
rb_s—b_y'rc_s—c_z T+ Te= yz
F?=s(s—a)(s—b)(s—c) = sxyz
A s(s—a)_ x(x+y+2)
0S5 = bc  [(x+2)(x+y)

T, +T A r, +1.)% A
Weneedtoshow:#Zc:os— or%Zcosz—
[2(b? + ¢2) 2 2(b%*+c?) 2
F(y+z)2
yz x(x+y+2)

2((x+2)2%2+(x+y)?)  (x+2)(x+y)
sxyz(y + z)?
(yz)? x(x+y+2)
2((x+2)2%2+(x+y)?2)  (x+2)(x+y)
(y+2)?(x+2)(x+y) > 2yz((x + 2)? + (x + y)?)

x*y? + x%z% — 2x*yz + xy3 — xy?z — xyz® + xz3 — y3z + 3y*z®> —yz3 > 0
*(y-2)?+x(-2*(y+2)-yz(y—2)* =0
(y—2)??(x*+x(y+2z) —yz) >0 true

( as triangle is acute then a?> < b* + c*or >
y+2)?2<(x+2)?*+x+y)ior,x*+x(y+2)—yz>0
(2nd Part)
acute triangle, a*? + ¢* > b? or
Y+x)?+@Z+y)?>+2)or,xy+y*+yz—xz>0
a’+b*>c?or,(y+2)?*+(z+x)?>(x+y)?or,xz+yz+z*—xy>0
using above we get (x(y — z) + y* + 3yz) = (xy + yz + y* — xz) + 2yz > 0 (4)
and

77 RMM-TRIANGLE MARATHON 4201-4300



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
(x(y—2)—3yz—2*)=xy—yz—3yz—2z* = —(xz+ z* + yz — xy) — 2yz < 0(B)

4F F F 4 1.1
Zha+7'b+7'c_7+—s—b+_s—c_F(y+Z+y+Z)_ F(y? + 6yz + z%)
2(b+c¢c) 2(b +c¢) T 22x+y+2)  2yz(y+2)2x+y+2)
We need to show :
Zha+rb+rc< A
2(b+c) %72
F(y? + 6yz + z%) - x(x+y+2)
2yz(y+z)2x+y+2z) = |(x+z2)(x+y)

sxyz(y* + 6yz + z%)? x(x+y+2)
4y272(y+ 2)?22x+y+2)? - (x+2)(x+y)

4yz(y+2)?*QRx+y+2)?* - (x+y)(x+2)(y*+6yz+2*) <0
~(y - 2)?(x(y — 2) + y* + 3yz)(x(y — 2z) — 3yz — z%)) = 0 true by (A) & (B)

Equality holds for an equilateral triangle.

4276. In any AABC following relationship holds:
2m, +1, < (2V2 +2)R— (4V2 - 5)r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
A B-C A A
Let x = sin— &t = cos &sinA=2sin—cosE=2x\/1—x2

2
0<x<i d|B—C|<B+C_1t A&
now X an > > =373
. B—C> (n A)_ A
= cos cos >3 —smz—x
sox<t<l1

A B C
r= 4Rsin—sin—sin§ &A+B+C=m
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2_B_ C_ B-C B+C_ B-C 'A—t
smzsmz—cos 2 cos 2 = COS 2 sz_ X
. B C t—x
sm251n2— >
_ —4R'A B C&2 C_ B+C+ B—C_
rg=171= smzcoszcos2 coszcosz—cos 2 cos 2 =
A B-C
=smE+cos =t+x so,
B C_(t+x)
coszcosz— 2

mg

2b% + 2c* —a®> 4R?%*(2sin? B + 2sin? C — sin? A)
= = then
2

4 4

m

R—;‘ = 2sin?C + 2sin? B — sin? A = 2(1 — cos(B + C) cos(B — C)) —sin? A
=2(1+ cosAcos(B—C)) —sin?*A =

A B-—C _
=2 1+<1—251n25>(2cos2 > —1) —sin?A4 =

=2 (1 —@2xr—1)2t - 1)) — 4x2(1 — x2) = 4% — 8x2t% + 4x*

a

2m r r
Then R 4\/t2 —2x2t%2 + x‘ﬂia =2x(t+ x),E =2x(t—x)

Using above result we need to show:
2m, +1, < (2V2+2)R— (4V2 - 5)r

2m,
R

+%+(4\/2—5)%s(2\/§+2)

4/t — 2x2¢2 + x* + 2x(t + x) + 2x(t — x)(4V2 - 5) < (2V2 + 2)

4/(t — x2)2 + 2x(t + x) + 2x(t — x)(4V2 - 5) < (2V2 + 2)

x<t<1

41— 22 +2x(1 +x) + 2x(1 — x)(4V2 - 5) < (2v2 + 2)

x<t<1

4(1—-x%) +2x(1 +x) +2x(1 — x)(4VZ - 5) < (2v2 + 2)

4+8(V2-1)x(1-x)—(2v2+2)<0o0r,(vV2-1)(2x—-1)2 >0
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Equality holds for an equilateral triangle.

4277. In AABC the following relationship holds:
myw, < bc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

5 (b+c)2_2b2+2c2—az—b2—c2—2bc_(b—c)z—a2

Ma 4 4 4
(b—c+a)(b—c—a) b+c
= <0som, <——
4 2
2bc A 2bc A
wa=b+ccosisb+cascos§S1
< 2bc b+c_b
now m,w, b1e 2 - c

4278. In any A ABCwitha > b > cand
0 < d < e < fthe following relationship holds :
d(3bc — 4w,r,) + e(3ca — 4wyry,) + f(3ab — 4w r.) = 0
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Sincea > b > ¢ = 3bc < 3ca - in order to prove :
?

3bc — 4w,r, < 3ca— 4wy 1y, it suffices to prove :

2ca B ¢ Bé 2bc A ¢ A
i g C0Sy-Stany < —.coso.stan
a’? (s—c)(s—a)? b%>2 (s—b)(s—0) 1 1
S . < . and <
(c+ a)? ca (b + ¢)? bc c+a b+c
?

