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2801. Find: 
 

∫
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙(𝟏 + 𝒄𝒐𝒔𝒙)

𝝅
𝟔

𝟎

𝒅𝒙 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒄𝒐𝒔𝒙 = 𝒖 𝒕𝒉𝒆𝒏 𝒔𝒊𝒏𝒙𝒅𝒙 = −𝒅𝒖 

 𝒂𝒏𝒅 𝒙 = 𝟎 → 𝒖 = 𝟏 , 𝒙 =
𝝅

𝟔
→ 𝒖 =

√𝟑

𝟐
 

∫
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙(𝟏 + 𝒄𝒐𝒔𝒙)

𝝅
𝟔

𝟎

𝒅𝒙 = −∫
𝒅𝒖

𝒖(𝟏 + 𝒖)

√𝟑
𝟐

𝟏

= ∫
𝒅𝒖

𝒖(𝟏 + 𝒖)

𝟏

√𝟑
𝟐

= ∫
(𝟏 + 𝒖) − 𝒖

𝒖(𝟏 + 𝒖)

𝟏

√𝟑
𝟐

𝒅𝒖 = 

 

= ∫
𝒅𝒖

𝒖

𝟏

√𝟑
𝟐

− ∫
𝒅𝒖

(𝟏 + 𝒖)

𝟏

√𝟑
𝟐

= (𝐥𝐧𝒖 − 𝐥𝐧(𝟏 + 𝒖))
√𝟑
𝟐

𝟏 = 𝐥𝐧
𝟐 + √𝟑

𝟐√𝟑
 

 
2802. Find: 

∫
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙(𝟏 + 𝐬𝐢𝐧𝟐𝒙)
𝒅𝒙

𝝅
𝟔

𝟎

 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒄𝒐𝒔𝒙 = 𝒖 𝒕𝒉𝒆𝒏 𝒔𝒊𝒏𝒙𝒅𝒙 = −𝒅𝒖  

𝒙 = 𝟎 → 𝒖 = 𝟏, 𝒙 =
𝝅

𝟔
→ 𝒖 =

√𝟑

𝟐
 

∫
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙(𝟏 + 𝐬𝐢𝐧𝟐𝒙)
𝒅𝒙

𝝅
𝟔

𝟎

= ∫
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙(𝟐 − 𝐜𝐨𝐬𝟐𝒙)
𝒅𝒙

𝝅
𝟔

𝟎

= −∫
𝒅𝒖

𝒖(𝟐 − 𝒖𝟐)

√𝟑
𝟐

𝟏

= 

 

= ∫
𝒅𝒖

𝒖(𝟐 − 𝒖𝟐)

𝟏

√𝟑
𝟐

=
𝟏

𝟐
∫
𝒖𝟐 + (𝟐 − 𝒖𝟐)

𝒖(𝟐 − 𝒖𝟐)

𝟏

√𝟑
𝟐

𝒅𝒖 =
𝟏

𝟐
∫ (

𝒖

(𝟐 − 𝒖𝟐)
+
𝟏

𝒖
)𝒅𝒖

𝟏

√𝟑
𝟐

= 

 

= −
𝟏

𝟒
(𝐥𝐧(𝟐 − 𝒖𝟐))

√𝟑
𝟐

𝟏 +
𝟏

𝟐
(𝐥𝐧(𝒖))

√𝟑
𝟐

𝟏 =
𝟏

𝟒
𝐥𝐧
𝟓

𝟒
−
𝟏

𝟐
𝐥𝐧
√𝟑

𝟐
=
𝟏

𝟒
𝐥𝐧
𝟓

𝟒
−
𝟏

𝟒
𝐥𝐧
𝟑

𝟒
=
𝟏

𝟒
𝐥𝐧
𝟓

𝟑
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2803. Find: 

∫ 𝐜𝐨𝐬𝟐(𝒙) (𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐜𝐨𝐬(𝐱)) + 𝐜𝐨𝐬(𝐱) 𝐬𝐢𝐧𝟐 (

𝛑

𝟐
𝐬𝐢𝐧(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 

Proposed by Neculai Stanciu-Romania 
Solution by Mais Hasanov-Azerbaijan 
 

𝑰 = ∫ 𝐜𝐨𝐬𝟐(𝒙) (𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐜𝐨𝐬(𝐱)) + 𝐜𝐨𝐬(𝐱) 𝐬𝐢𝐧𝟐 (

𝛑

𝟐
𝐬𝐢𝐧(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 = 

= ∫ 𝐜𝐨𝐬𝟐(𝒙)(𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐜𝐨𝐬(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 +∫ 𝐜𝐨𝐬𝟐(𝒙) (𝐜𝐨𝐬(𝐱) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐬𝐢𝐧(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 

𝑰 = 𝑰𝟏 + 𝑰𝟐. 𝑼𝒔𝒊𝒏𝒈 𝑲𝒊𝒏𝒈 𝑹𝒖𝒍𝒆  ∫ 𝒇(𝒙)𝒅𝒙
𝒂

𝒃

= ∫ 𝒇(𝒂 + 𝒃 − 𝒙)
𝒂

𝒃

𝒅𝒙 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏  𝒙 =
𝝅

𝟐
− 𝒕   𝒅𝒙 = −𝒅𝒕  

𝑰𝟏 = ∫ 𝐬𝐢𝐧𝟐(𝒕)

𝝅
𝟐

𝟎

𝐜𝐨𝐬(𝐭) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐬𝐢𝐧(𝐭))𝐝𝐭, 𝑰𝟐 = ∫ 𝐬𝐢𝐧𝟑(𝒕)𝐬𝐢𝐧𝟐 (

𝝅

𝟐
𝐜𝐨𝐬(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 

𝟐𝑰 = ∫ 𝐬𝐢𝐧𝟐(𝒙) (𝐜𝐨𝐬(𝒙) 𝐬𝐢𝐧𝟐 (
𝝅

𝟐
𝐬𝐢𝐧(𝒙)) + 𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (

𝝅

𝟐
𝐜𝐨𝐬(𝒙)))𝒅𝒙

𝝅
𝟐

𝟎

+∫ 𝐜𝐨𝐬𝟐(𝒙)(𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐜𝐨𝐬(𝐱)) + 𝐜𝐨𝐬(𝐱) 𝐬𝐢𝐧𝟐 (

𝛑

𝟐
𝐬𝐢𝐧(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 = 

= ∫ 𝐬𝐢𝐧(𝒙)

𝝅
𝟐

𝟎

𝐬𝐢𝐧𝟐 (
𝝅

𝟐
𝐜𝐨𝐬(𝐱))𝐝𝐱 + ∫ 𝐜𝐨𝐬

𝛑
𝟐

𝟎

(𝒙)𝐬𝐢𝐧𝟐 (
𝝅

𝟐
𝐬𝐢𝐧(𝐱))𝐝𝐱 { 𝐱 →

𝛑

𝟐
− 𝐱} 

𝑰 = ∫ 𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝝅

𝟐
𝐜𝐨𝐬(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

→ {
𝝅

𝟐
𝐜𝐨𝐬(𝒙) = 𝒕 

𝒅𝒕

𝒅𝒙
= −

𝝅

𝟐
𝐬𝐢𝐧(𝒙)} 

𝑰 =
𝟐

𝝅
∫ 𝐬𝐢𝐧𝟐(𝒕)

𝝅
𝟐

𝟎

𝒅𝒕 =
𝟏

𝝅
∫ 𝒅𝒕

𝝅
𝟐

𝟎

−
𝟏

𝝅
∫ 𝐜𝐨𝐬(𝟐𝒕)

𝝅
𝟐

𝟎

𝒅𝒕 =
𝟏

𝟐
−
𝟏

𝝅
[
𝟏

𝟐
𝐬𝐢𝐧(𝟐𝒕)]

𝟎

𝝅
𝟐
=
𝟏

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫ 𝐜𝐨𝐬𝟐(𝒙) (𝐬𝐢𝐧(𝒙) 𝐬𝐢𝐧𝟐 (
𝛑

𝟐
𝐜𝐨𝐬(𝐱)) + 𝐜𝐨𝐬(𝐱) 𝐬𝐢𝐧𝟐 (

𝛑

𝟐
𝐬𝐢𝐧(𝐱)))

𝝅
𝟐

𝟎

𝒅𝒙 =
𝟏

𝟐
 

 
2804. Prove that: 

 

∫
𝟐(𝟐𝒔𝒊𝒏𝒙 + 𝟑𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅
𝟐

𝟎

> 𝜋 

 
Proposed by Neculai Stanciu-Romania 
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Solution by Tapas Das-India 

𝑳𝒆𝒎𝒎𝒂:∀ 𝒙 > 0, 𝐥𝐧(𝟏 + 𝒙) >
𝒙

𝟏 + 𝒙
  

 𝑷𝒓𝒐𝒐𝒇: 𝒍𝒆𝒕 𝒇(𝒙) = 𝐥𝐧(𝟏 + 𝒙) −
𝒙

𝟏 + 𝒙
   

𝒇′(𝒙) =
𝟏

𝟏 + 𝒙
−

𝟏

(𝟏 + 𝒙)𝟐
=

𝒙

(𝟏 + 𝒙)𝟐
> 0 𝑠𝑜 𝑓(𝒙) 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈, 𝒇(𝟎) = 𝟎 

 𝒂𝒏𝒅 𝒇(𝒙) > 𝑓(𝟎) 𝒐𝒓, 𝐥𝐧(𝟏 + 𝒙) −
𝒙

𝟏 + 𝒙
 > 0 𝑜𝑟, 𝐥𝐧(𝟏 + 𝒙) >

𝒙

𝟏 + 𝒙
  (𝟏) 

𝐥𝐧
𝟑

𝟐
= 𝐥𝐧 (𝟏 +

𝟏

𝟐
) >
(𝟏)

𝟏
𝟐

𝟏 +
𝟏
𝟐

=
𝟏

𝟑
 (𝟐) 

𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝟏𝟎 >
𝟔𝟔

𝟕
= 𝟑 ×

𝟐𝟐

𝟕
= 𝟑𝝅 (𝟑) 

𝒍𝒆𝒕 𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = 𝒎(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) + 𝒏.
𝒅

𝒅𝒙
(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) 

 
  𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = 𝒎(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) + 𝒏(𝟑𝒄𝒐𝒔𝒙 − 𝟐𝒔𝒊𝒏𝒙) 

 
 𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = (𝟑𝒎− 𝟐𝒏)𝒔𝒊𝒏𝒙 + (𝟐𝒎+ 𝟑𝒏)𝒄𝒐𝒔𝒙 

 
 𝒄𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒔𝒊𝒏𝒙 & 𝑐𝑜𝑠𝑥 𝑤𝑒 𝑔𝑒𝑡  

𝟐𝒎+ 𝟑𝒏 = 𝟔, 𝟑𝒎 − 𝟐𝒏 = 𝟒 , 𝒔𝒐𝒍𝒗𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 𝒎 =
𝟐𝟒

𝟏𝟑
, 𝒏 =

𝟏𝟎

𝟏𝟑
 

 

∫
𝟐(𝟐𝒔𝒊𝒏𝒙 + 𝟑𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= ∫
(𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= 

 

= ∫

𝟐𝟒
𝟏𝟑
(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) +

𝟏𝟎
𝟏𝟑
(𝟑𝒄𝒐𝒔𝒙 − 𝟐𝒔𝒊𝒏𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= 

 

= (
𝟐𝟒

𝟏𝟑
𝒙 +

𝟏𝟎

𝟏𝟑
𝐥𝐧|𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙 |)

𝟎

𝝅
𝟐
=
𝟏𝟐𝝅

𝟏𝟑
+
𝟏𝟎

𝟏𝟑
𝐥𝐧
𝟑

𝟐
>

(𝟐)& (𝟑)

 
𝟏𝟐𝝅

𝟏𝟑
+
𝟑𝝅

𝟏𝟑
.
𝟏

𝟑
=
𝟏𝟑𝝅

𝟏𝟑
= 𝝅 

 

2805. Find: 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

(
√(𝒏 + 𝟏)!

𝒏+𝟏

𝒏 + 𝟏
−
√𝒏!
𝒏

𝒏
) 

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
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Solution by Amin Hajiyev-Azerbaijan 
 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

√𝒏
𝒏 ! (

√(𝒏 + 𝟏)!
𝒏+𝟏

𝒏 + 𝟏
−
√𝒏!
𝒏

𝒏
) = 𝐥𝐢𝐦

𝒏→∞
𝒏𝑺𝒏(𝑺𝒏+𝟏 − 𝑺𝒏) 

 𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒌 𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆 𝒐𝒇 √𝒏!
𝒏

 

√𝒏!
𝒏

= 𝒆
𝟏
𝒏
𝐥𝐧(𝒏!) =  𝒆

𝟏
𝒏
∑ 𝐥𝐧(𝒌)𝒏
𝒌=𝟏 → ∑ 𝐥𝐧(𝒌)

𝒏

𝒌=𝟏

= 𝒏 𝐥𝐧(𝒏) − 𝒏 +
𝟏

𝟐
𝐥𝐧(𝟐𝝅𝒏) + 𝑶(𝟏) 

√𝒏!
𝒏

= 𝒆
𝐥𝐧(𝒏)−𝟏+

𝟏
𝟐𝐧
𝐥𝐧(𝟐𝝅𝒏)+𝐎(

𝟏
𝐧
)
=
𝐧

𝐞
(𝟏 +

𝐥𝐧(𝟐𝝅𝒏)

𝟐𝐧
+ 𝑶(

𝟏

𝒏
)) 

𝑺𝒏 =
√𝒏!
𝒏

𝒏
~
𝟏

𝒆
 

𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒂𝒍 𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒌 𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉: 

        To evaluate the difference 𝑺𝒏+𝟏 − 𝑺𝒏 where 𝑺𝒏 =
√𝒏!
𝒏

𝒏
 , we consider the continuous 

         function:   𝒇(𝒏) =
𝟏

𝒆
(𝟏 +

𝐥𝐧(𝟐𝝅𝒏)

𝟐𝒏
) 

𝑴𝒆𝒂𝒏 𝑽𝒂𝒍𝒖𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎: 𝑺𝒏+𝟏 − 𝑺𝒏 ≈
𝒅

𝒅𝒏
𝒇(𝒏) =

𝟏 − 𝐥𝐧(𝟐𝝅𝒏)

𝟐𝒆𝒏𝟐
 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

𝒏𝑺𝒏(𝑺𝒏+𝟏 − 𝑺𝒏) = 𝐥𝐢𝐦
𝒏→∞

𝒏

𝒆
(
𝟏 − 𝐥𝐧(𝟐𝝅𝒏)

𝟐𝒆𝒏𝟐
) =

𝟏

𝟐𝒆𝟐
𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏
−
𝐥𝐧(𝟐𝝅)

𝒏
−
𝐥𝐧(𝒏)

𝒏
) = 

=
𝟏

𝟐𝒆𝟐
(𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
− 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(𝟐𝝅)

𝒏
− 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(𝒏)

𝒏
) = 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

(
√(𝒏 + 𝟏)!

𝒏+𝟏

𝒏 + 𝟏
−
√𝒏!
𝒏

𝒏
) = 𝟎 

2806. Find: 

𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

)√(𝟐𝒏 − 𝟏)‼
𝒏

𝐬𝐢𝐧
𝝅

√𝒏!
𝒏  

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
 

Solution by Amin Hajiyev-Azerbaijan 
 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

)√(𝟐𝒏 − 𝟏)‼
𝒏

𝐬𝐢𝐧
𝝅

√𝒏!
𝒏  

𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂:  𝒏! ≈ √𝟐𝝅𝒏 (
𝒏

𝒆
)
𝒏
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√𝒏!
𝒏

= (𝒏!)
𝟏
𝒏 = 𝒆

𝟏
𝒏
𝐥𝐧(𝒏!) = 𝒆

𝟏
𝒏
∑ 𝐥𝐧(𝒌)𝒏
𝒌=𝟏  

∑𝐥𝐧(𝒌)

𝒏

𝒌=𝟏

= 𝒏 𝐥𝐧(𝐧) − 𝐧 +
𝟏

𝟐
𝐥𝐧(𝟐𝝅𝒏) + 𝑶(𝟏) 

√𝒏!
𝒏

≈
𝒏

𝒆
(𝟏 +

𝐥𝐧(𝟐𝝅𝒏)

𝟐𝐧
)~

𝒏

𝒆
→ √(𝒏 + 𝟏)!

𝒏+𝟏
~
𝒏 + 𝟏

𝒆
 

√(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

~
𝒏 + 𝟏

𝒆
−
𝒏

𝒆
=
𝟏

𝒆
 

√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝟏 • 𝟑 • 𝟓 • … • (𝟐𝒏 − 𝟏) =
(𝟐𝒏)!

𝟐𝒏𝒏!
 

𝒏! ≈ (
𝒏

𝒆
)
𝒏

 , (𝟐𝒏)! ≈ (
𝟐𝒏

𝒆
)
𝟐𝒏

→ (𝟐𝒏 − 𝟏)‼ ≈
(
𝟐𝒏
𝒆 )

𝟐𝒏

𝟐𝒏 (
𝒏
𝒆)
𝒏 ≈ (

𝟐𝒏

𝒆
)
𝒏

 

√(𝟐𝒏 − 𝟏)‼
𝒏

≈
𝟐𝒏

𝒆
 

𝐬𝐢𝐧 (
𝝅

√𝒏!
𝒏 ) = 𝐬𝐢𝐧(𝒂𝒏) 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = 𝟎 → 𝐬𝐢𝐧(𝒂𝒏)~𝒂𝒏  

𝐬𝐢𝐧 (
𝝅

√𝒏!
𝒏 )~

𝝅

√𝒏!
𝒏 ~

𝒆𝝅

𝒏
 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒆
.
𝟐𝒏

𝒆
.
𝒆𝝅

𝒏
) = 𝐥𝐢𝐦

𝒏→∞

𝟐𝒆𝝅

𝒆𝟐
=
𝟐𝝅

𝒆
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) √(𝟐𝒏 − 𝟏)‼
𝒏

𝐬𝐢𝐧 (
𝝅

√𝒏!
𝒏 ) =

𝟐𝝅

𝒆
 

2807. Find: 

∑𝐥𝐧(
𝒏(𝒏 + 𝟐)

(𝒏 + 𝟏)𝟐
)

𝟗𝟗

𝒏=𝟏

 

Proposed by Sonu Aarnav-India 
Solution by Mais Hasanov-Azerbaijan 
 

𝑺 = ∑𝐥𝐧(
𝒏𝟐 + 𝟐𝒏

(𝒏 + 𝟏)𝟐
)

𝟗𝟗

𝒏=𝟏

= ∑ 𝐥𝐧(
(𝒏 + 𝟏)𝟐 − 𝟏

(𝒏 + 𝟏)𝟐
)

𝟗𝟗

𝒏=𝟏

= 

= ∑𝐥𝐧(𝟏 −
𝟏

(𝒏 + 𝟏)𝟐
)

𝟗𝟗

𝒏=𝟏

= ∑𝐥𝐧(𝟏 −
𝟏

𝒏 + 𝟏
)(𝟏 +

𝟏

𝒏 + 𝟏
)

𝟗𝟗

𝒏=𝟏

= 

= 𝐥𝐧 (∏(𝟏 −
𝟏

𝒏 + 𝟏
) (𝟏 +

𝟏

𝒏 + 𝟏
)

𝟗𝟗

𝒏=𝟏

) = 

= 𝐥𝐧 (𝟏 −
𝟏

𝟐
) (𝟏 +

𝟏

𝟐
) (𝟏 −

𝟏

𝟑
)(𝟏 +

𝟏

𝟑
)…(𝟏 −

𝟏

𝟏𝟎𝟎
)(𝟏 +

𝟏

𝟏𝟎𝟎
) = 



 
www.ssmrmh.ro 

8 RMM-CALCULUS MARATHON 2801-2900 

 

= 𝐥𝐧 (
𝟏

𝟐
∗
𝟑

𝟐
∗
𝟐

𝟑
∗
𝟒

𝟑
∗ …∗

𝟗𝟗

𝟏𝟎𝟎
∗
𝟏𝟎𝟏

𝟏𝟎𝟎
) = 𝐥𝐧 (

𝟏

𝟐
∗
𝟏𝟎𝟏

𝟏𝟎𝟎
) = 𝐥𝐧 (

𝟏𝟎𝟏

𝟐𝟎𝟎
) 

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 ∑ 𝐥𝐧(
𝒏(𝒏 + 𝟐)

(𝒏 + 𝟏)𝟐
)

𝟗𝟗

𝐧=𝟏

= 𝐥𝐧 (
𝟏𝟎𝟏

𝟐𝟎𝟎
) 

2808. Find: 

∫
𝐜𝐨𝐬(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙𝟐
𝒅𝒙

∞

𝟎

 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝑬𝒖𝒍𝒆𝒓 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒆𝒊𝒌 = 𝐜𝐨𝐬(𝒌) + 𝒊 𝐬𝐢𝐧(𝒌) 𝐜𝐨𝐬(𝒌) = 𝒆𝒊𝒌 − 𝒊 𝐬𝐢𝐧(𝒌)  
𝒌 = 𝐥𝐧(𝒙) → 𝐜𝐨𝐬(𝒍𝒏(𝒙)) = 𝒆𝐢 𝐥𝐧 𝒙 − 𝒊 𝐬𝐢𝐧(𝒍𝒏(𝒙)) = 𝒙𝒊 − 𝒊 𝐬𝐢𝐧(𝐥𝐧(𝒙)) 

𝑰 = ∫
𝐜𝐨𝐬(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = ∫
𝒙𝒊

𝟏 + 𝒙 + 𝒙𝟐

∞

𝟎

𝒅𝒙 − 𝒊∫
𝐬𝐢𝐧(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙𝟐
𝒅𝒙

∞

𝟎

= 𝑰𝟏 − 𝒊𝑰𝟐 

𝑰𝟐 = ∫
𝐬𝐢𝐧(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙𝟐

∞

𝟎

𝒅𝒙 =⏞

𝒙→
𝟏
𝒙

−∫
𝐬𝐢𝐧(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙𝟐
𝒅𝒙

∞

𝟎

= −𝑰𝟐 → 𝟐𝑰𝟐 = 𝟎 , 𝑰𝟐 = 𝟎 

𝑰 = ∫
𝒙𝒊

𝟏 + 𝒙 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = ∫
𝒙𝒊

𝟏 + 𝒙 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 +∫
𝒙𝒊

𝟏 + 𝒙 + 𝒙𝟐
𝒅𝒙

∞

𝟏⏟            

𝒙→
𝟏
𝒙

= 

= ∫
𝒙𝒊

𝟏 + 𝒙 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 + ∫
𝒙−𝒊

𝟏 + 𝒙 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 

→  𝑰(𝒏) = ∫
𝒙𝒏

𝟏 + 𝒙 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 , {
𝒏𝟏 = 𝒊 
𝒏𝟐 = −𝒊

→  𝑰 = 𝑰(𝒏𝟏) + 𝑰(𝒏𝟐) 

𝑰(𝒏) = ∫
𝒙𝒏

𝟏 + 𝒙+ 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = ∫
𝒙𝒏(𝟏 − 𝒙)

𝟏 − 𝒙𝟑

𝟏

𝟎

𝒅𝒙, 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒙𝟑 = 𝒕,

𝒅𝒕

𝒅𝒙
= 𝟑𝒙𝟐 = 𝟑𝒕

𝟐
𝟑 

𝑰(𝒏) =
𝟏

𝟑
∫
𝒕
𝒏
𝟑 (𝟏 − 𝒕

𝟏
𝟑)

(𝟏 − 𝒕)𝒕
𝟐
𝟑

𝟏

𝟎

𝒅𝒕 =
𝟏

𝟑
(∫

𝒕
𝒏−𝟐
𝟑 − 𝒕

𝒏−𝟏
𝟑

𝟏 − 𝒕

𝟏

𝟎

𝒅𝒕) =
𝟏

𝟑
∫ (𝒕

𝒏−𝟐
𝟑 − 𝒕

𝒏−𝟏
𝟑 ) (𝟏 − 𝒕)−𝟏

𝟏

𝟎

𝒅𝒕 

𝑵𝒐𝒕𝒆: 𝑩𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏  ∫ 𝒕𝒂−𝟏(𝟏 − 𝒕)𝒃−𝟏𝒅𝒕
𝟏

𝟎

= 𝜷(𝒂; 𝒃) =
𝚪(𝒂)𝚪(𝒃)

𝚪(𝒂 + 𝒃)
 

𝑰(𝒏) = 𝐥𝐢𝐦
𝒂→𝟎+

𝟏

𝟑
∫ (𝒕

𝒏+𝟏
𝟑
−𝟏 − 𝒕

𝒏+𝟐
𝟑
−𝟏) (𝟏 − 𝒕)𝒂−𝟏

𝟏

𝟎

𝒅𝒕 = 

= 𝐥𝐢𝐦
𝒂→𝟎+

𝟏

𝟑
(𝜷(

𝒏 + 𝟏

𝟑
;𝒂) − 𝜷(

𝒏 + 𝟐

𝟑
;𝒂)) = 
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= 𝐥𝐢𝐦
𝒂→𝟎+

𝟏

𝟑
(
𝚪 (
𝒏+ 𝟏
𝟑 )𝚪(𝒂)

𝚪 (
𝒏 + 𝟏
𝟑 + 𝒂)

−
𝚪 (
𝒏 + 𝟐
𝟑 )𝚪(𝒂)

𝚪 (
𝒏 + 𝟐
𝟑 + 𝒂)

) 

The Laurent series expansion of the Gamma function 𝚪(𝒂) about the simple pole at a=0 is 

given by:  𝚪(𝒂) =
𝟏

𝒂
− 𝜸 +

𝟏

𝟐
(𝜸𝟐 +

𝝅𝟐

𝟔
) 𝒂 + 𝑶(𝒂𝟐)~

𝟏

𝒂
+ 𝑶(𝟏) 

The Taylor series expansion of the ratio 
𝚪(𝒃)

𝚪(𝒂+𝒃)
 around a = 0 is obtained by using the 

definition of the Digamma function 𝝍(𝟎)(𝒛): 
𝚪(𝒃)

𝚪(𝒂+𝒃)
= 𝟏 − 𝝍(𝟎)(𝒃)𝒂 + 𝑶(𝒂𝟐) 

 

𝑰(𝒏) =
𝟏

𝟑
𝐥𝐢𝐦
𝒂→𝟎+

𝚪(𝒂)(
𝚪 (
𝒏 + 𝟏
𝟑 )

𝚪 (
𝒏 + 𝟏
𝟑 + 𝒂)

−
𝚪 (
𝒏 + 𝟐
𝟑 )

𝚪(
𝒏 + 𝟐
𝟑 + 𝒂)

) = 

=
𝟏

𝟑
𝐥𝐢𝐦
𝒂→𝟎+

(
𝟏

𝒂
+ 𝑶(𝟏))(𝟏 − 𝝍(𝟎) (

𝒏 + 𝟏

𝟑
)𝒂 − 𝟏 +𝝍(𝟎) (

𝒏 + 𝟐

𝟑
)𝒂) =

 
𝝍(𝟎) (

𝒏 + 𝟐
𝟑 ) −𝝍(𝟎) (

𝒏 + 𝟏
𝟑 )

𝟑
 

𝑰 = 𝑰(𝒏𝟏) + 𝑰(𝒏𝟐) = 𝑰(𝒊) + 𝑰(−𝒊) = 

=
𝝍(𝟎) (

𝒊 + 𝟐
𝟑 ) −𝝍(𝟎) (

𝒊 + 𝟏
𝟑 )

𝟑
+
𝝍(𝟎) (

−𝒊 + 𝟐
𝟑 ) − 𝝍(𝟎) (

−𝒊 + 𝟏
𝟑 )

𝟑
= 

=
𝟏

𝟑
(𝝍(𝟎) (𝟏 −

𝟏 − 𝒊

𝟑
) − 𝝍(𝟎) (

𝟏 − 𝒊

𝟑
) + 𝝍(𝟎) (𝟏 −

𝟏 + 𝒊

𝟑
) − 𝝍(𝟎) (

𝟏 + 𝒊

𝟑
)) 

Digamma reflection formula:            𝝍(𝟎)(𝟏 − 𝒛) − 𝝍(𝟎)(𝒛) = 𝝅𝐜𝐨𝐭(𝝅𝒛) 

𝑰 =
𝟏

𝟑
(𝝅𝐜𝐨𝐭 (𝝅(

𝟏 − 𝒊

𝟑
)) + 𝝅𝐜𝐨𝐭 (𝝅(

𝒊 + 𝟏

𝟑
))) =

𝝅

𝟑
(𝐜𝐨𝐭 (

𝝅

𝟑
−
𝝅𝒊

𝟑
) + 𝐜𝐨𝐭 (

𝝅

𝟑
+
𝝅𝒊

𝟑
)) 

 

 𝐜𝐨𝐭(𝐚 − 𝐛) + 𝐜𝐨𝐭(𝐚 + 𝐛) =
𝐬𝐢𝐧(𝟐𝒂)

𝐬𝐢𝐧𝟐(𝒂) − 𝐬𝐢𝐧𝟐(𝒃)
 

𝑰 =
𝝅

𝟑

𝐬𝐢𝐧 (
𝟐𝝅
𝟑 )

𝐬𝐢𝐧𝟐 (
𝝅
𝟑) − 𝐬𝐢𝐧

𝟐 (
𝝅𝒊
𝟑 )
=
𝝅

𝟑

√𝟑
𝟐

𝟑
𝟒 − (𝒊 𝐬𝐢𝐧𝐡(

𝝅
𝟑))

𝟐 =
𝟐𝝅√𝟑

𝟗 + 𝟏𝟐𝐬𝐢𝐧𝐡𝟐 (
𝝅
𝟑)
= 

 

=
𝟐𝝅

√𝟑(𝟑 + 𝟒𝒔𝒊𝒏𝒉𝟐 (
𝝅
𝟑))

→ { 𝟐𝐬𝐢𝐧𝐡𝟐 (
𝝅

𝟑
) = 𝐜𝐨𝐬𝐡(

𝟐𝛑

𝟑
) − 𝟏} 

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫
𝐜𝐨𝐬(𝒍𝒏(𝒙))

𝟏 + 𝒙 + 𝒙²
𝒅𝒙

∞

𝟎

=
𝟐𝝅

√𝟑 (𝟏 + 𝟐𝐜𝐨𝐬𝐡 (
𝟐𝝅
𝟑 ))
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2809. Find: 

∫
𝟏

𝐜𝐨𝐭𝟐(𝒙) + 𝐭𝐚𝐧𝟐(𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mais Hasanov-Azerbaijan 
 

𝑰 = ∫
𝟏

𝐜𝐨𝐭𝟐(𝒙) + 𝐭𝐚𝐧𝟐(𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = ∫
𝐬𝐢𝐧𝟐(𝒙)𝐜𝐨𝐬𝟐(𝒙)

𝐬𝐢𝐧𝟒(𝐱) + 𝐜𝐨𝐬𝟒(𝐱)
𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= 

 

= ∫
𝐬𝐢𝐧𝟐(𝒙)𝐜𝐨𝐬𝟐(𝒙)

𝟏 − 𝟐𝐬𝐢𝐧𝟐(𝒙)𝐜𝐨𝐬𝟐(𝐱)
𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= ∫

𝐬𝐢𝐧𝟐(𝟐𝒙)
𝟒 .

𝟏 −
𝐬𝐢𝐧𝟐(𝟐𝒙)

𝟐 .

