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2801. Find:

n .
6 sinx

d
fo cosx(1 + cosx) *

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let cosx = uthen sinxdx = —du
n V3
andx=0—>u=1,x=g—>u=7

f% sinx Ao — j‘z d _J _J 1+uw
o €0sx(1+ cosx) = , u(l+w) @u(1+u)_ ? u(l+uw u

2++vV3
= — 1 = _
\/§ u \/_(1+ u) = (nu ln(1+u))_\/2§ In 23

2802. Find:

LU
.f6 sinx
o cosx(1 + sin?x)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let cosx = uthen sinxdx = —du
T V3
x=0->u= 1,x=g—>u=7
T T \/§
j‘a sinx _ fﬁ sinx dx — fT du _
o €osx(1+ sinZx) = o €0sx(2 — cos?x) = ., u(2-—u?)

_j‘ B f1u2+(2—u2)d 1 1( u +1)
T JEu@—wd) T 2 ) u@—uw?) U=s5 s\2-w) " u

1.5 1 +v3 1.5 1 3 1 5
=——(ln(2 uz))\/—+ (ln(u))\/— 41111—51117:11111—11111:11115
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2803. Find:

T

2 2 . =2 L .« 2 L
cos“(x) | sin(x) sin (— cos(x)) + cos(x) sin (— sm(x)) dx
0 2 2
Proposed by Neculai Stanciu-Romania
Solution by Mais Hasanov-Azerbaijan

I= jj cos?(x) <sin(x) sin? (g cos(x)) + cos(x) sin? (; sin(x))) dx =

= g 2 < i in2 E )d % 2 < ) E . >d
.[0 cos“(x) | sin(x) sin (2 cos(x)) x+J cos?(x) [ cos(x) sin (2 sm(x)) x

0

a a
I=1I,+1I, Using King Rule J f(x)dxzj fla+b—x)dx
b b

T
Substitution x = 7" t dx = —dt

w T

I, = f z sin?(t) cos(t) sin? (; sin(t)) a, I, = J; 7sin3(t)sin2 (gcos(t)) dt

0
s

21 = f: sin?(x) <cos(x) sin? (g sin(x)) + sin(x) sin? (g cos(x))> dx

+ jj cos?(x) <sin(x) sin? (g cos(x)) + cos(x) sin? (;sin(x))> dx =

— f:sin(:) sin? (g cos(x)) dx + j?cos (x)sin? (g sin(x)) dx {x N ; _ x}

I= .lj sin(x) sin? (g cos(x)) dx - g cos(x) =t % = —gsin(x)}

Y3 T

T Vs

2 (2 12 12 1 171 2 1

= — in? = — —_— = — — —|—si = —

I n_l; sin?(t) dt nj; dt "'fo cos(2t) dt > n[Z sm(Zt)]0 >
Y3

2 T T 1

Therefore f cos?(x) (sin(x) sin? (— cos(x)) + cos(x) sin? (E sin(x))> dx = 5

0 2

2804. Prove that:

X>T

j%Z(Zsinx + 3cosx)
o 2cosx + 3sinx

Proposed by Neculai Stanciu-Romania
4 RMM-CALCULUS MARATHON 2801-2900
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Solution by Tapas Das-India

x
Lemma:Vx > 0,In(1+x) >—

1 +§c
P : = -
roof: let f(x) = In(1 + x) 1+ %
1 1 X

f(x) =

1+x (A+x0Z A+x?2° 050 f(x) is increasing, f(0) = 0

and f(x) > f(0) or,In(1 + x) —% >0or,In(1+x) > 1L+x (D

Ino =1 (1+1)(;) z _1,

2 1
1+ 2
66 22
clearly 10 > - = 3 x — = 3w (3)
d
let 4sinx + 6cosx = m(2cosx + 3sinx) + n.— (2cosx + 3sinx)

dx

4sinx + 6cosx = m(2cosx + 3sinx) + n(3cosx — 2sinx)
4sinx + 6cosx = (3m — 2n)sinx + (2m + 3n)cosx

comparing the coeficient of sinx & cosx we get

. 24 10
2m+3n=6,3m—2n = 4,solving we get m = E,n = 13
%Z(ZSinx + 3cosx) %(4sinx + 6cosx)
,[;, 2cosx + 3sinx N _]; 2cosx + 3sinx N

%ﬁ (2cosx + 3sinx) + 10 (3cosx — 2sinx)
_ f 13 13 dx =

0 2cosx + 3sinx

T
_(24 10 st 3si |>7_12n‘+101 3@¢® 12m 3w 1 _13m _
“\ggF Tz mecosT TSIl ) =3 T 132 13 "13'3 13 °
2805. Find:

n+1 n

n—oo

- W("*i/(n +1)! x/ﬁ)

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Amin Hajiyev-Azerbaijan

S = lim V/n! (MW B W)
n

n+1

= lim nS,(Sn+1 — Sn)
n—>oo

n—->oo

Asymptotik estimate of \n!
n

1 1 l n 1
Vnl = en™™ = enZi=1ln(d) _, Z In(k) =nln(n) —n + Eln(Zn'n) +0(1)
=1

1 1
nl = eln(n)—1+ﬁln(2n’n)+0(ﬁ) _ 2(1 + In(2mn) 40 (1))
e 2n n
_Unl 1
" n e

Functional Asymptotik approach:

n

|
To evaluate the difference S,,,1 — S,, where S,, = \/T'T , we consider the continuous

. _1 In(2mn)
function: f(n) = - (1 +— )
d 1—1In(2mn)
Mean Value theorem: S, ., — S, = %f(n) = ot

n(l—ln(Znn)) 1 (1 In(2m) ln(n))
lim - =

S =1limnS,(5,,,1 —S,) = lim —
n—->oo

n-w e 2en? 2e2n>0\n n n
1 1 In(2m In(n
=——(lim——lim ( )—lim (n) =0
Zez n-oN nowo n n-o©o N
n+1
n Jyn+ 1! Vn!
Therefore lim \/n!< ( ) — ) =0
n-oo n+1 n

2806. Find:
lim (™Y (n+ 1! = Yn)yY/(2n — 1! sin%
n—-oo n:

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

S = lim (™Y + D! - Y)Y/ @n - DI sin,vi_'
n—-o n

n n
Stirling formula: n! = V2nn (E)

6 RMM-CALCULUS MARATHON 2801-2900
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Vn! = (n')n — en™(W _ g Tieain®

Z In(k) = nln(n) — n + %ln(Znn) +0(1)
k=1
Wzg<1+ln(21m)>~n n:l

— = "+ 1)~

2n e
n n n+l n 1
Vm+ 1! —VYnl~ ——==

e e

e
’m=1-3-5-...-(2n—1)=(22n1:1)'!

n\n" 2n\ 2" (z?n)Zn
n! ~ (Z) ,(2n)! ~ (7) S @2n-1~

2n
Y2n-Dl = —
e

. s ] ) .
sin <W> = sm(an) llm a, = 0 - sin(a,) ~a,
T eTl
1 2n en 2emt 21
= llm(— — —) = lim —-=—
n-o\e e n noow e e

Therefore lim ("*Vm — W) "[(Zn— Dlisin (VL_') _2m
o n!

2807. Find:
2 | nn+ 2)
Z n ((n + 1)2>

Proposed by Sonu Aarnav-india
Solution by Mais Hasanov-Azerbaijan

99
n*+2n n+1)?-1
5= Z“‘(( +1)2> Z‘“(W>=
99 "1

- Y1) = Ym(i- ) () -

n+1

([0 at) -

n=1

(- (a0 0

100

RMM-CALCULUS MARATHON 2801-2900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 3 2 4 99 101 1 101 101
=]n(—*—*—*—*_,_*—*—)= n(—*—): n(—)
2 3 3 100 100 2 100 200
Th il nn+2) _1 (101)
erefore 4 n mt Dz n{5o0
2808. Find:
*cos(Iln(x))
———dx
o 1+x+x

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

Euler formula e = cos(k) + isin(k) cos(k) = et* — isin(k)
k = In(x) - cos(In(x)) = e'™* — jsin(In(x)) = x! — i sin(In(x))
= cos(In(x = xt *sin(In(x
o 1+x+x o 1+x+x o 1+x+x
1
“sin(ln(x T “sin(In(x
Izz.f (—()Z)dxg—f (—()Z)dx=—12—>212=0, 12=0
o 1+x+x o 1+x+x

fad Xt 1 i iad xt
I= —dx=f —dx+f ———dx =
,[;, 1+x+x2 0o 1+x+x2 ; 1+x+x2

x—o=
x

1 i 1 —i
= ———d —d
J;,1+x+x2 x+_];,1+x+x2 o
1 n :
X ny =i
T L
= ) j;,1+x+x2 o

1 n 1.n
X x"(1—x
I(n) =f ——dx =f (—)dx, substitution x3 = t,
0 0

n, = —i - I= I(n1)+l(n2)

1+ x + x?2 1—x3
dt _ 3x% = 3t§
dx % T
n 1 n-2 n-1
114P@ 1 ('t3 —t3 1 (' n2 =n1
I(n)=§f —Zdt:§ f?dt :§f <t3 —t3)(1—t)_1dt
© 1-0vt3 0 0
1 Ir'(a)r(b)
. i a-1 _ 4)b-1 — . - 7 - 7
Note: Beta function fo t* (1 —-tv)’'dt = B(a; b) T(atb)

1 n+1 n+2

1 L i L
= i —_ 3 —_ 3 — a—1 —
I(n) ‘}Lom+3 | (t t )(1 v ldt

(o3 e) 83 )-
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n+1 n+2
YA (—3 ) @ T (—3 ) r'(a)
= lm 3 n+1 S om+2
-0 r (—3 + a) r (—3 + a)
The Laurent series expansion of the Gamma function I'(a) about the simple pole at a=0 is
2
given by: T'(a) = i -y + % (yz + %) a+ 0(a2)~i +0(1)

T'(b) L ) )
T(ath) around a = 0 is obtained by using the

I® _ 4 _ (0 2
I‘(a+b)_1 P P(b)a+ 0(a?)

n+1 n+2
1) % lim F(a)< r(*3) ~ r(*z°) )>=

r(*5r+a) r(*3iea

g (o) ase 90 ) # O 904

The Taylor series expansion of the ratio

definition of the Digamma function Y@ (z):

o I=Im) HIm) =IO +I(-D =
(e (), v B e (B3
3 3
:%<¢(O)(1_1;:>_w(o)(1;z>+¢(m(1_1;1)_1/;(0)(1-3“))

Digamma reflection formula: PO -2) —9PpO(2) = mcot(nz)
1_1 ¢ (1—i> + ¢ (i+1> _n( t(n ni)+ t(n+ni))
=z (meot|{m(— mcot | — =3 (cot(3 -5 ) +cot(z+=

sin(2a)
sinZ?(a) — sin%(b)
T s (%) %5 2my3

T
3 sin? (g) — sin? (%) B 5%— (i sinh (§)>2 ) 9 + 12 sinh? (g)
21

V3 (3 + 4sinh? (%)) - {

cot(a—b) +cot(a+b) =

Therefore f“ cos(ln(x)) , 2m

o T+ 7 3 (14 2c0sh (2)

9 RMM-CALCULUS MARATHON 2801-2900
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2809. Find:

4

3 1
d
j%r cot?(x) + tan2(x) x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mais Hasanov-Azerbaijan

W]

1 3 sin? (x)cos?(x)
I'= ﬁgr cot?(x) + tan2(x) dx = J

%sin4(x)+cos4(x) r=
sin?(2x
B f% sin?(x)cos?(x) dx = 3 # dx = 1J§ sin?(2x) 4
m 1 — 2sin2(x)cos2(x) S sinZ(2x) =2 ) 2 — sin2(2x) x
6 6 1_T' 6
2x=t dt=2dx t— -2,
= = —- —_—
x . 3°3
2r 2n
p 1fT sin?(t) 1J‘Tl—cos(2t)dt 2t ¢
] — —_ — —————————— —_
4 T 2 — sin?(t) . 4 T 3 + cos(2t)

4t 4t
I_1f?4—(3+cos(t)) t_1j'T 1
- 8 2 3 + cos(t) S 2)2

dt 121r_1 T
2 3 + cos(t) 83 2 12
4

t
3 1 1 — tan? (7)
= o mdt d COS(t) = ¢
3 1+ tan? (7)
The Weierstrass Substitution
t
t du 1t 1 1+tan?(3) 1+
tan(—)zu—z—sec (_>: = =
2 dt 2 2 1 + cos(t) 2

2

2du
— 27252
a+b1 ucuc+1

K(a,b) = f 1 tan(é)zu f 1

a + b cos(t) dt

1+ u?
_Zf 1 du =
N ata?+b—bwz "~

10
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1
=2]u2(a b)+a+b Ca- bf zdu
|arcta (ﬁ )
B Bt B
l Ju tan 2)

2 tan(%) a—b>b
= ———arctan +C->a=3b=1
va? — b? a+b

t
K(3,1)=%arctan<ﬁt+n(i)>+c t—>tan(23) \/_tan() V3

2 \/_tan() 3
=\/—§ arctan T

e

Note that t = it is a point of discontinuity for tan (E) within the given range. Thus, the

antiderivative must be adjusted for continuity, yielding:

K 1 2 t >
=—|( m—2arctan |-
V2 2

Th I—f ! ax=ig-T_-1 2arctan |o |- =
erefore I = %cotz(x)+tan2(x) *=2 12 22 Tocarcan 151712

Wiy

2810. Find:

14

3 1
j% sec(x) + cos3(x) dx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mais Hasanov-Azerbaijan

Wy
3

dx

B 1 (3 cos(x) B 3 cos(x)
= jv-gt sec(x) + cos3(x) dx = f% 1 + cos*(x) dx = _f% 1+(1- sinz(x))z
V3 1

. . dt
substitution sin(x) =t i cos(x), t— ERE)

11 RMM-CALCULUS MARATHON 2801-2900
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V3
a 1 _
_ - - 4 _ 942 — (22 2 a+b=-2
I—jl t4—2t2+2dt_>x 2t°+2 =(x*+a)(x +b)—>{ ab =2
a=—-(1-i) b=—-(1+1)
1
1 = A + B —>{A+B=0 - Azb_a
(x2+a)(x2+b) x2+a x2+0b Ab+ Ba=1 B 1
T a-b

V3

[ _jz 1 dx = 1
@b — 1 Zt+a)x2+b) " " b_a

3 I(b) — I(a)

a—>b
V3
2 1
I(a)=f dx

1 x2+a

V3 V3
2 1 2 1
jl x2+adx_f% x2+bdx>

N

Va
tan™! <% \/%) — tan™! (L\/_)
- Va
~1(1 (3 _ 1
I(b)_f\/z_§ L4 _tan1<§ B>_tan1(m) -1, b=-i—-1
“h oy p™T N it h e

2811. Find:

Solution by Tapas Das-India

n

3
n
6

dx
secx + sinx

Proposed by Nguyen Hung Cuong-Vietnam

|
secx + sinx ) 1+ cosx.sinx

cosx dx f 2cosx dx _
2 + sin2x

(cosx + sinx) + (cosx — sinx)
; dx
2 4+ sin2x

12 | RMM-CALCULUS MARATHON 2801-2900
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(cosx + sinx) (cosx — sinx)
= X =
2 + sin2x 2 + sin2x
B f (cosx + sinx) J (cosx — sinx) B
~ ) 3 —(sinx — cosx)? 1+ (sinx + cosx)?

3 f d(sinx — cosx) J d(sinx + cosx)
~ ) 3 —(sinx — cosx)? 1 + (sinx + cosx)?

1 V3 + (sinx — cosx)
= n
2v3  |W3 — (sinx — cosx)

+ arctan(sinx + cosx)

T n
3 dx 1 V3 + (sinx — cosx) ] 3
— = In - + arctan(sinx + cosx) | =
™ secx + sinx 2v3 |3 = (sinx — cosx) n
6
1 3V3-1 V3+1 1 [3V/3-1| 1
= In —In|——|)=—=In = —In|5-2V3
2V3 V3+1 3v3—-1|) V3 |V3+1| <3

2812. Solve for reals:

1 5 9/ A787960
f <9\/(x9x4+9 + xgxz + x18) > dx _ 4782969
0

5x% + 10x% + 18

Proposed by Pavlos Trifon-Greece
Solution by Tapas Das-India

1 > /4782969

. i 9 9a 9b 9c >
Wewdlshow.a,b,c>0,_]; (\/(x +x77 +Xx )) dx_s(a+b+c)+3

we know that,
if a,a,,...,a, be npositive real numbers and m be a rational

ai' + ay' + -+ ay <a1+a2+---+an)"‘
> or <
n n
according as m does not or does lie between 0 and 1
(Reference: S.K.Mapa classical algebra book ,page — 22)

5 5 5
9a\a 9h\9 9c\a 5
((x Do+ () + C)9> < (xg“ + x% 4 x9%€

number then,

9 5
3 3 > asae(o,l)

13 | RMM-CALCULUS MARATHON 2801-2900
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5
1 <(x9a)% + (x9b)§ + (x9c)g>

(x9a + x9b + x9€)9 > —

"4
39
5 1
(z/x9a + x9b + x9c) > (xSa + x5b 4 x5c) (1)
3
1 5 w1 1
j (V(x"“ + 290 + x9¢) ) dx > — | (x**+x*? +x°)dx =
0 39

1 < x5a+1 )1 N ( x5b+1 >1 N < x5+ >1
=72
39 5a+1 5b+10 5c+10

1 1 Bergstrom 1 9
>_Zs Y1 °  A5a+b+o+3
39 ” a 39 a Cc

_ 35 Y314 V4782969
_5(a+b+c)+3 5atb+c)+3 5a+b+c)+3

Equality holds fora=b =c
now if wetakea = x*+1,b = 2x% c =2 then

j \/ : - ; /4782969 /4782969
(x9x +9 4 49x x18) dt >
5(x*+1+2x2+2)+3 ~ 5x* + 1022 + 18
Equlity occurs whena = b = c or, x*4+1=2x*=2o0rx*=1or,x=+1
2813. Find:

fl dx
1Y (1 -2)31 + x)2

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Amin Hajiyev-Azerbaijan

dx

TR
1 dt

1 dt
1-2t-1)) (1+2t-1) ‘8
fo 5 3 2 fo (2 —2t)38t

substutions x = 2t — 1 dx = 2dt

I1=2

3 2 1 2,3,
—t) 5t Sdtzf (1—-0ts5 t5 "dt =
0

B f: (@ ftt)3tz - fol(1

14 | RMM-CALCULUS MARATHON 2801-2900
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2\ /3
=b,(2_3> F(ﬁ)r(§)=r(1_§)r(§)= n am

5'5) " (1) 5/ \5 -

sin(37)  V10+2/5
Note section:

r()r(y)
x+y)

e Gammareflection formula T'(1 — 2)I'(z) =

1
o The beta function B(x;y) = = J 1-t)* 1 1dt x,y>0
0

sin(mz)
T
e 50 =90°> 2a=90°-3a - sin(2a) = sin (E — Sa)

sin(2a) = cos(3a) - 2 sin(a) cos(a) = 4cos3(a) — 3 cos(a)

T 5—-1
4 sin?(a) + 2 sin(a) — 1 = 0 - sin (1—0) = \/_4

s ()= 1~ (St TRy (r_3m) 3

10 4 4

Solution 2 by Tapas Das-India

Let x = 2t — 1 thendx = 2dt
whenx=-1-t=0x=1-t=1
using the above substitution we get

1 2dt 1 3 3 13 2
Q= f > = f t75(1—t)5dt = f 571 (1 —¢6)5 'dt
0 0

3 3
25(1 — t)5(2t)5 0
3 2

G- @) @Y - e

F(Z+§) sin 3—) V10 + 2v5
575 5
3T 1
Note: sin (?> = sin 108° = cos 18° = 7 /10 + 25

If (an)ns1, a; =1, a,.1=m+1'a,vne N and
(Fp)nz0, Fy =0, F11=1, Fpipg =Fp1 +Fy VneN
is Fibanocci s sequence, the compute

- n!-F2
n—ooo n /an

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

2814.

k
a, = 1'an+1 = (n+1)'an—> a, = 2!'1,“3 :2'3', an=1_[k'
n=1

15 RMM-CALCULUS MARATHON 2801-2900
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By Binet's Formula, Fibonacci numbers exhibit asymptotic growth such that

F 1++5 n
1111_1)2, n+1=¢=T, FnN% as n — oo
n

1 1 1

2n —
n!- F2 n!)zn n!)znFn"
S=limnz—"=li ( )1 - In(S) = lim In ()—1"

n—oo \/a_n n—oco anz n—ee an—z

n n

In(n! In(F In(a
In(S) = Tlli_)nolo< Z(n N (n") - 1(12")>

n
Stirling formula: n!~v2mn (g) ,In(n)) ~n-In(n) —n+ %ln(Znn) +0 (i)
eln(n) ~n-In(n) —n
n

. Fn~¢— - In(F,) ~nlIn(¢) — ln(\/g)

n \/g n n n
= k! - In(a,) = ln( k!) = In(k!) ~ > (kln(k) — k)
Integral Approximation method: }.7_, f(k) ~ flnf(x)dx as n — oo
n n x2 321" n? 2
> (kIn(o 1) ~ f (xIn(x) — x)dx = [—ln(x) 3 ) -2
£t 1 4 ” 2
In(s) = lim <1ln(n) L (g - 203)_n@ 4> In(¢) +3
n! .
Therefore S = lim?;Fn = el"("’)% =¢ e% 1+ \/_\/_
n—eo n\/a_n
2815.
=1
If (H),s1,Hy = Z i (Harmonik numbers) then prove
k=1

lime™ z
n—ee w/ (2k 1§l

Proposed by D.M. Batmetu Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

el 1 v etk a
I = lim e Hn E — = lim E = lim =
n—>oo —~ /@k- 1D o= e”n — /@k-1Dn  no=by

By the Stolz-Cesaro theorem: I = llm In — ljm 21
n—oeo by n—eo bpi1—by
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n+1
eHn+1

fer = z,/(Zk D! Z,/(Zk DI "+ DI

Hy= Hn+1 1l+1

1
b1 — b, = eflnr1 — el = efln (en+1 - 1)

e”"+1 eHn+1_Hn
I =lim 1 = lim

o 1 . m 1 .
"7 eHn (en+1 — 1) en+1Dn " (en+1 — 1) /2n+ D!