7 ?
. it suffices to prove: a(s—a) <b(s—b) © (a+b)(a—b) > s(a—b)
? ?

s (a-b)(2s—c—s)>0s (a—b)(s—c)>0->true~va>b

@®
~ 3bc — 4w,r, 3ca — 4wy, and again, sincea > b > ¢ = 3ca < 3ab
?

~ in order to prove : 3ca — 4wy, < 3ab — 4w_r,, it suffices to prove :
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2ab C ¢ C; 2ca B ¢ B

a3 p COSy stans < ——.cos.stany
o b? (s—a)(s—b); c? (s—c)(s—a) 4 1 - 1
(a+ b))%’ ab ~ (c+a)?’ ca e a¥b-cta

. it suffices to prove : b(s — b) <cs—-c)eMm+c)b-—c)=>s(b-c)
ob-02s—a-s)>0=(b-c)(s—a)=>0->true-b>c

@
* 3ca— 4wpr, [<|3ab — 4w, ~ (D) and 2) =

d < e <fand 3bc—4w,r, < 3ca — 4wbrb < 3ab — 4w,r,
Chebyshev
d.(3bc — 4w,r,) + e.(3ca — 4wyr,) + f.(3ab — 4w,r,) =

%(d +e+f). Z(3bc — 4w,r,) — (%)

cyc

Now, 4Zw“ AMZ GM (JS(T Js(s—a)(s— b)(s—c))
cyc

S —
cyc

4s.\/3 Z((s —b)(s — ¢)) = 4s.\/3(4Rr + r2) ; BZbc = 3(s? + 4Rr +r?)

cyc cyc
squaring
<  3s*— (40Rr + 10r?)s? + 3r2(4R +r)? I 0 and -
(*)

Gerretsen
3(s2—16Rr +5r?)2 > 0 - inorder to prove (+), it suffices to prove :

?
LHS of (¢) > 3(s? — 16Rr + 5r?)?

Gerretsen

& (7R — 5r)s? 5 r(90R? — 63Rr + 9r?); and finally, (7R — 5r)s? >
(e*)

2 ?
(7R - 5r)(16Rr — 5r?) > r(90R? — 63Rr + 9r?) & 2r(11R—4r)(R—2r) > 0
Euler
- true * R “2 2r = (e0) = (o) is true - Z(Bbc —4w,r,) =0 - (*+) and =
cyc
def>0=>d+e+f=>0. (x) and (xx) =
d.(3bc —4w,r,) + e.(3ca — 4wy r,) + f.(3ab — 4w,r.) > 0V A ABC
witha>b>cand0<d <e<f," ="iff AABCis equilateral (QED)

4279. In any A ABCwitha > b > cand
0 < d < e < fthe following relationship holds :
d(4r,r. — 3bc) + e(4r.r, — 3ca) + f(4r,r, — 3ab) > 0
Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Charaborty-Kolkata-India

?

4ryr. — 3bc < 4r.r, — 3ca © 3c(a—b) < 4s((s —b)—-(s— a))

@®
o @A(s—c)+c)(a— b)>0—>true a>b . 4rbr—3bc4rr—3ca
Also,4r.r, — 3ca S 4r,r, — 3ab © 3a(b —c) < 4s((s —c)—(s— b))

? ®
S (4(s—a)+a)(b—c)=0-true v b =>c.4rur, —3ca4r T, — 3ab

~ (@ and 2) = d < e < fand 4r,r, — 3bc < 4r.r, — 3ca < 4r,1, — 3ab
Chebyshev
d.(4r,r, — 3bc) + e. (4r.r, — 3ca) +f.(4r,r, — 3ab) >

%(d +e+ f).Z(4s(s —a) — 3bc) = %(d +e+f). (452 —3(s? + 4Rr + rz))

cyc
Gerretsen
and
Euler

1
=z@+e +6).(s? —16Rr+ 512 + 4r(R—2r)) > 0
(+de,f>0>d+e+f=>0)andso,
d. (4r,r. — 3bc) + e. (4r.r, — 3ca) + f. (4r,r, — 3ab) > 0V A ABC
witha>b=>cand0<d <e<f," ="iff AABCis equilateral (QED)
4280. In AABC the following relationship holds:

Ja++vb Vb++c +c+a
+ + > 23/108
Jh, Jhy Jhy

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

o2 Mltrzlomc 2 R? or, g o (1)
va+Vb vb+ye \F+\/— \/—+\/— Va+b
Tt D ek & NS E
:2\/_2\/_1__2\/_21213“1011 w_z\/_(1+\/1_+1)%:

%)

\P3\/_>z’ ><3\/§—2/6\/_—2\/36>< =2%Y108

Equality holds for an equilateral triangle.
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4281. In any A ABC such thata # b #

¢, the following relationship holds :
1 1

cot% (cot% — cotg) (cot% — cotg) ' cotg (cotg — cot%) (cotg — cot%) !
1 1
+ < 373

cotg (cotg — cot %) (cotg — cotg)

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

1
For x + iz,z
y x(x —y)(x —z)

cyc

1
" xyz(x - y)gy —z)(z -
= x).(yz(y—z)—x(y—z)(y+z)+x2(y—z))

Cayz(x—y)(y—2z)(z—
z)(y(z — x) — x(z - x))

ok (—yz(y —z) —zx(z — x) — xy(x —y))

— 1 ( _
B xyz(x—y)(y—lzxz—xy y

_z)(z_x).(y—Z)(z—x)(x—y)

~ayz(x-y)(y
. Z 1 1 d vi _ tA _ tB B tc
Clixx—y)(x—z) xyz meViax=coty,y=coty,z=coty,
cyc
1 1
A cot® — cotB) (cot® — cot) ' cotB (cot® — cotC) (cotB — cotA) |

cot (cot’ — cot) (coty — cot5) cotz (coty — cot)(cot — cot)
1 1 R s’r _r

= =22 =—=
cot% (cotg - cot%) (cot% — cot g) cot% cotg cotg s s° s
Mitrinovic 1

—— (equality doesn’t occur because a # b # ¢)

33 )
cot% (cot% - cotg) (cot% — cot %) * cotg (cotg — cot %) (cotg - cot%) ’

1 1
< Vv A ABC (QED)

cot% (cot% — cot%) (cot% - cotg) 3V3

4282.