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 =
𝟏

𝟐
∫

𝐬𝐢𝐧𝟐(𝟐𝒙)

𝟐 − 𝐬𝐢𝐧𝟐(𝟐𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 

𝟐𝒙 = 𝒕   𝒅𝒕 = 𝟐𝒅𝒙   𝒕 →
𝟐𝝅

𝟑
;
𝝅

𝟑
 

𝑰 =
𝟏

𝟒
∫

𝐬𝐢𝐧𝟐(𝒕)

𝟐 − 𝐬𝐢𝐧𝟐(𝒕)
𝒅𝒙

𝟐𝝅
𝟑

𝝅
𝟑

=
𝟏

𝟒
∫

𝟏 − 𝐜𝐨𝐬(𝟐𝒕)

𝟑 + 𝐜𝐨𝐬(𝟐𝒕)
𝒅𝒕

𝟐𝝅
𝟑

𝝅
𝟑

  𝟐𝒕 → 𝒕 

 

𝑰 =
𝟏

𝟖
∫

𝟒 − (𝟑 + 𝐜𝐨𝐬(𝒕))

𝟑 + 𝐜𝐨𝐬(𝒕)
𝒅𝒕

𝟒𝝅
𝟑

𝟐𝝅
𝟑

=
𝟏

𝟐
∫

𝟏

𝟑 + 𝐜𝐨𝐬(𝒕)

𝟒𝝅
𝟑

𝟐𝝅
𝟑

𝒅𝒕 −
𝟏

𝟖
.
𝟐𝝅

𝟑
=
𝟏

𝟐
𝑲−

𝝅

𝟏𝟐
 

 

𝑲 = ∫
𝟏

𝟑 + 𝐜𝐨𝐬(𝒕)

𝟒𝝅
𝟑

𝟐𝝅
𝟑

𝒅𝒕  →    𝒄𝒐𝒔(𝒕) =
𝟏 − 𝒕𝒂𝒏𝟐 (

𝒕
𝟐)

𝟏 + 𝒕𝒂𝒏𝟐 (
𝒕
𝟐)

 

 
                    The Weierstrass Substitution 

𝐭𝐚𝐧 (
𝐭

𝟐
) = 𝐮 

𝐝𝐮

𝐝𝐭
=
𝟏

𝟐
𝐬𝐞𝐜𝟐 (

𝐭

𝟐
) =

𝟏

𝟏 + 𝐜𝐨𝐬(𝒕)
=
𝟏 + 𝐭𝐚𝐧𝟐 (

𝒕
𝟐)

𝟐
=
𝟏 + 𝒖𝟐

𝟐
 

 

𝑲(𝒂, 𝒃) = ∫
𝟏

𝒂 + 𝒃 𝐜𝐨𝐬(𝒕)
𝒅𝒕 =⏞

𝐭𝐚𝐧(
𝒕
𝟐
)=𝐮

∫
𝟏

𝒂 + 𝒃
𝟏 − 𝒖𝟐

𝟏 + 𝒖𝟐

𝟐𝒅𝒖

𝒖𝟐 + 𝟏
 

= 𝟐∫
𝟏

𝒂 + 𝒂𝒖𝟐 + 𝒃− 𝒃𝒖𝟐
𝒅𝒖 = 
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= 𝟐∫
𝟏

𝒖𝟐(𝒂 − 𝒃) + 𝒂 + 𝒃
𝒅𝒖 =

𝟐

𝒂 − 𝒃
∫

𝟏

𝒖𝟐 + (
𝒂 + 𝒃
𝒂 − 𝒃)

𝟐 𝒅𝒖

= 𝟐

[
 
 
 
 𝐚𝐫𝐜𝐭𝐚𝐧(

𝒖√𝒂 − 𝒃

√𝒂 + 𝒃
)

√𝒂𝟐 − 𝒃𝟐

]
 
 
 
 

𝒖=𝐭𝐚𝐧(
𝒕
𝟐
)

+ 𝑪

=
𝟐

√𝒂𝟐 − 𝒃𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(

𝐭𝐚𝐧 (
𝒕
𝟐)√𝒂 − 𝒃

√𝒂 + 𝒃
) + 𝑪 →  𝒂 = 𝟑 𝒃 = 𝟏 

𝑲(𝟑, 𝟏) =
𝟏

√𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(

√𝟐 𝒕𝒂𝒏(
𝒕
𝟐)

𝟐
)+ 𝑪   𝒕 → 𝐭𝐚𝐧 (

𝟐𝝅

𝟑
) = −√𝟑, 𝐭𝐚𝐧 (

𝝅

𝟑
) = √𝟑 

𝑲 =
𝟐

√𝟑
[𝐚𝐫𝐜𝐭𝐚𝐧(

√𝟐 𝒕𝒂𝒏(
𝒕
𝟐)

𝟐
)]

𝟐𝝅
𝟑

𝟒𝝅
𝟑

=
𝟏

√𝟐
(−𝐭𝐚𝐧−𝟏√

𝟑

𝟐
− 𝐭𝐚𝐧−𝟏√

𝟑

𝟐
) 

Note that t = π  is a point of discontinuity for 𝒕𝒂𝒏 (
𝒕

𝟐
)  within the given range. Thus, the 

antiderivative must be adjusted for continuity, yielding: 

 𝑲 =
𝟏

√𝟐
(𝝅 − 𝟐 𝐚𝐫𝐜𝐭𝐚𝐧√

𝟑

𝟐
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝑰 = ∫
𝟏

𝐜𝐨𝐭𝟐(𝒙) + 𝐭𝐚𝐧𝟐(𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 =
𝟏

𝟐
𝑲−

𝝅

𝟏𝟐
=

𝟏

𝟐√𝟐
(𝝅 − 𝟐𝐚𝐫𝐜𝐭𝐚𝐧√

𝟑

𝟐
) −

𝝅

𝟏𝟐
 

 
2810. Find: 

∫
𝟏

𝐬𝐞𝐜(𝒙) + 𝐜𝐨𝐬𝟑(𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mais Hasanov-Azerbaijan 
 

𝑰 = ∫
𝟏

𝐬𝐞𝐜(𝒙) + 𝐜𝐨𝐬𝟑(𝒙)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = ∫
𝐜𝐨𝐬(𝒙)

𝟏 + 𝐜𝐨𝐬𝟒(𝒙)
𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= ∫
𝐜𝐨𝐬(𝒙)

𝟏 + (𝟏 − 𝐬𝐢𝐧𝟐(𝒙))
𝟐 𝒅𝒙

𝝅
𝟑

𝝅
𝟔

 

𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝐬𝐢𝐧(𝒙) = 𝒕  
𝒅𝒕

𝒅𝒙
= 𝐜𝐨𝐬(𝒙) ,   𝐭 →

√𝟑

𝟐
;
𝟏

𝟐
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𝑰 = ∫
𝟏

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟑
𝟐

𝟏
𝟐

𝒅𝒕 →  𝒙𝟒 − 𝟐𝒕𝟐 + 𝟐 = (𝒙𝟐 + 𝒂)(𝒙𝟐 + 𝒃) → {
𝒂 + 𝒃 = −𝟐
𝒂𝒃 = 𝟐

 

𝒂 = −(𝟏 − 𝒊)    𝒃 = −(𝟏 + 𝒊) 

𝟏

(𝒙𝟐 + 𝒂)(𝒙𝟐 + 𝒃)
=

𝑨

𝒙𝟐 + 𝒂
+

𝑩

𝒙𝟐 + 𝒃
→ {

𝑨 + 𝑩 = 𝟎
𝑨𝒃 + 𝑩𝒂 = 𝟏

→ {
𝑨 =

𝟏

𝒃 − 𝒂

𝑩 =
𝟏

𝒂 − 𝒃

 

𝑰𝒂;𝒃 = ∫
𝟏

(𝒙𝟐 + 𝒂)(𝒙𝟐 + 𝒃)

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙 =
𝟏

𝒃 − 𝒂
(∫

𝟏

𝒙𝟐 + 𝒂

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙 − ∫
𝟏

𝒙𝟐 + 𝒃

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙)

=
𝑰(𝒃) − 𝑰(𝒂)

𝒂 − 𝒃
 

𝑰(𝒂) = ∫
𝟏

𝒙𝟐 + 𝒂

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙 =
𝟏

𝒂
∫

𝟏

(
𝒙

√𝒂
)
𝟐

+ 𝟏

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙 = [
𝟏

√𝒂
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒙

√𝒂
)]
𝟏
𝟐

√𝟑
𝟐

=

𝐭𝐚𝐧−𝟏 (
𝟏
𝟐
√𝟑
𝒂) − 𝐭𝐚𝐧

−𝟏(
𝟏

𝟐√𝒂
) 

√𝐚
 

𝑰(𝒃) = ∫
𝟏

𝒙𝟐 + 𝒃

√𝟑
𝟐

𝟏
𝟐

𝒅𝒙 =

𝐭𝐚𝐧−𝟏 (
𝟏
𝟐
√𝟑
𝒃) − 𝐭𝐚𝐧

−𝟏 (
𝟏

𝟐√𝒃
)

√𝒃
   𝒂 = 𝒊 − 𝟏;    𝒃 = −𝒊 − 𝟏 

𝑰 =

𝐭𝐚𝐧−𝟏 (
𝟏
𝟐
√ 𝟑
−𝒊 − 𝟏) − 𝐭𝐚𝐧

−𝟏 (
𝟏

𝟐√−𝒊 − 𝟏
)

 𝟐𝒊√−𝒊 − 𝟏
−

𝐭𝐚𝐧−𝟏 (
𝟏
𝟐
√ 𝟑
𝒊 − 𝟏) − 𝐭𝐚𝐧

−𝟏 (
𝟏

𝟐√𝒊 − 𝟏
)

𝟐𝒊√𝒊 − 𝟏
 

 

2811. Find: 

∫
𝒅𝒙

𝒔𝒆𝒄𝒙 + 𝒔𝒊𝒏𝒙

𝝅
𝟑

𝝅
𝟔

 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

∫
𝒅𝒙

𝒔𝒆𝒄𝒙 + 𝒔𝒊𝒏𝒙
= ∫

𝒄𝒐𝒔𝒙 𝒅𝒙

𝟏 + 𝒄𝒐𝒔𝒙. 𝒔𝒊𝒏𝒙
= ∫

𝟐𝒄𝒐𝒔𝒙 𝒅𝒙

𝟐 + 𝒔𝒊𝒏𝟐𝒙
= 

 

= ∫
(𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙) + (𝒄𝒐𝒔𝒙 − 𝒔𝒊𝒏𝒙)

𝟐 + 𝒔𝒊𝒏𝟐𝒙
𝒅𝒙 = 
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= ∫
(𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙)

𝟐 + 𝒔𝒊𝒏𝟐𝒙
𝒅𝒙 +∫

(𝒄𝒐𝒔𝒙 − 𝒔𝒊𝒏𝒙)

𝟐 + 𝒔𝒊𝒏𝟐𝒙
𝒅𝒙 = 

 

= ∫
(𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙)

𝟑 − (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)𝟐
𝒅𝒙 +∫

(𝒄𝒐𝒔𝒙 − 𝒔𝒊𝒏𝒙)

𝟏 + (𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙)𝟐
𝒅𝒙 = 

 

= ∫
𝒅(𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)

𝟑 − (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)𝟐
𝒅𝒙 +∫

𝒅(𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙)

𝟏 + (𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙)𝟐
𝒅𝒙 = 

 

=
𝟏

𝟐√𝟑
𝐥𝐧 |
√𝟑 + (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)

√𝟑 − (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)
| + 𝐚𝐫𝐜𝐭𝐚𝐧(𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙)  

 

∫
𝒅𝒙

𝒔𝒆𝒄𝒙 + 𝒔𝒊𝒏𝒙

𝝅
𝟑

𝝅
𝟔

= (
𝟏

𝟐√𝟑
𝐥𝐧 |
√𝟑 + (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)

√𝟑 − (𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙)
| + 𝐚𝐫𝐜𝐭𝐚𝐧(𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙) )

𝝅
𝟔

𝝅
𝟑

= 

 

=
𝟏

𝟐√𝟑
(𝐥𝐧 |

𝟑√𝟑 − 𝟏

√𝟑 + 𝟏
| − 𝐥𝐧 |

√𝟑 + 𝟏

𝟑√𝟑 − 𝟏
|) =

𝟏

√𝟑
𝐥𝐧 |
𝟑√𝟑 − 𝟏

√𝟑+ 𝟏
| =

𝟏

√𝟑
𝐥𝐧|𝟓 − 𝟐√𝟑| 

 

2812. Solve for reals: 
 

∫ (√(𝒙𝟗𝒙
𝟒+𝟗 + 𝒙𝟗𝒙

𝟐
+ 𝒙𝟏𝟖)

𝟗
 )

𝟏

𝟎

𝟓

 𝒅𝒙 =
√𝟒𝟕𝟖𝟐𝟗𝟔𝟗
𝟗

 

𝟓𝒙𝟒 + 𝟏𝟎𝒙𝟐 + 𝟏𝟖
 

 
Proposed by Pavlos Trifon-Greece 

Solution by Tapas Das-India 
 

 𝑾𝒆 𝒘𝒊𝒍𝒍 𝒔𝒉𝒐𝒘:𝒂, 𝒃, 𝒄 > 0,∫ (√(𝒙𝟗𝒂 + 𝒙𝟗𝒃 + 𝒙𝟗𝒄)
𝟗

 )
𝟏

𝟎

𝟓

 𝒅𝒙 ≥
√𝟒𝟕𝟖𝟐𝟗𝟔𝟗
𝟗

 

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑
  

𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ,
𝒊𝒇 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 𝒃𝒆 𝒏 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒂𝒏𝒅 𝒎 𝒃𝒆 𝒂 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍  

 𝒏𝒖𝒎𝒃𝒆𝒓 𝒕𝒉𝒆𝒏,
𝒂𝟏
𝒎 + 𝒂𝟐

𝒎 +⋯+ 𝒂𝒏
𝒎

𝒏
>  𝑜𝑟 < (

𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏
𝒏

)
𝒎

  

𝒂𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒂𝒔 𝒎 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒐𝒓 𝒅𝒐𝒆𝒔 𝒍𝒊𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝟎 𝒂𝒏𝒅 𝟏  
(𝑹𝒆𝒇𝒆𝒓𝒆𝒏𝒄𝒆: 𝑺.𝑲.𝑴𝒂𝒑𝒂 𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝒂𝒍𝒈𝒆𝒃𝒓𝒂 𝒃𝒐𝒐𝒌  , 𝒑𝒂𝒈𝒆 − 𝟐𝟐) 

( (𝒙𝟗𝒂)
𝟓
𝟗 + (𝒙𝟗𝒃)

𝟓
𝟗 + (𝒙𝟗𝒄)

𝟓
𝟗)

𝟑
≤ (
𝒙𝟗𝒂 + 𝒙𝟗𝒃 + 𝒙𝟗𝒄

𝟑
)

𝟓
𝟗

 𝒂𝒔
𝟓

𝟗
∈ (𝟎, 𝟏)  



 
www.ssmrmh.ro 

14 RMM-CALCULUS MARATHON 2801-2900 

 

 (𝒙𝟗𝒂 + 𝒙𝟗𝒃 + 𝒙𝟗𝒄)
𝟓
𝟗 ≥

𝟏

𝟑
𝟒
𝟗

((𝒙𝟗𝒂)
𝟓
𝟗 + (𝒙𝟗𝒃)

𝟓
𝟗 + (𝒙𝟗𝒄)

𝟓
𝟗) 

 (√𝒙𝟗𝒂 + 𝒙𝟗𝒃 + 𝒙𝟗𝒄
𝟗

)
𝟓

≥
𝟏

𝟑
𝟒
𝟗

(𝒙𝟓𝒂 + 𝒙𝟓𝒃 + 𝒙𝟓𝒄) (𝟏) 

∫ (√(𝒙𝟗𝒂 + 𝒙𝟗𝒃 + 𝒙𝟗𝒄)
𝟗

 )
𝟏

𝟎

𝟓

 𝒅𝒙 ≥
(𝟏) 𝟏

𝟑
𝟒
𝟗

∫ (𝒙𝟓𝒂 + 𝒙𝟓𝒃 + 𝒙𝟓𝒄)
𝟏

𝟎

𝒅𝒙 = 

=
𝟏

𝟑
𝟒
𝟗

[(
𝒙𝟓𝒂+𝟏

𝟓𝒂 + 𝟏
)
𝟎

𝟏

+ (
𝒙𝟓𝒃+𝟏

𝟓𝒃 + 𝟏
)
𝟎

𝟏

+ (
𝒙𝟓𝒄+𝟏

𝟓𝒄 + 𝟏
)
𝟎

𝟏

] = 

≥
𝟏

𝟑
𝟒
𝟗

∑
𝟏

𝟓𝒂 + 𝟏
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 
𝟏

𝟑
𝟒
𝟗

𝟗

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑
= 

=
𝟑
𝟏𝟒
𝟓

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑
≥

√𝟑𝟏𝟒
𝟗

 

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑
=

√𝟒𝟕𝟖𝟐𝟗𝟔𝟗
𝟗

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 

𝒏𝒐𝒘 𝒊𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 𝒂 = 𝒙𝟒 + 𝟏, 𝒃 = 𝟐𝒙𝟐, 𝒄 = 𝟐 𝒕𝒉𝒆𝒏 

∫ (√(𝒙𝟗𝒙
𝟒+𝟗 + 𝒙𝟗𝒙

𝟐
+ 𝒙𝟏𝟖)

𝟗
 )

𝟏

𝟎

𝟓

 𝒅𝒕 ≥
√𝟒𝟕𝟖𝟐𝟗𝟔𝟗
𝟗

 

𝟓(𝒙𝟒 + 𝟏 + 𝟐𝒙𝟐 + 𝟐) + 𝟑
=

√𝟒𝟕𝟖𝟐𝟗𝟔𝟗
𝟗

 

𝟓𝒙𝟒 + 𝟏𝟎𝒙𝟐 + 𝟏𝟖
 

𝑬𝒒𝒖𝒍𝒊𝒕𝒚 𝒐𝒄𝒄𝒖𝒓𝒔 𝒘𝒉𝒆𝒏 𝒂 = 𝒃 = 𝒄 𝒐𝒓, 𝒙𝟒 + 𝟏 = 𝟐𝒙𝟐 = 𝟐 𝒐𝒓, 𝒙𝟐 = 𝟏𝒐𝒓, 𝒙 = ±𝟏 
 
2813. Find: 

∫
𝒅𝒙

√(𝟏 − 𝒙)𝟑(𝟏 + 𝒙)𝟐
𝟓

𝟏

−𝟏

 

 
Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Amin Hajiyev-Azerbaijan 
 

𝑰 = ∫
𝒅𝒙

√(𝟏 − 𝒙)𝟑(𝟏 + 𝒙)𝟐
𝟓

𝟏

−𝟏

  𝒔𝒖𝒃𝒔𝒕𝒖𝒕𝒊𝒐𝒏𝒔 𝒙 = 𝟐𝒕 − 𝟏  𝒅𝒙 = 𝟐𝒅𝒕 

𝑰 = 𝟐∫
𝒅𝒕

√(𝟏 − (𝟐𝒕 − 𝟏))
𝟑
(𝟏 + (𝟐𝒕 − 𝟏))

𝟐𝟓

𝟏

𝟎

= 𝟐∫
𝒅𝒕

√(𝟐 − 𝟐𝒕)𝟑𝟖𝒕𝟐
𝟓

𝟏

𝟎

= 

= ∫
𝒅𝒕

√(𝟏 − 𝒕)𝟑𝒕𝟐
𝟓

𝟏

𝟎

= ∫ (𝟏 − 𝒕)−
𝟑
𝟓𝒕−

𝟐
𝟓𝒅𝒕

𝟏

𝟎

= ∫ (𝟏 − 𝒕)
𝟐
𝟓
−𝟏𝒕

𝟑
𝟓
−𝟏𝒅𝒕

𝟏

𝟎

= 
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= 𝜷(
𝟐

𝟓
;
𝟑

𝟓
) =

𝚪 (
𝟐
𝟓)𝚪 (

𝟑
𝟓)

𝚪(𝟏)
= 𝚪(𝟏 −

𝟑

𝟓
)𝚪 (

𝟑

𝟓
) =

𝝅

𝐬𝐢𝐧 (
𝟑𝝅
𝟓 )

=
𝟒𝝅

√𝟏𝟎 + 𝟐√𝟓
 

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏: 

•  𝑻𝒉𝒆 𝒃𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝜷(𝒙; 𝒚) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
= ∫ (𝟏 − 𝒕)𝒙−𝟏𝒕𝒚−𝟏𝒅𝒕

𝟏

𝟎

   𝒙, 𝒚 > 0 

•  𝑮𝒂𝒎𝒎𝒂 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂  𝚪(𝟏 − 𝒛)𝚪(𝒛) =
𝝅

𝐬𝐢𝐧(𝝅𝒛)
 

•  𝟓𝜶 = 𝟗𝟎° →    𝟐𝜶 = 𝟗𝟎° − 𝟑𝜶 → 𝐬𝐢𝐧(𝟐𝛂) = 𝐬𝐢𝐧 (
𝝅

𝟐
− 𝟑𝜶)  

𝐬𝐢𝐧(𝟐𝜶) = 𝐜𝐨𝐬(𝟑𝜶) → 𝟐𝐬𝐢𝐧(𝛂)𝐜𝐨𝐬(𝜶) = 𝟒𝐜𝐨𝐬𝟑(𝜶) − 𝟑𝐜𝐨𝐬(𝜶) 

𝟒 𝐬𝐢𝐧𝟐(𝛂) + 𝟐 𝐬𝐢𝐧(𝜶) − 𝟏 = 𝟎 → 𝐬𝐢𝐧 (
𝝅

𝟏𝟎
) =

√𝟓 − 𝟏

𝟒
 

𝐜𝐨𝐬 (
𝝅

𝟏𝟎
) = √𝟏 − (

√𝟓 − 𝟏

𝟒
)

𝟐

=
√𝟏𝟎 + 𝟐√𝟓

𝟒
= 𝐜𝐨𝐬 (

𝝅

𝟐
−
𝟑𝝅

𝟓
) = 𝐬𝐢𝐧 (

𝟑𝝅

𝟓
) 

 

Solution 2 by Tapas Das-India 
𝑳𝒆𝒕 𝒙 = 𝟐𝒕 − 𝟏 𝒕𝒉𝒆𝒏 𝒅𝒙 = 𝟐𝒅𝒕 

 𝒘𝒉𝒆𝒏 𝒙 = −𝟏 → 𝒕 = 𝟎, 𝒙 = 𝟏 → 𝒕 = 𝟏 
𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒂𝒃𝒐𝒗𝒆 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒘𝒆 𝒈𝒆𝒕 

 𝛀 = ∫
𝟐𝒅𝒕

𝟐
𝟑
𝟓(𝟏 − 𝒕)

𝟑
𝟓(𝟐𝒕)

𝟐
𝟓

𝟏

𝟎

= ∫ 𝒕−
𝟐
𝟓(𝟏 − 𝒕)−

𝟑
𝟓𝒅𝒕

𝟏

𝟎

= ∫ 𝒕
𝟑
𝟓
−𝟏 (𝟏 − 𝒕)

𝟐
𝟓
−𝟏𝒅𝒕

𝟏

𝟎

 

= 𝚩(
𝟑

𝟓
,
𝟐

𝟓
) =

𝚪 (
𝟑
𝟓)𝚪 (

𝟐
𝟓)

𝚪 (
𝟐
𝟓 +

𝟑
𝟓)

=
𝚪(𝟏)=𝟏

𝚪 (
𝟑

𝟓
) 𝚪(

𝟐

𝟓
) = 𝚪(

𝟑

𝟓
) 𝚪 (𝟏 −

𝟑

𝟓
) =

𝝅

𝐬𝐢𝐧 (
𝟑𝝅
𝟓 )

=
𝟒𝝅

√𝟏𝟎 + 𝟐√𝟓
 

𝑵𝒐𝒕𝒆: 𝐬𝐢𝐧 (
𝟑𝝅

𝟓
) = 𝐬𝐢𝐧 𝟏𝟎𝟖° = 𝐜𝐨𝐬 𝟏𝟖° =

𝟏

𝟒
√𝟏𝟎+ 𝟐√𝟓  

2814. 
𝑰𝒇 (𝒂𝒏)𝒏≥𝟏, 𝒂𝟏 = 𝟏, 𝒂𝒏+𝟏 = (𝒏 + 𝟏)! 𝒂𝒏, ∀𝒏 ∈ 𝑵

∗ 𝒂𝒏𝒅 
(𝑭𝒏)𝒏≥𝟎, 𝑭𝟎 = 𝟎, 𝑭𝟏 = 𝟏, 𝑭𝒏+𝟐 = 𝑭𝒏+𝟏 + 𝑭𝒏, ∀𝒏 ∈ 𝑵  

𝒊𝒔 𝑭𝒊𝒃𝒂𝒏𝒐𝒄𝒄𝒊′𝒔 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆, 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒖𝒕𝒆 

𝐥𝐢𝐦
𝒏→∞

√𝒏! ⋅ 𝑭𝒏
𝟐𝟐𝒏

√𝒂𝒏
𝒏𝟐

 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

𝒂𝟏 = 𝟏,𝒂𝒏+𝟏 = (𝒏 + 𝟏)! 𝒂𝒏 → 𝒂𝟐 = 𝟐! ⋅ 𝟏, 𝒂𝟑 = 𝟐! ⋅ 𝟑! , … 𝒂𝒏 =∏𝒌!

𝐤

𝐧=𝟏
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            By Binet's Formula, Fibonacci numbers exhibit asymptotic growth such that 

𝐥𝐢𝐦
𝒏→∞

𝑭𝒏+𝟏
𝑭𝒏

= 𝝓 =
𝟏 + √𝟓

𝟐
 ,   𝑭𝒏~

𝝓𝒏

√𝟓
  𝒂𝒔  𝒏 → ∞ 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

√𝒏! ⋅ 𝑭𝒏𝟐
𝟐𝒏

√𝒂𝒏
𝒏𝟐

= 𝐥𝐢𝐦
𝒏→∞

(𝒏!)
𝟏
𝟐𝒏𝑭𝒏

𝟏
𝒏

𝒂𝒏

𝟏

𝒏𝟐

 → 𝐥𝐧(𝑺) = 𝐥𝐢𝐦
𝒏→∞

𝒍𝒏(
(𝒏!)

𝟏
𝟐𝒏𝑭𝒏

𝟏
𝒏

𝒂𝒏

𝟏

𝒏𝟐

) 

𝐥𝐧(𝑺) = 𝐥𝐢𝐦
𝒏→∞

(
𝐥𝐧(𝐧!)

𝟐𝐧
+
𝐥𝐧(𝑭𝒏)

𝐧
−
𝐥𝐧(𝒂𝒏)

𝒏𝟐
) 

        Stirling formula:   𝒏!~√𝟐𝝅𝒏 (
𝒏

𝒆
)
𝒏

, 𝐥𝐧(𝐧!)~𝐧 ⋅ 𝐥𝐧(𝒏) − 𝐧 +
𝟏

𝟐
𝐥𝐧(𝟐𝝅𝒏) + 𝐎(

𝟏

𝐧
) 

• 𝐥𝐧(𝒏!) ≈ 𝒏 ⋅ 𝐥𝐧(𝒏) − 𝒏 

• 𝑭𝒏~
𝝓𝒏

√𝟓
→ 𝐥𝐧(𝑭𝒏)~𝐧 𝐥𝐧(𝝓) − 𝐥𝐧(√𝟓) 

•  𝒂𝒏 =∏𝒌!

𝒏

𝒌=𝟏

→ 𝐥𝐧(𝒂𝒏) = 𝐥𝐧 (∏𝒌!

𝒏

𝒌=𝟏

) = ∑𝐥𝐧(𝒌!)

𝒏

𝒌=𝟏

≈∑(𝒌 𝐥𝐧(𝒌) − 𝒌)

𝒏

𝒌=𝟏

 

         Integral Approximation method: ∑ 𝒇(𝒌)𝒏
𝒌=𝟏 ~∫ 𝒇(𝒙)𝒅𝒙

𝒏

𝟏
   𝒂𝒔  𝒏 → ∞ 

∑(𝒌 𝐥𝐧(𝐤) − 𝐤)

𝒏

𝒌=𝟏

~ ∫ (𝒙 𝐥𝐧(𝒙) − 𝒙)𝒅𝒙
𝒏

𝟏

= [
𝒙𝟐

𝟐
𝐥𝐧(𝒙) −

𝟑𝒙𝟐

𝟒
]
𝟏

𝒏

=
𝒏𝟐

𝟐
𝐥𝐧(𝒏) −

𝟑𝒏𝟐

𝟒
 

𝐥𝐧(𝑺) = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐
𝐥𝐧(𝒏) −

𝟏

𝟐
+ 𝐥𝐧(𝝓) −

𝐥𝐧(√𝟓)

𝐧
−
𝐥𝐧(𝒏)

𝟐
+
𝟑

𝟒
) = 𝐥𝐧(𝛟) +

𝟏

𝟒
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝑺 = 𝐥𝐢𝐦
𝒏→∞

√𝒏! ⋅ 𝑭𝒏𝟐
𝟐𝒏

√𝒂𝒏
𝒏𝟐

= 𝒆𝐥𝐧(𝝓)+
𝟏
𝟒 = 𝝓 𝒆

𝟏
𝟒 =

𝟏 + √𝟓

𝟐
√𝒆
𝟒  

2815. 

𝑰𝒇 (𝑯𝒏)𝒏≥𝟏, 𝑯𝒏 = ∑
𝟏

𝒌

𝒏

𝒌=𝟏

→ (𝑯𝒂𝒓𝒎𝒐𝒏𝒊𝒌 𝒏𝒖𝒎𝒃𝒆𝒓𝒔)  𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆  

𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒆𝑯𝒏
∑

𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒃𝒏

 

                                By the Stolz-Cesàro theorem:  𝑰 =⏞
𝑪−𝑺

 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

𝒃𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏−𝒂𝒏

𝒃𝒏+𝟏−𝒃𝒏
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𝒂𝒏+𝟏 − 𝒂𝒏 = ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏+𝟏

𝒌=𝟏

−∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

=
𝒆𝑯𝒏+𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

 

𝒃𝒏+𝟏 − 𝒃𝒏 = 𝒆
𝑯𝒏+𝟏 − 𝒆𝑯𝒏 =⏞

𝑯𝒏=𝑯𝒏+𝟏−
𝟏
𝒏+𝟏

𝒆𝑯𝒏 (𝒆
𝟏
𝒏+𝟏 − 𝟏) 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏+𝟏

𝒆𝑯𝒏 (𝒆
𝟏
𝒏+𝟏 − 𝟏) √(𝟐𝒏 + 𝟏)‼

𝒏+𝟏
= 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏+𝟏−𝑯𝒏

(𝒆
𝟏
𝒏+𝟏 − 𝟏) √(𝟐𝒏 + 𝟏)‼

𝒏+𝟏
 

     𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂:  

   𝒏! ~√𝟐𝝅𝒏(
𝒏

𝒆
)
𝒏

, (𝟐𝒏 − 𝟏)‼ =
(𝟐𝒏)!

𝟐𝒏𝒏!
~
𝟐√𝝅𝒏(

𝟐𝒏
𝒆 )

𝟐𝒏

𝟐𝒏√𝟐𝝅𝒏(
𝒏
𝒆)
𝒏 = √𝟐(

𝟐𝒏

𝒆
)
𝒏

 

(𝟐𝒏 + 𝟏)‼~√𝟐(
𝟐(𝒏 + 𝟏)

𝒆
)

𝒏+𝟏

 

  𝒆𝒙 − 𝟏~𝒙  𝒂𝒔 𝒙 → 𝟎      𝒆
𝟏
𝒏+𝟏 − 𝟏~

𝟏

𝒏 + 𝟏
→  𝒍𝒊𝒎𝒏→∞ (

𝟏

𝒏 + 𝟏
) = 𝟎 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏
𝒏+𝟏

(𝒆
𝟏
𝒏+𝟏 − 𝟏)𝟐

𝟏
𝟐(𝒏+𝟏)𝟐(𝒏 + 𝟏)

𝒆

=
𝒆

𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏
𝒏+𝟏

𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏 + 𝟏𝟐
𝟏

𝟐(𝒏+𝟏)(𝒏 + 𝟏))

=
𝒆

𝟐
.
𝒆𝟎

𝟐𝟎
=
𝒆

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

=
𝒆

𝟐
 

2816. Find: 

𝐥𝐢𝐦
𝒏→∞

𝒏𝟏−𝒂 ⋅ √
((𝟑𝒏)‼)

𝒂

(𝟑𝒂𝒏)‼

𝒏

, 𝒘𝒉𝒆𝒓𝒆 𝒂 ∈ 𝑵∗ 

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Amin Hajiyev-Azerbaijan 

            According to the Ratio-to-Root limit theorem (Cauchy-D'Alembert criterion): 

𝑰𝒇 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
𝒙𝒏

= 𝑳, 𝒕𝒉𝒆𝒏     𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏 = 𝑳  

𝑾𝒉𝒆𝒓𝒆 𝑳 ∈ [𝟎;∞), {𝒙𝒏}𝒏∈𝑵 

           Stirling formula:   𝒏! ≈ √𝟐𝝅𝒏(
𝒏

𝒆
)
𝒏

, √(𝟐𝒏)‼
𝒏

= √𝟐𝒏𝒏!
𝒏

~(
𝟐𝒏

𝒆
)  𝒂𝒔 𝒏 → ∞ 
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𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒏𝟏−𝒂 ⋅ √
((𝟑𝒏)‼)

𝒂

(𝟑𝒂𝒏)‼

𝒏

= 𝐥𝐢𝐦
𝒏→∞

√
𝒏𝒏(𝟏−𝒂)((𝟑𝒏)‼)

𝒂

(𝟑𝒂𝒏)‼

𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏  

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
𝒙𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)(𝒏+𝟏)(𝟏−𝒂) ((𝟑(𝒏 + 𝟏))‼)
𝒂

(𝟑𝒂(𝒏 + 𝟏))‼

𝒏𝒏(𝟏−𝒂)((𝟑𝒏)‼)
𝒂

(𝟑𝒂𝒏)‼

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)(𝒏+𝟏)(𝟏−𝒂) ((𝟑(𝒏 + 𝟏))‼)
𝒂
(𝟑𝒂𝒏)‼

𝒏𝒏(𝟏−𝒂)(𝟑𝒂(𝒏 + 𝟏))‼ ((𝟑𝒏)‼)
𝒂  

           Derivation of the Asymptotic Relation:  (𝟐𝒏)‼ = 𝟐𝒏𝒏! →   
(𝟐𝒏+𝟐𝒎)‼

(𝟐𝒏)‼
=
𝟐𝒎(𝒎+𝒏)!