Stirling formula:

any 2V (2)" a2
)

n! ~v2mn (g)n (2n — 1) =

n
n+1 n+1
2n + 1)H~\/_< ( . )>
x 1 ’
1~ T 1~ . _
ef—1~xasx—>0 enti—1 — - lm":”(n+1) 0
1 - —
I=1i entl _e limen+1 _ee® e
B3 U ~2 ;. 1 22072
(1 -1) 220 02+ 1)~ tim - L 2mt(n+ 1)
n—-oeoo
e
H eflk e
Therefore lim e "» Z s
n—oo k=1k/(2k_ 1_)” 2
2816. Find:

e "[(@m)"
(Ban)! ’

wherea € N*

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

According to the Ratio-to-Root limit theorem (Cauchy-D'Alembert criterion):

Xn+1

If lim =1, then lim%/x, =1

n-e X, n—oo

Where L € [0; o), {xn}neN
Stirling formula: n! = 2w ( ) LA 2n)!l = 3/2mn ( ) asn — oo
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L=Ilimn'?. i M — lim "\[nn(l_“)((Bn)!!)a

[ 3 n
= lim {/x,

n—>eo (3an)!!  noe (3an)!! n—>eo

(n+ 1) D0-a ((S(n + 1))!!)a

X 3a(n+1))!
L = lim ntl lim ( ( )) @
n-oee X, n—eo nn(l—a)((gn)u)

(3an)!
(n+ 1)@+~ ((3(n + 1))!!)“ (Ban)!
= lim a
noe -0 (3g(n + 1)1 (3Bn)!)

2n+2m)!! _ 2™(m+n)!
el n!

+m)! b
M:(n+ Dn+2)..n+m)~n™, n=£,m=—
n! 2 2

Derivation of the Asymptotic Relation: (2n)!! = 2™"n! -

(c+b)!' b,c % chg b
~22 ( ) = b = c2
22
(Bn+3)1)" 3a (3an)!! 1
(Bm1)* S Ban +3a)! 3 VT

3
(n+ DOU-Opan(3nyz 1M\ 1oa, 38
L = lim = lim (1 + ;) 1+n)t%a 2

2

cl!

n-eo a 3a n—eo

3
n(1-9(3n)2 a2

n
Using the fundamental limit lim (1 + %) = e, we obtain the following asymptotic

n—oeoo
n1l-a

behavior: ((1 + %) ) 1+n)l"%el"?(1+n)1"% as n—> e
1-a

n—oeoo

1\" _3a _3a
L =lim (1 + ;) 1+n)1"% 2 =lime'*(1 +n)"%a 2
n-eo
_3a 1+n
L=el"%¢2lim———=0as VaeN,a>1
n-e (1 + n)®
2817. Find:

lim (" @rr — /)

n—eo
. Api1
where (a,),>1 > 0,such that 1111_)12 o T
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan
(2n)!
2nn!’

=a€R}

n n
Stirling formula, n! ~v2nn (E)

((2n - 1)!!)%~2?" L lim Y ZR DY 2

n—oo n e

2n-D!I' =
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- Xn+1—Xn\ _
e Stolz-Cesaro theorem: (x,,);1>1, Vn)ns1 = llm )= =lim(——=)=M

( ) ( ) n—>°<(' }’15+1—}’n
In(a, . ln a,.1) — In(a,
§ = lim?/a, Ins = ,1312( n )—,lgg n+ion
a
S = lim =1
n—oeo an
n+1
e Cauchy-D'Alembert criterion: 1lll_)r£1° b, 11an3° Vb, =K
( an+)1 T
va n+1)"t
by = 1 > L= lim /by = tim | (2) = tim 2 = tim 55—
nn
A, 1 n \"
= lim( nr. . )
nbe\ a, n+1 (n+1)
a a
lim ntl = a » Asymptotik approach 2t a’/(2n— D!

noe g (20— 1! a,

1 n \" 2a n \nt1
= li n — 1. . =—1j - =
L=limay(Zn-1Dt- == (n+1) erlll-)'?o(n+1)
2al_ 1 2a 1 2a
= Ilim—=—- = —
€ nooo 1 n+1 e ) 1 n+1 eZ
(1+3) tim (1+2)
2818.
n/ n 1
X -
Find lian,where X, = | | a’,ﬁ and (a,),s1 > 0
n-—eo
k=1
Ani1

such that lim

= a € R}
n—ooo anw +
Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan
Unl 1

The limit form of Stirling's Formula: lim - =3
n—oeoo

71/

. Qnyq . Ani1 n! a

lim = lim —— | ==

noe na, noe\g \Yn! n e
Cauchy-D’Alembert criterion: llm =y-limyb,=y

n—eo n—ooo
a, bn+1 Api1 Api1
bn g = 1 =

(n 1)' n n na,

-1
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lim bn+1—lm\/_—llm ((na 1)') g

I w/(n 1)' a 1_a
noee M _nl—glo (n 1)' T e e e?

— | | k +1/f
Xn = ak = Xn+1 = xn An+1

k=1

Cauchy—D'Almbert

n
S T 1 S

n-e(n+ 1)1 x,

n—oeoo n n—ooo n

- lim ™ an.1 1 —1 ™ 1 a1l a

_nl_lllo (n+1)n+1 (1+ln_nl_,nolo n 1 (1+1)11_e2 e_e3

n s - T
Therefore lim =—
2819.
n
Findlim [ — a2 | n, wh > arct !
n mi——a n,wnerea, = arcaan ————

n-oo \ 4 " " £t k2 —-k+1

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Tapas Das-India

t U arctan koD (k) tan(k — 1)
arcankz_k_l_l—arcan1+k(k_1)—al‘can arctan
n

1
then, Z arctan kz——k+1

= (arctan 1 — arctan 0) + (arctan 2 — arctan 1) + ---+ (arctan(n) — arctan(n — 1))
= arctan(n) — arctan(0) = arctan(n)

7~ (arctan (})))

lim n_Z — a2 |n=1lim 1-[_2 — (arctan(n))? |n = lim < *
4 )T 4 250 z

n—->oo n—->oo
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1
(letn = ;,whenn — oo then z —» 0)

0
using L'Hospital Rule (6) fromwe get

1 z? 1 1 1
—2 arctan - 2 arctan
] () | Dby .
z—0 1 z—0 1 2
2820. Find:
(n+1)?* n® > Ani1
lim < , where lim =a € R}
n—eo \/m a, noe g N (2n — 1)!

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

n n
Stirling formula n!~v2nn (E)
2n)! 2n\" 2
(2n—- 1! i N(_n> - n\/(Zn—l)!!~?n

2"n! e
Cauchy-D’Alembert criterion: A = lim 2% = lim ¥n!

n—oeo Qpn n—oo

If % ~nkThis implies that the sequence a,, grows at an asymptotic

n

a
rate of (n)*. 22 ~Cn*-> a,=a,-2-2. et
an a; az Qan

ay,~a,(C-19)(C - 2¥) ...(C - n¥) = c*(n)k~Cm (Z)nk

n k
Asyptotik approach "/a,~C (Z)

. an+1 an+1 2an
lim =a- ay/2n - DI ~—
noe g V(2n—1)! a e

2a 2a n  2an
C=— k=1- '\l/_.~—~———2
e e e
L= <(n+1)2 n2> ] (n + 1)? n?
= lim = — =
noe\"1g o a,) no= 2a(n+1) Za;n

e’ e
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2 ez

_€ li 1 —
_Enl—l;?o((n-l- )—n))—ﬁ

2821. Find:

1
lim — (""/ap1 — Ya,)

n-oeeN
- An+1
where, lim

noena, 'V (2n — 1)

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Amin Hajiyev-Azerbaijan

=a € R}

n n
Stirling formula n!~V2nn (;)

2n)! 2n\" 2n

— Il = ~ | — — Il ~ —

@n-Dt =~ (2) - YEn- DI~

Cauchy-D’Alembert criterion: A = lim % = lim Vn!
n—-oo n n—-oo

If %~n"This implies that the sequence x,, grows at an asymptotic

n

Nk o+l ok — ., . %2 93
rate of (n!)*. o Cn Ay =@y

a,~a,(C-1%)(C - 2¥) ..(C - n¥) = c*(n)k~C" (Z)nk

n\k
Asyptotik approach "/a,~C (z)

2
. An+1 Ani1 Ani1 2n“a
- lim - =a, ~ay/(2n —1)!, ~
n>enq, 2n-1)! na, a, e
c 2a P 2a n? 2an?
= = e d a,~— —— = —
e ’ n e e2 e3

2a(n+1)?> 2an?

1 1
L= lim_(n+1/an+1 - 1i/a—n) = lim—< o3 e > =

n-on n-oon

2a 1

. 2a . 1 4a
=—lim—m?+2n+1-n?) =—1lim (2 +—) =
eBn—)oon e3n—>oo n e3
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2822.
n n 1
. . VXn %
Find lim ——,where x,, = a; and (a,)y>1 >0
n-—oo
n k=1
An+1

=a€R;

such that lim
noe g n!
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Amin Hajiyev-Azerbaijan

The limit form of Stirling's Formula:

. Vn! 1 . Qpiq . Ani1 nV n! a

lim— =—, lim =1li — | ==

n-oec N e n—oeo nan n—oeo an1/n! n e

N . b .
Cauchy-D’Alembert criterion: lim = =y - lim /b, = y
n—ooo bn n—ooo
Ay bn+1 Ani1 Ani1 bn+1 n a,
- - - lim -2 = 1im /b, = lim (—) _2
n (n—-1)! b, n! a na, " oo n—eo T poe (n-1)! e
n—-1)"m

o NMa, o a, Yn-1)! a1 a
lim —— = lim . =—=—==
noe N n-e [\(n — 1)! n e e e

-1
_ k _ n+1
Xn = ak = Xn+1 = Xn 4/ Ani1
k=1
nl_ Cauchy—D Almbert n
. Xn . n|Xpn ~ . Xn+1 n
L=1lim—=1lim |[— = lim -———— . — =
noee M noe MM n-e (n+ 1)1 x,
—— a,.1 1 I Ya, 1 a 1
. = lm . _— —_—— = —
n-eo n+ 1)n+1 1\" noe n . " ez e e3
( ) (1 + lim (1 + —)
n n—oo

Van _a

Therefore lim—— = —
noee M e
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1 — cos(x) -\/cos(Zx) - 3\'/cos(Bx) «...r v/ cos(nx)

x—0 x2
Proposed by Mais Hasanov-Azerbaijan

2823. Find:

Solution by Amin Hajiyev-Azerbaijan

L = lim 1 - cos(x) - \/cos(Zx) . i/cos(Sx) . ...r r/cos(nx) _ lim 1- H’,}zl(cos(kx))%
- - 2

x-0 x?2 x>0 X

L =lim ﬂ - f(nx) = n(cos(kx))k

x—-0

Using the Maclaurin series expansion for cos(kx) as x - 0:

hnd _q1\m 2m 2
cos(kx) = Z ( 1221:‘;) - cos(kx)~1— (k;) asx -0
m=0 '

The expression is evaluated by applying the generalized binomial expansion for | x| <<1.

Specifically, we use the first-order linear approximation derived from Newton's binomial

theorem: (1+xB)* =10 (‘;) Bxk~1—aBfx, as x > 0

n n 1 n
f(nx) = l_[(cos(kx))% ~ 1_[ <1 - (k;)2>k ~ 1_[ (1 _ ka>
k=1

k=1 k=1

n

pono- T (1) = (1) -0 (1-22). (125

k=1
Weierstrass Product Inequality: [[;(1—a;) >1-)}_,a;

n

kx O fex? X% 2n(n + 1)
f(nx)~l_[<1—7>~1—27= 1_721‘:1_T

k=1

1 — cos(x) -\/cos(Zx) . i/cos(Sx) « ... A/ cos(nx) _n(n+1)

x—0 x2 4
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2824. Find:

x+} 1
Q = lim f t? arcsin (—) dt
x t

x—00

Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan

Mean Value Theorem for Integrals:
If f is continuous on [a; b], then there exists ¢ € [a; b] such that:

b #
[ rwat=r@0-a A

— 12 cin—1(1 _ _ 3
f(t) = t*sin (?) a—x,b—x+;

. 3
Q = lim (x+——x>f(c)] >
X— oo x
1 1
=3 lim |- (c2 sin~?! (—))]
x—oo | X C
Asymptotik analysis: x<c<x+ o - X — oo, xX=c

0o (Zn)!y2n+1 3
n=0 4n(2n+1)(n!)2 y + 0(}’ ) as |}’| < 1

1 /1 1 1
x—>°°,xzc—>|—|<1 arcsm( )~—+0(3)
c c c

Taylor series for: arcsin(y) =

1 1 1 c
Therfore @ = 31lim |- ¢?- E+0(c_3) =3lim—=3

x—eoo | X x—eo X

2825. Find:
n n
1 4 a, B 1
nL'?o"(§_b_> an =),z and Z 2k —1)?

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Amin Hajiyev-Azerbaijan

=1 m? =1
We know Zﬁ: ((Z):?, H;S):ZF
k=1 k=1
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oo

1 <« 1 =n?
an=H$lz)= ﬁ— Z ﬁ=?—1[)(1)(1+n)
k=1 k=n+1

Trigamma function:
B 1 1 B 1 1 1
1 _ n 2n
VIW =) et et Ly e+ 0)

n=0 n=1
Binomial theorem: (1 + a)f =1+ pa + _ﬂ(ﬂZ'_ D o + BB - 13)'(3 - 2) o +

1 1 O | 1 1 1 1 1
e S TP - PO PP TE \ T E T
n+1 n n n n n n n n3

1 1 <1+1>‘2 1 X 2+0(1) 1 +0(1)
2(n+1)2 2n? n 2n? n n? 2n? n3

Dn+1) r 1 +0(1) ! +o(1)
yn n+1 2(n+1)>2 n3d/ n 2n? n3
? w? 1 1 1
S NG T W

oo 1 11_'2 s 1
We know ;m=ﬁ(2)=?: bn=ﬁ(2)_k;1m=

_11,'2 1 1
o 2 2
M= (R
m 1 L 1\ 1 1 1
=5 ) o)
(n+z) 8(n+3)
1 1 1 0(1) 1 1+0(1> (1)( 4 ) +0<1)
n+1 n 2n? n3)’ 1\¢ n? n3 Y n 2 n3
2 ("+7)
b m 1 0(1)
" 8 4n n3
¢ 1 1 1
4 a, 4 Tataeto(m)
llmn(———> =limn — 5 =
n—ooo n n—oo n__i_l_o(i)
8 4n n3
2 6 3 1 \
/4 ?(1 nn2+n2n2+0($)> a,
=limn| —— . 5 1 , — ~
n—ee T n
?<1_n2n+0(?)
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n 4(1 6+ 3) 1+2 + * +0(1) 4(1+( 6)+2)
b, 3 nm?  n?m? m’n  min? n3 3 m’n/ win

a, 4-( 4 ) 4 16 i 4 4 6 16/3m2
-~ = —_—— )~ = — - —_——— =
b, 3 n’n/ 3 3m’n nl_)rgn(g 3 Bnnz) /3m
Th I (4 an) 16
erefore limn|g b,) 32
2826. Find:
Q = lim (lim (f ofo ...of) (x)), f(x) =
Nn—>00 \ X500 \ ~——ee———— 1 + xZ
n —times

Proposed by Mais Hasanov-Azerbaijan
Solution by Daniel Sitaru-Romania

X
(Fo N = F(F) = f (=) = I T
N

1+ x2
x

X ): V1 + 2x2 _ X
V1 + 2x2 J x2 V1 + 3x2

1+ 1227

(Fof NG = F((Fe ) = £

P(n): (f ofo..o f) x) = \/ﬁ — suppose true

n—times
x
Pm+1):(fofeo..of |(x)= iTns 1)x2—toprove

n+1-times

X
X
V1 + nx? X

- x? :\/1+(n+1)x2
\/1+1+nx2
P(n)-Pn+1)

0 = tim (1m0 2o1) ) =t (tm () - im () =

"n"—times
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2827.

1 1 1 1 .o
Ifxn=(1+§><1+§)<1+§)---(1+37),n€N Find

. 1
tim (1-3)

Proposed by Marin Chirciu-Romania
Solution by Amin Hajiyev-Azerbaijan

32n+1

1 n
L = lim <(1 - §) xn> = 111{)1{10(111)32 "

(1= (- D) 13

1 1 1 1 1
h=(1-5) (1 5) (14 5) - (14 5m) =1 g

Teleskopic
32n+1

1
L=llm(1—w) -3

n—ooo

2n+1

u

. 1 . 1N\ 1
L=llm(1——> = lim (1+—) =el=2
Uu—oo u u—oo —-Uu e

2828. Prove that:

1,11 x?z1In(xy)
f f j 3 3 5 5 dxdydz
0o Jo Jo X°yz+xyz+x’y+x‘z+xy+x-+z+1

Y nzl 3
= n(z) ZG—% n(2)—Z((3)

G — Catalan’'s constant

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

1 1 1
[= f f F&3.2) ) dydz
0o Jo Jo 9(x,y,2)

gx,y,z)=x3yz+xyz+x3y +x*z+xy+x>+z+1=
=3yz+x3y) + (xyz+xy) + (Pz+x®)+(z+1) =
=+1D)3y+xy+x2+1)=(Z+1)E*+1D)(xy+1)

I_flflfl x*zIn(x) + x*z1n(y) dxdvdz = I, + I
o Jo Jo M+ 2DA+ 22+ xy) AT
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z fllen(x) fl 1 v dx ) dz
1+201+x 1+xy )" )%=

1
Il:j

=jl z dzj x%In(x) [In(1 + x)|*
0 0

1+2z

K= flxln(x) In(1 + x)

1+ x2 X

1

+ x2

dx=(1-m (2))]

xIn(x)In(1 + x)
1+ x?

dx > K(a) = J xIn(x) In(1 + ax) dx
0

=K

1+ x2

d 1 xZIn(x)
ga @ = fo 1+

x2)(1 + ax)

1

1+

TxIn(x) 1 In(x)
_—a2<a,[0 1+ de—j ——dx

o[- G

dx

o 1+ 2

IBP
ntln(x)dx & —

I In(x) >
+J dx
o 1+ax

(-n"

v 4"

" In(x) N n ! n Igp N =" _
Kz=f0 S dx= Y (1) foxz In(x) dx = > T i7" _B(2) = —

n=0

Ks(a) _f In(x)

1

a
%K(a)_ 1+ a?

<t

n.Z 1

(2n +

T a d 0<a<1- Ki(a)

Z( 1)"a

f *In(2) nép ~ (-

1)"a™

(n+1)2
n=0

:‘Z( e _ L)

(aK1

1+ a? (aK1 - K2 + K3(a))da =

48), 1+
2

YA
= —%ln(Z) +4G

K, + K;(a)) > K(1) = K,K(0) = 0

a 11 v Li,(—a)
2da+Gf 2da+f da
o 1+a

o a(l+a?)

1 Liy(—a) 1 Liy(—x)
fa(1+a2)da a—>x,P=f0

x(1

P

x
+ x2)

175 1
Li,(—x) x .
:L X dx—j(; lez(—x)dszl—Pz

GO N G Vi " 3
Pi=| =2 dx_; | e Zl = n(3) = —22(3)
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du In(1+x)
x Liy(—x) (u= Liy(— x)—x p
5 =] dx IBP > {
o 1+x2

Lis(_l) = —n(s)
Kf1+ de—lln(1+x2)

174 (_ 1
P, = j x Li,(—x) dx IF:”‘P _ Ml @)+ ! J In(1+ x*)In(1 + x)
0 0

1+ x2 X
2 —1)"
=—n—l (2)——2( ) J x> 1In(1 + x) dx
1 Hn — Hn
Note: j "1n(1 + x)dx = - 2
(-1 )n
P, = ——1 @)+ 42 _H,,) =
? 1 (-1)"H, (—1) H,, ? 1
——ﬁln(2)+zz = _ZZ S = 2 In(2) + 3 (W, — W)
n=1 n=1
> (—D"H, 1 =
Note: q€ Z* 74 L —E(Zq +1)n(2qg+1) + Z {(2q -2k +1)n(2k)
n=1 —
x| <1

Z Fx" = Liz(x) — Liz(1 —x) + In(1 — x)Li,(1 — x) + %ln(x) In2(1 —x) + {(3)
n=1
i (—1)
n=1

— 4Re {Li3(i) CLig(1— D) +1In(1 — DLi,(1— i) + = ~In() In(1 - i) + 1(3)}

oo

oo e

n=1

Re{ln(i)} = 0,Re{ln(1 — i)} = @

Li () = (217%2* = 27%){(a) + lﬁ(a)
3 Liy (i) = —g +1iG,Li,(1— i) = %((2) - (g ln(Z; +6)i -
Lis()) = —554(3) + if(3), Re{Lis(1 - D} = Re{Lis(1+ D} = - In(2)3(2) + —;
Therfore W, = i (_1)2"”" - _55(3), w, = i (_1)ZHZ" = g((s) —nG
P, = —%ln(z) 4o (w1 w,) = —%ln(z) 4= 1 (—%«3) +na)

nG
= —ﬁln(Z) +T—a((3)
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2 2
P=p,—P, _——((3)——G+—((3)+—1n(2)——1—((3) ”G+ﬁln(2)
K=—-" Ine2 GP— ”212 e 3 _TC T
= o)+ + —%n<)+7+ @ - @)

2
= 3—21n(2) - 51(3)
2

I,=(1—-In2)K=1In (;) (3 ~In(2) - —«3))

I_flz j‘l x2 Jln(y)d ix)d
2_01+z 1+x o 1y )4 )%

IBP <\ (_q)nyn .