In any A ABC such that a # b # ¢, the following relationship holds :
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1 1
sin % (sin% — sin g) (sin% — sin %) ' sin g (sing — sin %) (sing — sin %) '
1
>8

.g(. c . é)( c . E)
sin 2 sin 2 sin 2 sin 2 sin 2
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

1
For x + iz,z
y x(x —y)(x —z)

cyc

1
" xyz(x - y)gy —z)(z -
- x).(yz(y—z)—x(y—z)(y+z)+x2(y—Z))

S xyz(x—y)(y-2)(z -
z)(y(z — x) — x(z - x))

R (—yz(y —z) —zx(z — x) — xy(x —y))

— 1 ( _
B xyz(x—y)(y—lzxz—x)' y

= G- PG -De-n ¥ D" DE-Y)

Z 1 1 Lviax = si A B _ . C
L=y —2)  xyz andviax =sin-,y = sing,z = sin,
cyc
1 1
+ +
ing (Siné — sin E) (siné —sin E) sinE (sinE —sin E) (sinE — sin é)
AN 2 2 2 7 (Sing 2 2 2
1 1 4R Euler8
_ _ _ B

.g(.g_.é)(.g_.g)_.é.g.g_r
sin5(sin3 —sinz ) (siny —sinz )  sinzsingsing
(equality doesn’t occur because a # b # ¢)

1

Sin%(sin% — sin g) (sin% — sin %) ’ sing (sing — sin g) (sing — sin %) "
C C ; C B > 8V AABC (QED)
sini (sini — sin 7) (sini — sin 7)

4283. In A ABCthe following relationship holds:

4

a
Z > 18V/373
a+ 3c

cyc

Proposed by Adgozel Adgozalov-Azerbaijan
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Solution by Daniel Sitaru-Romania

HOLDER
a4 b4 C4 ~

(a+b+c)*
+ +
a+3c b+3a c+3b

9(a+3c+b+3atc+3b)

3
_(2s)*  2s° M’”"g"'”“ 2-(3v3r)"  2-27-3V3r3

_ 3
9-85s 9 = 9 9 18V3r

Equality holds fora = b = c.
4284,

In any A ABC the following relationship holds :

2R h,+h,+h
’T.(max(ra, Iy, Ie) +afbc> >2(ng, + ny +n,) —z J(b—c)? +r?

cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

/ 2 2_T 2 o2
chc n, CBS 3 chc Ny Bogdan Fustei \/3 2:CYC (S R S-s€c” 3
< Jr—

4R+r = 4R+r B 4R +r
\/3 ((BR —r)s?2 —r(4R + r)z)

R ? R squaring
4R +r 2r

?
R%?(4R + )% + 6r2(4R + r)26r(3R —r)s?
()

Rouche
Now,6r(3R—r)s2 < 6r(3R—r) (2R2 +10Rr — r? + 2(R — 2r).v/R? — 2Rr)
?
< (R? + 6r%)(4R +1r)?
?
& R(R —2r)(16R? + 4Rr — 63r?) > 6r(3R—r).2(R — 2r).4/R% — 2Rr

Euler
and * R—2r > 0 . itsuffices to prove following squaring :
?
R%Z(16R? + 4Rr — 63r%)? > 144r?(3R — r)?(R%? — 2Rr)
? R
& 256t5 + 128t* — 3296t3 + 2952t2 + 2097t + 288 > 0 (t =<

(4t + 1)
@ —_—

16t + 336) (10t — 21) + 2340(t—2) + 504 ; 0
100 ( 5 5 -

IA
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— true (strict inequality) - t > 2 = (%) is true - Z n, < / .(4R+1) > (1

cyc

andalso,ZnaSZAI+Z (b-0)?+r2- 2

cyc cyc cyc
(Reference : Inequality in Triangle by Bogdan Fustei — 103;) 2D+ @ >
published at www. ssmrmh. ro v

zzna—z\/m<\[7 (4R+r)+ZAI

cyc cyc cyc

2R (2R+h“+hb+h° )_ AR — 2 +sz+4Rr+r2
r 2 )= |2r r 2R

7| |[R (s?—2Rr +r?
S ZAI é —. and we have :
(m)

2r 2R

bc(s — a) CBS
;AI:FZ\/(s—a)(s—b)(s—c) jzab J;(S_“)
? |R (s?—2Rr +r?
:\/sz+4Rr+rzs\g.< R >

?
& (s? — 2Rr +1r?)? > 8Rr(s? + 4Rr + r?)

& s* — (12Rr — 2r?)s? — r?(28R? + 12Rr — r?) 0 and via Gerretsen,

(*)
Gerretsen

LHS of (¢) > (4Rr — 3r?)s? — r?(28R? + 12Rr - r?) >

Euler
(4Rr — 3r?)(16Rr — 5r?) — r?(28R% + 12Rr —r?) = 4r?>(R-2r)(9R—-2r) > 0
= (¢) = (m) is true and so,

2R h, +h, +h
T.(2R+a—bc—r>2Z(na+nb+nc)—zw/(b—c)2+r2—>(m)

2
cyc

and now, max(r,, ry,, r.) = 4R%? — 7r2

(Reference Inequality in Triangle by Dang Ngoc Minh — 329;

published at www. ssmrmh.ro ) 2 2R -t

? ?
& 4R%? —7r2 > (2R —1r)? = 4R? — 4Rr + r? © 4Rr > 8r? - true via Euler
~max(ry, 1, r.) = 2R—r - (n) . (m) and (n) =

2R h,+hy,+h
’T. (max(ra, I, re) + %) >2(n, +n, +n,) — Z\/ (b—c)? +r2

cyc
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v ABC,” =" iff A ABC is equilateral (QED)

4285. In any A ABC the following relationship holds :

2R
R (m+
r

h, + hy + h,
2

—r)ZZ(na+nb+nc)—2\/(b—c)2+r2

cyc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

2 2_ I 2 o2A
Yeyc Mg CBS ,/ 3 Leye Mg Bogdan Fustei \[3 Leye (S R S7-S€C" 3
< =

4R+r = 4R+r 4R+r
(BR—r)s?2 —r(4R +r)?
3 R ? R squaring
= < [— =%
4R+r 2r

R%Z(4R +1)? + 6r2(4R + r)26r(3R —r)s?
()