𝒏!
 

(𝒏 +𝒎)!

𝒏!
= (𝒏 + 𝟏)(𝒏 + 𝟐)… (𝒏 +𝒎)~𝒏𝒎, 𝒏 =

𝒄

𝟐
,𝒎 =

𝒃

𝟐
 

(𝒄 + 𝒃)‼

𝒄‼
~𝟐

𝒃
𝟐 (
𝒄

𝟐
)

𝒃
𝟐
=
𝟐
𝒃
𝟐𝒄
𝒃
𝟐

𝟐
𝒃
𝟐

= 𝒄
𝒃
𝟐 

((𝟑𝒏 + 𝟑)‼)
𝒂

((𝟑𝒏)‼)
𝒂 ~(𝟑𝒏)

𝟑𝒂
𝟐 ,

(𝟑𝒂𝒏)‼

(𝟑𝒂𝒏 + 𝟑𝒂)‼
~

𝟏

(𝟑𝒂𝒏)
𝟑𝒂
𝟐

 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)(𝒏+𝟏)(𝟏−𝒂)𝒏𝒂𝒏(𝟑𝒏)
𝟑𝒂
𝟐

𝒏𝒏(𝟏−𝒂)(𝟑𝒏)
𝟑𝒂
𝟐 𝒂

𝟑𝒂
𝟐

= 𝐥𝐢𝐦
𝒏→∞

((𝟏 +
𝟏

𝒏
)
𝒏

)

𝟏−𝒂

(𝟏 + 𝒏)𝟏−𝒂𝒂−
𝟑𝒂
𝟐  

       Using the fundamental limit 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒏
)
𝒏

= 𝒆,  we obtain the following asymptotic    

behavior:    ((𝟏 +
𝟏

𝒏
)
𝒏

)
𝟏−𝒂

(𝟏 + 𝒏)𝟏−𝒂~𝒆𝟏−𝒂(𝟏 + 𝒏)𝟏−𝒂  𝒂𝒔   𝒏 → ∞ 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

((𝟏 +
𝟏

𝒏
)
𝒏

)

𝟏−𝒂

(𝟏 + 𝒏)𝟏−𝒂𝒂−
𝟑𝒂
𝟐 = 𝐥𝐢𝐦

𝒏→∞
𝒆𝟏−𝒂(𝟏 + 𝒏)𝟏−𝒂𝒂−

𝟑𝒂
𝟐  

𝑳 = 𝒆𝟏−𝒂𝒂−
𝟑𝒂
𝟐 𝐥𝐢𝐦
𝒏→∞

𝟏 + 𝒏

(𝟏 + 𝒏)𝒂
= 𝟎  𝒂𝒔  ∀𝒂 ∈ 𝑵,𝒂 > 1 

2817. Find: 

𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) 

𝒘𝒉𝒆𝒓𝒆 (𝒂𝒏)𝒏≥𝟏 > 0, 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂 ∈ 𝑹+
∗  

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

(𝟐𝒏 − 𝟏)‼ =
(𝟐𝒏)!

𝟐𝒏𝒏!
, 𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂, 𝒏! ~√𝟐𝝅𝒏(

𝒏

𝒆
)
𝒏

 

((𝟐𝒏 − 𝟏)‼)
𝟏
𝒏~
𝟐𝒏

𝒆
→ 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
=
𝟐

𝒆
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                       • Stolz-Cesàro theorem: (𝒙𝒏)𝒏≥𝟏, (𝒚𝒏)𝒏≥𝟏 → 𝐥𝐢𝐦
𝒏→∞

(
𝒙𝒏

𝒚𝒏
) = 𝐥𝐢𝐦

𝒏→∞
(
𝒙𝒏+𝟏−𝒙𝒏

𝒚𝒏+𝟏−𝒚𝒏
) = 𝑴 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏  , 𝐥𝐧 𝑺 = 𝐥𝐢𝐦

𝒏→∞
(
𝐥𝐧(𝒂𝒏)

𝒏
) = 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧(𝒂𝒏+𝟏) − 𝐥𝐧(𝒂𝒏)

𝒏 + 𝟏 − 𝒏
 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏

 

                       • Cauchy-D'Alembert criterion:  𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 = 𝑲 

     𝒃𝒏 =
𝒂𝒏
𝒏𝒏
→ 𝑳 = 𝐥𝐢𝐦

𝒏→∞
√𝒃𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
√(
𝒂𝒏
𝒏𝒏
)

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

𝒂𝒏
𝒏𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏+𝟏
𝒂𝒏

⋅
𝟏

𝒏 + 𝟏
⋅ (

𝒏

𝒏 + 𝟏
)
𝒏

) 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂 →  𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒌 𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉
𝒂𝒏+𝟏
𝒂𝒏

~𝒂√(𝟐𝒏 − 𝟏)‼
𝒏

 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒂√(𝟐𝒏 − 𝟏)‼
𝒏

⋅
𝟏

𝒏 + 𝟏
⋅ (

𝒏

𝒏 + 𝟏
)
𝒏

=
𝟐𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

= 

=
𝟐𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏)

𝒏+𝟏 =
𝟐𝒂

𝒆
⋅

𝟏

𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏
𝒏)

𝒏+𝟏 =
𝟐𝒂

𝒆𝟐
 

2818. 

𝑭𝒊𝒏𝒅 𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
,𝒘𝒉𝒆𝒓𝒆 𝒙𝒏 =∏𝒂

𝒌

𝟏
𝒌

𝒏

𝒌=𝟏

  𝒂𝒏𝒅 (𝒂𝒏)𝒏≥𝟏 > 0 

𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√𝒏!
𝒏 = 𝒂 ∈ 𝑹+

∗  

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Amin Hajiyev-Azerbaijan 

                The limit form of Stirling's Formula:  𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝟏

𝒆
 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝒂𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏+𝟏

𝒂𝒏√𝒏!
𝒏 ⋅

√𝒏!
𝒏

𝒏
) =

𝒂

𝒆
 

               Cauchy-D’Alembert criterion:  𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏
= 𝒚 → 𝐥𝐢𝐦

𝒏→∞
√𝒃𝒏
𝒏 = 𝒚 

𝒃𝒏 =
𝒂𝒏

(𝒏 − 𝟏)!
→
𝒃𝒏+𝟏
𝒃𝒏

=
𝒂𝒏+𝟏
𝒏!

(𝒏 − 𝟏)!
𝒂𝒏

=
𝒂𝒏+𝟏
𝒏𝒂𝒏
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𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒃𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
√(

𝒂𝒏
(𝒏 − 𝟏)!

)
𝒏

=
𝒂

𝒆
 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√(
𝒂𝒏

(𝒏 − 𝟏)!
)

𝒏

⋅
√(𝒏 − 𝟏)!
𝒏

𝒏
=
𝒂

𝒆
⋅
𝟏

𝒆
=
𝒂

𝒆𝟐
 

𝒙𝒏 =∏𝒂
𝒌

𝟏
𝒌

𝒏

𝒌=𝟏

→ 𝒙𝒏+𝟏 = 𝒙𝒏 √𝒂𝒏+𝟏
𝒏+𝟏  

𝑳 = 𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒙𝒏
𝒏𝒏

𝒏
=⏞

𝑪𝒂𝒖𝒄𝒉𝒚−𝑫′𝑨𝒍𝒎𝒃𝒆𝒓𝒕

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

⋅
𝒏𝒏 

𝒙𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏+𝟏

(𝒏 + 𝟏)𝒏+𝟏
𝒏+𝟏

⋅
𝟏

(𝟏 +
𝟏
𝒏)

𝒏 = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
⋅

𝟏

𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏
𝒏)

𝒏 =
𝒂

𝒆𝟐
⋅
𝟏

𝒆
=
𝒂

𝒆𝟑
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
=
𝒂

𝒆𝟑
 

2819. 

𝑭𝒊𝒏𝒅 𝐥𝐢𝐦
𝒏→∞

(
𝝅𝟐

𝟒
− 𝒂𝒏

𝟐)𝒏 ,𝒘𝒉𝒆𝒓𝒆 𝒂𝒏 = ∑𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

𝒌𝟐 − 𝒌 + 𝟏
 

𝒏

𝒌=𝟏

 

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

 
Solution by Tapas Das-India 
 

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

𝒌𝟐 − 𝒌+ 𝟏
= 𝐚𝐫𝐜𝐭𝐚𝐧

𝒌 − (𝒌 − 𝟏)

𝟏 + 𝒌(𝒌 − 𝟏)
= 𝐚𝐫𝐜𝐭𝐚𝐧(𝒌) − 𝐚𝐫𝐜𝐭𝐚𝐧(𝒌 − 𝟏) 

 𝒕𝒉𝒆𝒏,∑𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

𝒌𝟐 − 𝒌+ 𝟏
 

𝒏

𝒌=𝟏

 

= (𝐚𝐫𝐜𝐭𝐚𝐧 𝟏 − 𝐚𝐫𝐜𝐭𝐚𝐧 𝟎) + (𝐚𝐫𝐜𝐭𝐚𝐧 𝟐 − 𝐚𝐫𝐜𝐭𝐚𝐧 𝟏) +⋯+ (𝐚𝐫𝐜𝐭𝐚𝐧(𝒏) − 𝐚𝐫𝐜𝐭𝐚𝐧(𝒏 − 𝟏)) 
= 𝐚𝐫𝐜𝐭𝐚𝐧(𝒏) − 𝐚𝐫𝐜𝐭𝐚𝐧(𝟎) = 𝐚𝐫𝐜𝐭𝐚𝐧(𝒏) 

𝐥𝐢𝐦
𝒏→∞

(
𝝅𝟐

𝟒
− 𝒂𝒏

𝟐)𝒏 = 𝐥𝐢𝐦
𝒏→∞

(
𝝅𝟐

𝟒
− (𝐚𝐫𝐜𝐭𝐚𝐧(𝒏))𝟐)𝒏 = 𝐥𝐢𝐦

𝒛→𝟎

(
𝝅𝟐

𝟒 − (𝐚𝐫𝐜𝐭𝐚𝐧 (
𝟏
𝒛))

𝟐

)

𝒛
 



 
www.ssmrmh.ro 

21 RMM-CALCULUS MARATHON 2801-2900 

 

(𝒍𝒆𝒕 𝒏 =
𝟏

𝒛
,𝒘𝒉𝒆𝒏 𝒏 → ∞ 𝒕𝒉𝒆𝒏 𝒛 → 𝟎) 

𝒖𝒔𝒊𝒏𝒈 𝑳′𝑯𝒐𝒔𝒑𝒊𝒕𝒂𝒍 𝑹𝒖𝒍𝒆 (
𝟎

𝟎
) 𝒇𝒓𝒐𝒎 𝒘𝒆 𝒈𝒆𝒕 

 

𝐥𝐢𝐦
𝒛→𝟎

(−𝟐𝐚𝐫𝐜𝐭𝐚𝐧
𝟏
𝒛) .

𝒛𝟐

𝒛𝟐 + 𝟏
. (−

𝟏
𝒛𝟐
)

𝟏
= 𝐥𝐢𝐦
𝒛→𝟎

(𝟐𝐚𝐫𝐜𝐭𝐚𝐧
𝟏
𝒛) .

𝟏
𝒛𝟐 + 𝟏

.

𝟏
. = 𝟐 ×

𝝅

𝟐
= 𝝅 

 
2820. Find: 

𝐥𝐢𝐦
𝒏→∞

(
(𝒏 + 𝟏)𝟐

√𝒂𝒏+𝟏
𝒏+𝟏

−
𝒏𝟐

√𝒂𝒏
𝒏

) ,   𝒘𝒉𝒆𝒓𝒆 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂 ∈ 𝑹+
∗  

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Amin Hajiyev-Azerbaijan 

𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂    𝒏! ~√𝟐𝝅𝒏(
𝒏

𝒆
)
𝒏

 

(𝟐𝒏 − 𝟏)‼ =
(𝟐𝒏)!

𝟐𝒏𝒏!
~ (
𝟐𝒏

𝒆
)
𝒏

→ √(𝟐𝒏 − 𝟏)‼
𝒏

~
𝟐𝒏

𝒆
 

                            Cauchy-D’Alembert criterion:  𝑨 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

 

                        𝑰𝒇 
𝒂𝒏+𝟏

𝒂𝒏
~𝒏𝒌This implies that the sequence 𝒂𝒏 grows at an asymptotic 

.                     rate of (𝒏!)𝒌 .   
𝒂𝒏+𝟏

𝒂𝒏
~𝑪𝒏𝒌 → 𝒂𝒏 = 𝒂𝟏 ⋅

𝒂𝟐

𝒂𝟏
⋅
𝒂𝟑

𝒂𝟐
⋅ … ⋅

𝒂𝒏+𝟏

𝒂𝒏
 

𝒂𝒏~𝒂𝟏(𝑪 ⋅ 𝟏
𝒌)(𝑪 ⋅ 𝟐𝒌)… (𝑪 ⋅ 𝒏𝒌) = 𝑪𝒏(𝒏!)𝒌~𝑪𝒏 (

𝒏

𝒆
)
𝒏𝒌

 

𝑨𝒔𝒚𝒑𝒕𝒐𝒕𝒊𝒌 𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉   √𝒂𝒏
𝒏 ~𝑪(

𝒏

𝒆
)
𝒌

 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂 →
𝒂𝒏+𝟏
𝒂𝒏

~𝒂√(𝟐𝒏 − 𝟏)‼
𝒏

~
𝟐𝒂𝒏

𝒆
 

𝑪 =
𝟐𝒂

𝒆
, 𝒌 = 𝟏 →  √𝒏!

𝒏
~
𝟐𝒂

𝒆
⋅
𝒏

𝒆
=
𝟐𝒂𝒏

𝒆𝟐
 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(
(𝒏 + 𝟏)𝟐

√𝒂𝒏+𝟏
𝒏+𝟏

−
𝒏𝟐

√𝒂𝒏
𝒏

) = 𝐥𝐢𝐦
𝒏→∞

(
(𝒏 + 𝟏)𝟐

𝟐𝒂(𝒏 + 𝟏)
𝒆𝟐

−
𝒏𝟐

𝟐𝒂𝒏
𝒆𝟐

) = 
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=
𝒆𝟐

𝟐𝒂
𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏) − 𝒏)) =
𝒆𝟐

𝟐𝒂
 

                         

2821.        Find: 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) 

𝒘𝒉𝒆𝒓𝒆 , 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂 ∈ 𝑹+
∗  

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Amin Hajiyev-Azerbaijan  
 

𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂    𝒏! ~√𝟐𝝅𝒏(
𝒏

𝒆
)
𝒏

 

(𝟐𝒏 − 𝟏)‼ =
(𝟐𝒏)!

𝟐𝒏𝒏!
~ (
𝟐𝒏

𝒆
)
𝒏

→ √(𝟐𝒏 − 𝟏)‼
𝒏

~
𝟐𝒏

𝒆
 

                            Cauchy-D’Alembert criterion:  𝑨 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

 

                        𝑰𝒇 
𝒂𝒏+𝟏

𝒂𝒏
~𝒏𝒌This implies that the sequence 𝒙𝒏 grows at an asymptotic 

.                     rate of (𝒏!)𝒌 .   
𝒂𝒏+𝟏

𝒂𝒏
~𝑪𝒏𝒌 → 𝒂𝒏 = 𝒂𝟏 ⋅

𝒂𝟐

𝒂𝟏
⋅
𝒂𝟑

𝒂𝟐
⋅ … ⋅

𝒂𝒏+𝟏

𝒂𝒏
 

𝒂𝒏~𝒂𝟏(𝑪 ⋅ 𝟏
𝒌)(𝑪 ⋅ 𝟐𝒌)… (𝑪 ⋅ 𝒏𝒌) = 𝑪𝒏(𝒏!)𝒌~𝑪𝒏 (

𝒏

𝒆
)
𝒏𝒌

 

𝑨𝒔𝒚𝒑𝒕𝒐𝒕𝒊𝒌 𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉   √𝒂𝒏
𝒏 ~𝑪(

𝒏

𝒆
)
𝒌

 

→ 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒂𝒏√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝒂,
𝒂𝒏+𝟏
𝒏𝒂𝒏

~𝒂√(𝟐𝒏 − 𝟏)‼
𝒏

,
𝒂𝒏+𝟏
𝒂𝒏

~
𝟐𝒏𝟐𝒂

𝒆
 

𝑪 =
𝟐𝒂

𝒆
, 𝒌 = 𝟐 →  √𝒂𝒏

𝒏 ~
𝟐𝒂

𝒆
⋅
𝒏𝟐

𝒆𝟐
=
𝟐𝒂𝒏²

𝒆³
 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
(
𝟐𝒂(𝒏 + 𝟏)𝟐

𝒆𝟑
−
𝟐𝒂𝒏𝟐

𝒆𝟑
) = 

 

=
𝟐𝒂

𝒆𝟑
𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
(𝒏𝟐 + 𝟐𝒏 + 𝟏 − 𝒏𝟐) =

𝟐𝒂

𝒆𝟑
𝐥𝐢𝐦
𝒏→∞

(𝟐 +
𝟏

𝒏
) =

𝟒𝒂

𝒆𝟑
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2822. 

𝑭𝒊𝒏𝒅 𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
,𝒘𝒉𝒆𝒓𝒆 𝒙𝒏 =∏𝒂

𝒌

𝟏
𝒌

𝒏

𝒌=𝟏

  𝒂𝒏𝒅 (𝒂𝒏)𝒏≥𝟏 > 0 

𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏√𝒏!
𝒏 = 𝒂 ∈ 𝑹+

∗  

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

                The limit form of Stirling's Formula: 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝟏

𝒆
,   𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝒂𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏+𝟏

𝒂𝒏√𝒏!
𝒏 ⋅

√𝒏!
𝒏

𝒏
) =

𝒂

𝒆
 

               Cauchy-D’Alembert criterion:  𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏
= 𝒚 → 𝐥𝐢𝐦

𝒏→∞
√𝒃𝒏
𝒏 = 𝒚 

𝒃𝒏 =
𝒂𝒏

(𝒏 − 𝟏)!
→
𝒃𝒏+𝟏
𝒃𝒏

=
𝒂𝒏+𝟏
𝒏!

(𝒏 − 𝟏)!
𝒂𝒏

=
𝒂𝒏+𝟏
𝒏𝒂𝒏

, 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒃𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
√(

𝒂𝒏
(𝒏 − 𝟏)!

)
𝒏

=
𝒂

𝒆
 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√(
𝒂𝒏

(𝒏 − 𝟏)!
)

𝒏

⋅
√(𝒏 − 𝟏)!
𝒏

𝒏
=
𝒂

𝒆
⋅
𝟏

𝒆
=
𝒂

𝒆𝟐
 

𝒙𝒏 =∏𝒂
𝒌

𝟏
𝒌

𝒏

𝒌=𝟏

→ 𝒙𝒏+𝟏 = 𝒙𝒏 √𝒂𝒏+𝟏
𝒏+𝟏  

𝑳 = 𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒙𝒏
𝒏𝒏

𝒏
=⏞

𝑪𝒂𝒖𝒄𝒉𝒚−𝑫′𝑨𝒍𝒎𝒃𝒆𝒓𝒕

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

⋅
𝒏𝒏 

𝒙𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏+𝟏

(𝒏 + 𝟏)𝒏+𝟏
𝒏+𝟏

⋅
𝟏

(𝟏 +
𝟏
𝒏)

𝒏 = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
⋅

𝟏

𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏
𝒏)

𝒏 =
𝒂

𝒆𝟐
⋅
𝟏

𝒆
=
𝒂

𝒆𝟑
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

√𝒙𝒏
𝒏

𝒏
=
𝒂

𝒆𝟑
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2823. 𝑭𝒊𝒏𝒅: 

𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝐜𝐨𝐬(𝒙) ⋅ √𝐜𝐨𝐬(𝟐𝒙) ⋅ √𝐜𝐨𝐬(𝟑𝒙)
𝟑

⋅ … ⋅ √𝐜𝐨𝐬(𝒏𝒙)
𝒏

𝒙𝟐
 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝑳 = 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝐜𝐨𝐬(𝒙) ⋅ √𝐜𝐨𝐬(𝟐𝒙) ⋅ √𝐜𝐨𝐬(𝟑𝒙)
𝟑

⋅ … ⋅ √𝐜𝐨𝐬(𝒏𝒙)
𝒏

𝒙𝟐
= 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − ∏ (𝐜𝐨𝐬(𝒌𝒙))
𝟏
𝒌𝒏

𝒌=𝟏

𝒙𝟐
 

𝑳 = 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝒇(𝒏𝒙)

𝒙𝟐
→  𝒇(𝒏𝒙) =∏(𝐜𝐨𝐬(𝒌𝒙))

𝟏
𝒌

𝒏

𝒌=𝟏

 

                                 Using the Maclaurin series expansion for 𝐜𝐨𝐬(𝒌𝒙) 𝒂s 𝒙 → 𝟎:   

𝐜𝐨𝐬(𝒌𝒙) = ∑
(−𝟏)𝒎(𝒌𝒙)𝟐𝒎

(𝟐𝒎)!

∞

𝒎=𝟎

→ 𝐜𝐨𝐬(𝐤𝐱)~ 𝟏 −
(𝒌𝒙)𝟐

𝟐
 𝒂𝒔 𝒙 → 𝟎 

The expression is evaluated by applying the generalized binomial expansion for |x| <<1.          
Specifically, we use the first-order linear approximation derived from Newton's binomial 

theorem:   (𝟏 + 𝒙𝜷)𝜶 = ∑ (
𝜶
𝒌
)∞

𝒌=𝟎 𝜷𝒙𝒌~𝟏 − 𝜶𝜷𝒙, 𝒂𝒔  𝒙 → 𝟎 

𝒇(𝒏𝒙) =∏(𝐜𝐨𝐬(𝒌𝒙))
𝟏
𝒌

𝒏

𝒌=𝟏

~∏(𝟏−
(𝒌𝒙)𝟐

𝟐
)

𝟏
𝒌

𝒏

𝒌=𝟏

~∏(𝟏 −
𝒌𝒙𝟐

𝟐
)

𝒏

𝒌=𝟏

 

𝒇(𝒏𝒙)~∏(𝟏−
𝒌𝒙𝟐

𝟐
)

𝒏

𝒌=𝟏

= (𝟏 −
𝒙𝟐

𝟐
) (𝟏 − 𝒙𝟐) (𝟏 −

𝟑𝒙𝟐

𝟐
)…(𝟏 −

𝒏𝒙𝟐

𝟐
) 

                      Weierstrass Product Inequality:       ∏ (𝟏− 𝒂𝒊) ≥ 𝟏 − ∑ 𝒂𝒊
𝒏
𝒌=𝟏

𝒏
𝒊=𝟏  

𝒇(𝒏𝒙)~∏(𝟏 −
𝒌𝒙𝟐

𝟐
)

𝒏

𝒌=𝟏

~𝟏−∑
𝒌𝒙𝟐

𝟐

𝒏

𝒌=𝟏

= 𝟏 −
𝒙𝟐

𝟐
∑𝒌

𝒏

𝒌=𝟏

= 𝟏 −
𝒙𝟐𝒏(𝒏 + 𝟏)

𝟒
 

𝑳 = 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝒇(𝒏𝒙)

𝒙𝟐
= 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − (𝟏 −
𝒙𝟐𝒏(𝒏 + 𝟏)

𝟒 )

𝒙𝟐
=
𝒏(𝒏 + 𝟏)

𝟒
 

 

𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝐜𝐨𝐬(𝒙) ⋅ √𝐜𝐨𝐬(𝟐𝒙) ⋅ √𝐜𝐨𝐬(𝟑𝒙)
𝟑

⋅ … ⋅ √𝐜𝐨𝐬(𝒏𝒙)
𝒏

𝒙𝟐
=
𝒏(𝒏 + 𝟏)

𝟒
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2824.   Find:  

𝛀 = 𝐥𝐢𝐦
𝒙→∞

[∫ 𝒕𝟐 𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏

𝒕
)𝒅𝒕

𝒙+
𝟑
𝒙

𝒙

] 

Proposed by Vasile Mircea Popa-Romania 
Solution by Amin Hajiyev-Azerbaijan 
 
                           Mean Value Theorem for Integrals: 
               If f is continuous on [𝒂;  𝒃], then there exists  𝒄 ∈ [𝒂;  𝒃] such that: 

∫ 𝒇(𝒕)𝒅𝒕
𝒃

𝒂

= 𝒇(𝒄)(𝒃 − 𝒂)                                           

𝒇(𝒕) = 𝒕𝟐 𝐬𝐢𝐧−𝟏 (
𝟏

𝒕
)     𝒂 = 𝒙, 𝒃 = 𝒙 +

𝟑

𝒙
 

𝛀 = 𝐥𝐢𝐦
𝒙→∞

[(𝒙 +
𝟑

𝒙
− 𝒙)𝒇(𝒄)]

= 𝟑 𝐥𝐢𝐦
𝒙→∞

[
𝟏

𝒙
(𝒄𝟐 𝐬𝐢𝐧−𝟏 (

𝟏

𝒄
))] 

𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒌 𝒂𝒏𝒂𝒍𝒚𝒔𝒊𝒔:    𝒙 ≤ 𝒄 ≤ 𝒙 +
𝟑

𝒙
→  𝒙 → ∞, 𝒙 ≈ 𝒄 

Taylor series for:     𝐚𝐫𝐜𝐬𝐢𝐧(𝒚) = ∑
(𝟐𝒏)!𝒚𝟐𝒏+𝟏

𝟒𝒏(𝟐𝒏+𝟏)(𝒏!)𝟐
∞
𝒏=𝟎 ~𝒚 +𝑶(𝒚𝟑) 𝒂𝒔 |𝒚| ≤ 𝟏 

𝒙 → ∞, 𝒙 ≈ 𝒄 → |
𝟏

𝒄
| < 1   𝐚𝐫𝐜𝐬𝐢𝐧 (

𝟏

𝒄
)~
𝟏

𝒄
+ 𝑶(

𝟏

𝒄𝟑
) 

𝐓𝐡𝐞𝐫𝐟𝐨𝐫𝐞  𝛀 = 𝟑 𝐥𝐢𝐦
𝒙→∞

[
𝟏

𝒙
⋅ 𝒄² ⋅ (

𝟏

𝒄
+ 𝑶(

𝟏

𝒄𝟑
))] = 𝟑 𝐥𝐢𝐦

𝒙→∞

𝒄

𝒙
= 𝟑 

 
2825.                       Find:  

𝐥𝐢𝐦
𝒏→∞

𝒏(
𝟒

𝟑
−
𝒂𝒏
𝒃𝒏
) ,    𝒂𝒏 = ∑

𝟏

𝒌𝟐

𝒏

𝒌=𝟏

 𝒂𝒏𝒅 𝒃𝒏 =∑
𝟏

(𝟐𝒌 − 𝟏)𝟐

𝒏

𝒌=𝟏

 

 
Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

 
Solution by Amin Hajiyev-Azerbaijan 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 ∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

= 𝜻(𝟐) =
𝝅𝟐

𝟔
, 𝑯𝒏

(𝒔) =∑
𝟏

𝒌𝒔

𝒏

𝒌=𝟏

 

𝑎      𝑐         𝑏 

f(t) 

 𝒉 = 𝒇(𝒄) 
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𝒂𝒏 = 𝑯𝒏
(𝟐) =∑

𝟏

𝒌𝟐

∞

𝒌=𝟏

− ∑
𝟏

𝒌𝟐

∞

𝒌=𝒏+𝟏

=
𝝅𝟐

𝟔
−𝝍(𝟏)(𝟏 + 𝒏) 

𝑻𝒓𝒊𝒈𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏:                                                                        

𝝍(𝟏)(𝒙) = ∑
𝑩𝒏
𝒙𝒏+𝟏

∞

𝒏=𝟎

=
𝟏

𝒙
+
𝟏

𝟐𝒙𝟐
+∑

𝑩𝟐𝒏
𝒙𝟐𝒏+𝟏

∞

𝒏=𝟏

~
𝟏

𝒙
+
𝟏

𝟐𝒙𝟐
+𝑶(

𝟏

𝒙𝟑
) 

𝑩𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒕𝒉𝒆𝒐𝒓𝒆𝒎: (𝟏 + 𝜶)𝜷 = 𝟏 + 𝜷𝜶 +
𝜷(𝜷 − 𝟏)

𝟐!
𝜶𝟐 +

𝜷(𝜷− 𝟏)(𝜷 − 𝟐)

𝟑!
𝜶𝟑 +⋯ 

𝟏

𝒏 + 𝟏
=
𝟏

𝒏
(𝟏 +

𝟏

𝒏
)
−𝟏

~
𝟏

𝒏
(𝟏−

𝟏

𝒏
+ 𝑶(

𝟏

𝒏𝟐
))~

𝟏

𝒏
−
𝟏

𝒏𝟐
+ 𝑶(

𝟏

𝒏𝟑
) 

𝟏

𝟐(𝒏 + 𝟏)𝟐
=
𝟏

𝟐𝒏𝟐
(𝟏 +

𝟏

𝒏
)
−𝟐

~
𝟏

𝟐𝒏𝟐
(𝟏 −

𝟐

𝒏
+𝑶(

𝟏

𝒏𝟐
))~

𝟏

𝟐𝒏𝟐
+𝑶(

𝟏

𝒏𝟑
) 

𝝍(𝟏)(𝒏 + 𝟏)~
𝟏

𝒏 + 𝟏
+

𝟏

𝟐(𝒏 + 𝟏)𝟐
+ 𝑶(

𝟏

𝒏𝟑
)~
𝟏

𝒏
−
𝟏

𝟐𝒏𝟐
+𝑶(

𝟏

𝒏𝟑
) 

𝒂𝒏 = 𝑯𝒏
(𝟐) =

𝝅𝟐

𝟔
−𝝍(𝟏)~

𝝅𝟐

𝟔
−
𝟏

𝒏
+
𝟏

𝟐𝒏𝟐
+ 𝑶(

𝟏

𝒏𝟑
) 

𝑾𝒆 𝒌𝒏𝒐𝒘  ∑
𝟏

(𝟐𝒌 − 𝟏)𝟐

∞

𝒌=𝟏

= 𝜷(𝟐) =
𝝅𝟐

𝟖
, 𝒃𝒏 = 𝜷(𝟐) − ∑

𝟏

(𝟐𝒌 − 𝟏)𝟐

∞

𝒌=𝒏+𝟏

= 

=
𝝅𝟐

𝟖
−
𝟏

𝟒
∑

𝟏

(𝒌 −
𝟏
𝟐)
𝟐

∞

𝒌=𝒏+𝟏

=
𝝅𝟐

𝟖
−
𝟏

𝟒
𝝍(𝟏) (𝒏 +

𝟏

𝟐
)~
𝝅𝟐

𝟖
−

𝟏

𝟒(𝒏 +
𝟏
𝟐)
−

𝟏

𝟖 (𝒏 +
𝟏
𝟐)
𝟐 −𝑶(

𝟏

𝒏𝟑
) 

𝟏

𝒏 +
𝟏
𝟐

~
𝟏

𝒏
−
𝟏

𝟐𝒏𝟐
+ 𝑶(

𝟏

𝒏𝟑
) ,

𝟏

(𝒏+
𝟏
𝟐)
𝟐~

𝟏

𝒏𝟐
+𝑶(

𝟏

𝒏𝟑
) , 𝝍(𝟏) (𝒏 +

𝟏

𝟐
)~
𝟏

𝒏
+𝑶(

𝟏

𝒏𝟑
) 

𝒃𝒏~
𝝅𝟐

𝟖
−
𝟏

𝟒𝒏
− 𝑶(

𝟏

𝒏𝟑
) 

𝐥𝐢𝐦
𝒏→∞

𝒏 (
𝟒

𝟑
−
𝒂𝒏
𝒃𝒏
) = 𝒍𝒊𝒎

𝒏→∞
𝒏(
𝟒

𝟑
−

𝝅𝟐

𝟔 −
𝟏
𝒏 +

𝟏
𝟐𝒏𝟐

+ 𝑶(
𝟏
𝒏𝟑
)

𝝅𝟐

𝟖 −
𝟏
𝟒𝒏 +𝑶(

𝟏
𝒏𝟑
)

) = 

= 𝐥𝐢𝐦
𝒏→∞

𝒏

(

 
 𝟒

𝟑
−

𝝅𝟐

𝟔 (𝟏 −
𝟔
𝒏𝝅𝟐

+
𝟑

𝝅𝟐𝒏𝟐
+𝑶(

𝟏
𝒏𝟑
))

𝝅𝟐

𝟖 (𝟏 −
𝟐
𝝅𝟐𝒏

+ 𝑶(
𝟏
𝒏𝟑
))

)

 
 
, 
𝒂𝒏
𝒃𝒏
~ 

𝟒

𝟑
(𝟏 −

𝟔

𝒏𝝅𝟐
+

𝟑

𝒏𝟐𝝅𝟐
) ⋅ (𝟏 −

𝟐

𝝅𝟐𝒏
)
−𝟏
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𝒂𝒏
𝒃𝒏
~
𝟒

𝟑
(𝟏 −

𝟔

𝒏𝝅𝟐
+

𝟑

𝒏𝟐𝝅𝟐
) ⋅ (𝟏 +

𝟐

𝝅𝟐𝒏
+

𝟒

𝝅𝟒𝒏𝟐
+𝑶(

𝟏

𝒏𝟑
))~

𝟒

𝟑
(𝟏 + (−

𝟔

𝝅𝟐𝒏
) +

𝟐

𝝅𝟐𝒏
) 

𝒂𝒏
𝒃𝒏
~
𝟒

𝟑
(𝟏 −

𝟒

𝝅𝟐𝒏
)~
𝟒

𝟑
−
𝟏𝟔

𝟑𝝅𝟐𝒏
→ 𝐥𝐢𝐦
𝒏→∞

𝒏(
𝟒

𝟑
−
𝟒

𝟑
+
𝟏𝟔

𝟑𝒏𝝅𝟐
) = 𝟏𝟔/𝟑𝝅² 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝐥𝐢𝐦
𝒏→∞

𝒏(
𝟒

𝟑
−
𝒂𝒏
𝒃𝒏
) =

𝟏𝟔

𝟑𝝅𝟐
  

2826. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐢𝐦
𝒙→∞

(𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
"n"−𝒕𝒊𝒎𝒆𝒔

) (𝒙)) , 𝒇(𝒙) =
𝒙

√𝟏 + 𝒙𝟐
 

 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Daniel Sitaru-Romania 
 

(𝒇 ∘ 𝒇)(𝒙) = 𝒇(𝒇(𝒙)) = 𝒇 (
𝒙

√𝟏+ 𝒙𝟐
) =

𝒙

√𝟏 + 𝒙𝟐

√𝟏+
𝒙𝟐

𝟏 + 𝒙𝟐

=
𝒙

√𝟏 + 𝟐𝒙𝟐
 

(𝒇 ∘ 𝒇 ∘ 𝒇)(𝒙) = 𝒇((𝒇 ∘ 𝒇)(𝒙)) = 𝒇 (
𝒙

√𝟏+ 𝟐𝒙𝟐
) =

𝒙

√𝟏 + 𝟐𝒙𝟐

√𝟏+
𝒙𝟐

𝟏 + 𝟐𝒙𝟐

=
𝒙

√𝟏 + 𝟑𝒙𝟐
 

𝑷(𝒏): (𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
n−𝒕𝒊𝒎𝒆𝒔

) (𝒙) =
𝒙

√𝟏 + 𝒏𝒙𝟐
− 𝒔𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒓𝒖𝒆 

𝑷(𝒏 + 𝟏): (𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
n+1−𝒕𝒊𝒎𝒆𝒔

)(𝒙) =
𝒙

√𝟏 + (𝒏 + 𝟏)𝒙𝟐
− 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 

(𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
n+1−𝒕𝒊𝒎𝒆𝒔

) (𝒙) = 𝒇((𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
n−𝒕𝒊𝒎𝒆𝒔

)(𝒙)) = 𝒇 (
𝒙

√𝟏+ 𝒏𝒙𝟐
) = 

=

𝒙

√𝟏 + 𝒏𝒙𝟐

√𝟏+
𝒙𝟐

𝟏 + 𝒏𝒙𝟐

=
𝒙

√𝟏 + (𝒏 + 𝟏)𝒙𝟐
 

𝑷(𝒏) → 𝑷(𝒏 + 𝟏) 
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐢𝐦
𝒙→∞

(𝒇 ∘ 𝒇 ∘ … ∘ 𝒇⏟        
"n"−𝒕𝒊𝒎𝒆𝒔

)(𝒙)) = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐢𝐦
𝒙→∞

(
𝒙

√𝟏 + 𝒏𝒙𝟐
))= 𝐥𝐢𝐦

𝒏→∞
(
𝟏

√𝒏
) = 𝟎 
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2827. 