I, = (1-1n(2)) fo %(;f)dx = <ln (%)) <”TG - ’2’ In(2) - —((3))

Py

2 5 2
I=(,+1,) = In (%) (;’—2 In(2) — 2—4«3)) +1In (;) <”TG _ :—4ln(2) - g((3)> -

e\(m ? 3
=In (E) (Z G — %ln(Z) — Z((3)>
Therefore

111 x*zIn(xy)
f f f 3 3 5 5 dxdydz
0o Jo Jo ¥3yz+xyz+x3y+x2z+xy+xt+z+1

e\(n 2 3
2829. Prove the closed f orm

fo _xln(x)ZZ"I‘( D x"dx =4In(2) + 8 — 5y

where y Euler — Mascheroni constant

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

—X ( 2 — ) n n — 1) —.x n
= f In(x) Z 2T+ 1) STCESVIA In(x) x"dx
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(n _1) ) Xy - -x yn+a—1
&= Zznr( T I"—fo e x ln(x)dxﬁln(a)—fo e *x"r e 1dx

; 0 i 0 - —X ypnta—1
I, = Ll_l)l}%ln(a) = llma—»l% e *x dx

{Gamma function integral: j e *x1dx =T(s), Re{s} > 0}
0

= limi Fa+n)= lin} Tm+a)yYp@Pm+a)=Tn+1DYP@Pn+1)

10a
(n? — 1) @ - DI+ DY@ m+1) % - DPp@O(n +1)
€= Z 22T+ 1) Z 2"T(n +1) 4 2n

Relatlon between Dlgamma Function and Harmonic Numbers
{$®n+1)=H,—y, Wherey Euler — Mascheroni constant}

B m*-1)(H, -7y B n’H, H, n? 1
=) =) e ) Yt D
n=1 n=1 n=1 n=1 n=1

Q=01 —Q; —yQ3 +yQ,

= In(1 -
we know {Z x"H, =—%,|x|<1}

d i —_ ng 1-In(1- x) Z H, _x—xln(l—x)
dx LT LM T T T a w 1—x)7?

dx 2x—x+1ln1 x)+1
an"Hn=Zn2x"‘1Hn= ( ) In( )
(1-x)3
=1 n=1
2x2 —x(x+DIn(1 —x) +x
anann: ( )In( )
(1-x)3

2.1 13,11

1
—X=3

=8+ 61n(2)

- - n _1
o3-S - o

d - - x+1 - x(x+1
—an" = anx"—l = 5 anx" (i )3 as|x| <1
n=1
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1
2 ) 3
__’93_2211_ 3=Z'8=6
1‘7)

oo oo 1
0= 2 k R 1o =) -2 -4
(=Y Wekmow Y =X <1 0= (3 =2

n=1 n=1 n=1 1_7

Q=0;,—-Q, —yQ;+yQ, =8+6In(2) —2In(2) -6y +y =8+41In(2) — 5y

"ln(x)zz(n ) x"dx = 41In(2) + 8 — 5y

Thereforef "t 1)

0

2830. Find:

= xIn(x)tan 1x
f (1+ x2)(1 + x)?2
Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan

B 1 xIn(x) tan~1(x) _ T xIn(x) tan1(x) “xIn(x)tan*(x)
A+ 02T AGrotar YT Grorar "

substitutions x—%

1/1
_ (TxIn(x) tan"(x) p 1xIn(x) tan™? (E) I
), Ar02a+Y T ), Arorara) T
T _
~ 1 xIn(x) tan~1(x) j-1xln(x) (7 — tan 1(x)> .
s A+ 02+ T ), T A+ + ¢
_, 1xln(x)tan‘1(x)d (! x1n(x) ix=20. - "o
T A2+ T Z), At 02+ )T T2
1 xIn(x) tan"1(x) 1/ (Y1n(x)tan1(x) In(x) tan1(x)
Q, = 5 dez—f 5 dx—f >—dx
o (1 +x)%2(1+ x2%) 2\J, 1+x 0 (1+x)
. ) MK
In(x) tan™ " (x dt 1
M= f ( i+ p ( )dx — substituton: tan"1(x) = t,a R
YA

1
sz t - In(tan(t))dt
0

Fourier series of In(tanx):0 < x < g we have

In(tan(x)) = —2 z cos(;g*r;’ 2)
n=0
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T

4
M=- ft-cos (4n+2)t)dt
P 2n+1)J, ( )
IBP -
i 1 [t sin((4n+2)t) cos((4n+ 2)t)]*
2n+1 4n + 2 (4n + 2)2 0
1 - sin(nn) Z - cos(mn) B
2 0(2n+1)3 2 (2n+1)3 4 (2n+1)2 a
n= n=
sin(rn)=0nez+ cos(nz) (-1)"nezt
1 1 (-1)" T (-1
- Z(ZF_ n—) TEl G TE® +n3) -2 p@) =
n=1 n=1
22:=0a2n+1=2:=1an_2:=1(_1)nan
G
= —((3) —-—
( ~ du_ In(x) tan1(x)
ko [(m@®tanT@ { =@, = 1 e x
f 1+ x)? ~ dx 1
\ YTl arort T T1x
ln(x) tan~1(x)]" In(x) Ttan 1(x)
K = f dx J. ——dx =
1+x 1+x)(1+x2) o X(1+x)
1 1 1 11 ltan™1!
=—f n(x)zdx——f xn(x)dx+—f n(x)dx+f an (x)dx
2),1+x 2)y 1+ x? 2), 1+x 0 x
j‘ltan‘l(x)
- dx
o 1+x
1 1 1
f = EKl —EKZ +EK3 + K4,°°— K5
' In(x) ! (-
— — _1\n 2n — - _ — _
Kl_fo 1+x2dx—2( 1) fox In(x) dx i E= @
= n=0
1xIn(x) N ! NGk n2) m
_ — _1\n 2n+1 — [ —_—— —_
Kz _fo 1+ 2 dx_z( 1 fo Inx) dx 2n + 2)2 4 48
n=0
'In(x) o (D" m?
Kg_f = dx _Z( 1) f x"In(x) dx = — NcEs n@) = -3

X, :f tan—l(x) Zz - 1f 2 — (Z(n i);‘)z _c

n=
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1

b4 1—x X
1 -1 1= —tan~! 1tan~
tan ' (x T
K5=j #dx=f 4 (1+x)dx=—ln(2)—f ﬁdx
o 1+x 0 1+x 4 o 1+x

-1, T _ql-x
tan x—4 tan T+x

bstitutions: t =~ > M _ 2 L o<r<1
. = —_—= — -
substitutions T dx L <t<
tan~ 1(Jr) 1A /4
—ln( ) — f =Eln(2)—K5 - K =§ln(2)

1
EKl—EKZ+2K3+K4 Ks

k=-S5.T T ¢ @)= T T @)
= 72796 24 n 3278 n
1 nG G @ T
91=E(M—K)=—< {3) - ——E+32+§ln(2)>
1 xIn(x) 1 (! In(x) 1 In(x)
Q, = X== f —Zdx—- | ——=dx
o (1+x)%2(1+x2) 2\ Jp 1+ x2 (1+x)2

Ky

= ( Z( D*"(n+ 1)f ”ln(x)dx) < ( Dn):

G 1 (1)"_ G¢_ In(2)

2 2 n 2 2
G m? G
92291—2 ((3)———2 2§+§ln(2)+T——ln(2)—
:—(( )——+§—§ln(2)
h = xln(x)tan x dx @) G w? In(2)
erefore o (1+x2)(1+x)2 { __+§_§ n
2831. Find:

- i (-D)"
 Lu77n%* —86n?% — 51
n=1

Proposed by Sakthi Vel-India
Solution by Amin Hajiyev-Azerbaijan

[ - Z Gk B G i B
- . 77n* —86n%2 — 51 ] (7n?2 +3)(11n2 — 17)
n= n=
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(—1)n o (—1)"
152 Z n=1n2 +3

7
(-1 1
For a€ C\Zwehave:— S = an o2 f(2) = T2
T 1
neZ - cos(nmn) =(—1" p(z) == Res(p(z),n) = 3 =
sin(mz) Esin(n’z) cos(mn)

= (D", g2) =p(2)f(2)

(2) = s {Integer polesz=neZ

9V = Sin(nz) (22 — az) Function poles z = +a

Consider the function g(z) = f(z ) o .Since g(z) = 0(z72) as |z| — oo, the integral

. . 1 .
over a large contour Cy (centered at the origin withradius R = N + E) vanishesas N — oo,

By the Residue Theorem, the sum of all residues must be zero:

Z (Res(g,n)) + Res{g,—a} + Res{g,a} =0

n=-—oco
Integer poles:
R = lim( ) s - R ( ; )_(—1)"
es(gn) = a2 T 2 gy sin(nz) nE—a? o Sin(ﬂ'Z))'n - n?-a’

z=+a:
yi4 yi4

z=a- Res(g,a)= lano}(z —a): (z%2 — a?) sin(mz) " 2a sin(rra)
14

z=—a~- Res(g,.—a) = lim (z+ &) - 7 — 7y Gintnz) ~ 2a sin(ra)
L s - (—n o (D ___ T

p + - =0- -
2asin(ra) 2asin(ma) n? — a2 L n?—a? a sin(a)

CE DL I n S (D e (DP

— = — - - —_Z
n2 — a? n2 — a? asin(ra) n2 — a? n? — a?
n=1 n=-—oo - n=1 n=0

asin(ma)
1 (4

5 Z " 1 T G Ok
SN = —

nz — a2  asin(ra) 4 n2—a? 2a? 2asin(na)
n=
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G \

(Z SO Y |

s =e-())

—| =
152
\ 2\/_s1n< \/E) Zl\/_Sln<Tl'
1 (76 =w (11 1 h
152 H_E 1—7CSC w H —_ = —CSC
v 1 (76_= |11 ___h§
;77n4—86n2—51 152(51 2 17\ " |11 ) "2 3" |7
2832. Find the closed form:
f” sin(x) a1 dx
o \1+k-cos(x) 1+ k- cos(x)

where a>0and0< k<1
Proposed by Mais Hasanov-Azerbaijan

O'\I\l

L
)

Solution by Amin Hajiyev-Azerbaijan

Weierstrass Substitution: tan (f) = t,ﬂ = lsec2 (5) = 1 0<t<oo
2 dx 2 2 1+cos(x)
2 tan (%) 2t 1 — tan? (%) 1—¢2
We know sin(x) = o~ = -, cos(x) = = >
1+tan2(7) 1+t 1+tan2(7) 1+t
dt 1 1+ t? d 2dt
_— = = e d =
dx~ [ 1-8 2 T e
1+ t2
_ 2t ot 2dt _ .
I:f 1+ ¢t2 148 5 t dt —
o \14p. 128 1+ 1= o (1+k+(1-K)t?)e
1+ t? 1+¢t?

_ 2a f*” ta—l dt
TR (14 (5D
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1-k du 1-k 1-k\ [u(1+k) u(l-k)
Substitution —— - t> =u,— = 2-—-t=2( ) =2

1+k dt 1+k 1+k 1-k 1+k

-1
u(1+k) a a
~\N1-% 1 [1+k  2¢1 (1+k)7 = uz’

2(1
I = . = .
(1+k)“jo Arw:  2vai-k A+l 1k ), Grwe®™
] ] L ta—l
Beta function integral: B(a; b) = Jo Wdt
a
201 * uz'! 201 aa 20-1  T? (%)
= f zg = 8(32) = 2 T(@)
(1-k2)z27%0 (1+u)2*z (1-k2)2 (1-k2)z '@
a a 1
Legendre Duplication Formula: I'(2b) = F(Zbl)_rz(:\;_) b= —> I'la) = %
_ 2(a - 2(a (2
/- 2a-1 .l" (2)_ 2a-1 . r (2) B \/E F(Z)
- a - a - a
_ 2z T(@ 2y (@ p(2tl i (a+1
(1—k*)2 -1z T(3)r(55) a-ker(f)
21—a\/E
_ a
Theref f”( sin(x) )" ' dx ‘/_'F(i)
erefore =
o \1+ k- cos(x) 1+ k- cos(x) (1- kZ)ZI‘ (a : 1)

2833. Find:

1
sz sgn(sin(In(x)))dx
0

Proposed by Mais Hasanov-Azerbaijan

Solution by Amin Hajiyev-Azerbaijan
dx

1
I= f sgn(sin(In(x)))dx substitution et = x, i —et
0

oo

I=-— fwsgn(sin(ln(e‘t))) e ldt = —f sgn(sin(—t))etdt
0 0

I= fwsgn(sin(t))e‘tdt
0

The sign of sin(t) alternates every 1 interval,
such that sgn(sin(t)) = (—1)" for t € [nn,n(n+1)].

(~D)e -tdt—Z( " [—e e =

2( 1*(e ™ — e ™D) = (1 - e—ﬂ)Z( 1)e ™ =

n=0
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1 er — T
= —e™ M. = = —
=A-e™) 1+e ™ e”+1 tanh(z)

tanh(x)zezx_1

e2x41

sgn(sin(In(x)))dx = tanh (g)

1

Therefore f
0

2834.

d
If f(x)=y, d_ic] +2xy =x- e y(0) =1 prove then:

= 1-3y
f x-In(x) - f(x)dx = 3
0

wherey is the Euler — Mascheroni constant

Proposed by Cosghun Memmedov-Azerbaijan

Solution by Amin Hajiyev-Azerbaijan

d
_y_l_ zxy =X e—xz IFmethOd - M(x) — efodx — exz

dx
w0 (S 2xy) = x- e ute) » (o) (2 + 2ey) = x

2 (woyy)
2 xZ

d x
—x(e"z)’) =x - e"zyzfxdx=?+C—> y=?e"‘2+c-e"‘2

y(0)=1- y(0)=C=1 C=1
2
X
y=f(x)=—e"‘2+e"‘2

2
3 2

oo oo x xé=
I= f xIn(x) - f(x)dx = f <7e"‘2 + xe"‘2> In(x)dx =
0 0
> I, I

1~ 1
= — .et —_ _t = — —_
Bfo t-e ln(t)dt+4f0 In(t) dt 3 +4

Note: Gamma function integral f x"le~*dx =T(n)
0

t

(- -} a ©co ,
f x" le*In(x)dx = lim—f x*le~*dx =T'(n)
0 da J,

a-n

I, = f t-etln()dt=T'2)=1-y, I, = f etln(t)dt=T'(1) =—y
0 0

Note: T(n+1)=n-T(n), T'MD=-y TI'@R)=1+TI'MD)=1-y
P (1 y_1 1 3y _1-3y
—gi1T 327 VV=34Y=8" 2~ "3
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= 1-3y
Therefore f x-In(x) - f(x)dx = 3
0

2835. Find:

Q = lim

n—>0oo

n
Proposed by Daniel Sitaru-Romania

(ﬁ.%.%,_,_,”{/ﬁ)

Solution by Shirvan Tahirov-Azerbaijan

vz {358 n—zsz

mezl x’ meml (1-—x)? "Z mzﬁ

1

m=0
. (f.‘*f.f.....w—) _ (2211,1_1;:1)
= =lim | “—— | -

n

n—-oo

2836. Find:

= C k
erlzl_)I?o(ngk!+(k—1)!+(k_2)!>

Proposed by Daniel Sitaru-Romania

Solution by Shirvan Tahirov-Azerbaijan

- k —
Nm <k=3 k(k—D(k—2)!+ (k— 1) (k—2)! + (k — 2)!) -

- k J—
:l‘l?o<k=3(k(k—1)+(k—1)+1).(k—2)!>_
- k J—
ﬂi‘&(; (k—Z)!(kZ—k+k—1+1)>_
< k AN k-1 B
ﬂiﬂ(; (k—2)!.k2)_li‘i‘o< k(k—1)(k—2)!)_

k=3
= lim < E
n—0oo

2, )-m(i 2)
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-1
_l‘l?o< (k 1)! 2ﬂ>=

k=3

Z(k 1! Zk'_(e_l V- (e_l_l_%)=%

2837. Find :

Q = lim

n—oo

1
nf In(1+ e ™)dx
0

Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan

dt

— substitutionnx =t,—=n
"dx

n—ooo

Q = lim I f In (1+ e ™)dx

n — oo x=——>0, t=0, t=n
n

Q= lim

n—oeoo n—ooo

k=1

S CDF (7 g N EDE[ e D 1w
_kZl k j;ekdt_—kzl e [— kL—— = —11(2)_5((2)_E

k=1
2838. Prove that:

fll 2 (K(K) — E(K)) — K() ) dk = 1 — =
o k\k? T4
Proposed by Shobhit Jain-India

n > (_1)k n
f In (1 + e“)dtl = —lim = f e ktdt =
0

Solution by Pratham Prasad-India

We Know:
d (k)
k(o = —(1 7 K(k))
d
TLEG) = (E(R) — K(k)
k k k
() = 0~ B + ( (EGh) - K(k))——( oo ))

d (E(k) —K(k)\ 2 E(k)
ﬁ(T) —3 (K (k) — E(k))——<1 kz)
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d (E(k) - Kk)\ 2 E(k)\ 1 1
ax (k—) jz (K0 — E(I0) — ( (1 k2> EK(k)) "k
d (E(k)—K(k)\ 2 d 1
4 <—k2 ) = = (K (k) — E(K)) — 2 K (o) — 3 K(K)
d (E(k) — K(k) 2 1
T <—k2 i+ K(k)) = 13 (K(k) = E(k)) — 2. K (k)

E(k) — K(k) 1 ('1/2
(T + K(k)) 0= L E(ﬁ (K(k) —E(k)) - K (k)> dk

11/2 . (E(k) — K(k)
1= fo E(ﬁ (K(k) — E(k)) — K(k)) dk = E(1) - lim <T + K(k)>

11/2 ~ (E(k) — K(k) .4
foE<E(K(k)—E(k))—K(k)>dk=1—}‘1_%(—>=1—L—§

k2
(B -K(K)\ | (EGO—K(0)
L_}cl—r}(}< k2 >_k—>0< k2 >
/ 1 <E(k) K - 28, +K(k)>\
=lim| 2k /l

L= _tim ((E®) \_-E©@ _ =
et 2(1-k? 2 4

[=1-L-2-1_1
N 2 4

11/2 T
I =f0 E<ﬁ(1{(k) —E(k))—K(k)) dk=1-73

2839. Find:

_ /1!+\/2!+\/3!+---+x/ﬁ\n
Q = lim
n%o\ 1!\/2!\/m /

Proposed by Daniel Sitaru — Romania

Solution 1 by Hikmat Mammadov-Azerbaijan

An=1!+\/2!+ /3!+\/E, B, = 1! /2! /3!...\@
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A, 1!+\[21+\/3!+---+\/E_1! \[2'+\/3'+ -+ +/n!

Bu 11 [2!4/3! ..Vl B /2' 3.,

Note:1!.2!,\/— 3T..=1!-+/21- B}, Z_n=_

n

n—-oo

c\" nc
lim<1+2—n> =limez" =e?=1=20=1

Solution 2 by Hikmat Mammadov-Azerbaijan

n

1

An=1!+\j2!+ /3!+---+\/1?, B, =1! /2! /3!...M=H(k!)zk——1
k=1

4, 1!+\/2!+ 31+ ++n! 1
T =1+0(5),

N T 2n
;(lzl(k!)zk_l

n
A im n-(An_
Q = lim (1 + (—" — 1)) — eniBT (Bn 1)
B,

™

n—->oo

) 1 .. n
llmn-0(2n>=llm—=0

0=e"=1=20=1
2840. Prove that :
1 1 1 1,2 1 1,3 1 /4
1><2><3(§>+2><3><4(5) +3><4><5(E) +"'=Z'“(Z)

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

n

#Xi(%%rﬁ(%f ﬁel Z.::n(n+1)(n+2)<1) -
D RN DR
S S - EeB)-
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3 m-2) i) 26 )-

H(-m @) 236 -2236))

_ %(m(z) 44 (m(z) - g) ~2(21n(2) - 1)) -

— %(m(z) +41n(2) — ; —41In(2) + 2) = %(ln(Z) - %) = %(2 In(2) -1) = %ln (g)

2841. Find:
= (2n— 1)
2n(2n)!!

Proposed by Daniel Sitaru-Romania

O =

Solution by Shirvan Tahirov-Azerbaijan

1><2><3...><(2n—1)><2n_ (2n)!