Rouche
Now,6r(3R—r)s? < 6r(3R—r) (ZR2 +10Rr — r? + 2(R — 2r).\/R? — 2Rr)

?
< (R? + 6r%)(4R +1)?
?
& R(R — 2r)(16R? + 4Rr — 63r%) > 6r(3R—r).2(R — 2r)./R? — 2Rr
Euler
and - R — 2r uZ 0 .. it suffices to prove following squaring :

?
R%Z(16R? + 4Rr — 63r%)? > 144r?(3R —r)%(R? — 2Rr)

? R
& 256t5 + 128t* — 3296t3 + 2952t + 2097t + 288 > 0 (t = ;)

4t + 1)? 336 2340(t—2) + 504
@¥<(16t+—> (10t —21)2 + ( ) >> 0

100 5 5 o

Euler R
— true (strict inequality) ~t > 2 = (x)istrue - Z n, < o (4R+1) > (1)

cyc
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andalso,Znang1+Z [(b=¢)2+r2 - (2)

cyc cyc cyc

(Reference : Inequality in Triangle by Bogdan Fustei — 103;
published at www.ssmrmh.ro

ZZna—Z\/mS\[ZE:.(4R+r)+;AIé

cyc

)@+ OE}

cyc

2R (2R+ha+hb+hc )_ R AR — 2 +sz+4Rr+r2
r 2 )= |2r r 2R

ZAI ; R (s?—2Rr+r? dweh
PN —. :
(?) o R and we have

j bels—@) @ r .jzab.jZ(s—a)
cyc cyc

G-DG-DGE-0 ~ rvs

Yar=ry

cyc

cyc
— /ST 1 aRr 1% < T 2Rr+ 0
S rrres 2r’ 2R

?
& (s? — 2Rr +r?)? > 8Rr(s? + 4Rr + r?)

& s* — (12Rr — 2r?)s? — r?(28R? + 12Rr — rZ)EO and via Gerretsen,
(*)

Gerretsen
=

LHS of (¢) > (4Rr — 3r?)s? — r?(28R? + 12Rr — r?)

Euler
(4Rr — 3r?)(16Rr — 5r?) — r?(28R% + 12Rr —r?) = 4r?>(R-2r)(9R—-2r) > 0
= (¢) = (m) is true and so,

/2R h, +h,+h
—(ZR %“—r)ZZ(na+nb+nc)—z (b—c)2 +r? V ABC,
cyc

" =""iff A ABC is equilateral (QED)
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4286. In any A ABC the following relationship holds :

iaas
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x7x,

y/ yZ
:mand—zzn
X

c=x+yands = x+y + z and furthermore, we denote : y

x
and then, we have the following set "’S" of relations : y? + z? = x*(m? — 2n),
squaring

? and via Bogdan Fustei
y3 + z3 = x3(m3 — 3nn), and now, g, g. < r,w, =
((s b2t 4(s — a)(sb— b)(s —¢) (s— O + 4(s — a)(sc— b)(s — c)> é
s(s—b)(s—c) 4bc ( )
- '(b+c)2'ss a

o 4(z+x0)2(x + V)2 (x + y +2)% = (4zx + xy + yz)(4xy + zx + yz) 2x + y + 2)?
& 4x°% + 16x5(y +z) + 8x*(y? + z%) — 12x*.yz — 32x3.yz(y + z) —

5x2.yz(y +z)? + 3x.yz(y3 + z3) + 13x.y%z%(y + z) + 3y?z2%(y + z)ZO and via
®

set of relations "’S”, to prove (1), it suffices to prove, following simplification :
Qq Q2 Q3
(3m2 +4m)n? + (3m3 — 5m2 — 32m — 28)n + (8m?2 + 16m + 4) +0
@
and it’s trivially true when : Q, > 0 and when : Q, < 0,then :
3m3® —-5m? —32m -28=(m-5)(3m? + 10m + 18) + 62 < 0
>(mM-5Gm?+10m+18)<-62<0=>m<5- (i)

Now, LHS of (2) is a quadratic polynomial in "'n” with discriminant,[§] =
62 — 40,05 = (m + 1)(m + 2)2(9m3 — 75m? + 40m + 196) and when :
9m3 — 75m? + 40m + 196 < 0,then § < 0 = (2) is trivially true and when :
9m3 — 75m? + 40m + 196 > 0, then : 9m3® — 75m? + 40m + 196

:<3m(m—5)—3m—83—6>(3m—7)—13—4>0

86 14 via (i)
:>(3m(m—5)—3m—?>(3m—7)>?> Oand~m < 5

86 7
:>3m(m—5)—3m—?< 0 - m<§—> (ii) and so,when : § > 0,
? AM-GM m?
then it suffices to prove : 2Q,;,.n<—Q, —V8 @ and vn < e
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m? ? ?
=~ suffices to prove : 91.7 <—Q,-V6 & —(m+2)2(3m? —2m — 14) > 2./8
5 7 via (ii)
and - 3m? —2m — 14 = (m + 5) Bm-7) — 3 < 0 . itsuffices to prove :

(m+2)*(3m2 — 2m — 14)? > 4(m + 1) (m + 2)2(9m3 — 75m? + 40m + 196)

o |m(m + 2)2(m — 2)2(3m + 4)(3m? + 16m + 4) > 0|~ gpg. < r,W,

and analogously, ~ () and > ()

m. 1l 2n,, Bogdan Fustei 211y [ Lascu + AM—GM s(s—a) 1
a*a = a > —_aa > 4R

Now,n, = = = . —
¢ Agal h, h.g, bc g,
n, +r.? ?
=4RcosZE.—=%2f—:+%@Fb+n Zg;—'bga+%—>true
a a C C
dcYa da9rb via (+) and (++) rblb rclc ng 1 (gc gb)
< 22 = ~—>—=+=) VA ABC,
L L = PR R R A VR

" =""iff A ABC is equilateral (QED)