𝑰𝒇 𝒙𝒏 = (𝟏 +
𝟏

𝟑
) (𝟏 +

𝟏

𝟑𝟐
) (𝟏 +

𝟏

𝟑𝟒
) ⋅⋅⋅ (𝟏 +

𝟏

𝟑𝟐
𝒏) , 𝒏 ∈ 𝑵

∗ 𝑭𝒊𝒏𝒅  

𝐥𝐢𝐦
𝒏→∞

((𝟏 −
𝟏

𝟑
)𝒙𝒏)

𝟑𝟐
𝒏+𝟏

 

Proposed by Marin Chirciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

((𝟏 −
𝟏

𝟑
)𝒙𝒏)

𝟑𝟐
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

(𝑰𝒏)
𝟑𝟐
𝒏+𝟏

 

𝑰𝒏 = (𝟏−
𝟏

𝟑
)𝒙𝒏 = (𝟏−

𝟏

𝟑
) (𝟏 +

𝟏

𝟑
) (𝟏 +

𝟏

𝟑𝟐
) ⋅⋅⋅ (𝟏 +

𝟏

𝟑𝟐
𝒏) 

𝑰𝒏 = (𝟏−
𝟏

𝟑𝟐
) (𝟏 +

𝟏

𝟑𝟐
) (𝟏 +

𝟏

𝟑𝟒
) ⋅⋅⋅ (𝟏 +

𝟏

𝟑𝟐
𝒏)⏟                          

𝑻𝒆𝒍𝒆𝒔𝒌𝒐𝒑𝒊𝒄

= 𝟏 −
𝟏

𝟑𝟐
𝒏+𝟏  

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(𝟏 −
𝟏

𝟑𝟐
𝒏+𝟏)

𝟑𝟐
𝒏+𝟏

→ 𝟑𝟐
𝒏+𝟏
= 𝒖  𝒖 → ∞ 

𝑳 = 𝐥𝐢𝐦
𝒖→∞

(𝟏 −
𝟏

𝒖
)
𝒖

= 𝐥𝐢𝐦
𝒖→∞

[(𝟏 +
𝟏

−𝒖
)
−𝒖

]

−𝟏

= 𝒆−𝟏 =
𝟏

𝒆
 

 
2828. Prove that: 

∫ ∫ ∫
𝒙𝟐𝒛 𝐥𝐧(𝒙𝒚)

𝒙𝟑𝒚𝒛 + 𝒙𝒚𝒛 + 𝒙𝟑𝒚 + 𝒙𝟐𝒛 + 𝒙𝒚 + 𝒙𝟐 + 𝒛 + 𝟏

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

= 𝐥𝐧 (
𝒆

𝟐
)(
𝝅

𝟒
𝑮 −

𝝅𝟐

𝟗𝟔
𝐥𝐧(𝟐) −

𝟑

𝟒
𝛇(𝟑)) 

𝑮 − 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
 

Proposed by Cosghun Memmedov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝑰 = ∫ ∫ ∫
𝒇(𝒙, 𝒚, 𝒛)

𝒈(𝒙, 𝒚, 𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 

𝒈(𝒙, 𝒚, 𝒛) = 𝒙𝟑𝒚𝒛 + 𝒙𝒚𝒛 + 𝒙𝟑𝒚 + 𝒙𝟐𝒛 + 𝒙𝒚 + 𝒙𝟐 + 𝒛 + 𝟏 = 
= (𝒙𝟑𝒚𝒛 + 𝒙𝟑𝒚) + (𝒙𝒚𝒛 + 𝒙𝒚) + (𝒙𝟐𝒛 + 𝒙𝟐) + (𝒛 + 𝟏) = 
= (𝒛 + 𝟏)(𝒙𝟑𝒚 + 𝒙𝒚 + 𝒙𝟐 + 𝟏) = (𝒛 + 𝟏)(𝒙𝟐 + 𝟏)(𝒙𝒚 + 𝟏) 

𝑰 = ∫ ∫ ∫
𝒙𝟐𝒛 𝐥𝐧(𝒙) + 𝒙𝟐𝒛 𝐥𝐧(𝒚)

(𝟏 + 𝒛)(𝟏 + 𝒙𝟐)(𝟏 + 𝒙𝒚)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 = 𝑰𝟏 + 𝑰𝟐 



 
www.ssmrmh.ro 

29 RMM-CALCULUS MARATHON 2801-2900 

 

𝑰𝟏 = ∫
𝒛

𝟏 + 𝒛

𝟏

𝟎

(∫
𝒙𝟐 𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

(∫
𝟏

𝟏 + 𝒙𝒚

𝟏

𝟎

𝒅𝒚)𝒅𝒙)𝒅𝒛 = 

= ∫
𝒛

𝟏 + 𝒛

𝟏

𝟎

𝒅𝒛∫
𝒙𝟐 𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

[
𝐥𝐧(𝟏 + 𝒙𝒚)

𝐱
]
𝟎

𝟏

𝒅𝒙 = (𝟏 − 𝐥𝐧(𝟐))∫
𝒙 𝐥𝐧(𝒙) 𝐥𝐧(𝟏 + 𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙
⏟                

=𝑲

 

𝑲 = ∫
𝒙 𝐥𝐧(𝒙) 𝐥𝐧(𝟏 + 𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 →  𝑲(𝒂) = ∫
𝒙 𝐥𝐧(𝒙) 𝐥𝐧(𝟏 + 𝒂𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 

𝝏

𝝏𝒂
𝑲(𝒂) = ∫

𝒙𝟐 𝐥𝐧(𝒙)

(𝟏 + 𝒙𝟐)(𝟏 + 𝒂𝒙)

𝟏

𝟎

𝒅𝒙

=
𝟏

𝟏 + 𝒂𝟐
(𝒂∫

𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 − ∫
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 +∫
𝐥𝐧(𝒙)

𝟏 + 𝒂𝒙

𝟏

𝟎

𝒅𝒙) 

𝑲𝟏 = ∫
𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏∫ 𝒙𝟐𝒏+𝟏 𝐥𝐧(𝒙)
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟎

=⏞
𝑰𝑩𝑷

−∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟐)𝟐

∞

𝒏=𝟎

= −
𝟏

𝟒
𝜼(𝟐)

= −
𝝅𝟐

𝟒𝟖
 

𝑲𝟐 = ∫
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏
∞

𝒏=𝟎

∫ 𝒙𝟐𝒏 𝐥𝐧(𝒙)
𝟏

𝟎

𝒅𝒙 =⏞
𝑰𝑩𝑷

−∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= −𝜷(𝟐) = −𝑮 

𝑲𝟑(𝒂) = ∫
𝐥𝐧(𝒙)

𝟏 + 𝒂𝒙

𝟏

𝟎

𝒅𝒙, 𝟎 ≤ 𝒂 ≤ 𝟏 → 𝑲𝟑(𝒂)

= ∑(−𝟏)𝒏
∞

𝒏=𝟎

𝒂𝒏∫ 𝒙𝒏 𝐥𝐧(𝒙)
𝟏

𝟎

=⏞
𝑰𝑩𝑷

−∑
(−𝟏)𝒏𝒂𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

 

=
𝟏

𝒂
∑
(−𝟏)𝒏𝒂𝒏

𝒏𝟐

∞

𝒏=𝟏

=
𝑳𝒊𝟐(−𝒂)

𝒂
 

𝝏

𝝏𝒂
𝑲(𝒂) =

𝟏

𝟏 + 𝒂𝟐
(𝒂𝑲𝟏 −𝑲𝟐 +𝑲𝟑(𝒂)) →  𝑲(𝟏) = 𝑲,𝑲(𝟎) = 𝟎 

𝑲 = ∫
𝟏

𝟏 + 𝒂𝟐
(𝒂𝑲𝟏 −𝑲𝟐 + 𝑲𝟑(𝒂))𝒅𝒂

𝟏

𝟎

= 

= −
𝝅𝟐

𝟒𝟖
∫

𝒂

𝟏 + 𝒂𝟐

𝟏

𝟎

𝒅𝒂 + 𝑮∫
𝟏

𝟏 + 𝒂𝟐

𝟏

𝟎

𝒅𝒂 + ∫
𝑳𝒊𝟐(−𝒂)

𝒂(𝟏 + 𝒂𝟐)

𝟏

𝟎

𝒅𝒂 

= −
𝝅𝟐

𝟗𝟔
𝐥𝐧(𝟐) +

𝛑

𝟒
𝐆 + ∫

𝑳𝒊𝟐(−𝒂)

𝒂(𝟏 + 𝒂𝟐)

𝟏

𝟎

𝒅𝒂
⏟          

𝐏

   𝒂 → 𝒙,𝑷 = ∫
𝑳𝒊𝟐(−𝒙)

𝒙(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙

= ∫
𝑳𝒊𝟐(−𝒙)

𝒙

𝟏

𝟎

𝒅𝒙 − ∫
𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝑳𝒊𝟐(−𝒙)𝒅𝒙 = 𝑷𝟏 − 𝑷𝟐 

𝑷𝟏 = ∫
𝑳𝒊𝟐(−𝒙)

𝒙

𝟏

𝟎

𝒅𝒙 = ∑
(−𝟏)𝒏

𝒏𝟐

∞

𝒏=𝟏

∫ 𝒙𝒏−𝟏
𝟏

𝟎

𝒅𝒙 = ∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

= −𝜼(𝟑) = −
𝟑

𝟒
𝜻(𝟑) 
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𝑷𝟐 = ∫
𝒙 𝑳𝒊𝟐(−𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙  𝑰𝑩𝑷 → 

{
 

 𝒖 = 𝑳𝒊𝟐(−𝒙),
𝒅𝒖

𝒅𝒙
=
𝐥 𝐧(𝟏 + 𝒙)

𝒙

∫
𝒙

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟐
𝐥𝐧(𝟏 + 𝒙𝟐)

𝑳𝒊𝒔(−𝟏) = −𝜼(𝒔) 

𝑷𝟐 = ∫
𝒙 𝑳𝒊𝟐(−𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 =⏞
𝑰𝑩𝑷

−
𝜼(𝟐)

𝟐
𝐥𝐧(𝟐) +

𝟏

𝟐
∫
𝐥𝐧(𝟏 + 𝒙𝟐) 𝐥𝐧(𝟏 + 𝒙)

𝒙

𝟏

𝟎

𝒅𝒙

= −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) −

𝟏

𝟐
∑
(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

∫ 𝒙𝟐𝒏−𝟏
𝟏

𝟎

𝐥𝐧(𝟏 + 𝒙)𝒅𝒙 

𝑵𝒐𝒕𝒆: ∫ 𝒙𝒏−𝟏𝐥𝐧 (𝟏 + 𝒙)𝒅𝒙
𝟏

𝟎

=
𝑯𝒏 − 𝑯𝒏

𝟐

𝒏
 

𝑷𝟐 = −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝟏

𝟒
∑
(−𝟏)𝒏

𝒏𝟐

∞

𝒏=𝟏

(𝑯𝒏 − 𝑯𝟐𝒏) = 

= −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝟏

𝟒
∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

−
𝟏

𝟒
∑
(−𝟏)𝒏𝑯𝟐𝒏

𝒏𝟐

∞

𝒏=𝟏

= −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝟏

𝟒
(𝑾𝟏 −𝑾𝟐) 

𝑵𝒐𝒕𝒆:  𝒒 ∈ 𝒁+      ∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐𝒒

∞

𝒏=𝟏

= −
𝟏

𝟐
(𝟐𝒒 + 𝟏)𝜼(𝟐𝒒+ 𝟏) +∑𝜻(𝟐𝒒 − 𝟐𝒌 + 𝟏)

𝒒−𝟏

𝒌=𝟎

𝜼(𝟐𝒌) 

|𝒙| ≤ 𝟏 

∑
𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

𝒙𝒏 = 𝑳𝒊𝟑(𝒙) − 𝑳𝒊𝟑(𝟏 − 𝒙) + 𝐥𝐧(𝟏 − 𝒙)𝑳𝒊𝟐(𝟏 − 𝒙) +
𝟏

𝟐
𝐥𝐧(𝒙) 𝐥𝐧𝟐(𝟏 − 𝐱) + 𝛇(𝟑) 

∑
(−𝟏)𝒏𝑯𝟐𝒏

𝒏𝟐

∞

𝒏=𝟏

= 𝟒∑
𝒊𝟐𝒏𝑯𝟐𝒏
(𝟐𝒏)𝟐

= 𝟒𝑹𝒆 {∑
𝒊𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

} =

∞

𝒏=𝟏

 

= 𝟒𝑹𝒆 {𝑳𝒊𝟑(𝒊) − 𝑳𝒊𝟑(𝟏 − 𝒊) + 𝐥𝐧(𝟏 − 𝒊)𝑳𝒊𝟐(𝟏 − 𝒊) +
𝟏

𝟐
𝐥𝐧(𝒊) 𝐥𝐧𝟐(𝟏 − 𝐢) + 𝛇(𝟑)} 

𝑹𝒆{𝒍𝒏(𝒊)} = 𝟎, 𝑹𝒆{𝒍𝒏(𝟏 − 𝒊)} =
𝒍𝒏(𝟐)

𝟐
 

𝑳𝒊𝒂(𝒊) = (𝟐
𝟏−𝟐𝒂 − 𝟐−𝒂)𝜻(𝒂) + 𝒊𝜷(𝒂) 

𝑳𝒊𝟐(𝒊) = −
𝝅𝟐

𝟒𝟖
+ 𝒊𝑮, 𝑳𝒊𝟐(𝟏 − 𝒊) =

𝟑

𝟖
𝜻(𝟐) − (

𝝅

𝟒
𝒍𝒏(𝟐) + 𝑮) 𝒊 

𝑳𝒊𝟑(𝒊) = −
𝟑

𝟑𝟐
𝜻(𝟑) + 𝒊𝜷(𝟑),𝑹𝒆{𝑳𝒊𝟑(𝟏 − 𝒊)} = 𝑹𝒆{𝑳𝒊𝟑(𝟏 + 𝒊)} =

𝟑

𝟏𝟔
𝒍𝒏(𝟐)𝜻(𝟐) +

𝟑𝟓𝜻(𝟑)

𝟔𝟒
 

𝑻𝒉𝒆𝒓𝒇𝒐𝒓𝒆   𝑾𝟏 = ∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

= −
𝟓

𝟖
𝜻(𝟑), 𝑾𝟐 = ∑

(−𝟏)𝒏𝑯𝟐𝒏
𝒏𝟐

∞

𝒏=𝟏

=
𝟐𝟑

𝟏𝟔
𝜻(𝟑) − 𝝅𝑮 

𝑷𝟐 = −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝟏

𝟒
(𝑾𝟏 −𝑾𝟐) = −

𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝟏

𝟒
(−
𝟑𝟑

𝟏𝟔
𝜻(𝟑) + 𝝅𝑮)

= −
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝟑𝟑

𝟔𝟒
𝜻(𝟑) 
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𝑷 = 𝑷𝟏 − 𝑷𝟐 = −
𝟑

𝟒
𝜻(𝟑) −

𝝅𝑮

𝟒
+
𝟑𝟑

𝟔𝟒
𝜻(𝟑) +

𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) = −

𝟏𝟓

𝟔𝟒
𝜻(𝟑) −

𝝅𝑮

𝟒
+
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) 

𝑲 = −
𝝅𝟐

𝟗𝟔
𝒍𝒏(𝟐) +

𝛑𝐆

𝟒
+ 𝐏 = −

𝝅𝟐

𝟗𝟔
𝒍𝒏(𝟐) +

𝛑𝐆

𝟒
+ (−

𝟏𝟓

𝟔𝟒
𝜻(𝟑) −

𝝅𝑮

𝟒
+
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐))

=
𝛑𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟏𝟓

𝟔𝟒
𝛇(𝟑) 

𝑰𝟏 = (𝟏 − 𝐥𝐧(𝟐))𝑲 = 𝐥𝐧 (
𝒆

𝟐
)(
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟏𝟓

𝟔𝟒
𝜻(𝟑)) 

𝑰𝟐 = ∫
𝒛

𝟏 + 𝒛

𝟏

𝟎

(∫
𝒙𝟐

𝟏 + 𝒙𝟐

𝟏

𝟎

(∫
𝐥𝐧(𝒚)

𝟏 + 𝒙𝒚

𝟏

𝟎

𝒅𝒚)𝒅𝒙) 𝒅𝒛 

𝑾𝒉𝒆𝒓𝒆 ∫
𝐥𝐧 (𝒚)

𝟏 + 𝒙𝒚

𝟏

𝟎

𝒅𝒚 = ∑(−𝟏)𝒏
∞

𝒏=𝟎

𝒙𝒏∫ 𝒚𝒏 𝐥𝐧(𝒚)𝒅𝒚
𝟏

𝟎

=⏞
𝑰𝑩𝑷

−∑
(−𝟏)𝒏𝒙𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝑳𝒊𝟐(−𝒙)

𝒙
 

𝑰𝟐 = (𝟏 − 𝐥𝐧(𝟐))∫
𝒙𝑳𝒊𝟐(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎⏟          
𝑷𝟐

= (𝐥𝐧 (
𝒆

𝟐
))(

𝝅𝑮

𝟒
−
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) −

𝟑𝟑

𝟔𝟒
𝜻(𝟑)) 

𝑰 = (𝐈𝟏 + 𝐈𝟐) =  𝐥𝐧 (
𝒆

𝟐
)(
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟏𝟓

𝟔𝟒
𝜻(𝟑)) + 𝐥𝐧 (

𝒆

𝟐
)(
𝝅𝑮

𝟒
−
𝝅𝟐

𝟐𝟒
𝐥𝐧(𝟐) −

𝟑𝟑

𝟔𝟒
𝜻(𝟑)) = 

= 𝐥𝐧 (
𝒆

𝟐
)(
𝝅

𝟒
𝑮 −

𝝅𝟐

𝟗𝟔
𝐥𝐧(𝟐) −

𝟑

𝟒
𝛇(𝟑)) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 

∫ ∫ ∫
𝒙𝟐𝒛 𝐥𝐧(𝒙𝒚)

𝒙𝟑𝒚𝒛 + 𝒙𝒚𝒛 + 𝒙𝟑𝒚 + 𝒙𝟐𝒛 + 𝒙𝒚 + 𝒙𝟐 + 𝒛 + 𝟏

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

= 𝐥𝐧 (
𝒆

𝟐
)(
𝝅

𝟒
𝑮 −

𝝅𝟐

𝟗𝟔
𝐥𝐧(𝟐) −

𝟑

𝟒
𝛇(𝟑)) 

 
2829. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒄𝒍𝒐𝒔𝒆𝒅 𝒇𝒐𝒓𝒎 

∫ 𝒆−𝒙 𝐥𝐧(𝒙)∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

∞

𝟎

𝒙𝒏𝒅𝒙 = 𝟒 𝐥𝐧(𝟐) + 𝟖 − 𝟓𝛄 

𝒘𝒉𝒆𝒓𝒆 𝜸  𝑬𝒖𝒍𝒆𝒓 − 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝛀 = ∫ 𝒆−𝒙 𝐥𝐧(𝒙)∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

∞

𝟎

𝒙𝒏𝒅𝒙 = ∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

∫ 𝒆−𝒙 𝐥𝐧(𝒙) 𝒙𝒏𝒅𝒙
∞

𝟎
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𝛀 = ∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

𝑰𝒏 → 𝑰𝒏 = ∫ 𝒆−𝒙𝒙𝒏 𝐥𝐧(𝒙)𝒅𝒙
∞

𝟎

→ 𝑰𝒏(𝒂) = ∫ 𝒆−𝒙𝒙𝒏+𝒂−𝟏𝒅𝒙
∞

𝟎

 

𝑰𝒏 = 𝐥𝐢𝐦
𝒂→𝟏

𝝏

𝝏𝒂
𝑰𝒏(𝒂) = 𝒍𝒊𝒎𝒂→𝟏

𝝏

𝝏𝒂
∫ 𝒆−𝒙

∞

𝟎

𝒙𝒏+𝒂−𝟏𝒅𝒙 

{𝑮𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍:  ∫ 𝒆−𝒙𝒙𝒔−𝟏𝒅𝒙 = 𝚪(𝒔)
∞

𝟎

, 𝑹𝒆{𝒔} > 0} 

𝑰𝒏 = 𝐥𝐢𝐦
𝒂→𝟏

𝝏

𝝏𝒂
𝚪(𝒂 + 𝒏) = 𝐥𝐢𝐦

𝒂→𝟏
𝚪(𝒏 + 𝒂)𝝍(𝟎)(𝒏 + 𝒂) =𝚪(𝒏 + 𝟏)𝝍(𝟎)(𝒏 + 𝟏) 

𝛀 = ∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

𝑰𝒏 = ∑
(𝒏𝟐 − 𝟏)𝚪(𝒏 + 𝟏)𝝍(𝟎)(𝒏 + 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

= ∑
(𝒏𝟐 − 𝟏)𝝍(𝟎)(𝒏 + 𝟏)

𝟐𝒏

∞

𝒏=𝟏

 

           Relation between Digamma Function and Harmonic Numbers 

{𝝍(𝟎)(𝒏 + 𝟏) = 𝑯𝒏 − 𝜸, 𝑾𝒉𝒆𝒓𝒆 𝜸  𝑬𝒖𝒍𝒆𝒓 − 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕} 

𝛀 = ∑
(𝒏𝟐 − 𝟏)(𝑯𝒏 − 𝜸)

𝟐𝒏

∞

𝒏=𝟏

= ∑
𝒏𝟐𝑯𝒏
𝟐𝒏

∞

𝒏=𝟏

−∑
𝑯𝒏
𝟐𝒏

∞

𝒏=𝟏

− 𝜸∑
𝒏𝟐

𝟐𝒏

∞

𝒏=𝟏

+ 𝜸∑
𝟏

𝟐𝒏

∞

𝒏=𝟏

 

𝛀 = 𝛀𝟏 −𝛀𝟐 − 𝜸𝛀𝟑 + 𝜸𝛀𝟒 

𝛀𝟏 = ∑
𝒏𝟐𝑯𝒏
𝟐𝒏

∞

𝒏=𝟏

= ∑𝒏𝟐𝑯𝒏 (
𝟏

𝟐
)
𝒏∞

𝒏=𝟏

  𝒘𝒆 𝒌𝒏𝒐𝒘  {∑𝒙𝒏𝑯𝒏 =

∞

𝒏=𝟏

−
𝐥𝐧(𝟏 − 𝒙)

𝟏 − 𝒙
, |𝒙| < 1} 

𝒅

𝒅𝒙
∑𝒙𝒏𝑯𝒏

∞

𝒏=𝟏

= ∑𝒏𝒙𝒏−𝟏𝑯𝒏 =

∞

𝒏=𝟏

 
𝟏 − 𝐥𝐧(𝟏 − 𝒙)

(𝟏 − 𝒙)𝟐
→ ∑𝒏𝒙𝒏𝑯𝒏 =

𝒙 − 𝒙𝒍𝒏(𝟏 − 𝒙)

(𝟏 − 𝒙)𝟐

∞

𝒏=𝟏

 

𝒅

𝒅𝒙
∑𝒏𝒙𝒏𝑯𝒏

∞

𝒏=𝟏

= ∑𝒏𝟐𝒙𝒏−𝟏𝑯𝒏 =
𝟐𝒙− (𝒙 + 𝟏) 𝐥𝐧(𝟏 − 𝒙) + 𝟏

(𝟏 − 𝒙)𝟑

∞

𝒏=𝟏

 

∑𝒏𝟐𝒙𝒏𝑯𝒏 =

∞

𝒏=𝟏

 
𝟐𝒙𝟐 − 𝒙(𝒙 + 𝟏)𝐥𝐧(𝟏 − 𝒙) + 𝒙

(𝟏 − 𝒙)𝟑
→  𝒙 =

𝟏

𝟐
 

𝛀𝟏 =
𝟐 ⋅
𝟏
𝟒 −

𝟏
𝟐 ⋅
𝟑
𝟐 𝐥𝐧 (

𝟏
𝟐) +

𝟏
𝟐

𝟏
𝟖

= 𝟖 + 𝟔 𝐥𝐧(𝟐) 

𝛀𝟐 = ∑
𝑯𝒏
𝟐𝒏

∞

𝒏=𝟏

= ∑𝑯𝒏 (
𝟏

𝟐
)
𝒏∞ 

𝒏=𝟏

= −
𝐥𝐧 (𝟏 −

𝟏
𝟐)

𝟏 −
𝟏
𝟐

= 𝟐 𝐥𝐧(𝟐) 

𝛀𝟑 = ∑
𝒏𝟐

𝟐𝒏

∞

𝒏=𝟏

  𝑾𝒆 𝒌𝒏𝒐𝒘{ ∑𝒙𝒏
∞

𝒏=𝟎

=
𝟏

𝟏 − 𝒙
,∑𝒙𝒏

∞

𝒏=𝟏

=
𝒙

𝟏 − 𝒙
, |𝒙| ≤ 𝟏} 

𝒅

𝒅𝒙
∑𝒙𝒏

∞

𝒏=𝟏

= ∑𝒏𝒙𝒏−𝟏
∞

𝒏=𝟏

=
𝟏 + 𝒙

(𝟏 − 𝒙)𝟐
  ∑𝒏𝒙𝒏 =

𝒙

(𝟏 − 𝒙)𝟐

∞

𝒏=𝟏

 

𝒅

𝒅𝒙
∑𝒏𝒙𝒏 = ∑𝒏𝟐𝒙𝒏−𝟏

∞

𝒏=𝟏

∞

𝒏=𝟏

=
𝒙 + 𝟏

(𝟏 − 𝒙)𝟑
→ ∑𝒏𝟐𝒙𝒏 =

𝒙(𝒙 + 𝟏)

(𝟏 − 𝒙)𝟑

∞

𝒏=𝟏

 𝒂𝒔 |𝒙| ≤ 𝟏 
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𝒙 =
𝟏

𝟐
→  𝛀𝟑 = ∑

𝒏𝟐

𝟐𝒏

∞

𝒏=𝟏

=

𝟏
𝟐(𝟏 +

𝟏
𝟐)

(𝟏 −
𝟏
𝟐)
𝟑 =

𝟑

𝟒
⋅ 𝟖 = 𝟔 

         𝛀𝟒 = ∑
𝟏

𝟐𝒏

∞

𝒏=𝟏

 ,𝑾𝒆 𝒌𝒏𝒐𝒘 ∑𝒙𝒏
∞

𝒏=𝟏

=
𝒙

𝟏 − 𝒙
, |𝒙| ≤ 𝟏 →  𝛀𝟒 = ∑(

𝟏

𝟐
)
𝒏∞

𝒏=𝟏

=

𝟏
𝟐

𝟏 −
𝟏
𝟐

= 𝟏 

𝛀 = 𝛀𝟏 −𝛀𝟐 − 𝜸𝛀𝟑 + 𝜸𝛀𝟒 = 𝟖 + 𝟔 𝐥𝐧(𝟐) − 𝟐 𝐥𝐧(𝟐) − 𝟔𝜸 + 𝜸 = 𝟖 + 𝟒 𝐥𝐧(𝟐) − 𝟓𝜸 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫ 𝒆−𝒙 𝐥𝐧(𝒙)∑
(𝒏𝟐 − 𝟏)

𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

∞

𝟎

𝒙𝒏𝒅𝒙 = 𝟒 𝐥𝐧(𝟐) + 𝟖 − 𝟓𝛄      

 
2830. 𝑭𝒊𝒏𝒅: 

∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙𝟐)(𝟏 + 𝒙)𝟐

∞

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa-Romania 
Solution by Amin Hajiyev-Azerbaijan 
 

𝛀 = ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙𝟐)(𝟏 + 𝒙)𝟐

𝟏

𝟎

𝒅𝒙 = ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 + ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

∞

𝟏

𝒅𝒙
⏟                

𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏𝒔  𝒙→
𝟏
𝒙

= 

= ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 − ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏 (

𝟏
𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 = 

= ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 − ∫
𝒙 𝐥𝐧(𝒙)(

𝛑
𝟐 − 𝐭𝐚𝐧

−𝟏(𝒙))

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙

= 𝟐∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 −
𝝅

𝟐
∫

𝒙 𝐥𝐧(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 = 𝟐𝛀𝟏 −
𝝅

𝟐
𝛀𝟐 

𝛀𝟏 = ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
(∫

𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙²

𝟏

𝟎

𝒅𝒙 −∫
𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)²

𝟏

𝟎

𝒅𝒙)
⏟                                

𝑴−𝑲

 

𝑴 = ∫
𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 → 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒐𝒏: 𝐭𝐚𝐧−𝟏(𝒙) = 𝒕 ,
𝒅𝒕

𝒅𝒙
=

𝟏

𝟏 + 𝒙𝟐
 

𝑴 = ∫ 𝒕 ⋅ 𝐥𝐧 (𝐭𝐚𝐧 

𝝅
𝟒

𝟎

(𝒕))𝒅𝒕 

     Fourier  series of 𝐥𝐧(𝒕𝒂𝒏𝒙) : 𝟎 < 𝑥 <
𝝅

𝟐
, 𝒘𝒆 𝒉𝒂𝒗𝒆  

𝐥𝐧(𝐭𝐚𝐧(𝐱)) = −𝟐∑
𝐜𝐨𝐬(𝒙(𝟒𝒏 + 𝟐))

𝟐𝒏 + 𝟏
.