Cem - s e X x2n Zixnl
S2u)I'=2"x(1x2%x3X..n) =2"xn!
@n)! . 2n czmy 1 1
"n!Xn!_CZ"_(n>’ ;(n>xx T Vi—ax |x|<1
) o) 2n)! o)
LN en-n_ %:Z ot 1)
2"(2n)" L 2" X n! 4 2nxn! 2" xn!
N (2n)| 2oy (\" (ozny "\ 0y 1\°
S 3 e - () () -
1
= 1=+2-1
1—4x%
2842.If z € C,n € N then:
1

e—inarctg(tgathb)
n
(cos?a + sh?b)2

cosz =

Proposed by Samir Cabiyev-Azerbaijan
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Solution by proposer

eiz 4 e~ iz n ei(a+ib) y o-i(a+ib) n
cos"z = = =

_(eiae—b+e—iaeb

n e_b L eb L n
5 ) :[T (cosa + isina) + - (cosa — lsma)] =

= [cosa (eb+2 _b) —isina (eb_ze_b)]n=(cosachb — isinashb)"

Remark:
1

B B
A—iB = N T (cos (arctg Z) —isin(arctg Z)

(cosachb — isinashb)™ =
1

= (Veosainron hzb)n (cos(arctgtgathb) — —isin(arctg(tgathb)"
cos?ac sin‘as

Remark:
cos?ach?b + sin*ash?b= cos?ach?b + (1 — cos*a)sh?b =
=cos?*a(ch?b — sh?b) + sh’b=cos?*a + sh*b
coshz=——>1 (cos(arctgtgathb) — isin(arctg(tgathb)" =
(cos?a+sh2b)2
= 1 - e—inarcty(tgathb)
(cos?a+sh?b)2

2843.1f f:R—> R, f(f(x))+ f(x) = —x,Vx € R then find:

o[ (ool

Proposed by Daniel Sitaru-Romania
Solution by Shirvan Tahirov-Azerbaijan

FFO) + F(x) = —x

{f(f(x)) = —x—f(x)
FFFE)) +FF@) = —f@),  F(FF@®)) + (—x— F(0)) = —f ()
FFF@))-x—f@+f@ =0, f(ffm))-x=0, fix)=x

f f f f
Identity function : xS f(x) S f(f(x))5f (f(f(x))) Sx
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b4 Vs x=m-y
n= | f(”("(uﬁ)»d“fo T e

T m+E

1 1
f2+cos(1t—y)dy gi} 2+cos(n'—y)dy

-7 —mT—&

T—&
mte 1 y=2arctanz ran 2 1 2
= lim —d = lim . dz =
£>0 2 — cosy Y £-0 P z2 1+ 272
&0 —g—¢ £>0 tan—z—e - 1+ 22
T—& T—&
tan—— tan——
li 2 dz =21i J ! d
= lim zZ = 1m — S azZ =
£-0 24222 -1+ 22 £-0 1+ 322
L £>0 “m—¢
tanT tanT
T—&
tan——
2 L 1 d
N § sl—r>l(} l 4 g2 z=
&0 tan— 2—8 3 z
2V3 T —

= =3 lsl_l’)l(‘)l <arctan (\/§ ‘tan
>0

8) — arctan (\/§ tannz_g)> =
:@(E ™ _2m3

3 \2 + 2 3
2844. Prove that:
In(x)
'a—x?z , m*+73(3)
o A+ T 8
In(x)

Proposed by Ankush Kumar Parcha-India
Solution by Shirvan Tahirov-Azerbaijan

In(x)
fl =02 4. _ f01( In(x) . M) dx = flﬂdﬁ

0 (1+x)? (1-x)2 In(x) 0 (1-x)2(1+4x)2
In(x)
1 2 hind 1 it
In“(x) 2
= —dxzz '+1)f lenz(x)dxzz i+ 1) X——— | =
o (1—x)?)? ,-=o(l 0 = G (2j +1)3

~ j+1 1 1 v 1 o 1
_2]_=0 (2i+1)3_z <(2]'+1)2+(2]'+1)3>_]_ZO(Zj+1)2+]_=ZO(2j+1)3_

j=0

-(-2)em (1- -
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67(2) + 7((3) 6 X — + 7¢ (3) w2 +77(3)
8 8 8

3 7
2@ +58(3) =

N -t . 1mlz dx = 2
Z = -0 [ et =

2845. Prove that :

1ln
f = —(y+2In@)W7

ﬁ

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

1ln 1 _
f / {dx—(—)e yZy
Q=foln(y).(—e‘ydy) =foo g)dy f ev.y 2ln(y)dy—
0

1

=r'(5)=r(3)-¥(3) = V& (v - 2m@) =~ + 2@V

Note :

[o9] [o9]

= I'(2) =f t> 1 e tdt, r'(z) =f t?1 e tIn(t)dt
0 '@ 0
z
T(2)’

’I’('H%) =-r-2In2) +Zk:2k2— 1
n=1

1[)(%) ——y-2In(2), r(%) -

~P(z) = lnl"( ) = Ir'(z) =r(2.y(z)

2846. Prove that:

jol X2 + 20262 I
M\ 2 ¥ 20232)4* = “°
0

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Adgozel Adgozalov-Azerbaijan

0o $2+a2
I(a,b) = In({——)d
(a,b) /0 n(Ingbz) x

] xQ + bQ 00

dl *d
o= /0 T (In(z* 4 a®) — In(2® + b*)) dz

ﬁ_/"o 2a i
da  J, 2%+ a?

% =2a - E arctan (g)] N

0

dI 2 ( lim arctan (f) - arctan({]))

%z T—r00 a
dl T
= 2(30) =
I(a,b) = /Wda—’zra—l-C'(b)

I(bb) = 7b+C(b) =0 = C(b) = —nb

I(a,b) = m(a - b)

a = 2026, b= 2003

o x? + 20262

2847. Find:
0o j°° dx
B 0 X\/E +1

Proposed by Nguyen Hung Cuong — Vietnam
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Solution 1 by Daniel Sitaru — Romania

® dx (=) (“2yd
T g
0 0

xV/x+1 y3+1

2y _ A 4 By +C
@+DO*-y+1) y+1 y2-y+1
2y =Ay*? —Ay+A+By*+Cy+By+C2y=(A+B)y*?*+y(-A+B+C)+A+C

2y=A0*-y+1)+ (@ +1)By+0)

A+B=0
_ _ 2 2 2
—A+B+C=2:B=—A:{2A+C 2 ,3c=2>C==-s4=-25p==
A+C=0 2A+C=0 3 3 3

y -
) foo "3 s+ 1) p 2l (v +1) +1J002y_1+3d
= =——n —_— —_— —
" Y 3 Y o 3Jy Y —-y+1 y

y+1 y>—y+1

2 1 @ *© 1
=—=In(y+1)+sIn(y* -y +1) +f 5
3 3 0 0 12 \/5
(v-2) +7
1 y —y+1\|°" 1 y—l ’
_ - — el 2 —
_3ln<y2+2y+1>0+\/§arctan 3
2 2/l

1(l 1-In1) + 2 ( t t ( 1))
=—Uun1i-—in —=| arctan co — arctan | —— =
3 V3 V3

2 yi4 2 411'_ 8m A

_1(0_0)+_(E+_)—_._ —_ =
I V3\2 6/ 3 6 63 3V3

Solution 2 by Daniel Sitaru — Romania

j“” dx T
0 xp+1_psin(g)

j‘°° dx T 21 21 21 2 41
0

z . 2 . T\~ o o T =
x3+1 3 . (=« 3s1nTn SSln(n—g) 3-singy 3\2/§ 3V3
5sin| = 2

2
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2848.

Find :
n . 2
6 sin“(x)
o (sin(x) + 2 cos(x))?
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
sin?(x) B sin?(x) 3
(sin(x) + 2 cos(x))?  sin?(x) + 4 sin(x) cos(x) + 4cos?(x)

tan? (x) tan(x) > t
- (tan(x) + 2)%’ dx = dt
1+ t2
m V3
Q- 3 sin?(x) dx = 3t dt
~ Jo (sin(x) + 2 cos(x))? = o ®+2)2t2+1
t? A B Ct+D

C+2)? (+22 t+2 2+1
t?=At*+1)+B(t+2)(t* + 1) + (Ct + D)(t + 2)?

B+C=0 _4 B__i
A+2B+4C+D=1_ 5’ 25
B+4C+4D =0 c—4 D 3
A+2B+4D =0 ~ 25 - 25

Q=0,+Q, + Q3

N !

35 4 1 \/—5 2(2v3-1)

lej B SR N LR

0 (t+2)2 5 2l 0 55

V3
3 4 ALl 4 6++/3
f 25dt— It +2)]3 =——1In

t+2 25" 0 25 6

325 25 f34t— fsd(t2+1)
Q3_f0 gr1 “T2), er1™T2s 2+1
2 l(t2+1)|\/3— S arct (t)l\/3__—21 (4) -

25" M 25 arcamitil g =353/ " 50
Then:

2(2v3 - 4 6++V3\ 2 4 T
Q=0+ +Qy=" "~ 2(2v3-1) 4 _1n<)__:
55 25 6 25 \3/ 50

4\/§—2+4l ( 4 ) T

55 z\/_+1 50

4/3-2 8

=5 Eln(Z)——ln(Z\/_+ 1)——
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2849. Find:

Q- f"o dx
o xvx+x+Vx+1
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
%)

Ind

ﬂ_f‘” dx _J“’ dx (x
o xvx+x+Vx+1 Jyp (Vx+1)x+1)

_°° 2y dy _j°°(—1+y+1)d_
Jy G+ DO2+1) ), \y+1 y24+1 y2+1 Y=

[oe)

= (— In(y+1) + %ln(yz + 1))

_ (IW)‘

y+1

+ arctan y|y =
0

T
+arctan00—arctan0=ln1—ln1+E—0=§

2850. Find a closed form:

(00

xInx
Q :f - dx
sinh x

0

Proposed by Omkumar Rao-India
Solution by proposer

X_,—X

. e
sinh x—

5 © © ©
= f xInx <2 Z e‘(zr“)") dx =2 z f xlnxe @rtbx gy
0 r=0 r=090
_ I's+1)
I(s) = f xSe ¥ dx = ol

0

[ee)

I'(s) = f xSInxe “*dx =
0

(a**I'(s +1) -T(s + Da**'lna)
azs+2

(a’1'(2) -T(2)a’Ina) (T'(2)-T(2)Ina)

ra = at a2
I'(2) =¢(2)r(2)
) = r2)y2) -Ina) (a=2r+1)

a2
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(1 vy —In((2r + 1))
(2r +1)?

_ ln((Zr + 1)) ? ln((Zr + 1))
Z<(2r+1)2 (21 + 1)2 )‘ FRa >‘ZZ (2r + 1)2
_m1-y) _~hn(@r+1)
- 4 Ly (2r+1)?

oo

jxlnxe @r+Dx gy

1
Dirichlet Lambda Function : A(s) = z 2n+ 1)’

2(s) = — Z In((2n+1))

i 2n+1)s
A(s) = (1 —=27%)(s)
2(2)

A(s) =272+ (1 —=279¢(s) S 22mm2¢R2)+ (1 -2 (2)
{(s) = 257 1sin (E) r1-s)((1—s) =1Inl(s)
=sIln2+ (s — 1)ln1t+ln(sm(7; ))+lnI‘(1—s) +In{(1—5)

s {'(s)
ln((s)—sln2+(s—1)ln1t+ln(sm(2))+lnI‘(1—(s)+l)n((1 _<,~)=;~m
{1-s
_ln2+ln1t+§cot( ) P(1-—s)— a=s)

) _ {'(1-3s)
HO) 121T+2C0t( ) Pp(1-—s)— ((1 5

Evaluating limitats — 2 :lets=2 +¢€

B 43 {(-1-¢) '(2+¢€)
=In 21t+2cot( 7)_"[)(_1_6)_((—1—6):((2+6)
B w2 Te€ {(-1-¢)
_lnzn_l_i(ﬁ_?-l_0(63)>_¢(_1_6)_((—1——6)
I'2+e€ 1 mle (-1-¢

((2+ )_l n2n +E—E+0(€3) II)( 1—¢€ )—m

1 1
Yy(1-a =9+, Yy =9pA-e+_

{(2+e
2+e

I'2+¢€) 1 mn?e 1 1 {(-1-¢)
{Z+e mim +E_E+0(63)_('I’(1_€)+ +1+e) (—1-9o
{'2+e) 1 n?e 1 (~1—¢€)
2z )—l n2m +E_E+0(63)_< y+;+1—e+0(62))——((_1_6)
{(2+e) e I(-1-¢€
:>((2+ O = In Zn—E+y 1——((_1_5)

52 RMM-CALCULUS MARATHON 2801-2900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

¢'(2) ¢(-1)
=In2rn+y—-1-
(@) A (ESY
i —InA A: Glaisher—Kinkelin constant
—In2m+y-1-12 _ = In2r+y—1

(-12)

—(-1+121In4)

/4
(’(2)=((2)(1n21t+y—121nA)=?(y+ln2n'—121nA)
n’In2 w*(y+In2m—121InA
¥@)=22m2¢@)+(1-27)2) = o 4 - )

n?(1 — > In((2r + 1 2(1 —
0 -Ta-v ( sin(@+D)) =*01-p
4 L (2r+ 172 4
Q_1t2(1—y) n21n2+1t2(y+ln211'—121nA)
B 4 24 8
nz(l—y)+1t21n2+1t2(y+ln21t—121nA)
4 12 4

+21'(2)

Q=

o 2(3 +41n2+31n1t—36lnA)
- 12

2851. Find :

x% +y% +2
f.f dxdy
JX2y2 +x2 +y2 +1

Proposed by Samuel Ajibade-Nigeria
Solution by Shirvan Tahirov-Azerbaijan

x> +y?+2 Tl x2+y?2+1+1
ff dxdysz dxdy =
Jx2yr +x2+y2+1 JE2+1D)(y2+1)
T2+ 1)+ (% +1
ff( )+ (v ) dxd
(x2+1)(y2+1)

(x*+1) y2+1) B
ffJ(x2+1)(y2+1) ffJ(x2+1)(y2+1)dxdy_

:<L(m dxxfm ) <f (mdyxf \/ﬁdx>

= ((%|x\/r-l—1+ln(x+ x2+1)|(1))>< |ln(y+m)|(1)>+
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+<(%|ym+ ln(y+m)|(1)) x I (x + /22 + 1)) ;) =
- (3024 (1 4v2) x (1.4 2) - 1n0) ) + (5 (VZ + (1 +v2) x (a1 +V2) - ) ) =

=2 (% (V2 +1In(1++2)) xIn(1 + \/E))
=(V2+1-1+Un(1+v2)xIn(1 +v2))) =
= (0 +In(0) — 1) X In?(0) = In(0°) + In?*(o) — In(o)
~ where o is the silver ratio
2852. Find :
—TXP o X
. fooe smh(¢)dx
0 sinh(mx)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Shirvan Tahirov-Azerbaijan

X

o ™% sinh (nx) ool( b § _ p-Tbg" ¢)
0 sinh(mrx) 0 1 (1 — e—an)
i e—ﬂ.'x
© e—21tx _ e—21t¢x ©
= f dx = Zj. (3_2"U+1)x — e—21r(i+¢)x)dx —
1 — e—le'x
0 j=0 "0
= z <J. e 2mU+Dx gy — j- e—21r(i+¢)xdx> —
j=0 \70 0
H
X )52 (i) 2
2n(j +1) 27T(l+¢) 2m +1 j+¢) 2m
Note :
R e —e™* . © Cax 1 ) 1 _2mjx
~ sinh(x) = 5 ..fo e dx:E' g = . e
j=0
2853. Find :

n+2< (-Dk 27k n
&= lim—2 Z k+ 1 (k)

Proposed by Daniel Sitaru-Romania
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Solution by Shirvan Tahirov-Azerbaijan

lim n+22(— Yk, 2nk _ n+22(— Yk 2m, 27k (n)_
_nl—>oo 2n k+1 n—»oo 2n k+1 \Kk/

Tl
n+2 (-DF m m [
e n =D 1 __k k =
_11113310 o .2 k_OZ"(k+1)'(k) 111Lr£10(n+2)kzo( 2) (k)fox dx

zlin?o("+2)f()lkzﬂ(_;)k(:)dx=iﬂ'?o("+2)j(,l(1_;)ndx 2

1 2 1
=lim(n+ 2) (f Zt"dt) = llm (n+2) <— sy 1) =
n-oo +1 =

2 2
-n

=,‘L‘£‘o("+2)(2_+21> (_ (2 - 2"))—11m(2—21)=2

2854. Evaluate:

oo k
s=> 3kl+1 > % (2: ) (:) Zn+ 1)1(4n +1)

k=0 n=0

Proposed by Omkumar Rao-India

Solution by proposer
fxzn 1—x2dx=E(2"—n)
24"(2n+1)

0

9
2n 2
"2n+ 1) f 1=x%dx
2w 1 1
- _ 2n 2 4in
3s NZB" fx 1 xdx)(fy dy)
k=0 n=0 0

Ty W\i( ><x2y‘*>">dxdy
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i | T o

e 2 ( )

1 g ta:x_—’x 1/
gs=j<fz+(2—(;f)(tanx)2> dykéy J( (1+x2;g+kx2)>dy
0 \o o

11 © d
gsz(!E(j (1+x2)z +x2)>dy

gszjk(%l_ 1)<I<(1+1x2>_(§+1x2)>dx>dy

1
—tan‘100>dy, \/§S=J‘(\/E_V42_y4)dy

0

N|
7,
I
O —
$/m
7~
-
5]
=
iR
8
|
T

1

5
By Parts 1— \/— Zf dy yt—2y 1— \/i 271
+ = +
3 3
0

o
<

d
1-y

y

U}

2 — y4 3

QRNIH <

N =

5

s 1-+2\ 273 3 1
—C — 4 — 2
T < 3 >+ 3 fy 1-y)zady

0
(Incomplete beta function)
k

Bk;x,y) = f t*1(1-t)y1dt
T 1-v2\ 277 11
ES:< 3 >+ (3

1
2/1-vV2\ 277 11
:E< 3 >+3nﬁ<i‘

41

N———

P
N = N -

N———
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n

(e 0]
k1:1k2 1k3 1 k,=1

2855. Find :
(_ 1)k1+k2+k3+"'+kn

k1k2k3 kn(kl + kz + k3 + e+ kn)

Proposed by Omkumar Rao-India

Solution by Shirvan Tahirov-Azerbaijan
( 1)k1+k2+k3+"'+kn

Q= Z _
ki=1ky=1k3=1 kp=1 k1k2k3 n(k1+k2+k3+"'+kn)

1 o) (_1)k1+k2+k3+"'+knxk1+k2+k3+"'+kn—1
- dx =
fo Z kikyks -k,

fl 1 ® (_1)k1+k2+k3+"'+knxk1+k2+k3+"'+kn
0 X ) k1k2k3 kn

1 n © A vkmkm
L)

dx

14 L) In"(1 + x y=In(1+x)x=e¥-1 In(2) ynoy
j Z[~In(1 + x)]"dx = f CLUn' A+ D), (—1)"f Y gy
0 X 0 X dx:kgf}’dy ey - 1
L-D™In"(1 + x) In(2) ymey
. — (—1)n
fo - dx = (-1) f 2 dy
1l1111+x ln(1 +x
0 x X

”j'lln(1+x) fz( 1)1 1x11 dy =
0
( 1)1 1y~ 1>dxzz( 1])1 lf 1 gy —
0

=1

o (- 1)1 ' 1In(1 + x) ?
2or e

oo
j=1

x T2
2856. Find:
1 1
Q = lim [E_f In(1+ e"‘/z) dx
0

n—oo

Proposed by Vasile Mircea Popa-Romania
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Solution by Shirvan Tahirov-Azerbaijan

lim F j 11n(1 + e™¥) dxl = lim F f 1(n\/E +1In(1 + e-"ﬁ))dxl =
0 n-o [Ny

n-o|n
1 1 1 1 1 1 1
= lim I—j n/xdx + —f In(1+e™*)dx| = J Vxdx + lim —f In(1+e™%)dx
n-o |N 0 n 0 0 n-on 0

3
L0<e™r<1

=0 < In(1+ e™*) < In(2)

1 In(2
50 < lim=— ln(1+e"\r)dx<llm ()=

n-on n—-oo n

2857. Prove that:

[o2] oo

xZ yZ ZZ
— d 2  d —  dz+ -
f(x2+4)3 erf4(yZ+25)3 erff)(z2+100)3 Zt
0
_113 3 151t h 711'3( h ) t the (csch 1)’
—96 32 256 —CO T 256 csenm 128C0 T(CcSCN1

Proposed by Omkumar Rao-India
Solution by proposer

[o9] [o9]

xZ y2 ZZ
- f rap Pt f 102 +257 Dt f oz +1003 2t =
0 0

o)

o)

_Zn2+1 Z:(n2+1)2 z:(n2+1)3

f (x% + (n2 + 1)2)3 Ez n?(n? +1)3
0

1

n?

1
an?) (
=
:_6[2

w [r? [mcoth(m) —1 m coth(m) + m?(csch(m))? — 2
o3 (st
_ <377.' coth(m) + 3m2(csch(m))? — 8 + 2m3(csch(m))? coth(n))l
16
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2858. Find:
o ﬁ 1024n2 + 1024n + 60 ﬁ n* —2n® + n2 —n'% 4+ 2n® — 1
B 1024n2? + 1024n + 31 nl4
n=0 n=2

Proposed by Omkumar Rao-India
Solution by proposer

2859.

Find :

* 1
Q = j dx
o x+1+VaZ+x
Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Odeyemi Gideon-Nigeria
Vx - x

o xZ o] x2
Q: = =
3jo x3+x+x2+1dx Bfo (x+1)(x2+1)dx

3 f“( 1 2x 1 )d B
"2\, Zr1 22 1+ 4T

3 1 o)
=3 (arctan(x) — Eln(x2 +1)—In(1+ x)) 0°

3 tan(x) vxz +1 00_3(11' )_311'
gl arctam=in— "3 1o " 2\2 =1

2860. Find:

‘o o (D" THP (n? + 1)
B Zn(n +1D)n+2)(n+3)

1
where H,(,Z) = Z 2 represents the second — order harmonic numbers
k=1
Proposed by Omkumar Rao-India

Solution by Shirvan Tahirov-Azerbaijan

1@ (1 1 5 5 B
$= Z( D" H, (6n n+1 2(n+2) 3(n+3))_

5 5
n—-1py(2) n o4 Zantl _ T yn+2 _
Z( 1" 1H,, f( —x +2x 3X )dx
1 5 5
— n-1py(2) n-1 _ T 2_".3 —
El( D" 'H,”x f(6 x+2x 3x)dx
n= 0

1 1 1 1

| [ Lix(=x) f 16 Li,(—x) f 25 f 5xLi,(—x) |

= ox dx 301+ ) dx + 3 Li,(—x) dx 3 dx
0

5 25 25
a2 £9 2 _
((3) 3((3) 11' In2 - In2- 3

lez(—x) IE( DL Z( 1)":_1;3)2
6 8

0

5 5 ,
24 72"
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1
16 Li,(—x) , P16 = (In(1+x)? | 4 4
fmdx = ?<——l f— )—5((3)—61'[21112

1 1
fzsL'( )d B””‘—:lrtszs 21 2+f1 1+x)d 251 2 25 2 20
6 (—X)dXx = 6 n n xX)ax 3 n 7211' 6

0 0

3

fole(—x) B”Z”“S 2 5
a 24 72

1 5
—oxt+ fxln(1+x)dx = _———m*

0 0

(- Gro-gen)s (Fme-Te ) - (7))

2861.
Find :

= U (x + 2y + 32)e*Y*?dxdydz

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Odeyemi Gideon-Nigeria

ff (x + 2y + 3z)e*"Y* 2 dxdydz =
0

1 1 1
= IU xe*Y*2dxdydz + fff 2yex+3’+zdxdydz+fﬁ. 3ze*V*2dxdydz =
0 o 0

=(1+2+3) f f f xe*V*2dxdydz (symmetry) =
0

2

1
1 1
= 6Jﬂ xe*V?dxdydz = 6f xe"dx.(f eydy) =6(e — 1)?
0 0
0
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2862. Evaluate:

S 2(2k) san2
= Z«T(E) ca,be Rt ,0<a<b.