4287. In any A ABC the following relationship holds :

tAltZBtBtCtZC >1
z anz. 3(an2+an2an2+an2) =

cyc

Proposed by Neculai Stanciu, Viorel Ovidiu Ignatescu-Romania

Solution by Soumava Chakraborty-Kolkata-India

s> [tand. 22 (tan2 s tanl) ) -
= anz. 3% anz anz =

cyc

—12 t A(t B+t C) —Z(t At B)—l
—2 anz anz anz = anz an2 =

cyc cyc
Z t A 1(t ZB+t Bt C+t ZC) > 1V ABC
As anz. 3 an 2 anz anz an 2 = )

cyc
" =""iff A ABC is equilateral (QED)

4288. In AABC the following relationship holds:
Z 1 - 3VR

(ro+rp)sin(4)sin(B) — s

cyc

Proposed by Neculai Stanciu-Romania
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Solution by Mirsadix Muzefferov-Azerbaijan

1 4R? 4R?. c?
(r, + rp) sin(A) sin(B) - (ro,+17y)ab - (r, +ry)abc.c -
4R?. c? R.c?
- (ro+1,)4RF.c - (rqo+r1rp)F.c
Berg:\trom R (chc C)Z R 432
Z (r + rb)F c F'chc(ra +1).C ~F 4s(R+ 1) -
=£ R >£—Ebecause Rr+r2<2—sz+s2 f
sr 4S(R+r) Rr+r2__2 s2 27 27 9
9

1 9R 3\/_
(r + 1) sin(4) sm(B) s

Equallty holds for: a=b=c.

4289. In AABC the following relationship holds:

\/E+x/3+x/2+x/5+x/5+x/?
NN N

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

> 2%/108

\/—+\/_ \/_+\/_ \/__I_\/—AMGM

NN AN
2Yab  2Vbe 2%acy™ s |24ab.2} c2‘§/_
‘r r e -

6 4-R 6 4AR. ST'_ Mltrmomcz
Tg T T, sZr s
6 4- 2s 24708
s 3\/_

Equality holds for: a=b=c
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4290. In AABC the following relationship holds:

acoté bcotE ccotg
2 2 2
+ + > 6

ha hb hc

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

acot% bcotg ccot% acot% AM— GM
+ + = = Z z
h, h, h, T h, —-t A ~2F £ ta n
1 bc)? 3 4R 2 3|16R?%r2s?
Zﬁ-33 A(a c) 35 ( rs) ’ ris?-s 2Ry >
tans > tan tan
EULER 6S 3
> —3Y2.2rN2-r==2r=6
2rs T

Equality holds fora = b = c.
4291. In AABC the following relationship holds:

3313

R3

sinAsinBsinC >

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

_A_B_C_abcabc 3V3r3
SinAsinBsint=3R 2R’ 2R B8R~ R°

& abc > 24313 © 4Rrs > 24/3r3 © Rs > 6\/3r% (to prove)

EULER MITRINOVIC
Rs > 2r-s > 2r - 3V3r = 6V3r2

4292. In AABC the following relationship holds:

r
cosAcosBcosC < —
4R

Proposed by Nguyen Hung Cuong — Vietanam
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Solution by Daniel Sitaru — Romania

s2—R2R+1)? r
S_
4R? 4R

& s2 — (4R?> + 4Rr +1%) < Rr

s2 <4R?> +4Rr +1r*> + Rr = 4R? + 5Rr + 1?

cosAcosBcosC =

GERRETSEN
s? < 4R? + 4RT + 31> <4R?>+5Rr+ 1> © 2r’ < Rr © R > 2r (Euler)

Equality holds forA = B = C.
4293. In any A ABC the following relationship holds :

1 1
+ +
sin? % + sin % sing + sin? g sin? g + sin g sin% + sin? %
1
A >4

C C A
= 2 -~ - -~ - o = 2 o
sin > + smzsm2 + sin 5
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

We shall first prove :

s? ((s2 — 8Rr — 2r%)? + (4Rr + r?)? + (s> — 8Rr — 2r?)(4Rr + rz)) 7

=19
(s? — 8Rr — 2r*)r?((4R + r)? — 2s?) + r?s(s® — 12Rrs) + (4Rr + r?)3 — 12Rr3s? +| =
2r2s2(4Rr + r?) — 6r4s2

?
& s® — (12Rr — 6r?)s* — r?(4R +r)?s? + 9r3(4R + r)30 and -
©)

Gerretsen

?
P=(s?-16Rr+5r?)% > 0 - toprove (D,itsuffices to prove : LHS;) > P

& (36R —9r)s* — r(864R? — 432Rr + 81r%)s? +

?
4r?2(1168R3 — 852R?r + 327Rr? — 291‘3)0
@

Gerretsen

and - (36R — 9r)(s? — 16Rr + 5r2)2 > 0 .. to prove (2), suffices to prove :
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LHS of 2) > (36R — 9r)(s% — 16Rr + 5r2)? & (288R? — 216Rr + 9r?)s?

r(4544R3 — 4656R?r + 1032Rr? — 109r3)
®

Gerretsen ?
Finally, LHSof 3) >  (288R? — 216Rr + 9r?)(16Rr — 5r2) > RHS of (3)

Euler

? R ?
& 4t3 —15t2 + 12t +4 >0 <t=;) & (t—2)2(4t+1)=>0->true~t > 2
2
Jensen 4 A
>3=>0>0-= and now,since1 > o Zsini
cyc
: 1 T :
~ in order to prove : Z > 4, it suffices to prove :
2B, o B C . C
cye Sin? 5 + sin sin5 + sin® 5
2
Z . A z 1 ; 9
sin— | . >
cye 2 oye sin? g + singsin% + sinzg
2 . A . B
(z% + zx + x*) (x% + xy + y?) ? X =sing,y=sing,
o Zx Z =9
(x2 + xy + y?)(y? + yz + z2)(z% + zx + x?) . C
cyc cyc Z = Slnz
2 2 2
(chc x?)" + (chc xy)” + (chc xz)(ZCYC xy) ; 9
®