∞

𝒏=𝟎
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𝑴 = −𝟐∑
𝟏

𝟐𝒏+ 𝟏

∞

𝒏=𝟎

∫ 𝒕

𝝅
𝟒

𝟎

⋅ 𝐜𝐨𝐬((𝟒𝒏 + 𝟐)𝒕)𝒅𝒕
⏟                

𝑰𝑩𝑷

= −𝟐∑
𝟏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

[
𝒕 ⋅ 𝐬𝐢𝐧((𝟒𝒏 + 𝟐)𝒕)

𝟒𝒏 + 𝟐
+
𝐜𝐨𝐬((𝟒𝒏 + 𝟐)𝒕)

(𝟒𝒏 + 𝟐)𝟐
]
𝟎

𝝅
𝟒

= 

=
𝟏

𝟐
∑

𝐬𝐢𝐧(𝝅𝒏)

( 𝟐𝒏 + 𝟏)³

∞

𝒏=𝟎⏟        
𝐬𝐢𝐧(𝝅𝒏)=𝟎,𝒏∈𝒁+

+
𝟏

𝟐
∑

𝟏

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

−
𝝅

𝟒
∑

𝐜𝐨𝐬(𝝅𝒏)

( 𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎⏟        
𝐜𝐨𝐬(𝝅𝒛)=(−𝟏)𝒏,𝒏∈𝒁+

= 

=
𝟏

𝟒
(∑

𝟏

𝒏𝟑

∞

𝒏=𝟏

−∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

)
⏟                

𝟐∑ 𝒂𝟐𝒏+𝟏
∞
𝒏=𝟎 =∑ 𝒂𝒏

∞
𝒏=𝟏 −∑ (−𝟏)𝒏𝒂𝒏

∞
𝒏=𝟏

−
𝝅

𝟒
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝟏

𝟒
(𝜻(𝟑) + 𝜼(𝟑)) −

𝝅

𝟒
𝜷(𝟐) = 

=
𝟕

𝟏𝟔
𝜻(𝟑) −

𝝅𝑮

𝟒
 

𝑲 = ∫
𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

(𝟏 + 𝒙)𝟐

𝟏

𝟎

𝒅𝒙 → 𝑰𝑩𝑷  

{
 

 𝒖 = 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙) ,
𝒅𝒖

𝒅𝒙
=
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐
+
𝐭𝐚𝐧−𝟏(𝒙)

𝒙

𝒗 = ∫
𝒅𝒙

(𝟏 + 𝒙)𝟐
, 𝒗 = −

𝟏

𝟏 + 𝒙

 

𝑲 = [−
𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙
]
𝟎

𝟏

+∫
𝐥𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 +∫
𝐭𝐚𝐧−𝟏(𝒙)

𝒙(𝟏 + 𝒙)
𝒅𝒙

𝟏

𝟎

= 

=
𝟏

𝟐
∫

𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 −
𝟏

𝟐
∫
𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 +
𝟏

𝟐
∫
𝐥𝐧 (𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 + ∫
𝐭𝐚𝐧−𝟏(𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

−∫
𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

𝑲 =
𝟏

𝟐
𝑲𝟏 −

𝟏

𝟐
𝑲𝟐 +

𝟏

𝟐
𝑲𝟑 + 𝑲𝟒 −𝑲𝟓 

𝑲𝟏 = ∫
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏∫ 𝒙𝟐𝒏 𝐥𝐧(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

= −∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= −𝜷(𝟐) = −𝑮 

𝑲𝟐 = ∫
𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒙²

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏∫ 𝒙𝟐𝒏+𝟏 𝐥𝐧(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

= −∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟐)𝟐

∞

𝒏=𝟎

= −
𝜼(𝟐)

𝟒
= −

𝝅𝟐

𝟒𝟖
 

𝑲𝟑 = ∫
𝐥𝐧 (𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏∫ 𝒙𝒏𝐥𝐧 (𝒙)
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟎

= −∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= −𝜼(𝟐) = −
𝝅𝟐

𝟏𝟐
 

𝑲𝟒 = ∫
𝐭𝐚𝐧−𝟏(𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

= ∑
(−𝟏)𝒏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

∫ 𝒙𝟐𝒏𝒅𝒙
𝟏

𝟎

= ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 𝑮 
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𝑲𝟓 = ∫
𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= ∫

𝝅
𝟒 − 𝐭𝐚𝐧

−𝟏 (
𝟏 − 𝒙
𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎⏟                

𝐭𝐚𝐧−𝟏 𝒙=
𝝅
𝟒
−𝐭𝐚𝐧−𝟏

𝟏−𝒙
𝟏+𝒙

=
𝝅

𝟒
𝐥𝐧(𝟐) − ∫

𝐭𝐚𝐧−𝟏
𝟏 − 𝒙
𝟏 + 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏𝒔:  𝒕 =
𝟏 − 𝒙

𝟏 + 𝒙
,
𝒅𝒕

𝒅𝒙
= −

𝟐

(𝟏 + 𝒙)𝟐
→  𝟎 ≤ 𝒕 ≤ 𝟏 

𝑲𝟓 =
𝝅

𝟐
𝐥𝐧(𝟐) − ∫

𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

=
𝝅

𝟐
𝐥𝐧(𝟐) − 𝑲𝟓 → 𝑲𝟓 =

𝝅

𝟖
𝐥𝐧(𝟐) 

𝑲 =
𝟏

𝟐
𝑲𝟏 −

𝟏

𝟐
𝑲𝟐 +

𝟏

𝟐
𝑲𝟑 + 𝑲𝟒 −𝑲𝟓 

𝑲 = −
𝑮

𝟐
+
𝝅𝟐

𝟗𝟔
−
𝝅𝟐

𝟐𝟒
+ 𝑮 −

𝝅

𝟖
𝐥𝐧(𝟐) =

𝑮

𝟐
−
𝝅𝟐

𝟑𝟐
−
𝝅

𝟖
𝐥𝐧(𝟐) 

𝛀𝟏 =
𝟏

𝟐
(𝑴 −𝑲) =

𝟏

𝟐
(
𝟕

𝟏𝟔
𝜻(𝟑) −

𝝅𝑮

𝟒
−
𝑮

𝟐
+
𝝅𝟐

𝟑𝟐
+
𝝅

𝟖
𝐥𝐧(𝟐)) 

𝛀𝟐 = ∫
𝒙 𝐥𝐧(𝒙)

(𝟏 + 𝒙)𝟐(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
(∫

𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎⏟      
𝑲𝟏

𝒅𝒙 − ∫
𝐥𝐧(𝒙)

(𝟏 + 𝒙)𝟐

𝟏

𝟎

𝒅𝒙
⏟          

𝑷

) = 

=
𝟏

𝟐
(−𝑮 −∑(−𝟏)𝒏(𝒏 + 𝟏)∫ 𝒙𝒏

𝟏

𝟎

∞

𝒏=𝟎

𝐥𝐧(𝒙)𝒅𝒙) =
𝟏

𝟐
(−𝑮 +∑

(−𝟏)𝒏

𝒏 + 𝟏

∞

𝒏=𝟎

) = 

= −
𝑮

𝟐
−
𝟏

𝟐
∑
(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

= −
𝑮

𝟐
+
𝐥𝐧(𝟐)

𝟐
 

𝛀 = 𝟐𝛀𝟏 −
𝝅

𝟐
𝛀𝟐 =

𝟕

𝟏𝟔
𝜻(𝟑) −

𝝅𝑮

𝟒
−
𝑮

𝟐
+
𝝅𝟐

𝟑𝟐
+
𝝅

𝟖
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝝅

𝟒
𝐥𝐧(𝟐) = 

=
𝟕

𝟏𝟔
𝜻(𝟑) −

𝑮

𝟐
+
𝝅𝟐

𝟑𝟐
−
𝝅

𝟖
𝐥𝐧(𝟐) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫
𝒙 𝐥𝐧(𝒙) 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙𝟐)(𝟏 + 𝒙)𝟐

∞

𝟎

𝒅𝒙 =
𝟕

𝟏𝟔
𝜻(𝟑) −

𝑮

𝟐
+
𝝅𝟐

𝟑𝟐
−
𝝅

𝟖
𝐥𝐧(𝟐) 

 
2831. 𝑭𝒊𝒏𝒅:  

𝑰 = ∑
(−𝟏)𝒏

𝟕𝟕𝒏𝟒 − 𝟖𝟔𝒏𝟐 − 𝟓𝟏

∞

𝒏=𝟏

 

Proposed by Sakthi Vel-India 
Solution by Amin Hajiyev-Azerbaijan 
 

𝑰 = ∑
(−𝟏)𝒏

𝟕𝟕𝒏𝟒 − 𝟖𝟔𝒏𝟐 − 𝟓𝟏

∞

𝒏=𝟏

= ∑
(−𝟏)𝒏

(𝟕𝒏𝟐 + 𝟑)(𝟏𝟏𝒏𝟐 − 𝟏𝟕)

∞

𝒏=𝟏

= 
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=
𝟏

𝟏𝟓𝟐
(∑

(−𝟏)𝒏

𝒏𝟐 −
𝟏𝟕
𝟏𝟏

∞

𝒏=𝟏

−∑
(−𝟏)𝒏

𝒏𝟐 +
𝟑
𝟕

∞

𝒏=𝟏

) 

𝑭𝒐𝒓   𝜶 ∈  𝑪 \𝒁 𝒘𝒆 𝒉𝒂𝒗𝒆:→   𝑺 = ∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟏

    𝒇(𝒛) =
𝟏

𝒛𝟐 − 𝜶𝟐
 

𝒏 ∈ 𝒁 → 𝐜𝐨𝐬(𝝅𝒏) = (−𝟏)𝒏    𝒑(𝒛) =
𝝅

𝐬𝐢𝐧(𝝅𝒛)
   𝑹𝒆𝒔(𝒑(𝒛), 𝒏) =

𝝅

𝒅
𝒅𝒛 𝐬𝐢𝐧

(𝝅𝒛)
=

𝟏

𝐜𝐨𝐬(𝝅𝒏)

= (−𝟏)𝒏,    𝒈(𝒛) = 𝒑(𝒛)𝒇(𝒛) 

𝒈(𝒛) =
𝝅

𝐬𝐢𝐧(𝝅𝒛) (𝒛𝟐 − 𝜶𝟐)
 →  {

𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝒑𝒐𝒍𝒆𝒔 𝒛 = 𝒏 ∈ 𝒁
𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒑𝒐𝒍𝒆𝒔 𝒛 = ±𝜶

 

Consider the function 𝒈(𝒛) = 𝒇(𝒛) ⋅
𝝅

𝒔𝒊𝒏(𝝅𝒛)
. Since 𝒈(𝒛) = 𝑶(𝒛−𝟐) as |𝒛| → ∞, the integral 

over a large contour 𝑪𝑵 (centered at the origin with radius 𝑹 = 𝑵+
𝟏

𝟐
) vanishes as 𝑵 → ∞. 

By the Residue Theorem, the sum of all residues must be zero: 

∑ (𝑹𝒆𝒔(𝒈,𝒏)) + 𝑹𝒆𝒔{𝒈, −𝜶} + 𝑹𝒆𝒔{𝒈, 𝜶}

∞

𝒏=−∞

= 𝟎 

𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝒑𝒐𝒍𝒆𝒔:   

𝑹𝒆𝒔(𝒈, 𝒏) = 𝐥𝐢𝐦
𝒛→𝒏
(𝒛 − 𝒏) ⋅

𝝅

(𝒛𝟐 − 𝜶𝟐) 𝐬𝐢𝐧(𝝅𝒛)
=

𝟏

𝒏𝟐 − 𝜶𝟐
⋅ 𝑹𝒆𝒔 (

𝝅

𝐬𝐢𝐧(𝝅𝒛))
, 𝒏) =

(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐
 

𝒛 = ±𝜶: 

𝒛 = 𝜶 →  𝑹𝒆𝒔(𝒈, 𝜶) = 𝐥𝐢𝐦
𝒛→𝜶
(𝒛 − 𝜶) ⋅

𝝅

(𝒛𝟐 − 𝜶𝟐) 𝐬𝐢𝐧(𝝅𝒛)
=

𝝅

𝟐𝜶 𝐬𝐢𝐧(𝝅𝜶)
 

𝒛 = −𝜶 →  𝑹𝒆𝒔(𝒈,−𝜶) = 𝐥𝐢𝐦
𝒛→−𝜶

(𝒛 + 𝜶) ⋅
𝝅

(𝒛𝟐 − 𝜶𝟐) 𝐬𝐢𝐧(𝝅𝒛)
=

𝝅

𝟐𝜶 𝐬𝐢𝐧(𝝅𝜶)
 

𝝅

𝟐𝜶𝐬𝐢𝐧(𝝅𝜶)
+

𝝅

𝟐𝜶 𝐬𝐢𝐧(𝝅𝜶)
+ ∑

(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=−∞

= 𝟎 → ∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=−∞

= −
𝝅

𝜶𝐬𝐢𝐧(𝝅𝜶)
 

∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟏

+ ∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

𝒏=𝟎

𝒏=−∞

= −
𝝅

𝜶𝐬𝐢𝐧(𝝅𝜶)
 →  ∑

(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟏

+∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟎

= −
𝝅

𝜶𝐬𝐢𝐧(𝝅𝜶)
 

𝟐∑
(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟏

−
𝟏

𝜶𝟐
= −

𝝅

𝜶𝐬𝐢𝐧(𝝅𝜶)
→  ∑

(−𝟏)𝒏

𝒏𝟐 − 𝜶𝟐

∞

𝒏=𝟏

=
𝟏

𝟐𝜶𝟐
−

𝝅

𝟐𝜶𝐬𝐢𝐧(𝝅𝜶)
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𝑰 =
𝟏

𝟏𝟓𝟐

(

 
 
∑

(−𝟏)𝒏

𝒏𝟐 − (√
𝟏𝟕
𝟏𝟏)

𝟐

∞

𝒏=𝟏

−∑
(−𝟏)𝒏

𝒏𝟐 − (𝒊√
𝟑
𝟕)

𝟐

∞

𝒏=𝟏

)

 
 

=
𝟏

𝟏𝟓𝟐

(

 
 𝟏𝟏

𝟑𝟒
−

𝝅√𝟏𝟏

𝟐√𝟏𝟕𝐬𝐢𝐧 (𝝅√
𝟏𝟕
𝟏𝟏)

+
𝟕

𝟔
+

𝝅√𝟕

𝟐𝒊√𝟑𝐬𝐢𝐧 (𝝅𝒊√
𝟑
𝟕))

 
 
= 

=
𝟏

𝟏𝟓𝟐
(
𝟕𝟔

𝟓𝟏
−
𝝅

𝟐
√
𝟏𝟏

𝟏𝟕
𝐜𝐬𝐜(𝝅√

𝟏𝟕

𝟏𝟏
) −

𝝅

𝟐
√
𝟕

𝟑
𝐜𝐬𝐜𝐡(𝝅√

𝟑

𝟕
)) 

 ∑
(−𝟏)𝒏

𝟕𝟕𝒏𝟒 − 𝟖𝟔𝒏𝟐 − 𝟓𝟏

∞

𝒏=𝟏

=
𝟏

𝟏𝟓𝟐
(
𝟕𝟔

𝟓𝟏
−
𝝅

𝟐
√
𝟏𝟏

𝟏𝟕
𝐜𝐬𝐜 (𝝅√

𝟏𝟕

𝟏𝟏
) −

𝝅

𝟐
√
𝟕

𝟑
𝐜𝐬𝐜𝐡(𝝅√

𝟑

𝟕
)) 

 
2832. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒍𝒐𝒔𝒆𝒅 𝒇𝒐𝒓𝒎: 

∫ (
𝐬𝐢𝐧(𝒙)

𝟏 + 𝒌 ⋅ 𝐜𝐨𝐬(𝒙)
)

𝒂−𝟏
𝒅𝒙

𝟏 + 𝒌 ⋅ 𝐜𝐨𝐬(𝒙)
 

𝝅

𝟎

 

 
𝒘𝒉𝒆𝒓𝒆   𝒂 > 0 𝒂𝒏𝒅 𝟎 < 𝒌 < 1 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

            Weierstrass Substitution:  𝐭𝐚𝐧 (
𝒙

𝟐
) = 𝒕 ,

𝒅𝒕

𝒅𝒙
=
𝟏

𝟐
𝐬𝐞𝐜𝟐 (

𝐱

𝟐
) =

𝟏

𝟏+𝐜𝐨𝐬(𝒙)
   𝟎 ≤ 𝒕 ≤ ∞ 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝐬𝐢𝐧(𝒙) =
𝟐 𝐭𝐚𝐧 (

𝒙
𝟐)

𝟏 + 𝐭𝐚𝐧𝟐 (
𝐱
𝟐) 
=

𝟐𝒕

𝟏 + 𝒕²
,   𝐜𝐨𝐬(𝒙) =

𝟏 − 𝐭𝐚𝐧𝟐 (
𝒙
𝟐)

𝟏 + 𝐭𝐚𝐧𝟐 (
𝐱
𝟐) 
=
𝟏 − 𝒕𝟐

𝟏 + 𝒕𝟐
 

𝒅𝒕

𝒅𝒙
=

𝟏

𝟏 +
𝟏 − 𝒕𝟐

𝟏 + 𝒕𝟐

=
𝟏 + 𝒕𝟐

𝟐
→  𝒅𝒙 =

𝟐𝒅𝒕

𝟏 + 𝒕𝟐
 

𝑰 = ∫ (

𝟐𝒕
𝟏 + 𝒕𝟐

𝟏 + 𝒌 ⋅
𝟏 − 𝒕𝟐

𝟏 + 𝒕𝟐

)

𝒂−𝟏

⋅

𝟐𝒅𝒕
𝟏 + 𝒕𝟐

𝟏 + 𝒌 ⋅
𝟏 − 𝒕𝟐

𝟏 + 𝒕𝟐

∞

𝟎

= 𝟐𝒂∫
𝒕𝒂−𝟏

(𝟏 + 𝒌 + (𝟏 − 𝒌)𝒕𝟐)𝒂

∞

𝟎

𝒅𝒕 = 

=
𝟐𝒂

(𝟏 + 𝒌)𝒂
∫

𝒕𝒂−𝟏

(𝟏 + (
𝟏 − 𝒌
𝟏+ 𝒌

) 𝒕𝟐)
𝒂

∞

𝟎

𝒅𝒕  
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𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏  
𝟏 − 𝒌

𝟏 + 𝒌
⋅ 𝒕𝟐 = 𝒖 ,

𝒅𝒖

𝒅𝒕
= 𝟐 ⋅

𝟏 − 𝒌

𝟏 + 𝒌
⋅ 𝒕 = 𝟐(

𝟏 − 𝒌

𝟏 + 𝒌
)√
𝒖(𝟏 + 𝒌)

𝟏 − 𝒌
= 𝟐√

𝒖(𝟏 − 𝒌)

𝟏 + 𝒌
 

𝑰 =
𝟐𝒂

(𝟏 + 𝒌)𝒂
∫

(√
𝒖(𝟏 + 𝒌)
𝟏 − 𝒌 )

𝒂−𝟏

(𝟏 + 𝒖)𝒂

∞

𝟎

⋅
𝟏

𝟐√𝒖
√
𝟏 + 𝒌

𝟏 − 𝒌 
=

𝟐𝒂−𝟏

(𝟏 + 𝒌)𝒂
⋅ (
𝟏 + 𝒌

𝟏− 𝒌
)

𝒂
𝟐
∫

𝒖
𝒂
𝟐
−𝟏

(𝟏 + 𝒖)𝒂

∞

𝟎

𝒅𝒖 

𝑩𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍:  𝜷(𝒂;  𝒃) = ∫
𝒕𝒂−𝟏

(𝟏 + 𝒕)𝒂+𝒃

∞

𝟎

𝒅𝒕 

𝑰 =
𝟐𝒂−𝟏

(𝟏 − 𝒌𝟐)
𝒂
𝟐

∫
𝒖
𝒂
𝟐
−𝟏

(𝟏 + 𝒖)
𝒂
𝟐
+
𝒂
𝟐

∞

𝟎

𝒅𝒖 =
𝟐𝒂−𝟏

(𝟏 − 𝒌𝟐)
𝒂
𝟐

𝜷(
𝒂

𝟐
;
𝒂

𝟐
) =

𝟐𝒂−𝟏

(𝟏 − 𝒌𝟐)
𝒂
𝟐

⋅
𝚪𝟐 (

𝒂
𝟐)

𝚪(𝒂)
 

Legendre Duplication Formula: 𝚪(𝟐𝒃) =
𝚪(𝒃)𝚪(𝒃+

𝟏

𝟐
)

𝟐𝟏−𝟐𝒃√𝝅
→  𝒃 =

𝒂

𝟐
→  𝚪(𝒂) =

𝚪(
𝒂

𝟐
)𝚪(

𝒂

𝟐
+
𝟏

𝟐
)

𝟐𝟏−𝒂√𝝅
 

𝑰 =
𝟐𝒂−𝟏

(𝟏 − 𝒌𝟐)
𝒂
𝟐

⋅
𝚪𝟐 (

𝒂
𝟐)

𝚪(𝒂)
=

𝟐𝒂−𝟏

(𝟏 − 𝒌𝟐)
𝒂
𝟐

⋅
𝚪𝟐 (

𝒂
𝟐)

𝚪(
𝒂
𝟐) 𝚪 (

𝒂 + 𝟏
𝟐 )

𝟐𝟏−𝒂√𝝅

=
√𝝅 ⋅ 𝚪 (

𝒂
𝟐)

(𝟏 − 𝒌𝟐)
𝒂
𝟐𝚪 (

𝒂 + 𝟏
𝟐 )

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫ (
𝐬𝐢𝐧(𝒙)

𝟏 + 𝒌 ⋅ 𝐜𝐨𝐬(𝒙)
)

𝒂−𝟏
𝒅𝒙

𝟏 + 𝒌 ⋅ 𝐜𝐨𝐬(𝒙)
 

𝝅

𝟎

=
√𝝅 ⋅ 𝚪 (

𝒂
𝟐)

(𝟏 − 𝒌𝟐)
𝒂
𝟐𝚪(

𝒂 + 𝟏
𝟐 )

 

 

2833. Find: 

𝑰 = ∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(𝐥𝐧(𝒙)))𝒅𝒙
𝟏

𝟎

 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝑰 = ∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(𝐥𝐧(𝒙)))𝒅𝒙
𝟏

𝟎

 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏  𝒆−𝒕 = 𝒙 ,
𝒅𝒙

𝒅𝒕
= −𝒆−𝒕 

𝑰 = −∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(𝒍𝒏(𝒆−𝒕)))
∞

𝟎

𝒆−𝒕𝒅𝒕 = −∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(−𝒕))𝒆−𝒕𝒅𝒕
∞

𝟎

 

𝑰 = ∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(𝒕))𝒆−𝒕𝒅𝒕
∞

𝟎

 

                          The sign of 𝐬𝐢𝐧(𝒕)  𝐚lternates every 𝝅  interval, 
                          such that 𝒔𝒈𝒏(𝐬𝐢𝐧(𝐭)) = (−𝟏)𝐧 𝐟or 𝒕 ∈ [𝝅𝒏, 𝝅(𝒏 + 𝟏)]. 

𝑰 = ∑∫ (−𝟏)𝒏𝒆−𝒕𝒅𝒕
𝝅(𝒏+𝟏)

𝝅𝒏

∞

𝒏=𝟎

= ∑(−𝟏)𝒏
∞

𝒏=𝟎

[−𝒆−𝒕]𝝅𝒏
𝝅(𝒏+𝟏) = 

= ∑(−𝟏)𝒏(𝒆−𝝅𝒏 − 𝒆−𝝅(𝒏+𝟏))

∞

𝒏=𝟎

= (𝟏 − 𝒆−𝝅)∑(−𝟏)𝒏𝒆−𝝅𝒏
∞

𝒏=𝟎

= 
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= (𝟏 − 𝒆−𝝅) ⋅
𝟏

𝟏 + 𝒆−𝝅
=

𝒆𝝅 − 𝟏

𝒆𝝅 + 𝟏⏟  

𝐭𝐚𝐧𝐡(𝒙)=
𝒆𝟐𝒙−𝟏

𝒆𝟐𝒙+𝟏

= 𝐭𝐚𝐧𝐡 (
𝝅

𝟐
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫ 𝒔𝒈𝒏(𝐬𝐢𝐧(𝐥𝐧(𝒙)))𝒅𝒙
𝟏

𝟎

= 𝐭𝐚𝐧𝐡 (
𝝅

𝟐
) 

2834. 

𝑰𝒇  𝒇(𝒙) = 𝒚,   
𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚 = 𝒙 ⋅ 𝒆−𝒙

𝟐
  ,   𝒚(𝟎) = 𝟏  𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆𝒏: 

∫ 𝒙 ⋅ 𝐥𝐧(𝒙) ⋅ 𝒇(𝒙)𝒅𝒙 =
𝟏 − 𝟑𝜸

𝟖

∞

𝟎

 

𝒘𝒉𝒆𝒓𝒆 𝜸  𝒊𝒔 𝒕𝒉𝒆 𝑬𝒖𝒍𝒆𝒓 − 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
 

Proposed by Cosghun Memmedov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚 = 𝒙 ⋅ 𝒆−𝒙

𝟐
     𝑰𝑭 𝒎𝒆𝒕𝒉𝒐𝒅 →  𝝁(𝒙) = 𝒆∫ 𝟐𝒙𝒅𝒙 = 𝒆𝒙

𝟐
 

𝝁(𝒙) ⋅ (
𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚) = 𝒙 ⋅ 𝒆−𝒙

𝟐
𝝁(𝒙) → 𝝁(𝒙)(

𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚)

⏟          
𝒅
𝒅𝒙
(𝝁(𝒙)𝒚)

= 𝒙 

𝒅

𝒅𝒙
(𝒆𝒙

𝟐
𝒚) = 𝒙 →  𝒆𝒙

𝟐
𝒚 = ∫ 𝒙𝒅𝒙 =

𝒙𝟐

𝟐
+ 𝑪 →  𝒚 =

𝒙𝟐

𝟐
𝒆−𝒙

𝟐
+ 𝑪 ⋅ 𝒆−𝒙

𝟐
 

𝒚(𝟎) = 𝟏 →  𝒚(𝟎) = 𝑪 = 𝟏   𝑪 = 𝟏 

𝒚 = 𝒇(𝒙) =
𝒙𝟐

𝟐
𝒆−𝒙

𝟐
+ 𝒆−𝒙

𝟐
   

𝑰 = ∫ 𝒙 𝐥𝐧(𝒙) ⋅ 𝒇(𝒙)𝒅𝒙
∞

𝟎

= ∫ (
𝒙𝟑

𝟐
𝒆−𝒙

𝟐
+ 𝒙𝒆−𝒙

𝟐
) 𝐥𝐧(𝒙)

∞

𝟎

𝒅𝒙 =⏞
𝒙𝟐=𝒕

 

=
𝟏

𝟖
∫ 𝒕 ⋅ 𝒆−𝒕 𝐥𝐧(𝒕)

∞

𝟎

𝒅𝒕 +
𝟏

𝟒
∫ 𝒆−𝒕 𝐥𝐧(𝒕) 𝒅𝒕

∞

𝟎

=
𝑰𝟏
𝟖
+
𝑰𝟐
𝟒

 

𝑵𝒐𝒕𝒆: 𝑮𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍    ∫ 𝒙𝒏−𝟏𝒆−𝒙𝒅𝒙 = 𝚪(𝒏)
∞

𝟎

 

∫ 𝒙𝒏−𝟏𝒆−𝒙 𝐥𝐧(𝒙)𝒅𝒙
∞

𝟎

= 𝐥𝐢𝐦
𝒂→𝒏

𝝏

𝝏𝒂
∫ 𝒙𝒂−𝟏𝒆−𝒙𝒅𝒙

∞

𝟎

= 𝚪′(𝒏) 

𝑰𝟏 = ∫ 𝒕 ⋅ 𝒆−𝒕 𝐥𝐧(𝒕)
∞

𝟎

𝒅𝒕 = 𝚪′(𝟐) = 𝟏 − 𝜸, 𝑰𝟐 = ∫ 𝒆−𝒕 𝐥𝐧(𝒕) 𝒅𝒕
∞

𝟎

= 𝚪′(𝟏) = −𝜸 

𝐍𝐨𝐭𝐞:  𝚪(𝒏 + 𝟏) = 𝒏 ⋅ 𝚪(𝒏), 𝚪′(𝟏) = −𝜸, 𝚪′(𝟐) = 𝟏 + 𝚪′(𝟏) = 𝟏 − 𝜸 

𝑰 =
𝟏

𝟖
𝑰𝟏 +

𝟏

𝟒
𝑰𝟐 =

𝟏

𝟖
(𝟏 − 𝜸) −

𝟏

𝟒
𝜸 =

𝟏

𝟖
−
𝟑𝜸

𝟒
=
𝟏 − 𝟑𝜸

𝟖
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  ∫ 𝒙 ⋅ 𝐥𝐧(𝒙) ⋅ 𝒇(𝒙)𝒅𝒙 =
𝟏 − 𝟑𝜸

𝟖

∞

𝟎

         

 

2835. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
√𝟐 . √𝟒

𝟒
. √𝟖
𝟖
. … . √𝟐𝒏

𝟐𝒏

 

𝒏
) 

Proposed by Daniel Sitaru-Romania 
Solution by Shirvan Tahirov-Azerbaijan 

  √𝟐 . √𝟒
𝟒
. √𝟖
𝟖
. … . √𝟐𝒏

𝟐𝒏

=  𝟐∑
𝒎
𝟐𝒎

𝒏
𝒎=𝟏   

∴  ∑ 𝒙𝒎 =
𝟏

𝟏 − 𝒙
 ,   ∑ 𝒎𝒙𝒎−𝟏 =

∞

𝒎=𝟏

∞

𝒎=𝟎

𝟏

(𝟏 − 𝒙)𝟐
→ ∑ 𝒎𝒙𝒎 =

∞

𝒎=𝟏

 
𝒙

(𝟏 − 𝒙)𝟐
 

𝐥𝐢𝐦
𝒏→∞

(
√𝟐 . √𝟒

𝟒
. √𝟖
𝟖
. … . √𝟐𝒏

𝟐𝒏

 

𝒏
) = 𝐥𝐢𝐦

𝒏→∞
(
𝟐∑

𝒎
𝟐𝒎

𝒏
𝒎=𝟏

𝒏
) = 

= 𝐥𝐢𝐦
𝒏→∞

(
𝟐∑

𝒎
𝟐𝒎

∞
𝒎=𝟏

𝒏
) = 𝐥𝐢𝐦

𝒏→∞

(

 
 
 𝟐

𝟏
𝟐

(𝟏−
𝟏
𝟐
)
𝟐

𝒏

)

 
 
 

= 𝐥𝐢𝐦
𝒏→∞

(
𝟐𝟐

𝒏
) = 𝟎 

2836. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

𝒌! + (𝒌 − 𝟏)! + (𝒌 − 𝟐)!

𝒏

𝒌=𝟑

) 

Proposed by Daniel Sitaru-Romania 
Solution by Shirvan Tahirov-Azerbaijan 

𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

𝒌(𝒌 − 𝟏)(𝒌 − 𝟐)! + (𝒌 − 𝟏)(𝒌 − 𝟐)! + (𝒌 − 𝟐)!