Proposed by Omkumar Rao-India
Solution by proposer

0<a<bh:S= Z@(%)Zk

a C (k) L, ok (o 1
°<"—3<1-—Z—k x ‘ZT Zm

S (5@ Zm(r- )]

m=1 \k=1 m=1

S
el

b

Il
|
p—
=
PR
s
/
p—

I
~
3=
~—

N
~—
N~

2863. Find :

A= Z %((4111 Dzt (4ni 1)2)

nez\{0}
Proposed by Odeyemi Gideon-Nigeria
Solution by Nawar Alasadi-Iraq

1 1
fn) = n2(4n+1)2 n2(4n— 1)?2
_2 32( ! ! >+16< ! : )
f(n)—n2+ in+1 4-n 1 (tl-n+1)2 (4n—1)2

D fm —sz(m Z—=—

nez\{0}

1
322(4n+1 4n — 1) 32(1_1) 8m — 32

2

Z((4n+1)2 (4n11)2> = 16(%_1> — 2?16

62 | RMM-CALCULUS MARATHON 2801-2900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1411'2
ZZf(n)—Z ™ 8m— 32421 — 16 5+ 16m — 96

2864. Find :
A= f 1xln(xsin(x))dx
’ Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Quadri Faruk Temitope-Nigeria
~ Recall that : In(AB) = In(4) + In(B)
A= folxln(xsin(x))dx = leln(x)dx + Jolxln(sin(x))dx =

= Recall that : In(sin(x)) = —In(2) — Z M

n=1

A= flxln(x)dx —In(2) flxdx — i 1flxcos(an) dx =
0__,

I.B.P
1

n

1
= _1n(2) f —2 1alx - —ln(Z)

4n2 C4nz) T 2 2

2
s1n(2n) 1 cos(Zn) In(2)
2 Z 4 n3 *a Z n 4 2

sm(Zn) 1 cos(Zn) B
2 Z 4 w Ta Z nd

n—1
1 In(2) 1

1
2= 3 L@ -7CL2)+ 5 ((3)

1
Azf xIn(xsin(x))dx
0

i 1 [s1n(2n) N cos(Zn) 1 ] 1 J:x gy In(2)

1 1
A= ——————ClZ(Z) —ZCI;;(Z) + Z((g)
Note :

- sin(n@ = )
Z Smr(l’; ) _ci0) - z C°S1£3 ") _ cty(0)

n=1 n=1
CL,,(0) — Clausen function
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Solution 2 by Yang Silva Cartolin-Peru

We known that :
eix _ e—ix

2i

, ) T
—2ixe* sin(x) = x(1 — e?*) -> log(2) + i (x - E) + log(xsin(x)) =
log(x) + log(1 — e%*)

1
R{log(xsin(x))} = log(x) + R{log(1 — e?*)} — log(Z)f xdx
0

sin(x) = - 2ie*sin(x) = 1 — e?*

1 1 1
There fore:I = f xlog(x)dx + ER{J xlog(1 — eZi")} dx — log(Z)J xdx
0 0 0

1
I=¢§1+¢; —Elog(Z) -—(1
1 (u = log(x), du = E
& =f xlog(x)dx I.B.P: , X
0

x
k dv = xdx, v=?

_[y ()le 1f1d_ 1
1= 0g(xX) =1 20xx— 2

1 © 1
$2 = iR{f xlog(1 — eZ"x)} = _m{z %f erixndx}
0
Z f xcos(2nx)dx = _Z sin(2n) cos(2n) —1
- n 2n 4n?

Zsm(Zn) 1 cos(Zn) Z
$2= 2 n3 4 n3’

n—1

1 1
§2=—5CL(2) - 7Cl3(2) + Z((S)
There fore :

1 In(2) 1 1 1
I=—7—-———5CL(2)-;CL(2)+,{3)
Solution 3 by Omkumar Rao-Iindia

1 1
I= fxln(x) dx + fxln(sinx) dx

U 0
_% In(sinx)=—In2-%50_ 1COS(me)
1 o -
1 cos(2mx)
I:——+fx —an—Z— dx=————ln Z fxcos(me)dx
4 , m -
0 —
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1 1 i 1 <sin(2m) 1 cos(2m)>
+

I=—>-—-In2-

4 2 m\ 2m  4m?2 4m?
sm(Zm) 1 1 1w cos(2m)
I=————ln2—— Z =z
4 m3 4 m3
m=1 m=1

(le(eZ‘))/Clz(Z) {3 R (Liz(e?))/Cl3(2)
(C1,(2)) = Clausen function of order 2
(Cl3(2)) = Clausen function of order 3

2865. Find :

dx

©x + VaZ
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Yang Silva Cartolin-Peru

2
oo 35 w e %X (x+x3)

I:j X+ Vat dx=j —dx—Z( 1)”_[ ‘2("+1)x(x+x§)dx
o 1+e** o 1te?*

— Z(—l)"f e 2nx (x + x§) dx.Let:S(k) = z(—l)"f e I xkdx
n=0 0 n=1 0

dt 1 (D" ([
We do:anztedxzﬁ—nS'(k)z ( )ft"e‘tdt
0

2k+1 nk+1
o n=1
r‘k+1) (=1 r‘k+1) r‘k+1)
2k+1 nk+1 =~ 2k+1 11(k +1)=- 2k+1
n=1

S(k) = — 1-2"9¢k+1)

Therefore:

L (su) L (E)) _r@ r(g) 2 (2)

3

2

()-8l om0
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Solution 2 by Samuel Ajibade-Nigeria
3 Z 2
A_j°°x+\/ﬁd _f°°x+x3d _J‘°° x + x3 “2xg
)y v T 1rem T 1o (e

oo © 2
A= j Z(—l)"e‘zx("”) (x + x§> dx {geometric series: |e"**| < 1}

= foooi(—l)k‘le‘z"x (x + xé) dx {n+1=k}
k=1

oo 0 2
A= Z:(—l)k"1 f (x + x§> e 2*dx  {Fubini — Tonelli Theorem}
0

‘ 1 3r()
A= Z( 1)k-1 (2k)2+ 3_\3 {Laplace Transforms}

(2k)3+1
2 oo
4Z< Dl @Z< 1>“1;
k=1 k3
4"()+233\/$7E%)"(§>‘ Az _ §<2\/_ \/_>

Solution 3 by Quadri Faruk Temitope-Nigeria

A—.I; x+\/_dx—2( 1)"1f (x + Yx2)e 2 dx =

1+ 2x
N N y%_dy & (—1)" y%_
;(_1) 1fo ﬁ+(ﬁ) eyﬁ__n_l ano EJF(E) eVdy =
((2113:]. yedy _n_ Ez;g Ooyée‘ydy:
had (_ 1 11.'2 1 5 5
Y ®- Y et @) =3(-5)+ 5 G-

2

T4 1 (1 21‘5)((
i (1- 2
48 3 3

A=Z—;”(§)‘®< fs f)
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Solution 4 by Omkumar Rao-India

[ee]

xk—l
f e dx = T ()
0

o) o) o) o) 2
1 e | e | e ] 2
= | ———dx — X
1+ e2x 1+e2x 4] 1+e T E 1+ex
0 0 o 23,
2x -, 2x > r2)n(2 5 5
o o T r3)n(3)

1—1 m +
T 4\12

GrG)n)

cw e ()
E)f1+e2"d T 48

Bl =

2866. Find :
© /xIn(x
A= j VxIn(x)
o 1+ eZ”‘/E
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Yang Silva Cartolin-Peru

1 1

* \xIn(x) ® x2e2™** In(x)

> \/_dx = f —dx
o 1+ e~m™vx 0 1+e_2nx7
Wedo:x=1t?>-> dx=2tdt

® t2e=2mt (¢ - o
I= 4f —()dt = 42(—1)"—1f tZe 2™t In(t) dt
0 n=1 0

1+ e2mt
dx
Wedo: x =2nnt » dt =——
- 2nn
1 —n*t e, x
'l J, <t mn () =

n-1
2n3 e 1) U e~* In(x)dx — (In(2m) + In(n)) f xexdxl

o

~le~*dx - F’(z)zf x> le~*In(x) dx

We know that: I'(z) = f
0

0

had _1q1\n—-1
I= 2;2( D™ 11@3) - (in@m) + In() 1(3)] =

n3
n=1
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F’(3) (- 1)" 1 ln(Zn)Z(—1)" 1 1 (—1)n1
?Z n3

2m3 In(n) =
n=1 n=1
1/3 In(2
F(E"’)"( S MO
l
321(;) (; - ) = "(f,’,?“g) - 4,1,3 (=3¢'(3) —¢(3)In(2)) =

33(3) (3 SONENMNE (O N ES CANION
ams \2 VT MME T T " (™M T x O

Solution 2 by Omkumar Rao-Iindia

1 x—»x < 21 27X -X 1 < 21
fx/y_cn(x) p ij n(x)dx X Jx n(x)dx

1+ eZﬂ\/— 1 + e2mx T 4m3) 1+4eX
0 0
P'(3)
In(2m) 1
- dx
413 1+e*
0
Tkt
P(k) = f S dx = T(On(K)

0
P'(k) = (TUO(1 - 21%)3(k)) =
I'(k) (1-217%)¢k) + Tk (21 *In2) + T'(k)(1 — 217%)¢ (k)
rowk)
P'(3) = (r®)) (¢(3))< z(B)) + (r(s)) (6(3))( In2)+ (r(3))< (’(3))
2 3

-y

2
:4i<(3_2,,) %((3)>+((3)( lnz) ( (1(3)>>_

J \/Eln(x)
1+ eZ"\/_
= %((3 - 2y) ( ((3)> + ((3)( In 2) ( (1(3))) _ (In(2m))(In 2)

413

27 (rcom)

Solution 3 by Lara Gangler-Hungary

VxIn(x) y> y
A‘f”ew XY SIX DX =y o dx =g g dy
2
o Y -
"f 2a"aZ v 1 f Yy -m@m] 1
T )y 1t+er 2w T 2m3 1+er Y= o312
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As 0 < e < 1, the integrand within both integrals can be extended to a power series:

y?In(y) y?In(y) e™” o
= | I —~"dy=| Z——21" gy= y -ky (_1)kdv =
I L T+ W jo 1rer W fo y*In(y) e” kE_O e (-1)*dy

= [ Y yrme) etnrcnray =y [ y2inp) ety -1kay
0 =0 k=0"0
Note 1": gamma function and its derivative

[yt emmmay = r@ 220
0

© e - ¥(3)—In(k+1
I =kzzofo y*In(y) e"(k”)y(_l)kdy:kzzorm : )(k +n1()3+ -

(% +1+ tp(1)) _ In(k)

NgE

2 i3 (—D* 1 =241 — I12)

k=1

“ o143+ W) >3-y 3\~
e SR o S o (S

11 0 k3 k3 2 k3
k=1 3 3 k=1 6y k=1
=(5-7)1® = (5-7) (1-35) 1@ =54

where y is the Euler — Mascheroni constant: ¥(1) = —y

= f eV In(y) dy and n is the Dirichlet eta function: n(a)
0
=1 -2"%¢(a)

N ote 2*: derivative of the Dirichlet eta function

‘“(")( k1 = _[2101n(2) {(a) + (1 - 29" ()]
k=1
Sy = 1“(")( D1 = _[212In@)4(3) + (1 - 283 (a)]
k=1
l
LHORIZE)

11—2(111—112)—2<9 Vo) + 2B g3y 42 <(3>>

_9+21n(2)—6y
B 4

(3457
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I, = ln(Zn)j TTe ydy = In(2n) fom yze‘yz e ® (—1Dkdy =
k=0
= In(2m) y? e~y (—1)kdy = In(2m) ) T'(3)
2, 2T 17

=2n1(3)In(2n) = ;((3) In(2m)

1 _
= —1) =5 (9 AL L HOR ORI ln(Zﬂ))

- % [(9 — In(167%) — 6Y)¢(3) + Ez’(:s)]

Note 1* Statement: fooo y*1 e bV In(y) dy = T'(a)
Proof: Differentiating the left side with respect to a:
a oo a oo [ee]

_ a-1 L—by — a—-1 o—by — a—1 —byl

aajo yil e Vdy 6(a—1)j0 yt e dy fo y* ! e In(y) dy

Differentiating the right side with respect to a:

lI’(a) —In(b)

(a) I‘(a)‘l’(a)b“ I'(a) b® ln(b) Y(a) — In(b)
da b%a M@ be
where W is the digamma function, the logarithmic derivative of the gamma function:
dr'(a
W(a) = dInT(a) d(a) _T'(a)
YT "da " T@ T@
@ Y(a) — In(b
N fo ya—l e by ln(y) dy = r(a)%, QED

Note 2* Statement: Zlelnk(:) (—Dk1 = —[21721n(2) {(a) + (1 — 2179 (a)]
Proof
ln(k)

o)

(~1F1 = Zk “(-1)*In(k) = - Z( %1k~ In(k)]

dk ( 1)" 1 dn(a)
Z( S da __%kzl Kk  da

—% [(1-2""¢(a)] = —[2'7*In(2) {(a) + (1 - 2"""){'(a)],
QED
Solution 4 by Quadri Faruk Temitope-Nigeria

oo 2 co .2
f \/Eln(x) _f xIn(x?) oy — 4f x%In(x) 4
0 0

1+ 3211\/— 1+ ez ¥ 1+ e?m*

k=1

1
Recall that : m = Z(_l)n—le—hrx
n=1
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0o . oo d 1
— 42(_1)n—1] xZe—Zn'nx ln(x) dx = 42(_1)n—1_f xs—le—Znnxdx —
= 0 e ds J,

© o 2in=y , x = —
d )
I(s) =4 E (- 1— | xSle2mnxgyx = d Zmn
ds J, _ay
n=1 dx =
2tn

2 d 0 y s—-1 dy
— _1q1\n—-1___ v -y __ 7
I(s) =4 Z( D ds jo (Znn) ¢ 2mn
n=

=4 N (_1)n—1 d ( 1 )Sjwys 1 —ydy —
21 ds\2mn/ J,
n= ~—_— ———

r(s)

This :
ne _ . d Is) " (D" I(s)
42(—1) ! ( >F(S) 4;( Y 1dsm_ 4ds w2
W2 d I(s)
s 2 )sn( s)

21(s) = (1 — 279)4(s)
o) = 4 dr(sxl 21-)¢(s)

(2m)s
I(s )n( ) n'(s)
I(s) =4 2n)s [1[)(3) —In(2m) + ml
s=3
r3)n(3) n'(3 )
I=4——— Zn)? [1[)(3) n(2 )+ (3)

B (3 7'(3) (2) B Of (W e fe2) ¢
T ams \2 7 VT A T Ty - HONRS
2867.1f 0 < a < b then:

[([2Y_ <20 0@5-Ya)
o Gy

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
2 AM GM 1 1

x,y > 0 then (Vx + 4%/xy or, <
(7 +5) R
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STk BIETE T

1 /3\2 2 2\2
56 (=) (=)

We need to show:

9 /2 23% 3 3 3

—_— 3 —a3 < — — —

16(b a) <Zb-a)(b-3a)
b=u3b=v3
b>u or u3>v3

2
or,3 (b% — a%> < 4(b — a)(A/b - ¥Ya) or,3(u? — v?)? < 43 - vH(u-v)

or,3(u+v)?u—-v)?<4(u—-v)?W? +uv +v»or,3(u+v)? < 4W? + uv + v?)
AM=GM
trueas 4> +uv +v?) =32 +v) + W +v®) +4uv >

> 3(u? +v?) + 2uv + 4uv = 3(u + v)?
Equality holds for a = b.

2868.
Let m,n € Nwithn >m > 1 and let g:[0,1] - [0, )
be a non — negative continuous function on [0, 1] such that
xm(1 - x")g(x) < x? for all x € [0,1]. Prove that:

dx (4
<_

1< f
J1—22 +xm(1—xt)glx) 2
Proposed by Omkumar Rao-India

Solution by proposer

M1 -xVgx)<x?=1- x +xm™(1-xMgx) <1

1 dx
J1—x%+xm(1— x")g(x) \/1 x2 +axm(1— x")g(x)
M1 -xMgx) =20 = 1—x? + am(1-xV)g(x) >1— x?
1 1 2 dx

\/1—x2+xm(1—x")g(x)sx/1 xZ: \/1 x2+xm(1—x")g(x)S

flxz
0

dx Tl'
Jl x2 4+ xm(1 — x") g(x) =2
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2869. Let 0 < a < b and let f: [a¥, b*] - R be a continuous
function where k > 2 is a positive integer. Prove that:

pZk-1+2m _ g2k-1+zm [ 2 e
+ | ¥ (x*)dx =— | yEkf(y)d
2k—1+2m k) VIV
a ak

for any given integer parameter m > 0.
Proposed by Omkumar Rao-India

Solution by proposer
b2k—1+2m _ aZk—1+2m

2k—1+2m

b
[P x2le=242m gy

bk

b
+ j xZmf2(xk) dx = % f yEf() dy

a ak

bk
.[(mefZ(xk) + x2k—2+2m) dx > % f yZTmf(y) dy

ak

y=xk
b

j(mefZ (xk) + x2k—2+2m) dx > j 2xk—1+2mf(xk) dx

a

a

2870. Find :

B 7 5 1+cos(x))
A—JO x“1In (—\/; dx

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Nawar Alasadi-Iraq

7 1 + cos(x)
Azf In|———)dx=1, -1,
0 Vx

x*In(x)dx = [—ln(x) - —l (2) = Eln (;) %

~|=|

1—1f
272

z x
I, = f x%2In(1 + cos(x))dx = f x%1n (Zcos2 (E)) dx =
0 0

~|=|
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(=2) 3

T
2 x - T II 2
x*1In <2cos (2)> dx = 24ln(2)+16 . t“In(cos(t)) dt

had _1\n-1
= In(cos(t)) = —In(2) + Z )

n n
p p

ln(Z)j xzdx+Zj
0

0

cos(2nt)

s

(~p!
2] d ——l 2 z 2 d
jo t“In(cos(t)) dt 192 ( )+Z Jo t°“ cos(2nt) dt

. In
(4
sin(2nt) |+ 2 sin(2nt
o

dt =
2n Zn
.
320"

nm cos(Znt) 4 cos(Znt)
(25 + [t LI

(52 )smC‘:) sreos()

_1\n-1
1n(2)+162( 2 n=—”—ln(2)+16(seven+som)

i (8 2102 Dk) 64 > }c): : 2356 (3)
(2k)

k=1 =1

Spun—zk-1 -y SO —5) -
wum=2k=1=) 3 <32(2k—1)_4(2k—1)3>_

(D1 1e (DR A
3244 (2k—-1) 44 (2k—1* 32

3

T
11 = _ﬁln(z) + 16(Seven + Sold) -

3 3 2
T n@) +16 (3—((3) AP —3(4)) = - T @)+ —((3) + ”—a 4B(4)

Sepen(n = 2k)

1
—13(4)

24 256 32 24
77.'3 2 3 1T3
A=1,—1I, =—ln(2)+—((3)+—G 48(4) - = 1n

24 48 (2) 144
31T 2 3 3

—((3) + "— G- 4B(4) - —ln(Zn) + 1%

Solution 2 by Yang Silva Cartolin-Peru

2

1
1= f x%log(1 + cos(x))dx — >
0

x*log(x)dx

O — i
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X
We know that: 1 + cos(x) = 2cos? (E)

z T ™
X 1
I= 109(2)j x*dx + Zf x*log (cos( )> dx—Ef x2log(x)dx
0 0

3 . .
= ﬁlog(z) +2i, — =i,

e

n
2 T
I.B.P x3 2 3 m, ml
mi, = j x*log(x)dx = i, = ?log(x) -3 x%dx = ﬁlog (E) ~ oy
0 . 0
2
mi, =j x%log <cos (2)> dx
0 . .
X X
xy ez+ez ix x _
We know that: cos (E) = = 2e2 cos (E) =1+e"*
ix x .
log(2) + log (e2> + log (cos (E)) = log(1 + e'¥)
X ) ix
log (cos (E)) = log(1 + e'*) — log(2) — 0
X .
R {log (cos (E))} = R{log(1 + ™)} — log(2)
(z z
=i, = ER{ f Zlog(1 + e™*) dx } - log(Z)f x%dx
o )
(2 3
i, = ER{ f x*log(1 + e*) dx } - ﬁlog(z)
ko
(_ )n 1 el¥ (_1)1[—1 .
We know that:log(1 + z) = Z " — log(1 + e™*) = Z ——e'"*
n=1 n=1 n
-1 n-1
) cos(nx)