- Zyc:x .<(chc xz)(chc x2y?) + xYZ(chc x3) + Leye X%y3 +>
2xyz(2cyc x) (chc xy) — 6x2y2z2
Assigningy+z=Xz+x=Y,x+y=Z>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X—-Y=2y>0=X,Y,Z formsides of atriangle = X+Y > Z,
Y+ Z>X,Z+X>Y with semiperimeter, circumradius & inradius = s’,R, 1’ (say)

and then : Z x=s',xyz= r’zs’z xy = 4R'r’ + r’z,z x% =s'2 —8R'r — 2r'’?,

cyc cyc cyc

Z x3=s"— 12R’r’s’,z x*y? =r'?((4R' + r')? — 2s'?) and

cyc cyc

Z x3y3 = (4Rr' + r'?)® — 12R'r*s"> and so, (+) &

cyc
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s'2 ((s’2 —8Rr' —2r'2)2 + (4R'r' + r'?)2 + (s'2 — 8R'r' — 2r'?)(4R'r' + r’z))
=

(s’2 — 8R'T' — 2r')r'2((4R’ +r')2 — 25'2) + r'2g/(s*~12Rmssr) 4
(4R'r' +r'2)3 —12R'r'3s'2 4+ 2r'2s"2(4R'r' + r'?) — 6r'4s'?

- true via (*) = |[(¢) is true||and so,

1 4 1
. 5 A . A . B . »B . , B . B . C . ,C
2 2 2 el 2
sin 2+smzsm2+sm > sin 2+smzsm2+sm >

+

1

C C A A =4V ABC, " ="iff A ABCis equilateral (QED)
sin? 5 +singsinz + sin? 5

4294. In any A ABC the following relationship holds :

3

r2 3

3
Iy I'c S 9

+ +

2 2 2
Iy —Iple + 12 T&—TXg +1F 12 —rary + 1
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

z I'g Z r“ll Berg;trom
o 7 — rpre + rZ I — Lple + r2r,

cyc

2
(Beyer2) ((4R+1)? —25%)% 7
= >9r
(chc ra)(zcyc r,r,) — 6r,n,r. (4R + 1r)s? — 6rs?
?
& (4R + 1)* + 4s* — (64R? + 68Rr — 41r?)s? 5 0

O]
Gerretsen
~ 4(s? —16Rr + 5r?)2 > 0 . inorder to prove (x), it suffices to prove :

?
LHS of () > 4(s? — 16Rr + 5r?)?
?
256R* + 256R3r — 928R?*r? + 656Rr3 — 99r* 5 (64R? — 60Rr — r?)s?

(%)
Gerretsen

?

Finally, (64R?> — 60Rr —r?)s?> <  (64R? — 60Rr — r?)(4R? + 4Rr + 3r?) <
? R ?

LHS of (x+) © 20t3 — 73t +70t—8>0 (t = ;) o (t—2)(20t2-33t+4)>0

Euler
> true vt = 2= (¥x) = (%) is true

rg Iy re

P —+ = -+ ;> 9r v ABC,
I'b - rbrc + rc l-C - rcra + ra ra - rarb + rb

" =""iff A ABC is equilateral (QED)
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4295. In any A ABC the following relationship holds :

tan % N tan g N
(tan% + tan g) (tan% + tan g) (tan g + tan g) (tang + tan %)
N tan % N 54 :

C A C B b
tans + tans ) (tans + tan= a. b C
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-KoIkata-lndia

Z Z 4R tan cos? 4R 4R +r

gl

cye e (tanf +tanz ) (tanz + tanz
8(4R +r)3 Z ry,(r, +r.) 8(4R +r1)3 2s?
W (oo
16(4R +1r)® 4(4R+r)? Gerretsen 4(4R +1)3 2 54
64R3. s2 Rs? ~  R(4R%Z 4+ 4Rr + 3r2) —
16R2

? R ?
& 20t3 —12t2-57t+2=>0 (tz;)@(t—Z)(20t2+28t—1) >0

A
Euler tani
> true-t > 2.

- V ABC,

e (tan%+tang) (tan%+tan%) (%_i_l%_i_l%)

" =" iff A ABC is equilateral (QED)
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4296. In any A ABC the following relationship holds :

IvYc + 9dcYa 4 Ja9b

I I'y Ic

R
o= (hg +hy +he) >

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

y/ yZ
:mand—zzn
X

c=x+yands = x+y + z and furthermore, we denote : y

X
and then, we have the following set "’S" of relations : y? + z? = x*(m? — 2n),

squaring
? and via Bogdan Fustei
y3 + z3 = x3(m3 — 3nn), and now, g, g. < r,w, =
((s b2+ 4(s — a)(sb— b)(s — ¢) (s— O + 4(s — a)(sc— b)(s — c)> é
s(s—b)(s—c) 4bc ( )
p— '(b+c)2'ss a

o 4(z+ ) (x + )2 (x +y +2)? = (4zx + xy + yz)(4xy + zx + yz) 2x + y + 2)?
& 4x°% + 16x5(y +z) + 8x*(y? + z%2) — 12x*.yz — 32x3.yz(y + z) —

5x2.yz(y + z)? + 3x.yz(y3 + z3) + 13x.y%z%(y + z) + 3y?z2%(y + z)ZO and via
®

set of relations "’S”, to prove (1), it suffices to prove, following simplification :

'Y Q, Q3
(3m2 +4m)n? + 3m3 — 5m? — 32m — 28)n + (8m?2 + 16m + 4) +0
@

and it’s trivially true when : Q, > 0 and when : Q, < 0,then :
3m3® —-5m? —32m -28=(m-5)(3m? + 10m + 18) + 62 < 0
>(m-50GBm?+10m+18)<-62<0=>m<5- (i)

Now, LHS of (2) is a quadratic polynomial in "'n” with discriminant,[§] =
62 — 40,05 = (m + 1)(m + 2)?(9m3 — 75m? + 40m + 196) and when :
9m3 — 75m? + 40m + 196 < 0,then 8 < 0 = (2) is trivially true and when :
9m3 — 75m? + 40m + 196 > 0, then : 9m3® — 75m? + 40m + 196

86 14
=(3m(m—5)—3m—?>(3m—7)—?>0
86 14 via (i)
:>(3m(m—5)—3m—?>(3m—7)>?> Oand~m < 5