𝒏

𝒌=𝟑

) = 

= 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

(𝒌(𝒌 − 𝟏) + (𝒌 − 𝟏) + 𝟏) .  (𝒌 − 𝟐)!

𝒏

𝒌=𝟑

) = 

= 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

  (𝒌 − 𝟐)! (𝒌𝟐 − 𝒌+ 𝒌− 𝟏 + 𝟏)

𝒏

𝒌=𝟑

) = 

= 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

  (𝒌 − 𝟐)! . 𝒌𝟐

𝒏

𝒌=𝟑

) = 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌− 𝟏

  𝒌(𝒌 − 𝟏)(𝒌 − 𝟐)!

𝒏

𝒌=𝟑

) = 

= 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌− 𝟏

  𝒌!

𝒏

𝒌=𝟑

) = 𝐥𝐢𝐦
𝒏→∞

(∑
𝒌

  𝒌!

𝒏

𝒌=𝟑

−∑
𝟏

  𝒌!

𝒏

𝒌=𝟑

) = 
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= 𝐥𝐢𝐦
𝒏→∞

(∑
𝟏

  (𝒌 − 𝟏)!

𝒏

𝒌=𝟑

−∑
𝟏

  𝒌!

𝒏

𝒌=𝟑

) = 

=∑
𝟏

  (𝒌 − 𝟏)!

∞

𝒌=𝟑

−∑
𝟏

  𝒌!

∞

𝒌=𝟑

= (𝒆 − 𝟏 − 𝟏) − (𝒆 − 𝟏 − 𝟏 −
𝟏

𝟐
) =

𝟏

𝟐
 

 
2837. 𝐅𝐢𝐧𝐝 ∶ 

   𝛀 = 𝐥𝐢𝐦
𝒏→∞

[𝒏∫ 𝐥𝐧 
𝟏

𝟎

(𝟏 + 𝒆−𝒏𝒙)𝒅𝒙] 

Proposed by Vasile Mircea Popa-Romania 
Solution by Amin Hajiyev-Azerbaijan 
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

[𝒏∫ 𝐥𝐧 
𝟏

𝟎

(𝟏 + 𝒆−𝒏𝒙)𝒅𝒙] →  𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒏𝒙 = 𝒕,
𝒅𝒕

𝒅𝒙
= 𝒏 

𝒏 → ∞    𝒙 =
𝒕

𝒏
→ 𝟎, 𝒕 = 𝟎,   𝒕 = 𝒏 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

[∫ 𝐥𝐧 
𝒏

𝟎

(𝟏 + 𝒆−𝒕)𝒅𝒕] = − 𝐥𝐢𝐦
𝒏→∞

∑
(−𝟏)𝒌

𝒌
∫ 𝒆−𝒌𝒕𝒅𝒕
𝒏

𝟎

∞

𝒌=𝟏

= 

= −∑
(−𝟏)𝒌

𝒌
∫ 𝒆−𝒌𝒕𝒅𝒕

∞

𝟎

∞

𝒌=𝟏

= −∑
(−𝟏)𝒌

𝒌

∞

𝒌=𝟏

[−
𝒆−𝒌𝒕

𝒌
]
𝟎

∞

= −∑
(−𝟏)𝒌

𝒌𝟐

∞

𝒌=𝟏

= 𝜼(𝟐) =
𝟏

𝟐
𝜻(𝟐) =

𝝅𝟐

𝟏𝟐
 

2838. Prove that: 

∫
𝟏

𝒌
(
𝟐

𝒌𝟐
(𝑲(𝒌) − 𝑬(𝒌)) − 𝑲(𝒌))

𝟏

𝟎

𝒅𝒌 = 𝟏 −
𝝅

𝟒
 

Proposed by Shobhit Jain-India 
Solution by Pratham Prasad-India 

𝑾𝒆 𝑲𝒏𝒐𝒘: 

𝒅

𝒅𝒌
𝑲(𝒌) =

𝟏

𝒌
(
𝑬(𝒌)

𝟏 − 𝒌𝟐
−𝑲(𝒌)) 

𝒅

𝒅𝒌
𝑬(𝒌) =

𝟏

𝒌
(𝑬(𝒌) − 𝑲(𝒌)) 

𝒅

𝒅𝒌
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) =

𝟐

𝒌𝟑
(𝑲(𝒌) − 𝑬(𝒌)) +

𝟏

𝒌𝟐
(
𝟏

𝒌
(𝑬(𝒌) − 𝑲(𝒌)) −

𝟏

𝒌
(
𝑬(𝒌)

𝟏 − 𝒌𝟐
− 𝑲(𝒌))) 

𝒅

𝒅𝒌
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) =

𝟐

𝒌𝟑
(𝑲(𝒌) − 𝑬(𝒌)) −

𝟏

𝒌
(
𝑬(𝒌)

𝟏 − 𝒌𝟐
) 
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𝒅

𝒅𝒌
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) =

𝟐

𝒌𝟑
(𝑲(𝒌) − 𝑬(𝒌)) − (

𝟏

𝒌
(
𝑬(𝒌)

𝟏 − 𝒌𝟐
) −

𝟏

𝒌
𝑲(𝒌)) −

𝟏

𝒌
𝑲(𝒌) 

𝒅

𝒅𝒌
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) =

𝟐

𝒌𝟑
(𝑲(𝒌) − 𝑬(𝒌)) −

𝒅

𝒅𝒌
𝑲(𝒌) −

𝟏

𝒌
𝑲(𝒌) 

𝒅

𝒅𝒌
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
+ 𝑲(𝒌)) =

𝟐

𝒌𝟑
(𝑲(𝒌) − 𝑬(𝒌)) −

𝟏

𝒌
𝑲(𝒌) 

(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
+ 𝑲(𝒌))

𝟏

𝟎
= ∫

𝟏

𝒌
(
𝟐

𝒌𝟐
(𝑲(𝒌) − 𝑬(𝒌)) − 𝑲(𝒌))

𝟏

𝟎

 𝒅𝒌 

𝑰 = ∫
𝟏

𝒌
(
𝟐

𝒌𝟐
(𝑲(𝒌) − 𝑬(𝒌)) − 𝑲(𝒌))

𝟏

𝟎

𝒅𝒌 = 𝑬(𝟏) − 𝐥𝐢𝐦
𝒌→𝟎

(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
+𝑲(𝒌)) 

∫
𝟏

𝒌
(
𝟐

𝒌𝟐
(𝑲(𝒌) − 𝑬(𝒌)) − 𝑲(𝒌))

𝟏

𝟎

𝒅𝒌 = 𝟏 − 𝐥𝐢𝐦
𝒌→𝟎

(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) = 𝟏 − 𝑳 −

𝝅

𝟐
 

𝑳 = 𝐥𝐢𝐦
𝒌→𝟎

(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
) = 𝐥𝐢𝐦

𝒌→𝟎
(
𝑬(𝒌) − 𝑲(𝒌)

𝒌𝟐
)

= 𝐥𝐢𝐦
𝒌→𝟎

(

 
 
𝟏
𝒌(𝑬

(𝒌) − 𝑲(𝒌) −
𝑬(𝒌)
𝟏 − 𝒌𝟐

+𝑲(𝒌))

𝟐𝒌

)

 
 

 

𝑳 = −𝐥𝐢𝐦
𝒌→𝟎

(
(𝑬(𝒌))

𝟐(𝟏 − 𝒌𝟐)
) =

−𝑬(𝟎)

𝟐
= −

𝝅

𝟒
 

𝑰 = 𝟏 − 𝑳 −
𝝅

𝟐
= 𝟏 −

𝝅

𝟒
 

𝑰 = ∫
𝟏

𝒌
(
𝟐

𝒌𝟐
(𝑲(𝒌) − 𝑬(𝒌)) − 𝑲(𝒌))

𝟏

𝟎

𝒅𝒌 = 𝟏 −
𝝅

𝟒
 

 
2839. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(

 
𝟏! + √𝟐! + √𝟑! + ⋯+ √𝒏!

𝟏!√𝟐!√𝟑! ⋅ … ⋅ √𝒏! )

 

𝒏

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Hikmat Mammadov-Azerbaijan 

𝑨𝒏 = 𝟏! + √𝟐! + √𝟑! + √𝒏!,   𝑩𝒏 = 𝟏!√𝟐!√𝟑!…√𝒏! 
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𝑨𝒏
𝑩𝒏
=
𝟏! + √𝟐! + √𝟑! +⋯+ √𝒏!

𝟏! √𝟐!√𝟑!…√𝒏!

=
𝟏!

𝑩𝒏
+
√𝟐! + √𝟑! + ⋯+ √𝒏!

𝟏!√𝟐!√𝟑!…√𝒏!

 

Note: 𝟏! ⋅ 𝟐! ⋅ √√𝟑!… = 𝟏! ⋅ √𝟐! ⋅ 𝑩𝒏
′ ,    

𝑨𝒏

𝑩𝒏
=

𝟏

𝑩𝒏
+
𝟏

𝟏!
⋅ √

𝟏

𝟐!
+
√𝟑!+⋯

𝟐!⋅√𝟑!…
 

𝒏 → ∞ ⇒ 𝟏 <
𝑨𝒏

𝑩𝒏
< 1 +

𝑪

𝟐𝒏
    (𝑪 = constant)𝟏𝒏 < (

𝑨𝒏

𝑩𝒏
)
𝒏

< (𝟏 +
𝑪

𝟐𝒏
)
𝒏

 

𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝑪

𝟐𝒏
)
𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒆
𝒏⋅𝑪
𝟐𝒏 = 𝒆𝟎 = 𝟏 ⇒ 𝛀 = 𝟏 

Solution 2 by Hikmat Mammadov-Azerbaijan 

𝑨𝒏 = 𝟏! + √𝟐! + √𝟑! + ⋯+ √𝒏!,    𝑩𝒏 = 𝟏!√𝟐!√𝟑!…√𝒏! =∏(𝒌!)
𝟏

𝟐𝒌−𝟏

𝒏

𝒌=𝟏

 

𝑨𝒏
𝑩𝒏
=
𝟏! + √𝟐! + √𝟑! +⋯+ √𝒏!

∏ (𝒌!)
𝟏

𝟐𝒌−𝟏𝒏
𝒌=𝟏

= 𝟏 + 𝑶(
𝟏

𝟐𝒏
) ,

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟏 + (
𝑨𝒏
𝑩𝒏
− 𝟏))

𝒏

= 𝒆
𝐥𝐢𝐦
𝒏→∞

𝒏⋅(
𝑨𝒏
𝑩𝒏
−𝟏)

 

𝐥𝐢𝐦
𝒏→∞

𝒏 ⋅ 𝑶 (
𝟏

𝟐𝒏
) = 𝐥𝐢𝐦

𝒏→∞

𝒏

𝟐𝒏
= 𝟎 

𝛀 = 𝒆𝟎 = 𝟏 ⇒ 𝛀 = 𝟏 

2840. 𝑷𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶  

𝟏

𝟏 × 𝟐 × 𝟑
(
𝟏

𝟐
) +

𝟏

𝟐 × 𝟑 × 𝟒
(
𝟏

𝟐
)
𝟐

+
𝟏

𝟑 × 𝟒 × 𝟓
(
𝟏

𝟐
)
𝟑

+⋯ =
𝟏

𝟒
𝐥𝐧 (
𝟒

𝒆
) 

Proposed by Cosghun Memmedov-Azerbaijan 
Solution by Shirvan Tahirov-Azerbaijan 

𝟏

𝟏 × 𝟐 × 𝟑
(
𝟏

𝟐
) +

𝟏

𝟐 × 𝟑 × 𝟒
(
𝟏

𝟐
)
𝟐

+
𝟏

𝟑 × 𝟒 × 𝟓
(
𝟏

𝟐
)
𝟑

+⋯ =∑
𝟏

𝒏(𝒏 + 𝟏)(𝒏+ 𝟐)

∞

𝒏=𝟏

(
𝟏

𝟐
)
𝒏

= 

= ∑(
𝟏

𝟐
(
𝟏

𝒏
+

𝟏

𝒏 + 𝟐
−

𝟐

𝒏 + 𝟏
))

∞

𝒏=𝟏

(
𝟏

𝟐
)
𝒏

=
𝟏

𝟐
∑(

𝟏

𝒏
+

𝟏

𝒏 + 𝟐
−

𝟐

𝒏 + 𝟏
)

∞

𝒏=𝟏

(
𝟏

𝟐
)
𝒏

= 

=
𝟏

𝟐
(∑

𝟏

𝒏
(
𝟏

𝟐
)
𝒏∞

𝒏=𝟏

+∑
𝟏

𝒏+ 𝟐
(
𝟏

𝟐
)
𝒏

−

∞

𝒏=𝟏

∑
𝟐

𝒏 + 𝟏
(
𝟏

𝟐
)
𝒏∞

𝒏=𝟏

) = 
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=
𝟏

𝟐
(− 𝐥𝐧 (𝟏 −

𝟏

𝟐
) +∑

𝟏

𝒌
(
𝟏

𝟐
)
𝒌−𝟐∞

𝒌=𝟑

−∑
𝟐

𝒌
(
𝟏

𝟐
)
𝒌−𝟏∞

𝒌=𝟐

) = 

𝟏

𝟐
(− 𝐥𝐧 (

𝟏

𝟐
) +∑

𝟒

𝒌
(
𝟏

𝟐
)
𝒌∞

𝒌=𝟑

− 𝟐∑
𝟐

𝒌
(
𝟏

𝟐
)
𝒌∞

𝒌=𝟐

)

=
𝟏

𝟐
(𝐥𝐧(𝟐) + 𝟒(𝐥𝐧(𝟐) −

𝟓

𝟖
) − 𝟐(𝟐 𝐥𝐧(𝟐) − 𝟏)) = 

=
𝟏

𝟐
(𝐥𝐧(𝟐) + 𝟒 𝐥𝐧(𝟐) −

𝟓

𝟐
− 𝟒 𝐥𝐧(𝟐) + 𝟐) =

𝟏

𝟐
(𝐥𝐧(𝟐) −

𝟏

𝟐
) =

𝟏

𝟒
(𝟐 𝐥𝐧(𝟐) − 𝟏) =

𝟏

𝟒
𝐥𝐧 (
𝟒

𝒆
) 

 
2841. Find: 

Ω = ∑
(𝟐𝒏 − 𝟏)‼

𝟐𝒏(𝟐𝒏)‼

∞

𝒏=𝟏

 

Proposed by Daniel Sitaru-Romania 
Solution by Shirvan Tahirov-Azerbaijan 
 

∴ (𝟐𝒏 − 𝟏)‼ =
𝟏 × 𝟐 × 𝟑…× (𝟐𝒏 − 𝟏) × 𝟐𝒏

𝟐 × 𝟒 × 𝟔 × …× 𝟐𝒏
=
(𝟐𝒏)!

𝟐𝒏 × 𝒏!
  

∴ (𝟐𝒏)‼ = 𝟐𝒏 × (𝟏 × 𝟐 × 𝟑 × …𝒏) = 𝟐𝒏 × 𝒏! 

∴
(𝟐𝒏)!

𝒏! × 𝒏!
= 𝑪𝟐𝒏

𝒏 = (
𝟐𝒏

𝒏
)  , ∑ (

𝟐𝒏

𝒏
) × 𝒙𝒏 =

𝟏

√𝟏 − 𝟒𝒙

∞

𝒏=𝟎

, |𝒙| <
𝟏

𝟒
 

Ω = ∑
(𝟐𝒏 − 𝟏)‼

𝟐𝒏(𝟐𝒏)‼

∞

𝒏=𝟏

= ∑

(𝟐𝒏)!
𝟐𝒏 × 𝒏!
𝟐𝒏 × 𝒏!

∞

𝒏=𝟏

= ∑(
(𝟐𝒏)!

𝟐𝒏 × 𝒏!
×

𝟏

𝟐𝒏 × 𝒏!
)

∞

𝒏=𝟏

= 

= ∑
(𝟐𝒏)!

𝟐𝟑𝒏 × (𝒏!)𝟐

∞

𝒏=𝟏

= ∑(
𝟐𝒏

𝒏
) × (

𝟏

𝟖
)
𝒏

=

∞

𝒏=𝟏

(∑(
𝟐𝒏

𝒏
) × (

𝟏

𝟖
)
𝒏∞

𝒏=𝟎

) − (
𝟎

𝟎
) × (

𝟏

𝟖
)
𝟎

= 

=
𝟏

√𝟏 − 𝟒 ×
𝟏
𝟖

− 𝟏 = √𝟐− 𝟏 

 
2842. If 𝒛 ∈ ℂ, 𝒏 ∈ ℕ then: 

 

𝒄𝒐𝒔𝒏𝒛 =
𝟏

(𝒄𝒐𝒔𝟐𝒂 + 𝒔𝒉𝟐𝒃)
𝒏
𝟐

𝒆−𝒊𝒏𝒂𝒓𝒄𝒕𝒈(𝒕𝒈𝒂𝒕𝒉𝒃) 

 
Proposed by Samir Cabiyev-Azerbaijan 
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Solution by proposer 

𝒄𝒐𝒔𝒏𝒛 = (
𝒆𝒊𝒛 + 𝒆−𝒊𝒛

𝟐
)

𝒏

= (
𝒆𝒊(𝒂+𝒊𝒃) + 𝒆−𝒊(𝒂+𝒊𝒃)

𝟐
)

𝒏

= 

 

=(
𝒆𝒊𝒂𝒆−𝒃+𝒆−𝒊𝒂𝒆𝒃

𝟐
)
𝒏

=[
𝒆−𝒃

𝟐
 (𝒄𝒐𝒔𝒂 + 𝒊𝒔𝒊𝒏𝒂) +

𝒆𝒃

𝟐
(𝒄𝒐𝒔𝒂 − 𝒊𝒔𝒊𝒏𝒂)]

𝒏

= 

= [𝒄𝒐𝒔𝒂 (
𝒆𝒃+𝒆−𝒃

𝟐
) − 𝒊𝒔𝒊𝒏𝒂 (

𝒆𝒃−𝒆−𝒃

𝟐
)]
𝒏

=(𝒄𝒐𝒔𝒂𝒄𝒉𝒃 − 𝒊𝒔𝒊𝒏𝒂𝒔𝒉𝒃)𝒏 

𝐑𝐞𝐦𝐚𝐫𝐤: 

𝐀 − 𝐢𝐁 =
𝟏

√𝑨𝟐 +𝑩𝟐
(𝐜𝐨𝐬 (𝒂𝒓𝒄𝒕𝒈

𝑩

𝑨
) − 𝒊𝒔𝒊𝒏(𝒂𝒓𝒄𝒕𝒈

𝑩

𝑨
) 

 

(𝒄𝒐𝒔𝒂𝒄𝒉𝒃 − 𝒊𝒔𝒊𝒏𝒂𝒔𝒉𝒃)𝒏 = 

=
𝟏

(√𝒄𝒐𝒔𝟐𝒂𝒄𝒉𝟐𝒃+𝒔𝒊𝒏𝟐𝒂𝒔𝒉𝟐𝒃)
𝒏 (𝐜𝐨𝐬(𝒂𝒓𝒄𝒕𝒈𝒕𝒈𝒂𝒕𝒉𝒃) − −𝒊𝒔𝒊𝒏(𝒂𝒓𝒄𝒕𝒈(𝒕𝒈𝒂𝒕𝒉𝒃)n 

 

Remark: 

 𝒄𝒐𝒔𝟐𝒂𝒄𝒉𝟐𝒃 + 𝒔𝒊𝒏𝟐𝒂𝒔𝒉𝟐𝒃= 𝒄𝒐𝒔𝟐𝒂𝒄𝒉𝟐𝒃 + (𝟏 − 𝒄𝒐𝒔𝟐𝒂)𝒔𝒉𝟐𝒃 = 

 

=𝒄𝒐𝒔𝟐𝒂(𝒄𝒉𝟐𝒃 − 𝒔𝒉𝟐𝒃) + 𝒔𝒉𝟐𝒃=𝒄𝒐𝒔𝟐𝒂 + 𝒔𝒉𝟐𝒃 

 

𝒄𝒐𝒔𝒏𝒛 =
𝟏

(𝒄𝒐𝒔𝟐𝒂+𝒔𝒉𝟐𝒃)
𝒏
𝟐
(𝐜𝐨𝐬(𝒂𝒓𝒄𝒕𝒈𝒕𝒈𝒂𝒕𝒉𝒃) − 𝒊𝒔𝒊𝒏(𝒂𝒓𝒄𝒕𝒈(𝒕𝒈𝒂𝒕𝒉𝒃)n   = 

=
𝟏

(𝒄𝒐𝒔𝟐𝒂+𝒔𝒉𝟐𝒃)
𝒏
𝟐
𝒆−𝒊𝒏𝒂𝒓𝒄𝒕𝒈(𝒕𝒈𝒂𝒕𝒉𝒃) 

 

2843. If  𝒇:ℝ →  ℝ,   𝒇(𝒇(𝒙)) + 𝒇(𝒙) = −𝒙, ∀𝒙 ∈ ℝ then find: 

Ω = ∫ 𝒇(𝒇 (𝒇 (
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)))𝒅𝒙

𝝅

𝟎

 

Proposed by Daniel Sitaru-Romania 
Solution by Shirvan Tahirov-Azerbaijan 
 

{
 𝒇(𝒇(𝒙)) + 𝒇(𝒙) = −𝒙

 𝒇(𝒇(𝒙)) = −𝒙 − 𝒇(𝒙)
 

𝒇(𝒇(𝒇(𝒙))) + 𝒇(𝒇(𝒙)) = −𝒇(𝒙), 𝒇 (𝒇(𝒇(𝒙))) + (−𝒙 − 𝒇(𝒙)) = −𝒇(𝒙) 

𝒇 (𝒇(𝒇(𝒙))) − 𝒙 − 𝒇(𝒙) + 𝒇(𝒙) = 𝟎,   𝒇 (𝒇(𝒇(𝒙))) − 𝒙 = 𝟎, 𝒇𝟑(𝒙) = 𝒙 

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 ∶  𝒙→⏞
𝒇

𝒇(𝒙)→⏞
𝒇

𝒇(𝒇(𝒙))→⏞
𝒇

𝒇 (𝒇(𝒇(𝒙)))→⏞
𝒇

𝒙 
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Ω = ∫ 𝒇(𝒇 (𝒇(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)))𝒅𝒙

𝝅

𝟎

= ∫
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

=⏞
𝒙=𝝅−𝒚

 

= ∫
𝟏

𝟐 + 𝐜𝐨 𝐬(𝝅 − 𝒚)
𝒅𝒚

𝝅

−𝝅

= 𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟏

𝟐 + 𝐜𝐨 𝐬(𝝅 − 𝒚)
𝒅𝒚

𝝅+𝜺

−𝝅−𝜺

 

= 𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟏

𝟐 − 𝒄𝒐𝒔𝒚
𝒅𝒚 =⏞

𝒚=𝟐𝒂𝒓𝒄𝒕𝒂𝒏𝒛
𝝅+𝜺

−𝝅−𝜺

𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟏

𝟐 −
𝟏 − 𝒛𝟐

𝟏 + 𝒛𝟐

∙
𝟐

𝟏 + 𝒛𝟐
𝒅𝒛 =

𝒕𝒂𝒏
𝝅−𝜺
𝟐

𝒕𝒂𝒏
−𝝅−𝜺
𝟐

 

= 𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟐

𝟐 + 𝟐𝒛𝟐 − 𝟏 + 𝒛𝟐
𝒅𝒛 =

𝒕𝒂𝒏
𝝅−𝜺
𝟐

𝒕𝒂𝒏
−𝝅−𝜺
𝟐

𝟐 𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟏

𝟏 + 𝟑𝒛𝟐
𝒅𝒛 =

𝒕𝒂𝒏
𝝅−𝜺
𝟐

𝒕𝒂𝒏
−𝝅−𝜺
𝟐

 

=
𝟐

𝟑
𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝟏

𝟏
𝟑 + 𝒛

𝟐
𝒅𝒛 =

𝒕𝒂𝒏
𝝅−𝜺
𝟐

𝒕𝒂𝒏
−𝝅−𝜺
𝟐

 

=
𝟐√𝟑

𝟑
𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

(𝒂𝒓𝒄𝒕𝒂𝒏(√𝟑 ∙ 𝒕𝒂𝒏
𝝅 − 𝜺

𝟐
) − 𝒂𝒓𝒄𝒕𝒂𝒏 (√𝟑 ∙ 𝒕𝒂𝒏

𝝅 − 𝜺

𝟐
)) = 

=
𝟐√𝟑

𝟑
(
𝝅

𝟐
+
𝝅

𝟐
) =

𝟐𝝅√𝟑

𝟑
 

 

2844. Prove that: 

∫

𝐥𝐧(𝒙)
(𝟏 − 𝒙)𝟐

(𝟏 + 𝒙)𝟐

𝐥𝐧(𝒙)

𝒅𝒙
𝟏

𝟎

=
𝝅𝟐 + 𝟕𝜻(𝟑)

𝟖
 

Proposed by Ankush Kumar Parcha-India 
Solution by Shirvan Tahirov-Azerbaijan 
 

∫

𝐥𝐧(𝒙)

(𝟏−𝒙)𝟐

(𝟏+𝒙)𝟐

𝐥𝐧(𝒙)

𝟏

𝟎
𝒅𝒙 = ∫ (

𝐥𝐧(𝒙)

(𝟏−𝒙)𝟐
÷
(𝟏+𝒙)𝟐

𝐥𝐧(𝒙)
)

𝟏

𝟎
𝒅𝒙 = ∫

𝒍𝒏𝟐(𝒙)

(𝟏−𝒙)𝟐(𝟏+𝒙)𝟐

𝟏

𝟎
𝒅𝒙= 

= ∫
𝒍𝒏𝟐(𝒙)

((𝟏 − 𝒙)𝟐)𝟐

𝟏

𝟎

𝒅𝒙 =∑(𝒋 + 𝟏)∫ 𝒙𝟐
𝟏

𝟎

∞

𝒋=𝟎

𝒍𝒏𝟐(𝒙)𝒅𝒙 =∑((𝒋 + 𝟏) ×
𝟐

(𝟐𝒋 + 𝟏)𝟑
)

∞

𝒋=𝟎

= 

= 𝟐∑
𝒋 + 𝟏

(𝟐𝒋 + 𝟏)𝟑

∞

𝒋=𝟎

=∑ 

∞

𝒋=𝟎

(
𝟏

(𝟐𝒋 + 𝟏)𝟐
+

𝟏

(𝟐𝒋 + 𝟏)𝟑
) =∑

𝟏

(𝟐𝒋 + 𝟏)𝟐
+∑

𝟏

(𝟐𝒋 + 𝟏)𝟑

∞

𝒋=𝟎

∞

𝒋=𝟎

= 

= (𝟏 −
𝟏

𝟒
) 𝜻(𝟐) + (𝟏 −

𝟏

𝟖
) 𝜻(𝟑) = 
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=
𝟑

𝟒
𝜻(𝟐) +

𝟕

𝟖
𝜻(𝟑) =

𝟔𝜻(𝟐) + 𝟕𝜻(𝟑)

𝟖
=
𝟔 ×

 𝝅𝟐

𝟔 + 𝟕𝜻(𝟑)

𝟖
=
 𝝅𝟐 + 𝟕𝜻(𝟑)

𝟖
 

 

∴ ∑
𝟏

(𝟐𝒋 + 𝟏)𝒕

∞

𝒋=𝟎

= (𝟏 − 𝟐−𝒕)𝜻(𝒕)    ∴ ∫ 𝒙𝒎𝒍𝒏𝟐
𝟏

𝟎

(𝒙)𝒅𝒙 =
𝟐

(𝒎+ 𝟏)𝟑
 

 

2845. 𝑷𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶  

Ω = ∫
𝐥𝐧 (𝒍𝒏 (

𝟏
𝒙
))

√𝒍𝒏 (
𝟏
𝒙
)

𝒅𝒙
𝟏

𝟎

= −(𝜸 + 𝟐 𝐥𝐧(𝟐))√𝝅 

Proposed by Cosghun Memmedov-Azerbaijan 
Solution by Shirvan Tahirov-Azerbaijan 
 

Ω = ∫
𝐥𝐧 (𝒍𝒏(

𝟏
𝒙))

√𝒍𝒏(
𝟏
𝒙)

𝟏

𝟎

𝒅𝒙  {
𝐥𝐧 (
𝟏

𝒙
) = 𝒚

𝒅𝒙 = −𝒆−𝒚𝒅𝒚
 

Ω = ∫
𝐥𝐧(𝒚)

√𝒚
.