R{log(1 + e™*)} = z
n=1

NI

n-1 3
=i, = Z 1) fx cos(nx) dx — —log(Z)

0

3

:i( 1)n- 1l_sn _ism(ﬂzn)_l_%cos(%n)l_:—4log(2)
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(o]
- Z
4

—1)" nn - (-1 mn
sm +ZZ — —nz: 3 cos(T)

n=1
Tl'
——1log(2
>4 0g(2)
Let:
2 1)n o (-1D"  mn
>>Sl__T +ZZ o sm(z)
: (o] n001
n=2k+1 P 2 (—1)" (—1)*
1 4 £ (Zk +1)2 (2k + 1)*

—1)" nn n=zk 2k om (—1)" 1
> 8, = —nz cos(

_1 n
We know that: mDirichlet Beta Function: B(s) = Z —(2 +)1)s

- (—1)m (—1)n
Z(2n+1)2 BQ2) =G A Z(z F1)4 =B4)
(n!

ns

mDirichlet Beta Function:n(s) = Z

n=1
2 n-1
D =2

e (- 1)n= o (1)K (- 1>k1 ’
4 (2k+1)2_2 s 2k + D 82 ~24"8@
2
= TG 2B(4) + —«3) - —log<z>

3 2 3 1 3 3
I= :—4log(2) +2 <TG —2B(4) + —((3) - —log(2)> + —<12T—4log (g) - ’;—2>

= (1—-215)¢(s)

:}ilz

3

3 n? d
Iz—Elog(Zﬂ)‘F_G 4ﬁ(4)+_{(3)+m

Solution 3 by Omkumar Rao-India

T T T
2 1 2 2
X
_ 2 _ = 2 2 s
K—lnzfx dx fo lnxdx+2fx ln(cos(z))dx
0 0 0
3 3 3 M
732 1s(2) 122
3 3 T 3
K——l 2——1 —+ M
24 " “ 7 18 “(z)+144+
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x—-2x Z
dx =2 16fx2 In(cos(x)) dx
0 =
m

/N

T
2
x
2 s
M = ij ln(cos 2
0

-In2+¥°_;

cos(2mx)

% had —_1\ym-1
= 16f x? (— In2 + Z D) cos(me)) dx
0

M=——ln2+16z V™ I/Jx cos(me)dx\

\ J

had (—1)m1p2 hod (—1)m 17 mn
+ 16(2 <—32m2 sin >+ Z < s cos 2 ))
m=1

m=1

i ()™ 1g? (mn) _m? & (—1)P-1 m c
32mz S\ 2 /)T 32 ,@p—1? 32
p:

m=1
o ((—D)™m i mm 7~ (-1 3rm
Zl< 8m3 cos ( 2 )> - EZ p® 25653
m= p=
O (D™ mm\ 1 ()P
Z1< 4m* sm( 2 )> - Z (Zp —1)4 =38@
- i
M=-—In2+16 (32 G +ﬁ((3) ——ﬁ(4)>
3 3 T m
Kzﬁan—Eln(z) m—ﬁln2+16<326+ﬁ((3)——ﬁ(4)>
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3 2 3

1[4 T 3m T
K = n+76 +R((3) — 43(4) —EID(ZTI)

2871. Find :
1

&= f 3"’(0)(2 ;)dx

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

= [fwwo (e 3a)ax [0 (o3 10) v 31 ar

1 =T
2 IBPIS

z X 216 % ol
nf x3tan(—)dx = —sf t3tan(t)dt =
0 2 = Jo
T

b3 n r
g (—[t3ln(cos(t))] g +3 .];4 t’In(cos(t)) dt) = %ln(Z) + g]: t’In(cos(t)) dt

A
s s

L2 r X 1k
A= .[;4 t’In(cos(t)) dt = j: t? (— In(2) — Z D COS(Zkt)> dt =

_11'_1 (2) - Z( 1)* f t? cos(2kt) dt =

192
15 In(2) o (—1D* (1 1 ] (nk)_l_n 1 (nk)_l_n 1 (nk)
192 ™ k 213 2 ) T8z 2) T332\ 2

(_1)ksh1(nk>-— . O

k* 2 Zn+1* —B4)

=1 n—
o (-DF  mk (-D)" 3
Z 15— cos (7> =2, @n3 - =—35%0)
i "=
z (- sin ( ) S
k2 (Zn + 1)2
k3=1 n=0
14
A=_ mf“”* ((@L~(——«))~—em=
3 ? 3
——ﬁ(‘l') +ﬁ((3) +§G — @ln(Z)
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1 48/ 1 3 ? w3
Q= gln(Z) +?<_Zﬂ(4) +E((3) +—G - mlﬂ(Z))

12 36 1
Q= - 3B+ B3 +5_—cin(@)
Solution 2 by Yang Silva Cartolm Peru
2

1
2
1 x We do:x——
Q- j PO (5 +7) dx S g = j O (5 -2 dx
1
2

We know that:

=20=m

—— N

7
1+x X
3 _ 3
X cot(n( > ))dx—n'fx tan(z)dx
1
2

N| =

1
2
Even Functlon 3
=2 | x tan
0
1 L3
2 X 4
We do:u=— 16
3 2
Q=m | x tan dx:>ﬂ—? ud tan(u) du
0 0

a=1u’-da=3u*du

I.B.P: {db = tan(u) du —» b = —log(cos(u))

= Q= 16 /[—u3 log(cos(u))]% +3 fuz log(cos(u)) du\
"\ T J

We know that: Fourier Series

X (_1)k-1
( 1,2 cos(2kx)

log(cos(x)) = —log(2) +

T
4

RPN Ll z+3f 1 (2)+§:(_1)k_1 (2kw) |d
=—3| 128 0g(2) og 2, X cos(2ku u

0
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= %log(z) + :l-t_? (— log(2) fzuzdu - Z (_I:)k Ofuz cos(2ku) du)

3
=3 log(Z) + 48 <— I log(2)>

192
48 (D w? (nk)+ 04 (nk) 1 (nk)
WLk \32k gkz >\ 2 ) " a3\ 2
Q =——log(2)
48 nzi(—l)k ] (nk) t~ (—1)k (nk)
w\324 Kk \2) 8L e P\
15:(—1)"_ nk
ISED
4-k=1c>o k
Lot mS _nzz(—l)" ] (nk) 1% (—1)k (nk)
et: mS; = 3 Z 7 sin (= 4k_1 = ~——sin >
k=2n+1 2 ( 1)2n+1 n ( 1)2n+1 n
— P17 33 (2n+1)2( D _Z (2n+1)4( D

n2°° (—1)" +1°° (1)** ,
32 (2n+1)2 4 0(2n+1)4"
n=

<y n o (—1)2n
-szzgz ) cos( )k 2 Szzg ((ZT))B(—l)"
k=1 n=1

%]
[

( 1)11—1
S2 = _a n3
n=1 o .
1 3 (-1 3 (o™t 12 ="
== ——log(Z) s 2m £ (Zn +1)2  4m? ] n3 (2n+1)*
n= n=0
Wek that: mDirichlet Beta F t'-()—m o
e Know at: maDiricnle eta runc lOTl.ﬂ S)= 4 (2n+ 1)S
o (-1)" D"
2 v iy =P =60 Gy = B

n_

mDirichlet Beta Function: n(s) = z =(1-21%)¢(s)

n=1

(-1t
ns
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—1)n-1 3
Z( a3 =22

Therefore: Q = ; g(2) + E 3(6(:2) 3 121[:3(4)
1 8 2711' 8
0 = —Zlog(2) + 9,,3( G+ 8(3) - 3(4))

Solution 3 by Omkumar Rao-Iindia
3

x->1-x

311)(0)( +;x)dx = 2](2x—1)31p(x)dx 2 2| @x-1)3y(1-x)dx

|
NIH\; Nl
R

NI

2x—-1-2x
2x—1)3cot(mx)dx = 16m | x®tan(mx)dx

22x - 13 [y (x) — (A —x)]dx = 2m

N
||
'Pl'ﬂ\ ST
-Mr-l\ ST

By parts 16 /

~

1 ™
r y 7

= 161‘tf x}tan(mx)dx = ?J X}tan(x)dx = —3\
0 0

-In2+¥°_; (1™~ cos(2mx) 1‘305(277176)

% .
+ 3_[x2 ln(cos(x)) /
0

N~—

I— \1281 n2+3

wlesd 1
sz( ln2+z(_ ™ cos(me) dx
0
./

m=1
T
16/ m* / (- 1) 1 \
el - 2
3 128an+3\ 192ln2+ Ofx cos(2mx)dx//|

16 o (- 1)"‘ ! . 1.
1= 3(1281n2+3(—m1 2+ (32 (";T[) 811' cos(?)—msm(g)>>>

") 2 (S meos ()

m=1

(218 ™ s 12+Z (l)mlz' +
“ 3| 128 192”l T32m?

Lt a=l(3)
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16 In2+3 n312+n26+3 3) @)
=) 128n 192 M2+ 336 3566 B

2872.
Find :

1
Q= jo x? (arctan3 (x) +1n (;;(_@1)) dx

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Nawar Alasadi-Iraq

1
Let: Q= j (arctan3(x) +1n (x n(x) )) dx =
0

1 1 (x)
j x? arctan3(x)dx+j x%1In (1 )dx I, +1,
0 0 -

1
For: j x2In(—In(x))dx let x=e ' > dx =—e tdt
0

3t=v

j T etIn(n) dt = 5 f ¥ ev(n@) — n@))dv = - P Y
0 0

3
1

For: j x2In(1 - x3)dx let v=2x3 > dv = 3x%dx
0

11! 1 1
3[ In(1-v)dv = [ 1-v)In(1-v) - v] -3
0
ln(3)+y+1_1 Y —In(3)
. 3 3 3
I, = f x? arctan®(x)dx (I.B. P (u = arctan®(x),dv = xzdx))
0

12:—

3

I, = l— arctan’® (x)l T4 arctan?(x)dx =

3

3 1 X T
- _ _ 2 -
192 fo (x 1+ xZ) arctan®(x)dx 192

—Jit+]2

1

Ji= f xarctan?(x)dx (I.B.P (u = arctan?(x),dv = xdx))
0

2

o 1+x2

arctan(x)dx =

Ji= l— arctan? (x)l
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m jl(1 1) tan(o) dx = (” 1(2))+”2 ™ ”+11(z)
32 J, 1+qz) TR =574 72" 32 n

16 4

— ! X 2 d — 2 du =
I _jo 1522 arctan®(x)dx {x = tan(u)} - f u®tan(u) du =

et fa2 [} E e [
[—u? In(cos(u))] 0 fo uln(cos(u)) du = 3—21n(2) + ZJO uln(cos(u)) du
_1q1\n—-1
Using In(cos(u)) = —ln(2)+z( D cos(2nu)
o

2.[0 uln(cos(u)) du = ——l (2)+ ZZ

mn
w25 8 >(;))

j ucos(2nu) du =
0

2 T (D1 1 (D™ (cos(%)—l)
_Rln(2)+zkzl(2k_ 5 +Ekz=1
w2 /5 1( 7 (1)k 1
—Rln(2)+ZG+E<—§((3)—— )
? 1 ?
—Rln(2)+ G+= (——((3) —{(3)>=—Eln(2)+46——((3)
2
o= @ -Ein() + 26 - 1 g(3)
e 2
]2——5111(2)4' G——((B)
3 2 2
11=%—%+§—11n(2)—"—1n(2)+ G——((S)
1-y—-1In(3)
Izzf
n?® nwn* m (n*+16 1-y—-1n(3)
=192 16 4_( 32 )1“(2) _G__Z(B) 3

Solution 2 by Yang Silva Cartolin-Peru

1
Q= f x? <arctan3 (x) + In <ln(x >> dx
0
1 1

Q= fxz arctan3(x) dx+fx log(—log(x)) dx — fxz log(1 — x3) dx
0 0 0
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I 2151 +&,— &3

mé, = f x? arctan3(x) dx

0
We do:t = arctan(x) —» x = tan(t) —» dx = sec?(t)dt
T

4

/5
x=1—>t=ZAx=0—>t=O$€1=jt3tan2(t)sec2(t)dt

0
u =1t - du=3t*dt
I.B.P: 1
dv = tan?(¢t) sec?(t) dt - v = §tan3 (t)

s
3

T g
=& = tst 3(t)4 Jtzt () dt = ——— i
$1= 3 tan . an =19z U

0

n
4

I T
2 , , z
tan“(x)=sec“(x)—-1
> iy = f t? tan3(¢) dt > iy = f t? tan(t) sec?(t) dt — f t’tan(t)dt
0 0 0

i, =a—b> a= | t*tan(t) sec?(t) dt

o Y—— &y

2 5 du = 2tdt

Il
-~

u
I1.B.P: 1
{dv = tan(t) sec?(t)dt » v = Etanz(t)

n s 13
4

2 2

L
t 4 T
—=a= Etanz(t)l - f ttan?(t) dtzﬁ— f tsec?(t)dt + f tdt
0o o (i} 0

T
” ry
T
_r 2
a=e ftsec (tdt
0

2

o — N

IBP-{ u=t-du=dt —a="_[u (t)]%+ tan(t) dt
B dv = sec?()dt »v=tan(®) — ¥~ 16 anilo an
T
2 T 2 1 4
T T T - . _f 2
a=z 4+[ log(cos(t))]0—16 4+Zlog(2) =>> b = | t*tan(t) dt
0
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s ™
. ) 2 )

= b = [—t?log(cos(t))] f; +2 f tlog(cos(t))dt = 3—210g(2) + Zf tlog(cos(t))dt

0 0

(-1
k

Fourier Series: log(cos(x)) = —log(2) — z cos(2kx)

1'[

_1\k
— b= log(Z) 210g(2) j tdt — 2 z( 1)

k=1

b= ——1og(2) 2 Z (1 )k —sm (nk) + 4; cos (nzk) %kz]

b= ——log(Z) gkz 1)ksm( ) %i - kl)k cos (nk) ——Z (_1)k i

We do:

n

)
J tcos(2kt) dt
0

(—1)" = Cay ~
= 2n + 1)s’ (Zn +1)2

( )nl

Dirichlet Beta Function: B(s) = B2)=G

Dirichlet Beta Function:n(s) = Z =(1-21%)¢(s)

2

® n-1
Z( 1) :_((3):;b_—n—log(2)+ G——((3)

Theref ore_

w1 w2
iy = -2 log(2) - (——log(Z) 6 —«3))
oomr n 1 w2
iy =~ T+ > log(2) + 2log(2) ~ G + —((3)
This:

w_(m_m, 1 (2)+"21 @) -"6+23)
+3lo8 32 °8 2% 6af

$1=792 " \16 "2
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_1t3 n2n112n212n6213_

51—E—1—6+Z—210g( )—3—2 og( )+Z _6_4(( ) -
mé, =fx210g(—log(x))dx

We do:t=—lo;;(x)—>x=e‘t—>dx=—e‘tdt
x=1—>t=0/\x=0—>t=00$$2=Je‘3tlog(t)dt

0

dx
Wedo:x=3t—>dt=?

=§, = %f e *log (g) dx = %(J e *log(x) dx — log(S)J e"‘dx)
0

0 0

& = %(f e *log(x) dx — log(3)>

0
Gamma Function: T(z) = f x> le*dx - T'(2) = f x> og(x)e *dx
. 0 0
§2 =3(T'(1) ~log(3)) = - log(3) -

W=
W =

1

[ 1 .

1 1 1 1
— | 52 — 23 —— N D 30424, — = __1

lf3—fx log(1 — x3) dx anx dx BZn—(n+1) 3

0 n=1 0 n=1
Thus:

3 T 1 2 T 21 y 1 1
I'=155 16171 31082 —3;108(2) + 16— —4(3) — 3 —3log(3) + 5

Solution 3 by Lara Gangler-Hungary

T o
I= flxz(tan‘1 x)3dx + fllen ( In(x)
0 0

x3 -1
Calculating I, Integration by parts - 1:
! 3

x3 x
<? (tan~1! x)3> = x%(tan"1x)3 + 3 3(tan~1 x)?

)dlel+lz

1+ x2
3

X dx
T (tan1x)3

1+ x2

1
=1 +f x3(tan~1x)?
0

0
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(x3 + x — x)dx

1 1
=1, + | x3(tan1x)?2 =1 +f tan—1 x)?
1 jo ( ) 14+x2 1 0( ) 1+ x?

1 x(tan™1 x)?
= Il +j <x(tan_1 .X')Z - (—2)> dx = 11 + ]11 - ]12
0

3

192

1+x
Calculating J ;1 Integration by parts - 2:

x? x?
(? (tan1 x)2> = x(tan"1x)? + > 2tan"lx

1+ x?
2 1 1 1 2
x dx (x*+1-1)
r 1,92 — 2 tan-1 _ 2 4an-1 _
2(tan x) i ]11+foxtan X2 ]11+J0xtan X dx
_ +fl tan-1 tan~lx p
=J11 . an X=X
1
=], + [(xtan‘lx - —ln(l + xz)) -1
2 ? 2 1
——= - — “In(2
32 ]11"‘4 210(2) 2—’]11 16 2 +3 n(2)
Calculating J, Integration by parts - 3:
1 " x(tan1x)? anlx
2 -1,32) — 2
<—ln(1+x ) (tan~* x) )1—? —ln(1+x )2 1722
-1,
< In(1 + x?) (tan~1 x)2> =]z + f In(1 + xz) T2 dx =], + Ky

2

Calculating K,

_lx

K — 2
12 f ln(1+x)1+ 2

x=tany—>dx—sec ydy & 1+ x* = sec?y
T

/4
Kis =f In(sec? y)
0

Calculating L, L, = fozy In(cosy)dy = f:My (— In 2+ Y7, cos:ky (—1)"“) dy =

dx

1
ysec ydy = —f 2yln(cosy)dy = -2 L,,
0

1(n

2 _yk+1 T 2
_E(Z) ln2+zl°(°_1£f4ycoszkyd ::—n—ln(2)+

Z (- 1)""’1 2kysm2ky+cosZky|
k=1 (Zk)z

= ——ln(2)+2k 1( :l)(g (—sm +cosk—”—1)

——ln(Z) — 1 X %((3) + Dq D™ (k—" sm T + cos k—) == l (2) - 3((3)

43
(=1)2k+1 1)2"+1 . ( 12k (Qk-Dm . (2k Dn
Vet PR (km sin kmr + cos km) + + Y)0_4 e EE ( 5, sin——+

@k-Dm\ _  =* 3((3) (—1)2k+1 -0 Qk-Dm . (2k-Dm\ _
oS ———— )— ” In(2) — + e 1( e cosk1r+4(2k_1)3 S sin~— )—
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(-Df+ 8(2;—1)2 (_1)k_1) == __1 (2) - 3{(3) +

_ n? 3((3)
- 3_zln(2) + 2=t (32k3

13@3)  m6 _ E - _l (2) — 2K®)
32 4 8 8 128

1
- KIZ - f ln(l + xz)
0

tan~1x ? 21{(3) =nG
T2 =12 +—7 4

2

713
3—21n(2) =J12 + Ky2

1 x(tan1 x)?2 nG T2 21Z(3)
*'mfow"w 32—,
3
3 192 =11 +J11 — )12 2
T G w 21{(3) T T
‘1—ﬁ+7‘3—z‘“<2>‘6—4‘<1—6‘1 z‘“@)
1 nw? wn? m n? G 21{(3)
=] 22 3. T T (2 ———1 -
~h fo (tan™ 0% =153 " 16 * 2 32“()+4 @) -—¢2
Calculating I,: I, = fo x%In (:;(_xi) = flle ( lni’?) dx =1, —
Calculating u=—-Inx) »x=e*->dx=—-e"*du

[ee)

1 oo
=f len(—ln(x))dx=f e 2“In(we* du =f e 3 In(u)du
0 0 0

dw
w=3u—->du=—
w
=f e‘3uln(u)du=—f e‘Wln(—)dw=—f e ¥ (In(w) — In(3))dw
0 3Jo 3 3Jo
Calculating
1 1 = X3k > 1t 1 1
— 2 23 | 2N 2 4. _ _ 3k+2 J. — _ =
.l;xln(l x3)dx j; kadx Z kfox dx %3k 13
- k=1 k=1 =
_ 1 1 _ 1z<1 1 )_
3Lik(k+1)  3L\k k+1)
1-y—1In(3)
12: — = :f
w w* n n? e 1 G 21((3) 1-y-1In(3)
I—Il+12 E_E-I_Z_ﬁln(z)-l_T__l (2) 4 64 +
1
—>I:f ((tan‘lx)3+ln( nex ))>dx:
0 x3 -1
1 n® n? mw n? G 1 1 21{(3) vy
3+m—1—6+1—3—21n(2)+———1n(2)——l n(3) — 64 —§
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Solution 4 by Samuel Ajibade-Nigeria

1
1= fo x? (arctan3 (x) +1In (;?(_x)l)> dx

1 1
In(x
I= f x?arctan3(x)dx + J x%ln (#) dx
1
I=]J+K - equationl,] = J x?arctan3 (x)dx
0
Usina IBP- 1 = tand (%), dv = x2 du = 3arctan2(x)d 3 3
sing :u = arctan3(x),dv = x2, u=—0>: XV =
X3 1 1,3
— 3 _ 2 d
J= 3 arctan’®(x) ) L 1+ 22 arctan”(x)dx
3 1 x
- _ _ 2
J= 192 -[o (x 1_|_x2)arctan (x)dx
w3 1 ) 1 x arctan?(x)
]=m—j;xarctan (x)dx +J; 1122
3 1
Let] = ﬁ_h +J, - equation?2, Ji = f x arctan®(x)dx
0
IBP- 1 = arctan®(x) du 2arctan(x)  x*
' u = arctan®(x), 1u— 1122 ,v—2
x> ) 1x% arctan(x)
Ji = > arctan®(x) . —J; 1122
2 1 Larctan(x)
Ji= 32 j; arctan(x)dx +J; i
2 1 L | !
Ji= = — (x arctan(x) —=In(1 + x2)>| + = arctan?(x)
32 2 o 2 .
S T @ T
Ji=33 gtz n@ 33
L.
B flx arctan?(x)
J2 = o 1+x?