86 7
:>3m(m—5)—3m—?<0.'.m<§—>(ii)andso,when:8>0,
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? AM-GM m?
then it suffices to prove : 2Q,.n<-—Q, — V8 @ and v n < 1
m2 ? ?
- suffices to prove : 91.7 <—Q,-V6 & —(m+2)2(3m? —2m — 14) > 2./8
7 via (ii)
3 < 0 .. itsuffices to prove :

(m+2)*(3m? — 2m — 14)? > 4(m + 1) (m + 2)2(9m3 — 75m? + 40m + 196)

5
and - 3m2—2m—14=(m+§>(3m—7)—

& |m@m+2)2(m—2)2(3m+4)(3m? + 16m +4) > 0

? A
~ gpge < ryw, and analogs — (*) and now, (b + ¢)? > 32Rr. cos? )

s_b+sic)=8(s—a)(s—b)(s—c).

a
=8r(r, + 1) = 8rzs< (s—b)(s—o¢)

=4ab+c—a) e (b+c)?+4a2—4ab+c)=>0< (b+c—2a)? >0 - true

A via () r,w, w,
~ b+ ¢ >+V32Rr.cos - and analogs — (xx) = ELLL: < —ZL=h,—
2 I, I, h,
A A
2R. 2bc. cos 5 via (+*) 4R. cos R
= h,, 27 hp——25=h, |
(b +c)be 32Rr.cos 2 2r
. Jvde 5h and analogs =» 29¢ 4 Ica | Jab 3(h +hp +h)
Tor, T J2r? 8 r, I, r,  J2r el hT e
v A ABC," =" iff A ABC is equilateral (QED)

4297. In any A ABC the following relationship holds :

R IvYc 9cYa da9r
— >
7 (rg+nr,+r) = h, + h, + h,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=1z+x,

y/ y/
c=x+yands = x+y + zand furthermore, we denote : p = m and % =n
and then, we have the following set ’'S" of relations : y? + z? = x*(m? — 2n),
squaring
? and via Bogdan Fustei
y3 + z3 = x3(m3 — 3nn), and now, g, g. < r,w,

N
((s b4 4(s—a)(s—b)(s — c)> ((s ot 4(s—a)(s—b)(s— c)) ;

b c
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s(s—b)(s—c) 4bc

s—a “(b+c)?’

o 4(z+ 0 (x + )2 (x +y+2)? > (4zx + xy + yz)(4xy + zx + yz) 2x + y + 2)?
© 4x°% + 16x5(y +z) + 8x*(y? + z%) — 12x*.yz — 32x3.yz(y + z) —

5x%.yz(y +z)% + 3x.yz(y3 + z3) + 13x.y%22(y + z) + 3y?z%(y + z)20 and via

s(s—a)

o
set of relations "’S”, to prove (1), it suffices to prove, following simplification :
Qq Q, Q3
(3m2 +4m)n? + (3m3 — 5m2 — 32m — 28)n + (8m?2 + 16m + 4) +0
@

and it's trivially true when : Q, > 0 and when : Q, < 0,then :
3m3 -5m? -32m—-28=(m-5)(3m? + 10m + 18) + 62 < 0
>(mM-5Gm?+10m+18) < -62<0=>m<5- (i)

Now, LHS of (2) is a quadratic polynomial in 'n” with discriminant,[§] =
63 — 40,03 = (m + 1)(m + 2)2(9m3 — 75m? + 40m + 196) and when :
9m3 — 75m? + 40m + 196 < 0,then § < 0 = (2) is trivially true and when :
9m3 — 75m? + 40m + 196 > 0, then : 9m?® — 75m? + 40m + 196

=(3m(m—5)—3m—§>(3m—7)—ﬂ>0

3
86 14 via (i)
:>(3m(m—5)— m——>(3m 7)>?>Oand m < 5

7
:>3m(m—5)—3m—?<0.'-m<§—>(ii)andso,when:8>0,

? AM-GM m?
then it suffices to prove : 2Q;,.n<—Q, —V86 @ and v n < T
m? ? ?
- suffices to prove : 91.7 <-Q,—V6 o —-(m+2)2(Bm? -2m —14) > 2.8

) 7 via (ii)

and ~ 3m? — 2m — 14 = ( Bm—-7)—= < 0. itsuffices to prove :

(m +2)*(3m? — 2m — 14)2 2 4(m + 1)(m + 2) (9m3 — 75m? + 40m + 196)

?
o m(m+2)2(m-2)23m+4)(3m? +16m+4) >0

? A
~ gpgc < r,w, and analogs — (x) and now, (b + c)? > 32Rr. cos? E

1 ) = 8(s—a)(s—b)(s—c).

=8r(rb+rc)=8rzs< —5tso G b)(s—c)

=4a(b+c—a) © (b+c)?+ 4a? —4a(b+c)>O<:>(b+c—2a)2>0—>true
gngc ") IWq

h, = h,

A
~b+c>=+v32Rr. cos> and analogs — (**) =
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2R. 2bc. cos% via (x+) 4R. COS R gbgc
—r, 5T ob < rp—= o —.r, and analogs
+ ¢)bc 32Rr. cos r

9v9c  Yc9a , 9a9r R
< |7=. vV AAB
= h, + h, + h, ’Zr (rg+r1,+r) C

n

= ""iff A ABC is equilateral (QED)
4298.

Inany AABCwitha>b >cand 0 <d < e < f the following relationship holds :
d(ry, +r. —2m,) + e(r, +r, —2my) + f(r, + r, —2m,) > 0

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

We shall first prove : b(s — b)2r m;, and c(s — ¢)| > 2r mg;
0 ®

whenever:a>b>c Letx=s—ay=s—b,z=s—candthen:a=y+z
b=z+x,c=x+yands=x+y+zandso,a>b=>c=
y+z=>z+x=x+y=2z2>y=xandso,we can assign :
y=rtgandz=[rigrhgh=0)

Also,d < e < f = we can assign :[e =d + m|and[f =d + m + n](m,n > 0)

Now,(D) & (z + x)%y? >% (4y(x+y+z)+ (z—x)?)

<:>(x+g+h+x)2(x+g)(x+x+g+x+g+h)2
x(x+g+h)@kx+gkx+x+g+x+g+h)+(g+h)?)
o 2gt +5g3h+4g x +4g?h?% + 8g%hx + 2g%x2 + gh? + 4gh%x + 4ghx? + 2h2x?