𝟎

∞

(−𝒆−𝒚𝒅𝒚) = ∫ 𝒆−𝒚
∞

𝟎

𝐥𝐧(𝒚)

√𝒚
𝒅𝒚 = ∫ 𝒆−𝒚

∞

𝟎

. 𝒚−
𝟏
𝟐 𝐥𝐧(𝒚)𝒅𝒚 = 

= 𝜞′ (
𝟏

𝟐
) = 𝜞(

𝟏

𝟐
) . 𝝍 (

𝟏

𝟐
) = √𝝅. (−𝜸 − 𝟐 𝐥𝐧(𝟐)) = −(𝜸 + 𝟐 𝐥𝐧(𝟐))√𝝅 

𝑵𝒐𝒕𝒆 ∶  

∴ 𝜞(𝒛) = ∫ 𝒕𝒛−𝟏. 𝒆−𝒕𝒅𝒕
∞

𝟎

, 𝜞′(𝒛) = ∫ 𝒕𝒛−𝟏. 𝒆−𝒕𝐥𝐧 (𝒕)𝒅𝒕
∞

𝟎

 

∴ 𝝍(𝒛) =
𝒅

𝒅𝒛
𝒍𝒏𝜞(𝒛) =

𝜞′(𝒛)

𝜞(𝒛)
, 𝜞′(𝒛) = 𝜞(𝒛).𝝍(𝒛) 

∴ 𝝍(𝒌 +
𝟏

𝟐
) = −𝜸 − 𝟐 𝐥𝐧(𝟐) +∑

𝟐

𝟐𝒌 − 𝟏

𝒌

𝒏=𝟏

 

∴ 𝝍(
𝟏

𝟐
) = −𝜸 − 𝟐 𝐥𝐧(𝟐) , 𝜞 (

𝟏

𝟐
) = √𝝅 

 
2846. Prove that: 

∫ 𝒍𝒏 (
𝒙𝟐 + 𝟐𝟎𝟐𝟔𝟐

𝒙𝟐 + 𝟐𝟎𝟐𝟑𝟐
)

∞

𝟎

𝒅𝒙 = 𝟐𝟑𝝅 

Proposed by Cosghun Memmedov-Azerbaijan 
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Solution by Adgozel Adgozalov-Azerbaijan 
 

 

I(a,b) = π(a − b) 

 

 
2847. Find: 

𝛀 = ∫
𝒅𝒙

𝒙√𝒙 + 𝟏

∞

𝟎

 

Proposed by Nguyen Hung Cuong – Vietnam 



 
www.ssmrmh.ro 

49 RMM-CALCULUS MARATHON 2801-2900 

 

Solution 1 by Daniel Sitaru – Romania 

𝛀 = ∫
𝒅𝒙

𝒙√𝒙 + 𝟏

∞

𝟎

=
(𝒙=𝒚𝟐)

 ∫
𝟐𝒚𝒅𝒚

𝒚𝟑 + 𝟏

∞

𝟎

 

𝟐𝒚

(𝒚 + 𝟏)(𝒚𝟐 − 𝒚 + 𝟏)
=

𝑨

𝒚 + 𝟏
+

𝑩𝒚 + 𝑪

𝒚𝟐 − 𝒚 + 𝟏
, 𝟐𝒚 = 𝑨(𝒚𝟐 − 𝒚 + 𝟏) + (𝒚 + 𝟏)(𝑩𝒚 + 𝑪) 

𝟐𝒚 = 𝑨𝒚𝟐 − 𝑨𝒚 + 𝑨 + 𝑩𝒚𝟐 + 𝑪𝒚 + 𝑩𝒚 + 𝑪, 𝟐𝒚 = (𝑨 + 𝑩)𝒚𝟐 + 𝒚(−𝑨 + 𝑩+ 𝑪) + 𝑨 + 𝑪 

{
𝑨 + 𝑩 = 𝟎

−𝑨 + 𝑩+ 𝑪 = 𝟐
𝑨 + 𝑪 = 𝟎

⇒ 𝑩 = −𝑨 ⇒ {
−𝟐𝑨 + 𝑪 = 𝟐
𝟐𝑨 + 𝑪 = 𝟎

⇒ 𝟑𝑪 = 𝟐 ⇒ 𝑪 =
𝟐

𝟑
⇒ 𝑨 = −

𝟐

𝟑
⇒ 𝑩 =

𝟐

𝟑
 

𝛀 = ∫ (
−
𝟐
𝟑

𝒚 + 𝟏
+

𝟐
𝟑
(𝒚 + 𝟏)

𝒚𝟐 − 𝒚 + 𝟏
)

∞

𝟎

𝒅𝒚 = −
𝟐

𝟑
𝐥𝐧(𝒚 + 𝟏)|

𝟎

∞

+
𝟏

𝟑
∫

𝟐𝒚 − 𝟏 + 𝟑

𝒚𝟐 − 𝒚 + 𝟏

∞

𝟎

𝒅𝒚 = 

= −
𝟐

𝟑
𝐥𝐧(𝒚 + 𝟏) +

𝟏

𝟑
𝐥𝐧(𝒚𝟐 − 𝒚 + 𝟏)|

𝟎

∞

+∫
𝟏

(𝒚 −
𝟏
𝟐)
𝟐

+ (
√𝟑
𝟐 )

𝟐

∞

𝟎

 

=
𝟏

𝟑
𝐥𝐧 (

𝒚𝟐 − 𝒚 + 𝟏

𝒚𝟐 + 𝟐𝒚 + 𝟏
)|
𝟎

∞

+
𝟏

√𝟑
𝟐

𝐚𝐫𝐜𝐭𝐚𝐧(
𝒚 −

𝟏
𝟐

√𝟑
𝟐

)|

𝟎

∞

= 

=
𝟏

𝟑
(𝐥𝐧 𝟏 − 𝐥𝐧𝟏) +

𝟐

√𝟑
(𝐚𝐫𝐜𝐭𝐚𝐧∞− 𝐚𝐫𝐜𝐭𝐚𝐧 (−

𝟏

√𝟑
)) = 

=
𝟏

𝟑
(𝟎 − 𝟎) +

𝟐

√𝟑
(
𝝅

𝟐
+
𝝅

𝟔
) =

𝟐

√𝟑
⋅
𝟒𝝅

𝟔
=
𝟖𝝅

𝟔√𝟑
=
𝟒𝝅

𝟑√𝟑
 

Solution 2 by Daniel Sitaru – Romania  

∫
𝒅𝒙

𝒙𝒑 + 𝟏

∞

𝟎

=
𝝅

𝒑𝐬𝐢𝐧 (
𝝅
𝒑
)

 

𝛀 = ∫
𝒅𝒙

𝒙
𝟐
𝟑 + 𝟏

∞

𝟎

=
𝝅

𝟑
𝟐𝐬𝐢𝐧

(
𝝅
𝟑
𝟐

)

=
𝟐𝝅

𝟑𝐬𝐢𝐧
𝟐𝝅
𝟑

=
𝟐𝝅

𝟑𝐬𝐢𝐧 (𝝅 −
𝝅
𝟑)
=

𝟐𝝅

𝟑 ⋅ 𝐬𝐢𝐧
𝝅
𝟑

=
𝟐𝝅

𝟑√𝟑
𝟐

=
𝟒𝝅

𝟑√𝟑
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2848. 
𝑭𝒊𝒏𝒅 ∶  

∫
𝒔𝒊𝒏𝟐(𝒙)

(𝐬𝐢𝐧(𝒙) + 𝟐𝐜𝐨𝐬(𝒙))𝟐

𝝅
𝟔

𝟎

𝒅𝒙 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒔𝒊𝒏𝟐(𝒙)

(𝐬𝐢𝐧(𝒙) + 𝟐𝐜𝐨𝐬(𝒙))𝟐
=

𝒔𝒊𝒏𝟐(𝒙)

𝒔𝒊𝒏𝟐(𝒙) + 𝟒 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒙) + 𝟒𝒄𝒐𝒔𝟐(𝒙)
= 

=
𝒕𝒂𝒏𝟐(𝒙)

(𝐭𝐚𝐧(𝒙) + 𝟐)𝟐
,      {

𝐭𝐚𝐧(𝒙) → 𝒕

𝒅𝒙 =
𝒅𝒕

𝟏 + 𝒕𝟐
 

Ω = ∫
𝒔𝒊𝒏𝟐(𝒙)

(𝐬𝐢𝐧(𝒙) + 𝟐𝐜𝐨𝐬(𝒙))𝟐

𝝅
𝟔

𝟎

𝒅𝒙 = ∫
𝒕𝟐

(𝒕 + 𝟐)𝟐

√𝟑
𝟑

𝟎

.
𝒅𝒕

𝒕𝟐 + 𝟏
 

𝒕𝟐

(𝒕 + 𝟐)𝟐
=

𝑨

(𝒕 + 𝟐)𝟐
+

𝑩

𝒕 + 𝟐
+
𝑪𝒕 + 𝑫

𝒕𝟐 + 𝟏
 

𝒕𝟐 = 𝑨(𝒕𝟐 + 𝟏) + 𝑩(𝒕 + 𝟐)(𝒕𝟐 + 𝟏) + (𝑪𝒕 + 𝑫)(𝒕 + 𝟐)𝟐 

{

𝑩 + 𝑪 = 𝟎
𝑨 + 𝟐𝑩 + 𝟒𝑪 +𝑫 = 𝟏
𝑩 + 𝟒𝑪 + 𝟒𝑫 = 𝟎
𝑨 + 𝟐𝑩 + 𝟒𝑫 = 𝟎

→  {
𝑨 =

𝟒

𝟓
 , 𝑩 = −

𝟒

𝟐𝟓

𝑪 =
𝟒

𝟐𝟓
  , 𝑫 = −

𝟑

𝟐𝟓

 

Ω = Ω𝟏 +Ω𝟐 + Ω𝟑 

Ω𝟏 = ∫

𝟒
𝟓

(𝒕 + 𝟐)𝟐
𝒅𝒕

√𝟑
𝟑

𝟎

= −
𝟒

𝟓
.
𝟏

𝒕 + 𝟐
|

√𝟑
𝟑
𝟎
=
𝟐(𝟐√𝟑 − 𝟏)

𝟓𝟓
 

Ω𝟐 = ∫
−
𝟒
𝟐𝟓

𝒕 + 𝟐
𝒅𝒕

√𝟑
𝟑

𝟎

= −
𝟒

𝟐𝟓
. 𝐥𝐧(𝒕 + 𝟐)|

√𝟑
𝟑
𝟎
= −

𝟒

𝟐𝟓
𝐥𝐧(

𝟔 + √𝟑

𝟔
) 

Ω𝟑 = ∫

𝟒
𝟐𝟓 𝒕 −

𝟑
𝟐𝟓

𝒕𝟐 + 𝟏
𝒅𝒕

√𝟑
𝟑

𝟎

=
𝟏

𝟐𝟓
∫

𝟒𝒕 − 𝟑

𝒕𝟐 + 𝟏
𝒅𝒕

√𝟑
𝟑

𝟎

=
𝟐

𝟐𝟓
∫

𝒅(𝒕𝟐 + 𝟏)

𝒕𝟐 + 𝟏
=

√𝟑
𝟑

𝟎

 

𝟐

𝟐𝟓
. 𝐥𝐧(𝒕𝟐 + 𝟏)|

√𝟑
𝟑
𝟎
−
𝟑

𝟐𝟓
. 𝐚𝐫𝐜𝐭𝐚𝐧(𝒕)|

√𝟑
𝟑
𝟎
=
𝟐

𝟐𝟓
𝐥𝐧 (

𝟒

𝟑
) −

𝝅

𝟓𝟎
 

𝑻𝒉𝒆𝒏: 

Ω = Ω𝟏 +Ω𝟐 +Ω𝟑 =
𝟐(𝟐√𝟑 − 𝟏)

𝟓𝟓
−
𝟒

𝟐𝟓
𝐥𝐧 (

𝟔 + √𝟑

𝟔
) +

𝟐

𝟐𝟓
𝐥𝐧 (
𝟒

𝟑
) −

𝝅

𝟓𝟎
= 

𝟒√𝟑 − 𝟐

𝟓𝟓
+
𝟒

𝟐𝟓
𝒍𝒏(

𝟒

𝟐√𝟑 + 𝟏
) −

𝝅

𝟓𝟎
= 

𝟒√𝟑 − 𝟐

𝟓𝟓
+
𝟖

𝟐𝟓
𝐥𝐧(𝟐) −

𝟒

𝟐𝟓
𝐥𝐧(𝟐√𝟑 + 𝟏) −

𝝅

𝟓𝟎
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2849. Find: 

𝛀 = ∫
𝒅𝒙

𝒙√𝒙 + 𝒙 + √𝒙 + 𝟏

∞

𝟎

 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝛀 = ∫
𝒅𝒙

𝒙√𝒙 + 𝒙 + √𝒙 + 𝟏
=

∞

𝟎

∫
𝒅𝒙

(√𝒙 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

=
(𝒙=𝒚𝟐)

 

= ∫
𝟐𝒚 𝒅𝒚

(𝒚 + 𝟏)(𝒚𝟐 + 𝟏)

∞

𝟎

= ∫ (
−𝟏

𝒚 + 𝟏
+

𝒚

𝒚𝟐 + 𝟏
+

𝟏

𝒚𝟐 + 𝟏
)

∞

𝟎

𝒅𝒚 = 

= (− 𝐥𝐧(𝒚 + 𝟏) +
𝟏

𝟐
𝐥𝐧(𝒚𝟐 + 𝟏))|

𝟎

∞

+ 𝐚𝐫𝐜𝐭𝐚𝐧 𝒚|𝟎
∞ = 

= (𝐥𝐧
√𝒚𝟐 + 𝟏

𝒚 + 𝟏
)|

𝟎

∞

+ 𝐚𝐫𝐜𝐭𝐚𝐧∞ − 𝐚𝐫𝐜𝐭𝐚𝐧 𝟎 = 𝐥𝐧𝟏 − 𝐥𝐧𝟏 +
𝝅

𝟐
− 𝟎 =

𝝅

𝟐
 

2850. Find a closed form: 

      𝛀 = ∫
𝒙 𝐥𝐧 𝒙

𝐬𝐢𝐧𝐡 𝒙
𝒅𝒙

∞

𝟎

 

 
Proposed by Omkumar Rao-India 

Solution by proposer 
 

 ⟹⏞

𝐬𝐢𝐧𝐡𝒙⟶
𝒆𝒙−𝒆−𝒙

𝟐

∫ 𝒙 𝐥𝐧𝒙(𝟐∑𝒆−(𝟐𝒓+𝟏)𝒙
∞

𝒓=𝟎

)𝒅𝒙

∞

𝟎

= 𝟐∑∫ 𝒙 𝐥𝐧𝒙

∞

𝟎

∞

𝒓=𝟎

𝒆−(𝟐𝒓+𝟏)𝒙 𝒅𝒙 

𝑰(𝒔) = ∫ 𝒙𝒔𝒆−𝒂𝒙 𝒅𝒙

∞

𝟎

=
𝚪(𝒔 + 𝟏)

𝒂𝒔+𝟏
 

𝑰′(𝒔) = ∫ 𝒙𝒔 𝐥𝐧 𝒙 𝒆−𝒂𝒙 𝒅𝒙

∞

𝟎

=
(𝒂𝒔+𝟏𝚪′(𝒔 + 𝟏) − 𝚪(𝒔 + 𝟏)𝒂𝒔+𝟏 𝐥𝐧𝒂)

𝒂𝟐𝒔+𝟐
 

𝑰′(𝟏) =
(𝒂𝟐𝚪′(𝟐) − 𝚪(𝟐)𝒂𝟐 𝐥𝐧 𝒂)

𝒂𝟒
=
(𝚪′(𝟐) − 𝚪(𝟐) 𝐥𝐧 𝒂)

𝒂𝟐
 

𝚪′(𝟐) = 𝝍(𝟐)𝚪(𝟐) 

𝑰′(𝟏) =
𝚪(𝟐)(𝝍(𝟐) − 𝐥𝐧 𝒂)

𝒂𝟐
 ∶ (𝒂 = 𝟐𝒓 + 𝟏) 
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∫ 𝒙 𝐥𝐧 𝒙

∞

𝟎

𝒆−(𝟐𝒓+𝟏)𝒙 𝒅𝒙 =
(𝟏 − 𝜸 − 𝐥𝐧((𝟐𝒓 + 𝟏)))

(𝟐𝒓 + 𝟏)𝟐
 

𝛀 = 𝟐∑(
𝟏 − 𝜸

(𝟐𝒓 + 𝟏)𝟐
−
𝐥𝐧((𝟐𝒓 + 𝟏))

(𝟐𝒓 + 𝟏)𝟐
)

∞

𝒓=𝟎

= 𝟐
𝝅𝟐

𝟖
(𝟏 − 𝜸) − 𝟐∑

𝐥𝐧((𝟐𝒓 + 𝟏))

(𝟐𝒓 + 𝟏)𝟐

∞

𝒓=𝟎

=
𝝅𝟐(𝟏 − 𝜸)

𝟒
− 𝟐∑

𝐥𝐧((𝟐𝒓 + 𝟏))

(𝟐𝒓 + 𝟏)𝟐

∞

𝒓=𝟎

 

𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑳𝒂𝒎𝒃𝒅𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏 ∶  𝝀(𝒔) = ∑
𝟏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

 

𝝀′(𝒔) = −∑
𝐥𝐧((𝟐𝒏 + 𝟏))

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

 

𝝀(𝒔) = (𝟏 − 𝟐−𝒔)𝜻(𝒔) 

𝝀′(𝒔) = 𝟐−𝒔 𝐥𝐧 𝟐 𝜻(𝒔) + (𝟏 − 𝟐−𝒔)𝜻′(𝒔) ⟹⏞
𝝀′(𝟐)

𝟐−𝟐 𝐥𝐧 𝟐 𝜻(𝟐) + (𝟏 − 𝟐−𝟐)𝜻′(𝟐) 

𝜻(𝒔) = 𝟐𝒔𝝅𝒔−𝟏 𝐬𝐢𝐧 (
𝝅𝒔

𝟐
)𝚪(𝟏 − 𝒔)𝜻(𝟏 − 𝒔) ⟹ 𝐥𝐧𝜻(𝒔)

= 𝒔 𝐥𝐧 𝟐 + (𝒔 − 𝟏) 𝐥𝐧𝝅 + 𝐥𝐧 (𝐬𝐢𝐧 (
𝝅𝒔

𝟐
)) + 𝐥𝐧𝚪(𝟏 − 𝒔) + 𝐥𝐧 𝜻(𝟏 − 𝒔) 

𝐥𝐧 𝜻(𝒔) = 𝒔 𝐥𝐧 𝟐 + (𝒔 − 𝟏) 𝐥𝐧 𝝅 + 𝐥𝐧 (𝐬𝐢𝐧 (
𝝅𝒔

𝟐
)) + 𝐥𝐧 𝚪(𝟏 − 𝒔) + 𝐥𝐧 𝜻(𝟏 − 𝒔) ⟹

𝜻′(𝒔)

𝜻(𝒔)

= 𝐥𝐧𝟐 + 𝐥𝐧𝝅 +
𝝅

𝟐
𝐜𝐨𝐭 (

𝝅𝒔

𝟐
) − 𝝍(𝟏 − 𝒔) −

𝜻′(𝟏 − 𝒔)

𝜻(𝟏 − 𝒔)
 

𝜻′(𝒔)

𝜻(𝒔)
= 𝐥𝐧𝟐𝝅 +

𝝅

𝟐
𝐜𝐨𝐭 (

𝝅𝒔

𝟐
) − 𝝍(𝟏 − 𝒔) −

𝜻′(𝟏 − 𝒔)

𝜻(𝟏 − 𝒔)
 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒏𝒈 𝒍𝒊𝒎𝒊𝒕 𝒂𝒕 𝒔 ⟶ 𝟐 ∶ 𝒍𝒆𝒕 𝒔 = 𝟐 + 𝝐 
𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)
= 𝐥𝐧𝟐𝝅 +

𝝅

𝟐
𝐜𝐨𝐭 (𝝅 +

𝝅𝝐

𝟐
) − 𝝍(−𝟏 − 𝝐) −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)
⟹
𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)

= 𝐥𝐧𝟐𝝅 +
𝝅

𝟐
(
𝟐

𝝅𝝐
−
𝝅𝝐

𝟔
+ 𝑶(𝝐𝟑)) − 𝝍(−𝟏 − 𝝐) −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)
 

𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)
= 𝐥𝐧 𝟐𝝅 +

𝟏

𝝐
−
𝝅𝟐𝝐

𝟏𝟐
+ 𝑶(𝝐𝟑) − 𝝍(−𝟏 − 𝝐) −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)
 

𝝍(−𝟏 − 𝝐) = 𝝍(−𝝐) +
𝟏

𝟏 + 𝝐
  ,   𝝍(−𝝐) = 𝝍(𝟏 − 𝝐) +

𝟏

𝝐
   

𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)
= 𝐥𝐧𝟐𝝅 +

𝟏

𝝐
−
𝝅𝟐𝝐

𝟏𝟐
+ 𝑶(𝝐𝟑) − (𝝍(𝟏 − 𝝐) +

𝟏

𝝐
+

𝟏

𝟏 + 𝝐
) −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)
   

𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)
= 𝐥𝐧 𝟐𝝅 +

𝟏

𝝐
−
𝝅𝟐𝝐

𝟏𝟐
+ 𝑶(𝝐𝟑) − (−𝜸 +

𝟏

𝝐
+ 𝟏 − 𝝐 + 𝑶(𝝐𝟐)) −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)

⟹
𝜻′(𝟐 + 𝝐)

𝜻(𝟐 + 𝝐)
= 𝐥𝐧 𝟐𝝅 −

𝝅𝟐𝝐

𝟏𝟐
+ 𝜸 − 𝟏 −

𝜻′(−𝟏 − 𝝐)

𝜻(−𝟏 − 𝝐)
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𝜻′(𝟐)

𝜻(𝟐)
 =  𝐥𝐧𝟐𝝅 + 𝜸 − 𝟏 −

𝜻′(−𝟏)

𝜻(−𝟏)

= 𝐥𝐧𝟐𝝅 + 𝜸 − 𝟏 −

𝟏
𝟏𝟐 − 𝐥𝐧𝑨

(−
𝟏
𝟏𝟐)

        ⟹⏞
𝑨∶ 𝑮𝒍𝒂𝒊𝒔𝒉𝒆𝒓−𝑲𝒊𝒏𝒌𝒆𝒍𝒊𝒏 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕

   𝐥𝐧 𝟐𝝅 + 𝜸 − 𝟏

− (−𝟏 + 𝟏𝟐 𝐥𝐧𝑨) 

𝜻′(𝟐) = 𝜻(𝟐)(𝐥𝐧𝟐𝝅 + 𝜸 − 𝟏𝟐 𝐥𝐧𝑨) =
𝝅𝟐

𝟔
(𝜸 + 𝐥𝐧𝟐𝝅 − 𝟏𝟐 𝐥𝐧𝑨) 

𝝀′(𝟐) = 𝟐−𝟐 𝐥𝐧 𝟐 𝜻(𝟐) + (𝟏 − 𝟐−𝟐)𝜻′(𝟐) =
𝝅𝟐 𝐥𝐧 𝟐

𝟐𝟒
+
𝝅𝟐(𝜸 + 𝐥𝐧𝟐𝝅 − 𝟏𝟐 𝐥𝐧𝑨)

𝟖
 

𝛀 =
𝝅𝟐(𝟏 − 𝜸)

𝟒
+ 𝟐(−∑

𝐥𝐧((𝟐𝒓 + 𝟏))

(𝟐𝒓 + 𝟏)𝟐

∞

𝒓=𝟎

) =
𝝅𝟐(𝟏 − 𝜸)

𝟒
+ 𝟐𝝀′(𝟐) 

𝛀 =
𝝅𝟐(𝟏 − 𝜸)

𝟒
+ 𝟐(

𝝅𝟐 𝐥𝐧 𝟐

𝟐𝟒
+
𝝅𝟐(𝜸 + 𝐥𝐧𝟐𝝅 − 𝟏𝟐 𝐥𝐧𝑨)

𝟖
) 

𝛀 =
𝝅𝟐(𝟏 − 𝜸)

𝟒
+
𝝅𝟐 𝐥𝐧 𝟐

𝟏𝟐
+
𝝅𝟐(𝜸 + 𝐥𝐧𝟐𝝅 − 𝟏𝟐 𝐥𝐧𝑨)

𝟒
 

 

𝛀 = 𝝅𝟐 (
𝟑 + 𝟒 𝐥𝐧 𝟐 + 𝟑 𝐥𝐧𝝅 − 𝟑𝟔 𝐥𝐧𝑨

𝟏𝟐
)     

 
 

2851. 𝑭𝒊𝒏𝒅 ∶  

∆= ∫ ∫
𝒙𝟐 + 𝒚𝟐 + 𝟐

√𝒙𝟐𝒚𝟐 + 𝒙𝟐 + 𝒚𝟐 + 𝟏
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

Proposed by Samuel Ajibade-Nigeria 
Solution by Shirvan Tahirov-Azerbaijan 
 

∆= ∫ ∫
𝒙𝟐 + 𝒚𝟐 + 𝟐

√𝒙𝟐𝒚𝟐 + 𝒙𝟐 + 𝒚𝟐 + 𝟏
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= ∫ ∫
𝒙𝟐 + 𝒚𝟐 + 𝟏 + 𝟏

√(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏)
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= 

= ∫ ∫
(𝒙𝟐 + 𝟏) + (𝒚𝟐 + 𝟏)

√(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏)
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= 

= ∫ ∫
(𝒙𝟐 + 𝟏)

√(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏)
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

+∫ ∫
(𝒚𝟐 + 𝟏)

√(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏)
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= 

= (∫ (√(𝒙𝟐 + 𝟏))
𝟏

𝟎

𝒅𝒙 × ∫
𝟏

√(𝒚𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒚) + (∫ (√(𝒚𝟐 + 𝟏))
𝟏

𝟎

𝒅𝒚 × ∫
𝟏

√(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙)

= 

= ((
𝟏

𝟐
|𝒙√𝒙𝟐 + 𝟏 + 𝐥𝐧 (𝒙 + √𝒙𝟐 + 𝟏)|

𝟏

𝟎
) × |𝐥𝐧 (𝒚 + √𝒚𝟐 + 𝟏)|

𝟏

𝟎
) + 
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+((
𝟏

𝟐
|𝒚√𝒚𝟐 + 𝟏 + 𝐥𝐧 (𝒚 + √𝒚𝟐 + 𝟏)|

𝟏

𝟎
) × |𝐥𝐧 (𝒙 + √𝒙𝟐 + 𝟏)|

𝟏

𝟎
) = 

= (
𝟏

𝟐
(√𝟐+ 𝐥𝐧(𝟏 + √𝟐)) × (𝐥𝐧(𝟏 + √𝟐) − 𝐥𝐧(𝟏))) + (

𝟏

𝟐
(√𝟐+ 𝐥𝐧(𝟏 + √𝟐)) × (𝐥𝐧(𝟏 + √𝟐) − 𝐥𝐧(𝟏))) = 

= 𝟐 (
𝟏

𝟐
(√𝟐 + 𝐥𝐧(𝟏 + √𝟐)) × 𝐥𝐧(𝟏 + √𝟐))

= (√𝟐 + 𝟏 − 𝟏 + (𝐥𝐧(𝟏 + √𝟐) × 𝐥𝐧(𝟏 + √𝟐))) = 

= (𝝈 + 𝐥𝐧(𝝈) −𝟏) × 𝒍𝒏𝟐(𝝈) = 𝐥𝐧(𝝈𝝈) + 𝒍𝒏𝟐(𝝈) − 𝐥𝐧(𝝈) 
  ∴   𝒘𝒉𝒆𝒓𝒆  𝝈  𝒊𝒔  𝒕𝒉𝒆  𝒔𝒊𝒍𝒗𝒆𝒓  𝒓𝒂𝒕𝒊𝒐 

 

2852. 𝑭𝒊𝒏𝒅 ∶  

∆= ∫
𝒆−𝝅𝒙𝝓 𝐬𝐢𝐧𝐡 (

𝝅𝒙
𝝓
)

𝐬𝐢𝐧𝐡(𝝅𝒙)

∞

𝟎

𝒅𝒙 

 
Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Shirvan Tahirov-Azerbaijan 
 

∆= ∫
𝒆−𝝅𝒙𝝓 𝐬𝐢𝐧𝐡 (

𝝅𝒙
𝝓 )

𝐬𝐢𝐧𝐡(𝝅𝒙)

∞

𝟎

𝒅𝒙 = ∫

𝟏
𝟐(𝒆

−𝝅𝒙𝝓𝒆
𝝅𝒙
𝝓 − 𝒆−𝝅𝒙𝝓𝒆

−
𝝅𝒙
𝝓 )

𝟏
𝟐 (
𝟏 − 𝒆−𝟐𝝅𝒙

𝒆−𝝅𝒙 )

∞

𝟎

𝒅𝒙 = 

= ∫
𝒆−𝟐𝝅𝒙 − 𝒆−𝟐𝝅𝝓𝒙

𝟏 − 𝒆−𝟐𝝅𝒙

∞

𝟎

𝒅𝒙 =∑∫ (𝒆−𝟐𝝅(𝒋+𝟏)𝒙 − 𝒆−𝟐𝝅(𝒋+𝝓)𝒙)𝒅𝒙 
∞

𝟎𝒋≥𝟎

= 

=∑(∫ 𝒆−𝟐𝝅(𝒋+𝟏)𝒙𝒅𝒙
∞

𝟎

−∫ 𝒆−𝟐𝝅(𝒋+𝝓)𝒙𝒅𝒙
∞

𝟎

)

𝒋≥𝟎

= 

=∑(
𝟏

𝟐𝝅(𝒋 + 𝟏)
−

𝟏

𝟐𝝅(𝒋 + 𝝓)
)

𝒋≥𝟎

=
𝟏

𝟐𝝅
∑(

𝟏

𝒋 + 𝟏
−

𝟏

𝒋 + 𝝓
)

𝒋≥𝟎

=

𝑯𝟏
𝝓

𝟐𝝅
 

𝑵𝒐𝒕𝒆 ∶  

∴ 𝐬𝐢𝐧𝐡(𝒙) =
𝒆𝒙 − 𝒆−𝒙

𝟐
, ∴ ∫ 𝒆−𝒂𝒙

∞

𝟎

𝒅𝒙 =
𝟏

𝒂
, ∴

𝟏

𝟏 − 𝒆−𝟐𝝅𝒙
=∑𝒆−𝟐𝝅𝒋𝒙

𝒋≥𝟎

 

 
2853. 𝑭𝒊𝒏𝒅 ∶  

Ω = 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟐

𝟐𝒏
∑
(−𝟏)𝒌. 𝟐𝒏−𝒌

𝒌 + 𝟏
. (
𝒏

𝒌
)

𝒏

𝒌=𝟎

 

Proposed by Daniel Sitaru-Romania 
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Solution by Shirvan Tahirov-Azerbaijan 
 

Ω = 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟐

𝟐𝒏
∑
(−𝟏)𝒌. 𝟐𝒏−𝒌

𝒌 + 𝟏
. (
𝒏

𝒌
)

𝒏

𝒌=𝟎

= 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟐

𝟐𝒏
∑
(−𝟏)𝒌. 𝟐𝒏. 𝟐−𝒌

𝒌 + 𝟏
. (
𝒏

𝒌
)

𝒏

𝒌=𝟎

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟐

𝟐𝒏
. 𝟐𝒏∑

(−𝟏)𝒌

𝟐𝒌(𝒌 + 𝟏)
. (
𝒏

𝒌
)

𝒏

𝒌=𝟎

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐)∑(−
𝟏

𝟐
)𝒌 (
𝒏

𝒌
)

𝒏

𝒌=𝟎

∫ 𝒙𝒌𝒅𝒙
𝟏

𝟎

= 

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐)∫ ∑(−
𝒙

𝟐
)𝒌 (
𝒏

𝒌
)

𝒏

𝒌=𝟎

𝒅𝒙
𝟏

𝟎

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐)∫ (𝟏 −
𝒙

𝟐
)
𝒏

𝒅𝒙
𝟏

𝟎

=⏞

{
𝒕=𝟏− 

𝒙
𝟐

𝒅𝒙=−𝟐𝒅𝒕

 

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐)(∫ 𝟐𝒕𝒏𝒅𝒕
𝟏

𝟏
𝟐

) = 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐)(
𝟐

𝒏 + 𝟏
. 𝒕𝒏+𝟏|

𝟏
𝟏
𝟐

) = 

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐) (
𝟐 − 𝟐−𝒏

𝒏 + 𝟏
) = 𝐥𝐢𝐦

𝒏→∞
(
𝒏 + 𝟐

𝒏 + 𝟏
. (𝟐 − 𝟐−𝒏)) = 𝐥𝐢𝐦

𝒏→∞
(𝟐 −

𝟏

𝟐𝒏
) = 𝟐 

 

2854. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆: 

𝑺 = ∑
𝟏

𝟑𝒌+𝟏

∞

𝒌=𝟎

∑
𝟏

𝟒𝒏
(
𝟐𝒏

𝒏
) (
𝒌

𝒏
)

𝟏

(𝟐𝒏 + 𝟏)(𝟒𝒏 + 𝟏)

𝒌

𝒏=𝟎

 

Proposed by Omkumar Rao-India 
Solution by proposer 

∫𝒙𝟐𝒏√𝟏 − 𝒙𝟐 𝒅𝒙 =
𝝅

𝟐

(𝟐𝒏
𝒏
)

𝟒𝒏(𝟐𝒏 + 𝟏)

𝟏

𝟎

 

(𝟐𝒏
𝒏
)

𝟒𝒏(𝟐𝒏 + 𝟏)
=
𝟐

𝝅
∫𝒙𝟐𝒏√𝟏 − 𝒙𝟐 𝒅𝒙

𝟏

𝟎

 

𝟑𝑺 =
𝟐

𝝅
∑

𝟏

𝟑𝒌
∑(

𝒌

𝒏
)(∫𝒙𝟐𝒏√𝟏 − 𝒙𝟐 𝒅𝒙

𝟏

𝟎

)

𝒌

𝒏=𝟎

∞

𝒌=𝟎

(∫𝒚𝟒𝒏

𝟏

𝟎

𝒅𝒚) 

𝟑𝝅

𝟐
𝑺 =∑

𝟏

𝟑𝒌
∬√𝟏− 𝒙𝟐

(

  
 
∑(

𝒌

𝒏
)

𝒌

𝒏=𝟎

(𝒙𝟐𝒚𝟒)𝒏

⏟          

(𝟏+𝒙𝟐𝒚𝟒)
𝒌 )

  
 

𝟏

𝟎

∞

𝒌=𝟎

𝒅𝒙𝒅𝒚 

𝟑𝝅

𝟐
𝑺 =∬√𝟏 − 𝒙𝟐 (∑(

𝟏 + 𝒙𝟐𝒚𝟒

𝟑
)

𝒌∞

𝒌=𝟎

)

𝟏

𝟎

𝒅𝒙𝒅𝒚 
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𝟑𝝅

𝟐
𝑺 = ∬√𝟏 − 𝒙𝟐 (

𝟑

𝟐 − 𝒙𝟐𝒚𝟒
)

𝟏

𝟎

𝒅𝒙𝒅𝒚 

𝝅

𝟐
𝑺 =∬

√𝟏 − 𝒙𝟐

𝟐 − 𝒙𝟐𝒚𝟒

𝟏

𝟎

𝒅𝒙𝒅𝒚 ⟹⏞
𝒙⟶𝐬𝐢𝐧𝒙

∫

(

 ∫
(𝐜𝐨𝐬 𝒙)𝟐 𝒅𝒙

𝟐 − 𝒚𝟒(𝐬𝐢𝐧 𝒙)𝟐

𝝅
𝟐

𝟎
)

 𝒅𝒚

𝟏

𝟎

 

𝝅

𝟐
𝑺 = ∫

(

 ∫
𝒅𝒙

𝟐 + (𝟐 − 𝒚𝟒)(𝐭𝐚𝐧 𝒙)𝟐

𝝅
𝟐

𝟎
)

 

𝟏

𝟎

𝒅𝒚 ⟹⏞

𝒕𝒂𝒏𝒙⟶𝒙

𝒌=𝟐−𝒚𝟒

∫(∫
𝒅𝒙

(𝟏 + 𝒙𝟐)(𝟐 + 𝒌𝒙𝟐)

∞

𝟎

)

𝟏

𝟎

𝒅𝒚 

𝝅

𝟐
𝑺 = ∫

𝟏

𝒌
(∫

𝒅𝒙

(𝟏 + 𝒙𝟐) (
𝟐
𝒌 + 𝒙

𝟐)

∞

𝟎

)𝒅𝒚

𝟏

𝟎

 

𝝅

𝟐
𝑺 = ∫

𝟏

𝒌(
𝟐
𝒌 − 𝟏)