Let t = arct d = % telo]
e —arcan(xz, BEENL 2

1

Iz = f t? tan(t) dt

0

By IBP: u = t?,du = 2tdt,v = —In(cos(t))
T

J. = —tzln(cos(t))|%+ 2 f *e In(cos(t)) dt
0
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By Fourier expansion of In(cos(t))

2 T _1q\n
J2 = ;t—zln(Z) Zf (ln(2)+z:1( ;) cos(Znt))dt

K i i (D"
J2 = 351n(2) - zm(Z)f0 tdt — zjo t; - cos(Znt) dt

Fubini — Tonelll Theorem
n? (1"

J2 = 35 n(2) - ln(Z)— _2 Z

J t cos(2nt) dt

(v8:sim () = (2, ™15 226
sin(2nt) | ~ Sin (g (2k + 1)) = (—1)*
ByIBP:u=tv=—F7—" .
o cos (gn) - {i;) nnl?soedvden
\ s COS (E (Zk)) — (_1)k )
J, = ——ln(Z) ZZ( 1)11( sln(Znt) coi(:;lt)):
T
J, = ——l n(2) — zz( 1) (nsm( )+COS(ZZ) — 1>
J2 = ——l (2)——2( 1)nsm ——Z( 1)ncos d )+% N (—nlg)“
n=1

For the flTSt series,letn = 2k + 1(the odd integer sub)
For the second series,let n = 2m (the even integer sub): n> 2

o C (CDF 1O (D™ 1o (D"
J2 = _ﬁl"(2)+4 Lk +1)? 2 £y 8m3 +En=1 3
nz 1 1
J2 = —ﬁln(2)+ G+—n(3)——n(3)
G 7
Jo = —55In(2) +— G——n(3)

32
2 2
Jo= —35m(2) + 4 G——((3)

Combining J, & J, to get ] from equatlon 2
m T e ”212+GZ 3
= 197 “16 77~z "@® — 35 253
Now solving for K
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K= j 2ln l"(x) dx =f1x21n(_ln(x))dx
0

1—x3

1
K =j x?In(—In(x)) dx —f x?In(1 — x3) dx
0 0
LetK=K, — K, -- equation3

1
K, =f x?In(—In(x)) dx
0
x=et dx=—e 'dtt € (0,0)
K, =J In(t) e73tdt
0

Evaluating via the derivative of the gamma function

) S 10 I(a+1)
K1=_ f Btdt
0aa 0Jo 36(1 3a a=0
1r(a+1)
K= 3 =g @@+ 1) =~ n3)lao
K, = §(¢(1) — In(3))
In(3 1
K1=—Z— (), K, = flen(l—x3)dx
3 3 o
t=1-x3dt = -3x%dx
—1fll tdt—tlt 1|1 K, = !
1 y In(3)
K=373773"
Finally: From equation 1, I= J+K
I= m ”2+” L2 ,,zl 2) +— G 3y 41 Y _ B
102 “16 13 3" 5@ (()33 3

1
I= m(n —12n? — 6m%In(2) + 48w — 96In(2) + 487G — 63{(3) — 64y
—64In(3) + 64)m

2873. Prove that:

(0e] (ee]

2 ZZ

x y
f(x2+4)2d j4(y 2 1 25)2 erjt)(z2+100)2 dz
0

7.,'.2

T 24

+...=

3
(n 3cothm + )
T

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Omkumar Rao-India

[ee]

1 x? )
Kn=ﬁfmdx :(k=n +1)
n'
x—»ktanx ) T
Kn f(SlﬂX) dx = m

S_Z o 2 i 1
B 4n2(n2+1)_4 6 nz+1

n=1
cotx——+z:x2

Z 1 coth(m) — 1

x—»m’

= coth(m) ——+ Zn2+1

1n2+1_ 2
n=
S_n n? mcoth(m) —1 _nz( 3 coth +3)
“2\6 2 Tag\TTocomT T
2874. Find:
; to dx
o Vx7+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Nawar Alasadi-Iraq

f‘l'oo dx
I =
0 x7+1

1 1 _6
x7=t=>x=t7=>dx=7t 7dt
6
I 1f+00 t—7 d
=_ t
7 0 Vt+1
1f+00 t7—1 d
=_ S — I
1 5
7h (147
B( )_f“” u ! _ror)
YY=) Arwr M T T+ y)
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, _1B 15
7 (7’14)

2875. Find:

dx

T

2

f (sin x)2(sin x — cos x)?%02¢
(sin x + cos x)2028

0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Omkumar Rao-India

2
(sin x)?(sin x — cos x)?20%6
(sin x + cos x)2028

T
57X
~
=

dx dx

T

2

j‘ (cos x)?%(sin x — cos x)2026
(sin x + cos x)2028

0

2026 1

7

.l' sm X — COS x)
sinx 4+ cos x

0

sinx— cosx 1
sinxtcosx Y fy2026 1

2~ % = 1052

"(sinx + cos x)2

-1
Observation:
sinx — cos x\’
ay = (Snx oSy
sinx + cosx
(cosx + sinx)(sinx + cos x) — (sin x — cos x)(cosx — sinx) 4
= X

(sinx + cos x)?
(sinx + cos x)? + (sin x — cos x)? 2
= X =
(sinx + cos x)? (sinx + cos x)?
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[ (nx)*x
K=0f E+Da+ D

2876. Find a closed form:

Proposed by Omkumar Rao-India
Solution by proposer

(In x)2%/x d x‘gz 8 r (In x)%x?
J G DG+ = J G DG D) o
[ . \
| (In x)?x? d (In x)?x? 4 |
|\J DD ) G+ D+ D x/|
1
(In x)2x? x2+1 (ln x)?
K=160 eyl —8! —(Inx)? dx - 80 g dx
1 1
x2+1 (In x)%x? (ln x)? (ln x)? 9%(P(m,n)
.[ 1(lnx)zdx= + dx = x4+1dx= (amz )
0 0 0
04
P(mn) =
J nsin (W)
3 3 .3 3
K= (P”(O 4) —%) = 8(3\/6_: —%) =2 (3v2-4)

2877. Find :

1m?(1 + x)In*(1 — x
A_f ( )In“( )dx
0

1+x
Proposed by Shirvan Tahirov-Azerbaijan
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Solution 1 by Yang Silva Cartolin-Peru

1
#Note: a’b? = 12 [(a+ b)* + (a— b)* — 2a* — 2b*]
1

1 1 1—x
1| (log*(1—x%) log* (1 T x) log*(1 — x)
J=—|| —=—— —~ — N TA Ay —2 | == "7
12[ 1+x dx+j 1+x dx J 1+x dx
0 0 0
1
2flog“(1+x)
1+x
0
1 . .
) I=6(11+lz—213—214)
log*(1+x) 1 . S |
ciy= [ 2 [gos*a+0] =tog’
'l 4(10 ) Clog*(t) 1 [log*(t)
o —-x =1-x-dt=—d og*(t og*(t
1+x 2—t 2 _t
0 o 1 2

1 © 1 n—-1
;T - n—1 4
i3 =7 E (2> ft log*(t)dt

| =3 (3 (B2) =203, 2 -2

| 4P Ina L e
#Note.fx In?(x)dx Wt 1)q+1,13 7) (5
0 n=1 n=1
1 1—x
* = | —" Y= = = N7
2 1+x Y T TP T T Ay
logt) < 1 & (-1
0 —
iz=f 82 dy=Z(—l)”‘lfy”‘llog4(y)dy=242 5 = 24n(5)
1+y n
n=1 0 n=1
45
1 —7((5)-- 1
log*(1 — x? 1-x)log*(1 — x? 1 1
*ilsz)dxz A-Dl0g" (A= X") \ letix =3 > dx = St 3dt
1+x 1—x2 2
0 0
iy
( 11—+t 1
1 1 u= -du=—-——
1([(1-t2\log*(1—t 3
=§f< : ) 91( ; )dt,I.B.P:! ) vt 2t2
V] h | log*(1—t 1
0 t2 kdvz%dtﬁvz—glogs‘(l—t)
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1 1
1 1 1-—+t 1 3
S 1ne5(1 = | 5 1n0a5(1 _
l1—2<l 5log ¢! t)( NG )L 1OftZIog (1 t)dt>
0

1 3
i, =—— | t 2log®(1 —

iy ZOJt log>(1—t)dt
0

rorey) o

Txty) ) B(x.y)

1
#Note: B(x,y) = f £-1(1 — £)7-1dt =
0

1
= j t*1(1-t) llog(1—-t)dt
0

ool O (Toro)) _vm, 0 [ ro)
nT 20(x,y)~(—%,1) 0y>\I'(x +y) 10 3’"1 0y

I‘ y - 7
a r'(y) r'(y) 1
Where: 3y <r‘ (y - %)> = . (y - %) <_¢(0) ( - E) + 59©@O ()Y © <y 5))
3
101 <¢w>( 72—y (y ) + (y)) v (y-3)

r(v-2) .
(F(y )1) <¢<°> 0 - (w(l) (y-3) - w® (y)) PO (y)) vy (y-5)
r\y- 2
- F(y)l <¢<2> (y - %) Fyp@ (y)> Pp© (y - %)

r(v-3)

2

_5 r (I;]():)l) <IIJ(0) ()4 - (1[)(1) (y - —> Pp® (y)> PO (y) ) o) <y _ %)
2
I'(y) ( @(y_L)_ 4@ > © of. 1
+20 ¥ 20 ) 4O
r(v-2) (y 2> g Y (y z)

2

o a9 o) 2w —aw 2w Jo -3

s TO <¢(3> (y _ %) —yp® (y)> PO (3’ - %)

r(v-3)

(rp(")(y)s 1o¢(°>(y>3(¢<1> (v-3)- zp(l)(y)))

r(y)

-3
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r(y) (10¢(1) (y _ %) ey (y - %) — 109 @ (y)p®@ (y - %))

r(v-z)

o] (1000032 (92 (5-3) =202 1000 (5= w20

r(y) ( a @ (v — @ (v_ L 0 >

+ 10y V(YD (y) — ¢ + PP ()
T A A

PO) <3¢<1> (v-3)

r(y) ’

=)

+5

-6y D)y (y - %) + 3y (y)2>

r(y) 1
7 B lyv—=")—yp®
0" (y)<¢ (v—3)-v (y))
Yy—2
i) r'(y) —10m%(124(3) + log3(4)) + 3(7204(5) + 120{(3)log?(4) + log®(4)) — 9n* log(4))
m_— =
y—>lay5 r(y_%) 3\/E
m? 1

iy = 5 (124(3) +log*(4)) + 75(720¢(5) + 120(3) log?(4) + log®(4))

3t

~ 70 '08@W

Therefore:

2
I= % <_ "? (12¢(3) +log®(4)) + 1—10 (7202(5) + 1204(3) log?(4) + log®(4))

4

31tl @ 45
10 °8

1 1 o\ 1/1
) 1\ 299" 3(2‘“‘5 (i)) - 3(5 "’95(2)>

Solution 2 by Nawar Alasadi-Iraq
Let:a=In(1+x) and In(1—x)
(a + b)* = a* + 4a3b + 6a*b? + 4b3a + b*
(a — b)* = a* — 4a®b + 6a*b? — 4b3a + b*
(a + b)* + (a — b)* = 2a* + 12a%b? + 2b*
1
- a’b? = E[(a + b)* + (a — b)* — 2a* — 2b*]
In?(1+x)n*(1—x) =
1 14+x
12 [ln‘*(l —x?) + In* (E) —-2In*(1 +x) —2In*(1—x)
lm2(1 + x)In?*(1 — x
Let: I = f ( )in’( )dx
0 1+x
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I= 11 11 11 11
121tz Tl gl

( flln“(l—xz)
L= —————
0 1+x
a(1+x
_ tin (1—x)
I, = | ——————=dx
Where: < 0 1+x
jlln“(l—x)
I3 = | ———dx
o 1+x
Tn*(1 +x)
= [0,
\ o 1+x

dx

dx

Evaluating I,: Letu=In(1+x)—-> du=

In(2) lnS 2
1, =j utdu = 2)
0

1+x

5
Evaluating I3:Let u=1—x—-> dx=—-du,1+x=2-u

17,4 17,4
Is:j;ln(u)d _1j;ln(u)d

Z—uui u

1—2

11 -
—f ln4(u)z du ZZ"“_[ uln*(u)du =
i 24 o = 24015 (1)
2n+t (n+ 1)5 1zmm5 - 4%s 2
= m=

1-x 2
Evaluating I, : Let y=1+x—> dx = a+ )zdy,1+x=m
L fi o) 2z flln‘*(y)
2T )e 2@+ Ty 14y
Ty

—;(—1) j;y ln4(y)dy=;(—1) m=

o (—1)m1 45
242 % =24(1-215)¢(5) = - 408
n=1

dy =

Evaluating 1, : Lett=1—x*> > dx = — dt,14+x=vV1-—t

1
2V1—t
; fl In*(t) dt 1f11—\/1—t
1= =

0

0o 1+vi—t2vi—t 2 tV1—t
101, 1 In*(t)
—f( —1) dt
2 )y 11—t t

In*(t)dt =
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1
Define F(a) = f ((1 - t)_% - 1) t*ldt
0

rave 1 G@-1

F(a) = ——
F(a+%) a a
2a 2
Where : G(a) = ri+ann _22T(1+a)

F(a+%)  T(1+2a)
In G(a) =2aln(2) + 2Inr(1 +a) — Inr'(1 + 2a) =
2(n2)a—-¢(2)a® +2¢(2)a3 - %((4)a4 + 6¢(5)a® + o(a®)

1 1
I, = EF(“) (0) = 1—06(5) (0) = 12[a®]6(a)
Let S(a) = c;a + c,a? + c;a3 + c,a* + csa

7
¢, = 2In(2),¢c; = —4(2) ,¢3 = 23(3), €y = —25(4)&5 =6{(5)

1 1 1 1
5],8(a) — 2 2 —_ .3 -
a’'|e =Cg +CciCq4 +CrC3 +=C1°C3 +=Cr“C{ +—=C1°C, + C
[ ] 5 1%4 2¢3 2 1 ¢3 2 2 t1 6 1 ¢2 120 1

6 {(5) — 7¢(4)In(2) — 2¢(2)¢(3) + 4¢(3)In?*(2) +
;((4) In(2) — gi(z)ln3(2) + %lns(z)
I, = 723(5) — 54¢(4) In(2) — 24¢(2){(3) +
48((3)In%(2) — 167(2)In3(2) + 15—61n5(2)

Finally, substituting all parts I:
I = 1 I; + ! I 1 I 11
12 1272 122 et

15 A\ 9
I= (6 + ?) ¢(5) — 4Lis (2) - @ () - 25@)33) +

4 4 1
KB (2) - @2)n*(2) + (E _ %) ns(2)
2 4

Using : {(2) = % and {(4) = :)T_O
4 2

63 /1 T T
I==4(5) - 4Lis (EZ —2oIn@) - Z-¢3) +

4{(3)In?(2) — 2% n3(2) + 3—70 In>(2)

5

5:

2878. Find:

IIn?(x)In*(1 — x)
I = _[0 x(1—x)

Proposed by Shirvan Tahirov-Azerbaijan
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Solution 1 by Nawar Alasadi-Iraq

TIn2(x)In*(1 - TIn*(x)In2(1 -
0 X 0 X

1 r(a)r(b +1)
G(a, b) = fo x4 1 (1 X)b dx m ln(aG(a, b)) = S(a, b)

X (—1\k
S(a,b) = Z w (a* + b* — (a + b)¥) = G(a,b) = zexp(S(a, b))

o* o 3pa1,8 o 9 512
I = da Zab4G(a b)|q=p=0 = 48[a’b*]e>, I, = 9a* ob? — G(a,b)|=p=0 —48[(1 b ]
{4)

S(a,b) = —{(2)ab + {(3)ab(a + b) — Tab(Za + 3ab + 2b?) + -

2

3
e =[a*h] (s A ) = 5(7) - 20@)4(5) ~ 24BN @) +5 L@ (3)

2
[a®b?]e® = [a®b?] (S +2 ) = 3¢(7) - ¢(2)4(5) - ¢(3)¢(4)
I = 48([a®b*]e® + [a®b?]e’)
- 48(8007) - 3(2)(5) - 4B @) + ;42X )|
= 3840(7) ~ 1447(2){(5) ~ 168((3)((4) + 24{(DH(3)

Substitute {(2) = %2, {4) = Z—::
2 - -
I =3840(7) - 144( )((5) - 168( >((3) + 24< )((3)
= 384{(7) — 247%{(5) — gn‘*{(S)

Solution 2 by Yang Silva Cartolin-Peru

1 1
log?(x)log*(1 — x) log?(x)log*(1 — x)
I =f dx +f
X 1-—x
0 0
I=%,+$
We will use the following generalization:
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Zn

o [n] o i)
logh(1-2) = (A ) Hlgn = (cippary =n—

n=A1 n=1

Where [ ] are the Stirling numbers of the first kind and H,, is the harmonic number

14 - H3_, —3H,_H® +2H®,
=>log4(1—z)=4-z n-1 1n 1 z

3

1084(1—2)=4§:(H"_%) 3("' ‘1)(”(2) 12)+2(H(3)_1) )

VA
n
Hi — 3H2 3H _1

H(z) _ Hn _ H(Z) 1

—-12 z z"+82
n

H® — =
log*(1-2) = 42

Therefore:
log?(x)log*(1 — x)
msy —f X
0
o g3 _3HR 3H, 1 1
£ = 42 nT n? n3fxn—1 log?(x) dx
n=1 n 0
B S o n -
n
_122 n n_n f n— 110g2(x)dx+8z—nfx"—llogz(x)dx
n=1 n 0 . 0
We know that: fxp log?(x) = ﬂ
. g - ( + 1)q+1
2
H3 - 3H2 3H HH(Z)_&_H() 1 o g _ 1
51_82 —242 n’_n_n +162—"3
n* n*

H, H(Z)
£ —82——24Z—+48Z——482——24Z
(2) (3)
+24Z

Where:
o H3
n —
E — =

(—34m*(3) + 80m?¢(5) + 3465((7))
2 2 had
> =61 -5 (an(S) O =

n=1

4 1.[2
6 = 505® ~ g 4O + K
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° 0 HD 1
Y = oo (2m%(3) + 80m2¢(5) — 7654(7))

n=1
- HP 5m? - HY) 5m?
Z T3+ () - 10«7)A; = 183(7) - 2 4(5)

Therefore:

2
& = % (—341:4((3) +80m2{(5) + 3465((7)) — 24 (6((7) - :—6 (11'2((3) + 6((5)))

4 2
+48 (— %((3) - %((5) + 4((7)) —487(7) — 1—10 (2m*¢(3) + 80m?¢(5) — 765¢(7))

t 512 512
+24 <4—5 (@) +—=¢05) - 10((7)) +16 <18((7) - T((5))
2t
$1=——54¢(3) - 16m%{(5) + 2404(7) -
ms, = fllogz (x)log*(1 — x) dx We do:1-x—x £, = j]ogz(l - ) log‘*(x) i

1-x X
0 0
Using the generalization mentioned above:

A=2 _ -
:logz(l—z)zzz "1z"=22 51 on
n=1

n
n=1
o 11

Therefore: &, = 2 Z nn nf x" 1log*(x)dx = 48
n=1 0

4 2
£ =48 (— OB (OR 3((7))

8m* )
2= — 75 ¢(3) — 8m*4(5) + 144((7) -
Thus:

4 4
I= (— 2%((3) —16m2¢(5) + 2405(7)) + (— %((3) — 8m2¢(5) + 144((7))
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2879. Find :
0 f x%/xIn(x) p
= | ——dx
xt+1
0
Proposed by Vasile Mircea Popa-Romania
Solution by Omkumar Rao-India
r xP T r xPInx
I(p)=fx4+1dx=4 . ((p+1)1t)’ I(p)=fx4+1dx
0 sin —4 0
) ? (p+Dm (p + Dm\\
I'(p) = —1—6cos — J\esel——7—
_N2+V2
5 ? 7 7m\\ > w? 2 ?
Q=I(E>=—RCOS<F>(CSC(?>) =_E—2_\/§ =R(2+\/§) 2+V2
4
2880. Find:

“°a* — b*
I = —— dx
.I;) cx — dx
Proposed by Zinadin Kebaili - Algeria
Solution by Samuel Adekunle Ajibade - Nigeria

0 (3 _ (B .
° G

ofB e = respectively

o)

) )

ol
oo
ol e

[ee)

I= f (a* — B Z @™ dx (Geometric series: |[@*| <1Vc>d
0 n=0

I=Zf0w(a"—s’<)<p“"dx

(Fubini — Tonelli Theorem justifed by absolute convergence)

I = Z f (eln((x)x _ eln(B)X) enln((p)xdX
n=0 0
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0]

1 1
I= Z ~ aln(e) T In(a) + nln((p) TInep) (Laplace Transforms)

1
1n(q>)z o+ 1ln((B% n+ llnga%
n(¢e n(¢e

1 °°_ 11 Lot 1
In(p)4 \n+1 n_l_llrrll((g% n+1 n+llllllg(o|3

Recall:
- 1 1
l|J(z)+y=nZ=0n+1 n+z
y is the Euler — Mascheroni constant, Y (z) is the digamma function
1 (@) n(«)
" @) ( ¥ (i) Y Y G <<p>)>
1 In(a) In(B)
" In(e) (lp (ln(cp)) - (ln(tp)))
ln((p) (w(10g4(@) - w(log,(B)))
Where:
abd 1
o= PP Erespectlve y
Valid:
Yc>a,b,d
2881. Find:
[ T mm?x)
- jo (x — 1x°