> 0 - true ~ g, h > 0 = |(D is true|and again, ?)

(x +y)%z 5% @2(x +y+2) + (x—y)?)

©x+x+gix+g+h)(x+x+g+x+g+h) >
x(x+g)Ax+g+h)(x+x+g+x+g+h)+g?)
?
o 2g* + 3g%h + 4g3xg?h? + 4g%hx + 2g%x? > 0 - true ~ g, h > 0 = |(2) is true
rs.a(s—a) a(s—a)— 2r.m,
— S —2m, = and analogs
rs r
.. proposed inequality becomes : d(a(s —a) — 2r.m,) +
?
(d+m)(b(s—b)—2rmy)+(d+m+n)(c(s—c)—2r.m,) >0
Sdx(y+z)—2rmy)+ (d+m)(y(z+ x) —2r.my) +

Wehave : ry, + r. — 2m, =
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(d+m+n)(z(x+y) —2r.m.) é 0

o 2d Z Xy —r (Z ma> +m (((xy +yz) — 2r.my) + ((xz + yz) — 2r. mc))

cyc cyc

+n((xz + yz) — 2r.m,) é 0

o 2d|{ r4R+r)—r Z m, | |+ m((b(s —b) —2r.my) + (c(s — ¢) — 2r. mc))
cyc
+n(c(s — ¢) — 2r.m.) = 0 - true via (1) and 2) combined with :

m, <4R+rand ~ d,mn > 0 and so,

cyc
d(r, +r.—2m,) +e (re+r, —2my) +f.(r, +r, —2m,) = 0
VAABCwitha>b>cand0<d<e<f" ="iff AABCis equilateral (QED)

4299.
Inany AABCwitha>b >candd > e > f > 0, the following relationship holds :

d(3Rm, — 2ryr.) + e(3Rmy, — 2r.r,) + f(3Rm, — 2r,13,) = 0
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Sinced > e >f > 0 - we can assign :
le =f+g|and|d = f + g + h|(g h = 0) & via such substitutions,

?
d. BRm, — 2ryr,) + e.(3Rmy, — 2r.r,) + f. 3Rm, — 2r,r;,) = 0

e f. <3RZ m, — ZSZ(S — a)) +g. (SR(ma +my) —2s((s —a) + (s — b))) +

cyc cyc
?

h.(3Rm, — 2s(s — a))O
()

Tereshin 3(b% + 2¢? + a? ?
Firstly,BR(ma+mb)—Zs((s—a)+(s—b)) erezs 3¢ 2 )—ZSCZO
?
©3(z+x)?*+2(x+y)?+(y+2z)?)=>8x+y+z)(x+y)
(xzs—a,yzs—b,z=s—c:>a=y+z,b=z+x,c=x+yand)
s=x+y+z

) ?
o x?—4xy—-2zx+y?*-2yz+ 622 >0 (y—2)? 2+ (z—x)? +4(z%—xy) >0
?

—struevz2>xy(~a>b>c=2>z>y>x)
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@
~3R(m, + my) — 2s((s —a) + (s — b)) 0

Leibnitz
and
Lascu + AM—GM

Now, (3Rm,)? > Z a? |s(s — a) = 4s%(s — a)?
cyc
oY+2)2+Z+x)2+(x+y)?2>4x(x+y+2)

oy:-x)+yz-x)+z(z—x)>0->true v z>y > x

Tereshin
~ 3Rm, — 2s(s — a) | >| 0 and finally, BRZ m, — ZSZ(S -—a) =

cyc cyc

2
3 2 2 2 .
E.Za —2s =3Za — Za >0 . SRZma—ZsZ(s—a) >0

cyc cyc cyc cyc cyc
~ (1), and 3) combined with f,g, h > 0 = (x) is true
~d.(3Rm, — 2r,r.) + e. 3Rmy, — 2r.r,) + f. 3Rm, — 2r,1r,) = 0 V A ABC with
a>b>candd>e>f=>0," ="iff AABCis equilateral (QED)
4300.

Inany AABCwitha>b >candd > e > f > 0, the following relationships hold :
d(hyh, — 3rh,) + e(h.h, — 3rhy) + f(h,hy — 3rh,) >0
f(3rm, — hyh,.) + e(3rmy, — h.h,) + d(3rm, —h h,) > 0

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Sincea>b > ¢, hyh. > h:h, > h,hy and — 3rh, > —3rh,, > —3rh,
s~ hyh, —3rh, > hh, —3rh, > h,hy —3rh,and-d>e>f>0

Chebyshev
~d. (hyh, — 3rh,) + e.(h.h, — 3rhy) + f. (h hy, — 3rh,) >
1 1 2rs?  3r
F@d+e+D Z(hbhc ~3rh) | =z(@+e+D| T-—>2.) ab
cyc cyc
2
—1(d+ +f)(r) Z SZb >0
=3 e R a ab | >

cyc cyc

(vd=e=>f=>0>d+e+f=>0)
. d. (hyh, — 3rh,) + e.(h:h, — 3rhy) + f. (h,hy, —3rh.) >0
Again, Sincea >b > ¢, —hyh. < -h h, < —h h;, and 3rm, < 3rm, < 3rm,

~3rm, —hyh, <3rmy, —h:h, <3rm.—h,hyand - 0<f<e<d
Chebyshev
~ f.(3rm, — hyh,) + e.(3rmy, — h:h,) +d.(3rm, —hhy) >
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L £ 3 heny | TS L g NS Yk
5( +e+)Z(rma—bc) > 5( +e+f) rz R R

cyc cyc

=%(d+e+f)(%)<32az—<2a>z>20

cyc cyc

(vd>e>2f>0=>d+e+f>0)
~ f.(3rm, — hyh,) + e.(3rmy, — h.h,) + d. (3rm, — h h,) = 0 and so,
d. (hyh, — 3rh,) + e. (hch, — 3rhy) + f. (h,hy — 3rh.) = 0 and
f.(3rm, — hyh,) + e. 3rmy, — h h,) +d. (3rm, — h;hy) > 0 v A ABC with
a>b>candd>e>f=>0,"="iff AABCis equilateral (QED)

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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