Proposed by Zinadin Kebaili - Algeria
Solution by Samuel Adekunle Ajibade - Nigeria
1 an (.X') 62 1 b a

=) G- = "oz ), 1-2%

(Leibniz's rule)
b=0
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32 ! ®
I= _Wj Z x"tb-a gy (Geometric series: |x| < 1
0 n=0

b=0

= 92 1
I=— Wf x"th=a dx (Fubini — Tonelli Theorem)
n=0 0 b=0
had 02 xn+b—a+1 had aZ 1
I=- =
ob’n+b—-a+1 ob’n+b—-a+1
n=0 0 lp=0 n=0 b=0

C 2
’*%m =vPa-o

I(@)=¢9p®P(1-a)
Va<1
Where: 1?)(z) is the Tetragamma function

Example: when a=%
1 1
Z)l=yp@(Z) = —
() =v®(3)= -1%®
2882. Find:

Y3
2

I= .f In(a? + b*tan®(x))dx
0

Proposed by Zinadin Kebaili - Algeria

Solution by Samuel Adekunle Ajibade - Nigeria

Y

T = 2
I= 'I;Z In(a? + b*tan?(x))dx = foz In (az (1 + (Z) tanz(x)>>dx

z z N
I= f In(a®)dx + f In(1+ (—)
0 0 a

I = win|a| + ] ---equation 1

J = f% In(1 + ctan?(x))dx {(Z)Z - c}

0

tan? (x)) dx
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tan?(x)

c 12—t d c %
— hd 2 — 7
J= jo jo 3¢ In(1 + ctan®(x))dx dc J;) J;) 1+ ctan’(@) dx dc

_f‘lf%1+ctan2(x)—1d d
J= 1 + ctan?(x) rac

J = f f 1+ ctan2 (x)) dxdc - (2)

Solving the inner integral,say K
T

n
2

e o) -5 s
A 1+ ctan?(x) * =32 o 1+ ctan?(x) o

lett=tan(x),dx=m,te[0,oo)
K== foo ! d
T2y A+cthH(1+t2) o

K—n+ 1 j‘”( c 1 )d
“271-c), ¥z 1+2)

k=4l (Ve o - tan1(0)|
0
T m+c— T (x/E - c>

K=5+t31=¢ :E 1—c

Solvmg for ] from equation 2
“Ve-c f 1-+c e
00(1—0) \/—(1 Vo)(1 +e)

_E-fo \/E(1+\/E) a

1
letu=1++c,du=—=dc,uc€[1,1++/c]
2+/c

] = nfllh/z%du =miln(1+ Vc) - {<§)z — C}

b
J= nln(l +H> = nrin(|a| + |b|) — win|a|

Expressing from I equation 1
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I = min(|al + |b])

Va,b € R
2883. Find:

1

AN\ a2
] 1 — [[;=1(cos kx)K3
Q = lim 5
x—0 X
Proposed by Omkumar Rao-India
Solution by proposer

Alx) = n(cos kx)k3 — InA(x) = Z ln(cos kx)

k=1

_q_ .t 6
= coskx=1 2'+4'+0(x)
x?
:ln(1+x)—x—?+0(x3)
2

x2 x*
X — ——

2! + 4!
K2x2 kAt 1/ K2x? Kxt)

_ 6
In(cos kx) = (— 20 + 20 >_E< 20 + 20 ) + 0(x®) = In(cos kx)
k%x? [Kk*x*

_ 6
- > ) 12 + 0(x®)
21 xt x’H, n(n+1)

- _= E -z § 6) — _ _ 4 6

InA(x) zk_k 12_k+0(x) > T +0(x%) = A(x)

1
< x Hn n(n+1) 4+0(x6)>
2

x
=e*=1+x+—-+0(x3)

2
x*H, nn+1) 1/ x%H,\’
= — — 4 | — n 6
A(x) 1+< > 24 x>+2< > >+0(x)
x*H, n(n+ 1)
—1_ 2.4 6
1 > 21 (Hn) x* 4+ 0(x®)

107
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2 nn+ 1)) 0% = 1-A4(x)

1-4G) =20yt (1(Hn)2—

2 24 x2
H, nn+1) 1-Ax)
- 7 - ( (H.)? - —, ) +0(x*) ( pra B(x)>

=>lnﬂ=)lci_1>1})<lnf(x)> — B(x )_7" 1—x2(%—n(1nz—lf)+0(x4))

= InB(x) =1n (%) +1n (1 — x? (% - %) + 0(x4)>

InB(x) =1n (%) + <—x2 (% — n(anI-I;nl) + 0(x4)>

X2 (ﬂ _n(n+ 1))
4 12H,
H, n(n+1))

+0(x?)

ﬁﬂ:e(‘l 12Hn

2884. Find:

_ = (cosx)Z"
i ([ T) | 5"

Proposed by Omkumar Rao-India
Solution by proposer

ZZn(n|)2
P - ’ n B
" x_ 1Zk 1 Qx 2k+1 Pn (2n)!
n

= Stirling Approximation:n! = (e) 2ntn =
2

n ((M\"
p, 2 E) Vo)
(5) vam
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r (cos x)2"
[l

dx = Since |cos x| < 1, (cos x)?" - 0 everywhere except cos x

= +1,i.e. x = mm.The relevant points are x = 0,w, 2m, 3m.
Asn — oo, all the area of the integral collapses onto tiny spikes at each mm.

dx = lim

n—oo

x> mm+x = lim dx =

n—oo

oo +4

(cos x)%m (cosx)*"
J S [ S
+8

. 2n 2 2n
xz . 1— x_ — e—nx2
=) f (177 ) dx=m\" 2 =

m=0_g§ asx - 0,n—- o

2885. Find :
1

xn
Q=1lim|n dx
n—oo ,f 1+ xn
0
Proposed by Vasile Mircea Popa-Romania

Solution by Omkumar Rao-India

P 1 -

N 1
RS i =1
. n 1+y

0
Dominated Convergence Theorem

1
xn

1
Q=1
n‘l?o f T x
0

1
)dxzf dx=1n2
X 1+x
0

x:

Il
o ——
/
WY
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2886. Prove that:

NS

In(cos(x)) T
Ofxz + (In(cos(x)))? x_E( —log;(e))

Proposed by Omkumar Rao-India
Solution by proposer

: P

In(cos(x)) B In(cos(x)) _
f x2 + (In(cos(x)))? dx = J x 7 =
0 o1+ (ln(COS(x)))

x tan(x) x tan(x)

fln(cos(x)) (In(cos(x)))? (ln(cos(x)))2
0

(ln(COS(x)))
> x tan(x) 7 x tan(x)
fln(cos(x)) (ln(c:os(x)))2 dox — J' (In(cos(x)))? _dx=
° (ln(COS(x))> 0 (ln(COS(x)))
z 4 (s z
_ ln(cos(x)) j‘ x tan(x) B
B f 1 dx — x2 + (In(cos(x)))? =
’ " (ln(cos(x))) : —In(cos(x)) —x
~ < l(e—x) B
- [tan 1 ln(cos(x)) fxz + cos~1(e~%) dx =

0

f e Y*sin (y(cos‘l(e"‘))) dy |dx =
0

- g — f (j xY 1sin (y(cos‘l(x))) dy) dx =

Now by parts

[ 1
f kf x? cos y(cos 1(x))) dx} dy =
0 \0

Il
N|=I
—

e X >x
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T

= g _ f /f(cos(x))y cos(yx)dx |dy = g— fﬁR (! (cos(x))?e* dx | dy

I\ J
\s

z
f((cos(x))z + isin(x) cos(x))” dx/
0

I
NS
|
o\‘g
=

2y

e i

Y3
2
1
R — 1+e2’x)ydx/ y
0

I
N[ {
I

LN
o))

S —— i3
N~
[\4‘<

e
I
N[
|
°—3 &

j=o

I
N[ {
I

= Z(1-log,(e))

2y+1dy_5 21n(2) 2

2887. Find a closed form:
- H
S = Z S L
n3(n+1)3
n=1
Proposed by Omkumar Rao-India

Solution by proposer
1 1 1 3 3 6 6

n3(n+1)3:$_(n+ 1)3_F_(n+1)2 n n+1

n _ k_E_ k
> -y (Y1)~ (Y)Y ew
n=1 k=1

- H, <~ H,
:’;W‘;(nﬂ)f‘(”
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1

Z (n+ 1)2 ZHkk_Zﬁ= <Z (Z;z - 1)_ ¢B3)-1) =

- H, - H,
= ;(n)z —{®)= ;m T2

Z‘” H, Z“’ H,

- — 2
n n+1 ¢2)
n=1 n100

H, H,
Z ndm+1)3 {4)-6 , ()2 +3¢(3) +64(2) =

4- 2
={(4) +37(3) + 6¢(2) — 6(2¢(3)) = z(4) +6¢(2) —9(3) = 55 +6 (”6 ) 9¢(3)

o)

H, nt 0(3
;n3(n+1)3 9o T ~ NG

2888. Find:

0 fx3tan‘1xd
= | —dx
8 +xt+1

0

Proposed by Vasile Mircea Popa-Romania
Solution by Omkumar Rao-India

o)

3 1 oy T 1
j‘x tan 1 x ,.,j‘fx ——tan — 4
—_dx = X
x8+xt+1 x8+x4+1
0 o 0 ¥
T
2Q =

*rm
= dx = —
2fx8+x4+1 . 8_fx2+x+1
0 0

o)

Q_nf 1 dx = <Zn>
“16) 2+x+1" " 16\3v3
0
w23
72
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2889. Find:

I = ff JX + 2y + 3z dxdydz
0

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Samuel Ajibade-Nigeria

i . n — 1 n+1
Basicrule: [(ax + b)" dx = ey (ax + b)**1+C

1 1
zzmm dxdydzzgj (14 2y +32)% — (2y+ 303 ] dy dz
0 0

1
21
I= § gf (3-|-32)2—(1+3Z)2—(2+32)2_(32)2]
0
I = 2 2 6 32 4_2_|_1 52+22+32
15 21( )

= E(zmx/é — 1255 +8V2 —127)

2890. Evaluate:

1 1 1 1 1 1 1
S=pTm mtuta T st =;m
+1, k= 0,3(mod 4) B
-1, k=1,2(mod 4)
Proposed by Omkumar Rao-India

where: g, = {

Solution by proposer
1

1 1 (p=2k+1)
i —Efx”‘l(lnx)3 dx =
0
w 1
S = Zsk ——f x%k(Inx)3dx | = ——f(lnx)3 <Zs x”‘) dx
k=0 0 k=0
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®© Let x2=m
Zskx2k=(1—x2—x4+x6)+(x8—x1°—x12+x14)+--- =
k=0
(1 —-m)? (1+m) 1 — x?
o — a2 3 4 8 o ...
A-m-m*"+m’)Q1+m*+m® +...) = 1 —mt =114
1 1 1
1 1 — x? (Inx)3 x%(Inx)3
__= 3 _AC — _ |2
S 6<f(lnx).1 x4dx>: 6S 1_|_x4dx J 1+t dx
0 0 0
A B
ol o
x%(In x)3 X (Inx)3
X = — dx =
p - [l
0
Inx)3 Inx)3 Inx)3
_65=f( ) L R CE
1+ x*
. 0
xb —-1<b<3 T 1
— ~ N 111(0)
J(b) f 1_+x4d" = (n(b+1))'5 J
4 sin —
o = <Tt(b + 1)) <1t(b + 1)>
——csc — )=

0= 2 (2 () 52
oo 2)] -

t w(b+1) n(b+1)
mb) — - 7 - -
Ji 256csc( 4 >cot< 4
11V2n? 1 11/2n*
oy — _ — _ ey - 12VET
J 256 5~ "¢/ 1536
1 1 1 1 1 1 1 1 o g 11v2m*
S - _|_ - + - — + _|_ coo = z =
14 3% 5%t ' 7494 114 134 154 £ (2k+1)* 1536
2891. Prove that:
f xZ d j yZ . j ZZ d .
Z e —
(X% + 4)2 162 +252 7 1) 52+ 1002
0

7.,'.2

3
24 (n 3 cothmw + n)

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Omkumar Rao-India

K ——f—x d :(k=n?+1)
n_nz (x2+k2)2 X : =n
0
x—ktanx H
K, = —f(sinx)zdx=L
n kn? 4n2(nz2 + 1)

0

S_i 14 o 2 i 1
S Lian2(n?+1) 4\ 6 nz+1

n=1
cotx——+z:x2

Z 1 _ncoth(n)—l
nz+1 2
n=1

<1t2 1 coth(m) — 1)

x—»m’

= coth(m) ——+ Zn2+1

6 2

s==C —”2( 3 coth +3)
—4 —247T CcO Vi3 -

2892. Find :

arctan(2) 3 tan(x) -1
fo 4cos?(x) + sin%(x)

Proposed by Henry Yang-Bangladseh
Solution by Chew Seong Cheong-Malaysia

4cos2(x) + sin?(x) *-sec? (x) -
B j‘a“ta“(z) (3 tan(x) — 1)sec?(x) dy — fz 3t—1
A 4 + tan?(x) 4+ 2

j-arctan(Z) 3 tan (x) -1 sec? (x')
0

dt =

—fz 3t dt fz 1 dt—gl (4 + t?) ! t (t)|2—
AV EY? ,arezt T2l 23N\ 2)l0 T

3 1/ 3 T
= > (n(8) —In(4)) - 5 (Z _ o) =>In@) -3

2893. Find:
1,3i _ x—%
—dx
jo In(x)

Proposed by Henry Yang-Bangladesh
Solution by Chew Seong Cheong-Malaysia
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Using the following Frullani's integral:
. flx“—xbd 0 (a+1)
- o In(x) r=m b+1
valid for a,b € Cwith R(a),R(b) > —1 we have:
_ i
Ix3i—x73 3i+1 3(1 + 3i)
f ————dx=1In - =In({————]=
o In(x) _% 11 3—-i
3(1+3i)(3 +1i) 3(10i) ,
—ln< G-DGB ) =1In 10 =1In(3) +In(i) =

=In(3) +1In (e‘g) =1In(3) + ig
2894. Letbe: D; = {(x, )0 <x<1; 0<y<2Vx}

D,={(x,y)11<x<2 x—1<y<3-x}, D=DyND,. Find:

1
Q= dyd
_U(x+y+1)2 yax
D

Proposed by Nicole De Rosa-Italy

Solution by Shirvan Tahirov-Azerbaijan
3 et e | £(x)e%

. The vertical line extends up ward from y =0 toy = 2\/x
that is,it is bounded by them :
= The vertical line extends up ward from y=x—1 to
y =3 —x that is,it is bounded by them :
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Let us calculate the given integral using Fubini's theorem

j: fklf(x,y)dydx = f: (J:f(x,y) dy> dx
1 (2Vx 1 2Vx
Q, =f0 fo mdydx=j0 (Jo —(x+yl+ 1)2dy>dx=

1 1 2Vx 171 1
=f0<[_x+y+1 0 >dx=L<1+x_(1+\/;)2>dx=

=({n(2)—2In(2)—1) - (In(1) —2In(1)) =1 —-1In(2)
2 ~r3—x 1 2 3—x 1
Q, = fl fx—l —(x_|_y_|_1)2dydx=J1 <L_1 —(x+y+1)2dy>dx=

[ (Frmrss Dae [ (ra)es-

_ 1 In@2) <_1 ln(1)> 1 In(2)

2t 2 2T 2 2t 2

I
Q=0,+0,=(1-In@2)+ (—%+ “§Z)> - %—%ln(z)

2895. Prove that:
j e—(lnx)za dx = 1 r (a T Za)
— r2n+1)

Proposed by Omkumar Rao-India

0

Solution by proposer

[oe)

In x-x
.I- e~ g, =5 f e~ %" X dx = f e_(x)Za(ex +eX)dx =

o . oo 1 [ee] )
= Zf e~ (? cosh(x)dx =2 E mf x2ne— (0% gy
0 0
2a

[ee] x Sx (o]
fxzne‘(")zadx = ifxa 7)1 "‘dx—lf‘<n 1)
2a 2a \a 2a

0 0

0 o0 n 1

f e—(lnx)za dx = 1 g (E i ﬁ)
aly r2en+1)

n=

0

2896. Prove that:

© Kk = .
p*sin kx _+( psin(x) 5
B oo <
z . tan (1—pcos(x) [0<x<2m,p*<1]
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(o]

cos kx 1
z—p P =—Eln(p2—2pcosx+1) [0<x<2m,p*<1]

OO

z 2" sin(2k — Dx lt _, (2psin(x)
1—p?

2 <
2k — 1 =5 tan [0<x<2m,p*<1]

Proposed by Omkumar Rao-India
Solution by proposer

[ee] k . .
p*sin kx . psin(x) )
_— = _— <

E . tan <1—pcos(x) 0<x<2m,p*<1]

ix\k
Z p¥ sin kx iz (pe™) } _ Im{-In(1 — pe'®)}

1- pe‘x =(1—-pcosx)+i (—psinx)
Real part

~—~———
Imaginary part

i o4 —psin(x) \ _ psin(x)
arg(1—pe™) = tan™! <m> =t <1 - pcos(x)>

Im{—In(1 — pe™*)} = —arg(1 — pe™*) = — [_ tan-1 < p sin(x) )l

1 —pcos(x)
— tan-1 [P sin(x)
- 1 —pcos(x)

cos kx 1
E:pT:——ln(pz—chosx+1) [0<x<2m,p?<1]
coskx eix)k i i
: :p { (p ) } SR{—ln(l—pe”‘)}= _lnll_pelxl

1
=—In (\/1—2pcosx+p2) = —Eln(p2 —2pcosx+1)

O 2k-1 ¢ .
p sinRk—1)x 1 (2P sin(x) )

— <
kil k1 ———Ztan o7 7 0<x<2m,p*<1]

' S ()

1-y

0 2k-1 i .
p sin(2k—1)x 1 1+ pe 1 » N
Z 2k—1 =Im 7In{ 31— pe ) T2 Im{In(1 + pe'™*) — In(1 — pe™*)}

Im{—In(1 — pe™*)} = —arg(1 — pe™) =
— _|—tan-1(_P sin(x) . psin(x)
- o1 pcos(x)/| o1 - p cos(x)
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. , p sin(x)
ix — X)) — -1y - - =
Im{In(1 + pe'*)} = arg(1 + pe™*) = tan <1 T p cos(x)>
1 p sin(x) p sin(x)
= — -1 _- - > -1 - 7 =
2 ltan (1 +p cos(x)) +tan <1 — p cos(x)
p sin(x) p sin(x)
1 1+pcos(x) ' 1—pcos(x)
= —tan - :
2 1- ( p sin(x) p sin(x) )
1+ pcos(x) 1 —pcos(x)
2psinx
1 1 — p%(cos x)? 1 2p sin(x)
P | _ Tgan-1 (2P
_Ztan 1_p2 Ztan 1_p2

1 — p?(cos x)?
2897. Evaluate:

42k a2k N
S_IZIT(E) ;a,beR",0<ac<b.

Proposed by Omkumar Rao-India
Solution by proposer

S )

b

2898. For any positive integer k > 1, find:

S(k)ZZZmn(m-T—n+k)

n=1m=1

Solution by Omkumar Rao-India
Solution by proposer
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S(k) = Z mn(m +n+k) (k=1)

1m=1
1 1

S(k) = i% i n%f xmintk-1 gy — 0Jx"‘l(ln(l —x))%dx

I'(l)T'(s)
" ds Z(B(k )= gs 2<I‘(k+.:)>

1
2
() = % l f A 1(In(1 — x))? dx

0

S(k) = [E((',?i(ss)) WD) Dk +5) + (W) — Pl + s))z}l
s=1 T(k H(Z) HZ
$00'2 s (O ~ 900+ 1)+ (9D ~ lko+ D)) = T

Z Z H(Z) + H2
mn(m+n+k) k

n=1m=1

2899. Find a closed form:

.f (In x)2%V/x
= X
x2+1(x+1)
Proposed by Omkumar Rao-India
Solution by proposer
2

r (In x)%/x xox r (In x)%x?2
f £

| G DG e J D F D T

B |/1 (In x)2x? i (In x)?x? 4 \|
=8| J G DE D “1 G+ DA+ D) x/|
1

1 1
2.2 52 2
K:16f( (Inx)7x dx —8f 1 (lnx)zdx 8f(lnx) dx
0

x*+ 12+ 1) x2+1
0 0
1 1 1
x2+1 (In x)%x? (In x)? (ln x)? a*(P(m,n))
f (Inx)?dx = x = dx =
1 xt+1 xt+1 om?
0 0 0 0
1
x—>§
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[ee]

xm (4
P(m,n) = Of PR S, (n(mn+ 1))
K = <P"(o 4) — 1;—2) 8 (3\22;” g) —(3\/2 4)
[ (nx2/x (3 VZ-4)

(x2 +1)(x+ 1)

2900. Find:
o 3k3+2k+1
k=1 (3k+1)2k3

Q=3

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Nawar Alasadi-Iraq

waen = (o)
k=

[ee)

Y1(1+2) (k-:z)z
1 T om 3
v(3) = Y=o 23
3k3+2k+1
Q

— (Bk + 1)2k3

k
_i(1 4 15 45 6 )
& \kB kP ko 3k+1 (Bk+1)?
-1 w1 1 2% 1
:ZF_4ZF 1SZ(E_k+1/3)_§ s (ke +1/3)?
k=1 k=1

= ¢(3®) - 4@ +15(y (;) +y)- 5% (g)

~c-a(T) 15 (w(3) +3+7)-5(m:(3)-9)

= 1@ -2 15 (-5 T3 3 4) -2 (0 (5) )
=((3)—21 45—#—475 In3 ——1/)1(1)+6
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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