(∫ (
𝟏

(𝟏 + 𝒙𝟐)
−

𝟏

(
𝟐
𝒌 + 𝒙

𝟐)
)𝒅𝒙

∞

𝟎

)𝒅𝒚

𝟏

𝟎

 

𝝅

𝟐
𝑺 = ∫

𝟏

𝒚𝟒

𝟏

𝟎

(𝐭𝐚𝐧−𝟏∞−√
𝒌

𝟐
𝐭𝐚𝐧−𝟏∞)𝒅𝒚, √𝟐𝑺 = ∫

(√𝟐 −√𝟐 − 𝒚𝟒)

𝒚𝟒

𝟏

𝟎

𝒅𝒚 

⟹⏞
𝑩𝒚 𝑷𝒂𝒓𝒕𝒔

(
𝟏 − √𝟐

𝟑
) +

𝟐

𝟑
∫

𝒅𝒚

√𝟐 − 𝒚𝟒

𝟏

𝟎

⟹⏞
𝒚𝟒⟶𝟐𝒚

(
𝟏 − √𝟐

𝟑
) +

𝟐−
𝟓
𝟒

𝟑
∫
𝒚−
𝟑
𝟒 𝒅𝒚

√𝟏 − 𝒚

𝟏
𝟐

𝟎

 

𝝅

𝟐
𝑺 = (

𝟏 − √𝟐

𝟑
) +

𝟐−
𝟓
𝟒

𝟑
∫𝒚−

𝟑
𝟒(𝟏 − 𝒚)−

𝟏
𝟐 𝒅𝒚

𝟏
𝟐

𝟎

 

(𝑰𝒏𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒃𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏) 

𝜷(𝒌;𝒙, 𝒚) = ∫ 𝒕𝒙−𝟏(𝟏 − 𝒕)𝒚−𝟏 𝒅𝒕

𝒌

𝟎

  

𝝅

𝟐
𝑺 = (

𝟏 − √𝟐

𝟑
) +

𝟐−
𝟓
𝟒

𝟑
𝜷(
𝟏

𝟐
;
𝟏

𝟒
,
𝟏

𝟐
) 

𝑺 =
𝟐

𝝅
(
𝟏 − √𝟐

𝟑
) +

𝟐−
𝟏
𝟒

𝟑𝝅
𝜷(
𝟏

𝟐
;
𝟏

𝟒
,
𝟏

𝟐
) 
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2855. 𝑭𝒊𝒏𝒅 ∶  

Ω = ∑ ∑ ∑ …

∞

𝒌𝟑=𝟏

∞

𝒌𝟐=𝟏

∞

𝒌𝟏=𝟏

∑
(−𝟏)𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏

𝒌𝟏𝒌𝟐𝒌𝟑…𝒌𝒏(𝒌𝟏 + 𝒌𝟐 + 𝒌𝟑 +⋯+ 𝒌𝒏)

∞

𝒌𝒏=𝟏

 

Proposed by Omkumar Rao-India 
Solution by Shirvan Tahirov-Azerbaijan 

Ω = ∑ ∑ ∑ …

∞

𝒌𝟑=𝟏

∞

𝒌𝟐=𝟏

∞

𝒌𝟏=𝟏

∑
(−𝟏)𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏

𝒌𝟏𝒌𝟐𝒌𝟑…𝒌𝒏(𝒌𝟏 + 𝒌𝟐 + 𝒌𝟑 +⋯+ 𝒌𝒏)

∞

𝒌𝒏=𝟏

= 

= ∫ (∑
(−𝟏)𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏𝒙𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏−𝟏

𝒌𝟏𝒌𝟐𝒌𝟑…𝒌𝒏

∞

𝒌𝒏=𝟏

)𝒅𝒙 =
𝟏

𝟎

 

= ∫
𝟏

𝒙

𝟏

𝟎

(∑
(−𝟏)𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏𝒙𝒌𝟏+𝒌𝟐+𝒌𝟑+⋯+𝒌𝒏

𝒌𝟏𝒌𝟐𝒌𝟑…𝒌𝒏

∞

𝒌𝒏=𝟏

)𝒅𝒙 

= ∫
𝟏

𝒙
(∏(∑

(−𝟏)𝒌𝒎𝒙𝒌𝒎

𝒌𝒎

∞

𝒌𝒎=𝟏

)

𝒏

𝒎=𝟏

)𝒅𝒙
𝟏

𝟎

= 

∫
𝟏

𝒙
[− 𝐥𝐧(𝟏 + 𝒙)]𝒏𝒅𝒙

𝟏

𝟎

= ∫
(−𝟏)𝒏𝒍𝒏𝒏(𝟏 + 𝒙)

𝒙

𝟏

𝟎

𝒅𝒙 =⏟
𝒅𝒙=𝒆𝒚𝒅𝒚

⏞    
𝒚=𝐥𝐧(𝟏+𝒙),𝒙=𝒆𝒚−𝟏

(−𝟏)𝒏∫
𝒚𝒏𝒆𝒚

𝒆𝒚 − 𝟏

𝐥𝐧 (𝟐)

𝟎

𝒅𝒚 

∴ ∫
(−𝟏)𝒏𝒍𝒏𝒏(𝟏 + 𝒙)

𝒙

𝟏

𝟎

𝒅𝒙 = (−𝟏)𝒏∫
𝒚𝒏𝒆𝒚

𝒆𝒚 − 𝟏

𝐥𝐧 (𝟐)

𝟎

𝒅𝒚 

𝒏 = 𝟏 ⟹ (−𝟏)𝟏∫
𝒍𝒏𝟏(𝟏 + 𝒙)

𝒙

𝟏

𝟎

𝒅𝒙 = −∫
𝐥𝐧 (𝟏 + 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

 

∴ ∫
𝐥𝐧 (𝟏 + 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

= ∫ ∑
(−𝟏)𝒋−𝟏𝒙𝒋

𝒋

𝟏

𝒙
𝒅𝒙

∞

𝒋=𝟏

𝟏

𝟎

= 

∑∫ (
(−𝟏)𝒋−𝟏𝒙𝒋−𝟏

𝒋
)

𝟏

𝟎

𝒅𝒙

∞

𝒋=𝟏

=∑
(−𝟏)𝒋−𝟏

𝒋

∞

𝒋=𝟏

∫ 𝒙𝒋−𝟏
𝟏

𝟎

𝒅𝒙 = 

∑
(−𝟏)𝒋−𝟏

𝒋𝟐

∞

𝒋=𝟏

=
𝝅𝟐

𝟏𝟐
 .  − ∫

𝐥𝐧(𝟏 + 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

= −
𝝅𝟐

𝟏𝟐
 

 

2856. Find: 

Ω = 𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆𝒏√𝒙)𝒅𝒙
𝟏

𝟎

] 

Proposed by Vasile Mircea Popa-Romania 
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Solution by Shirvan Tahirov-Azerbaijan 

𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆𝒏√𝒙) 𝒅𝒙
𝟏

𝟎

] = 𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒏
∫ (𝒏√𝒙 + 𝐥𝐧(𝟏 + 𝒆−𝒏√𝒙))𝒅𝒙
𝟏

𝟎

] = 

= 𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒏
∫ 𝒏√𝒙𝒅𝒙
𝟏

𝟎

+
𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏√𝒙) 𝒅𝒙
𝟏

𝟎

] = ∫ √𝒙𝒅𝒙
𝟏

𝟎

+ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏√𝒙) 𝒅𝒙
𝟏

𝟎

=
𝟐

𝟑
 

∴ 𝟎 ≤ 𝒆−𝒏√𝒙 ≤ 𝟏 

∴ 𝟎 ≤ 𝐥𝐧(𝟏 + 𝒆−𝒏√𝒙) ≤ 𝐥𝐧(𝟐) 

∴ 𝟎 ≤ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫ 𝐥𝐧(𝟏 + 𝒆−𝒏√𝒙)𝒅𝒙
𝟏

𝟎

≤ 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(𝟐)

𝒏
= 𝟎 

 
2857. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∫
𝒙𝟐

(𝒙𝟐 + 𝟒)𝟑
𝒅𝒙

∞

𝟎

+∫
𝒚𝟐

𝟒(𝒚𝟐 + 𝟐𝟓)𝟑
𝒅𝒚

∞

𝟎

+∫
𝒛𝟐

𝟗(𝒛𝟐 + 𝟏𝟎𝟎)𝟑
𝒅𝒛

∞

𝟎

+⋯

=
𝝅𝟑

𝟗𝟔
+
𝟑𝝅

𝟑𝟐
−
𝟏𝟓𝝅𝟐

𝟐𝟓𝟔
𝐜𝐨𝐭𝐡𝝅 −

𝟕𝝅𝟑

𝟐𝟓𝟔
(𝐜𝐬𝐜𝐡𝝅)𝟐 −

𝝅𝟒

𝟏𝟐𝟖
𝐜𝐨𝐭𝐡𝝅 (𝐜𝐬𝐜𝐡𝝅)𝟐 

 
Proposed by Omkumar Rao-India 

Solution by proposer 

𝑲 = ∫
𝒙𝟐

(𝒙𝟐 + 𝟒)𝟑
𝒅𝒙

∞

𝟎

+∫
𝒚𝟐

𝟒(𝒚𝟐 + 𝟐𝟓)𝟑
𝒅𝒚

∞

𝟎

+∫
𝒛𝟐

𝟗(𝒛𝟐 + 𝟏𝟎𝟎)𝟑
𝒅𝒛

∞

𝟎

+⋯ = 

= ∑
𝟏

𝒏𝟐
∫

𝒙𝟐

(𝒙𝟐 + (𝒏𝟐 + 𝟏)𝟐)𝟑
𝒅𝒙

∞

𝟎

∞

𝒏=𝟏

=
𝝅

𝟏𝟔
∑

𝟏

𝒏𝟐(𝒏𝟐 + 𝟏)𝟑

∞

𝒏=𝟏

 

𝑲 =
𝝅

𝟏𝟔
[∑

𝟏

𝒏𝟐

∞

𝒏=𝟏

−∑
𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

−∑
𝟏

(𝒏𝟐 + 𝟏)𝟐

∞

𝒏=𝟏

−∑
𝟏

(𝒏𝟐 + 𝟏)𝟑

∞

𝒏=𝟏

] 

 

𝑲 =
𝝅

𝟏𝟔
[
𝝅𝟐

𝟔
− (
𝝅 𝐜𝐨𝐭𝐡(𝝅) − 𝟏

𝟐
) − (

𝝅𝐜𝐨𝐭𝐡(𝝅) + 𝝅𝟐(𝐜𝐬𝐜𝐡(𝝅))𝟐 − 𝟐

𝟒
)

− (
𝟑𝝅 𝐜𝐨𝐭𝐡(𝝅) + 𝟑𝝅𝟐(𝐜𝐬𝐜𝐡(𝝅))𝟐 − 𝟖 + 𝟐𝝅𝟑(𝐜𝐬𝐜𝐡(𝝅))𝟐 𝐜𝐨𝐭𝐡(𝝅)

𝟏𝟔
)] 
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∫
𝒙𝟐

(𝒙𝟐 + 𝟒)𝟑
𝒅𝒙

∞

𝟎

+∫
𝒚𝟐

𝟒(𝒚𝟐 + 𝟐𝟓)𝟑
𝒅𝒚

∞

𝟎

+∫
𝒛𝟐

𝟗(𝒛𝟐 + 𝟏𝟎𝟎)𝟑
𝒅𝒛

∞

𝟎

+⋯

=
𝝅𝟑

𝟗𝟔
+
𝟑𝝅

𝟑𝟐
−
𝟏𝟓𝝅𝟐

𝟐𝟓𝟔
𝐜𝐨𝐭𝐡𝝅 −

𝟕𝝅𝟑

𝟐𝟓𝟔
(𝐜𝐬𝐜𝐡𝝅)𝟐 −

𝝅𝟒

𝟏𝟐𝟖
𝐜𝐨𝐭𝐡𝝅 (𝐜𝐬𝐜𝐡𝝅)𝟐 

 

 
2858. Find: 

𝛀 =∏(
𝟏𝟎𝟐𝟒𝒏𝟐 + 𝟏𝟎𝟐𝟒𝒏 + 𝟔𝟎

𝟏𝟎𝟐𝟒𝒏𝟐 + 𝟏𝟎𝟐𝟒𝒏 + 𝟑𝟏
)(∏(

𝒏𝟏𝟒 − 𝟐𝒏𝟖 + 𝒏𝟐 − 𝒏𝟏𝟐 + 𝟐𝒏𝟔 − 𝟏

𝒏𝟏𝟒
)

∞

𝒏=𝟐

)

∞

𝒏=𝟎

 

Proposed by Omkumar Rao-India 
Solution by proposer 

𝛀 =∏
(𝒏+

𝟏
𝟏𝟔)(𝒏 +

𝟏𝟓
𝟏𝟔)

(𝒏 +
𝟏
𝟑𝟐)(𝒏 +

𝟑𝟏
𝟑𝟐)

(∏(𝟏−
𝟏

𝒏𝟐
)
𝟑

(𝟏 +
𝟏

𝒏𝟐
+
𝟏

𝒏𝟒
)
𝟐∞

𝒏=𝟐

)

∞

𝒏=𝟎

 

𝛀 = (
𝚪(
𝟏
𝟑𝟐)𝚪 (

𝟑𝟏
𝟑𝟐)

𝚪(
𝟏
𝟏𝟔)𝚪 (

𝟏𝟓
𝟏𝟔)

)(
𝟏

𝟐
)
𝟑

(

 
 
∏

(

 
 
𝟏 −

(𝒆
𝒊𝝅
𝟑 )
𝟐

𝒏𝟐

)

 
 

(

 
 
𝟏 −

(𝒆
−𝒊𝝅
𝟑 )

𝟐

𝒏𝟐

)

 
 

∞

𝒏=𝟐

)

 
 

𝟐

 

𝛀 =
𝟏

𝟒
𝐜𝐨𝐬 (

𝝅

𝟑𝟐
)

(

 
 
(
𝐬𝐢𝐧 (𝝅𝒆

𝒊𝝅
𝟑 )

𝝅𝒆
𝒊𝝅
𝟑

) .(
𝐬𝐢𝐧 (𝝅𝒆

−𝒊𝝅
𝟑 )

𝝅𝒆
−𝒊𝝅
𝟑

)

)

 
 

𝟐

=
𝟏

𝟒
𝐜𝐨𝐬 (

𝝅

𝟑𝟐
)

(𝐜𝐨𝐬𝐡 (
√𝟑𝝅
𝟐 ))

𝟒

𝟗𝝅𝟒
 

∏(
𝟏𝟎𝟐𝟒𝒏𝟐 + 𝟏𝟎𝟐𝟒𝒏 + 𝟔𝟎

𝟏𝟎𝟐𝟒𝒏𝟐 + 𝟏𝟎𝟐𝟒𝒏 + 𝟑𝟏
)(∏(

𝒏𝟏𝟒 − 𝟐𝒏𝟖 + 𝒏𝟐 − 𝒏𝟏𝟐 + 𝟐𝒏𝟔 − 𝟏

𝒏𝟏𝟒
)

∞

𝒏=𝟐

)

∞

𝒏=𝟎

=

(𝐜𝐨𝐬𝐡(
√𝟑𝝅
𝟐 ))

𝟒

𝐜𝐨𝐬 (
𝝅
𝟑𝟐)

𝟑𝟔𝝅𝟒
 

 
 

 

2859. 
𝑭𝒊𝒏𝒅 ∶  

𝛀 = ∫
𝟏

𝒙 + 𝟏 + √𝒙𝟐
𝟑

+ √𝒙
𝟑
𝒅𝒙

∞

𝟎

 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Odeyemi Gideon-Nigeria 

√𝒙
𝟑 → 𝒙 

𝛀 = 𝟑∫
𝒙𝟐

𝒙𝟑 + 𝒙 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

= 𝟑∫
𝒙𝟐

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

= 

=
𝟑

𝟐
(∫ (

𝟏

𝒙𝟐 + 𝟏
−

𝟐𝒙

𝟐𝒙𝟐 + 𝟐
−

𝟏

𝟏 + 𝒙
)𝒅𝒙

∞

𝟎

) = 

=
𝟑

𝟐
(𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) −

𝟏

𝟐
𝐥𝐧(𝒙𝟐 + 𝟏) − 𝐥𝐧(𝟏 + 𝒙))

∞

𝟎
= 

=
𝟑

𝟐
(𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) − 𝒍𝒏

√𝒙𝟐 + 𝟏

𝒙 + 𝟏
)
∞

𝟎
=
𝟑

𝟐
(
𝝅

𝟐
− 𝟎) =

𝟑𝝅

𝟒
 

 
2860. Find: 

  𝑺 = ∑
(−𝟏)𝒏−𝟏𝑯𝒏

(𝟐)(𝒏𝟐 + 𝟏)

𝒏(𝒏 + 𝟏)(𝒏 + 𝟐)(𝒏 + 𝟑)

∞

𝒏=𝟏

 

𝒘𝒉𝒆𝒓𝒆 𝑯𝒏
(𝟐) = ∑

𝟏

𝒌𝟐

𝒏

𝒌=𝟏

  𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 − 𝒐𝒓𝒅𝒆𝒓 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 

Proposed by Omkumar Rao-India 
Solution by Shirvan Tahirov-Azerbaijan 

𝑺 = ∑(−𝟏)𝒏−𝟏𝑯𝒏
(𝟐) (

𝟏

𝟔𝒏
−

𝟏

𝒏 + 𝟏
+

𝟓

𝟐(𝒏 + 𝟐)
−

𝟓

𝟑(𝒏 + 𝟑)
)

∞

𝒏=𝟏

= 

= ∑(−𝟏)𝒏−𝟏𝑯𝒏
(𝟐)∫(

𝟏

𝟔
𝒙𝒏−𝟏 − 𝒙𝒏 +

𝟓

𝟐
𝒙𝒏+𝟏 −

𝟓

𝟑
𝒙𝒏+𝟐)𝒅𝒙 =

𝟏

𝟎

∞

𝒏=𝟏

 

= ∑(−𝟏)𝒏−𝟏𝑯𝒏
(𝟐)𝒙𝒏−𝟏∫(

𝟏

𝟔
− 𝒙 +

𝟓

𝟐
𝒙𝟐 −

𝟓

𝟑
𝒙𝟑)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

= 

= ∫(
𝟏

𝟔
− 𝒙 +

𝟓

𝟐
𝒙𝟐 −

𝟓

𝟑
𝒙𝟑) (−

𝑳𝒊𝟐(−𝒙)

𝒙(𝟏 + 𝒙)
)𝒅𝒙

𝟏

𝟎

= 

= −

(

 
 
 
∫
𝑳𝒊𝟐(−𝒙)

𝟔𝒙
𝒅𝒙

𝟏

𝟎⏟        

−
𝟏
𝟖
𝜻(𝟑)

−∫
𝟏𝟔 𝑳𝒊𝟐(−𝒙)

𝟑(𝟏 + 𝒙)
𝒅𝒙

𝟏

𝟎⏟          
𝟒
𝟑
𝜻(𝟑)−

𝟒
𝟗
𝝅𝟐 𝐥𝐧 𝟐

+∫
𝟐𝟓

𝟔
𝑳𝒊𝟐(−𝒙)𝒅𝒙

𝟏

𝟎⏟          
𝟐𝟓
𝟑
𝐥𝐧 𝟐−

𝟐𝟓
𝟕𝟐
𝝅𝟐−

𝟐𝟓
𝟔

−∫
𝟓𝒙𝑳𝒊𝟐(−𝒙)

𝟑
𝒅𝒙

𝟏

𝟎⏟          
𝟓
𝟐𝟒
−
𝟓
𝟕𝟐
𝝅𝟐 )

 
 
 

 

∫
𝑳𝒊𝟐(−𝒙)

𝟔𝒙
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟔
∫∑

(−𝟏)𝒏𝒙𝒏−𝟏

𝒏𝟐

∞

𝒏=𝟏

=
𝟏

𝟔
∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

=

𝟏

𝟎

−
𝟏

𝟖
𝜻(𝟑) 
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∫
𝟏𝟔 𝑳𝒊𝟐(−𝒙)

𝟑(𝟏 + 𝒙)
𝒅𝒙

𝟏

𝟎

=⏞
𝑩𝒚 𝒑𝒂𝒓𝒕𝒔𝟏𝟔

𝟑
(−

𝝅𝟐

𝟏𝟐
𝐥𝐧𝟐 + ∫

(𝐥𝐧(𝟏 + 𝒙))𝟐

𝒙
𝒅𝒙

𝟏

𝟎

) =
𝟒

𝟑
𝜻(𝟑) −

𝟒

𝟗
𝝅𝟐 𝐥𝐧 𝟐 

∫
𝟐𝟓

𝟔
𝑳𝒊𝟐(−𝒙)𝒅𝒙

𝟏

𝟎

=⏞
𝑩𝒚 𝒑𝒂𝒓𝒕𝒔𝟐𝟓

𝟔
(𝟐 𝐥𝐧 𝟐 +∫ 𝐥𝐧(𝟏 + 𝒙)𝒅𝒙

𝟏

𝟎

) =
𝟐𝟓

𝟑
𝐥𝐧𝟐 −

𝟐𝟓

𝟕𝟐
𝝅𝟐 −

𝟐𝟓

𝟔
 

∫
𝟓𝒙𝑳𝒊𝟐(−𝒙)

𝟑
𝒅𝒙 =⏞

𝑩𝒚 𝒑𝒂𝒓𝒕𝒔
𝟏

𝟎

𝟓

𝟑
(−

𝝅𝟐

𝟐𝟒
+
𝟏

𝟐
∫𝒙 𝐥𝐧(𝟏 + 𝒙)𝒅𝒙

𝟏

𝟎

) =
𝟓

𝟐𝟒
−
𝟓

𝟕𝟐
𝝅𝟐 

= −(−
𝟏

𝟖
𝜻(𝟑) − (

𝟒

𝟑
𝜻(𝟑) −

𝟒

𝟗
𝝅𝟐 𝐥𝐧 𝟐) + (

𝟐𝟓

𝟑
𝐥𝐧𝟐 −

𝟐𝟓

𝟕𝟐
𝝅𝟐 −

𝟐𝟓

𝟔
) − (

𝟓

𝟐𝟒
−
𝟓

𝟕𝟐
𝝅𝟐)) 

∑
(−𝟏)𝒏−𝟏𝑯𝒏

(𝟐)(𝒏𝟐 + 𝟏)

𝒏(𝒏 + 𝟏)(𝒏 + 𝟐)(𝒏 + 𝟑)

∞

𝒏=𝟏

=
𝟑𝟓

𝟐𝟒
𝜻(𝟑) −

𝟒

𝟗
𝝅𝟐 𝐥𝐧 𝟐 −

𝟐𝟓

𝟑
𝐥𝐧𝟐 +

𝟓

𝟏𝟖
𝝅𝟐 +

𝟑𝟓

𝟖
 

 

 

2861. 
𝑭𝒊𝒏𝒅 ∶  

∆ =∭(𝒙 + 𝟐𝒚 + 𝟑𝒛)𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Odeyemi Gideon-Nigeria 
 

∭(𝒙+ 𝟐𝒚 + 𝟑𝒛)𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

= 

=∭𝒙𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

+∭𝟐𝒚𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

+∭𝟑𝒛𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

= 

= (𝟏 + 𝟐 + 𝟑)∭𝒙𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛 (𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒚)

𝟏

𝟎

= 

= 𝟔∭𝒙𝒆𝒙+𝒚+𝒛𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

= 𝟔∫ 𝒙𝒆𝒙𝒅𝒙
𝟏

𝟎

. (∫ 𝒆𝒚𝒅𝒚
𝟏

𝟎

)

𝟐

= 𝟔(𝒆 − 𝟏)𝟐 
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2862. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆: 

𝑺 =  ∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

               ; 𝒂, 𝒃 ∈ 𝑹+ , 𝟎 < 𝑎 < 𝑏. 

Proposed by Omkumar Rao-India 
Solution by proposer 

𝟎 < 𝑎 < 𝑏: 𝑆 =  ∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

                 

𝟎 < 𝑥 =
𝒂

𝒃
< 1: =  ∑

𝜻(𝟐𝒌)

𝒌
𝒙𝟐𝒌

∞

𝒌=𝟏

=∑
𝒙𝟐𝒌

𝒌
(∑

𝟏

𝒎𝟐𝒌

∞

𝒎=𝟏

)

∞

𝒌=𝟏

 

= ∑ (∑
𝟏

𝒌
(
𝒙

𝒎
)
𝟐𝒌

∞

𝒌=𝟏

)

∞

𝒎=𝟏

= − ∑ 𝐥𝐧(𝟏− (
𝒙

𝒎
)
𝟐

)

∞

𝒎=𝟏

= − 𝐥𝐧(∏(𝟏 − (
𝒙

𝒎
)
𝟐

)

∞

𝒎=𝟏

) 

𝐬𝐢𝐧 𝝅𝒛

𝝅𝒛
=∏(𝟏− (

𝒛

𝒏
)
𝟐

)

∞

𝒏=𝟏

⟹ 𝑺 = 𝐥𝐧(
𝝅𝒂

𝒃 𝐬𝐢𝐧 (
𝝅𝒂
𝒃 )
) 

∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

= 𝐥𝐧(
𝝅𝒂

𝒃𝐬𝐢𝐧 (
𝝅𝒂
𝒃 )
) 

 

 

2863. 𝑭𝒊𝒏𝒅 ∶  

∆ = ∑
𝟏

𝒏𝟐
(

𝟏

(𝟒𝒏 + 𝟏)𝟐
+

𝟏

(𝟒𝒏 − 𝟏)𝟐
)

𝒏∈𝒁\{𝟎}

 

Proposed by Odeyemi Gideon-Nigeria 
Solution by Nawar Alasadi-Iraq 

𝒇(𝒏) =
𝟏

𝒏𝟐(𝟒𝒏 + 𝟏)𝟐
−

𝟏

𝒏𝟐(𝟒𝒏 − 𝟏)𝟐
 

𝒇(𝒏) =
𝟐

𝒏𝟐
+ 𝟑𝟐 (

𝟏

𝟒𝒏 + 𝟏
−

𝟏

𝟒𝒏 − 𝟏
) + 𝟏𝟔(

𝟏

(𝟒𝒏 + 𝟏)𝟐
+

𝟏

(𝟒𝒏 − 𝟏)𝟐
) 

∑ 𝒇(𝒏)

𝒏∈𝒁\{𝟎}

= 𝟐∑𝒇(𝒏)

∞

𝒏=𝟏

,    ∑
𝟐

𝒏𝟐

∞

𝒏=𝟏

=
𝝅𝟐

𝟑
 

𝟑𝟐∑(
𝟏

𝟒𝒏 + 𝟏
−

𝟏

𝟒𝒏 − 𝟏
) =

∞

𝒏=𝟏

𝟑𝟐 (𝟏 −
𝝅

𝟒
) = 𝟖𝝅 − 𝟑𝟐 

𝟏𝟔∑(
𝟏

(𝟒𝒏 + 𝟏)𝟐
+

𝟏

(𝟒𝒏 − 𝟏)𝟐
) = 𝟏𝟔(

𝝅𝟐

𝟖
− 𝟏)

∞

𝒏=𝟏

= 𝟐𝝅𝟐 − 𝟏𝟔 
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𝟐∑𝒇(𝒏)

∞

𝒏=𝟏

= 𝟐(
𝝅𝟐

𝟑
+ 𝟖𝝅 − 𝟑𝟐 + 𝟐𝝅𝟐 − 𝟏𝟔) =

𝟏𝟒𝝅𝟐

𝟑
+ 𝟏𝟔𝝅 − 𝟗𝟔 

 

2864. 𝑭𝒊𝒏𝒅 ∶  

∆ = ∫ 𝒙𝒍𝒏(𝒙𝒔𝒊𝒏(𝒙))𝒅𝒙
𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Quadri Faruk Temitope-Nigeria 
 

∴ 𝑹𝒆𝒄𝒂𝒍𝒍  𝒕𝒉𝒂𝒕 ∶ 𝐥𝐧(𝑨𝑩) = 𝐥𝐧(𝑨) + 𝐥𝐧(𝑩)  

∆= ∫ 𝒙𝒍𝒏(𝒙𝒔𝒊𝒏(𝒙))𝒅𝒙
𝟏

𝟎

= ∫ 𝒙𝒍𝒏(𝒙)𝒅𝒙
𝟏

𝟎

+∫ 𝒙𝒍𝒏(𝒔𝒊𝒏(𝒙))𝒅𝒙
𝟏

𝟎

= 

∴ 𝑹𝒆𝒄𝒂𝒍𝒍  𝒕𝒉𝒂𝒕 ∶ 𝐥𝐧(𝒔𝒊𝒏(𝒙)) = − 𝐥𝐧(𝟐) −∑
𝐜𝐨𝐬 (𝟐𝒏𝒙)

𝒏

∞

𝒏=𝟏

 

∆ = ∫ 𝒙𝒍𝒏(𝒙)𝒅𝒙
𝟏

𝟎⏟        
𝑰.𝑩.𝑷

− 𝐥𝐧(𝟐)∫ 𝒙𝒅𝒙
𝟏

𝟎

−∑
𝟏

𝒏

∞

𝒏=𝟏

∫ 𝐱𝐜𝐨𝐬(𝟐𝒏𝒙)𝒅𝒙
𝟏

𝟎⏟          
𝑰.𝑩.𝑷

= 

 =
𝒙𝟐

𝟐
𝐥𝐧 (𝟐)|

𝟏

𝟎
−∫

𝒙𝟐

𝟐

𝟏

𝟎

.
𝟏

𝒙
𝒅𝒙 −

𝒙𝟐

𝟐
𝐥𝐧(𝟐)|

𝟏

𝟎
− 

∑
𝟏

𝒏

∞

𝒏=𝟏

[
𝐬𝐢𝐧 (𝟐𝒏)

𝒏
+
𝐜𝐨𝐬 (𝟐𝒏)

𝟒𝒏𝟐
−
𝟏

𝟒𝒏𝟐
] = −

𝟏

𝟐
∫ 𝒙
𝟏

𝟎

𝒅𝒙 −
𝐥𝐧(𝟐)

𝟐
− 

𝟏

𝟐
∑
𝐬𝐢𝐧 (𝟐𝒏)

𝒏𝟐

∞

𝒏=𝟏

−
𝟏

𝟒
∑
𝐜𝐨𝐬(𝟐𝒏)

𝒏𝟑

∞

𝒏=𝟏

+
𝟏

𝟒
∑

𝟏

𝒏𝟑

∞

𝒏=𝟏

= −
𝟏

𝟒
−
𝐥𝐧(𝟐)

𝟐
− 

𝟏

𝟐
∑
𝐬𝐢𝐧 (𝟐𝒏)

𝒏𝟐

∞

𝒏=𝟏

−
𝟏

𝟒
∑
𝐜𝐨𝐬(𝟐𝒏)

𝒏𝟑

∞

𝒏=𝟏

+
𝟏

𝟒
∑

𝟏

𝒏𝟑

∞

𝒏=𝟏

= 

−
𝟏

𝟒
−
𝐥𝐧(𝟐)

𝟐
−
𝟏

𝟐
𝑪𝒍𝟐(𝟐) −

𝟏

𝟒
𝑪𝒍𝟑(𝟐) +

𝟏

𝟒
𝜻(𝟑) 

∆ = ∫ 𝒙𝒍𝒏(𝒙𝒔𝒊𝒏(𝒙))𝒅𝒙
𝟏

𝟎

 

∆ = −
𝟏

𝟒
−
𝐥𝐧(𝟐)

𝟐
−
𝟏

𝟐
𝑪𝒍𝟐(𝟐) −

𝟏

𝟒
𝑪𝒍𝟑(𝟐) +

𝟏

𝟒
𝜻(𝟑) 

𝑵𝒐𝒕𝒆 ∶  

∴ ∑
𝐬𝐢𝐧 (𝒏𝜭)

𝒏𝟐

∞

𝒏=𝟏

= 𝑪𝒍𝟐(𝜭)     ∴ ∑
𝐜𝐨𝐬(𝜭𝒏)

𝒏𝟑

∞

𝒏=𝟏

= 𝑪𝒍𝟑(𝜭)    

𝑪𝒍𝒏(𝜭) − 𝑪𝒍𝒂𝒖𝒔𝒆𝒏  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 
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Solution 2 by Yang Silva Cartolin-Peru 
𝑾𝒆  𝒌𝒏𝒐𝒘𝒏 𝒕𝒉𝒂𝒕 ∶  

𝐬𝐢𝐧(𝒙) =
𝒆𝒊𝒙 − 𝒆−𝒊𝒙

𝟐𝒊
→ 𝟐𝒊𝒆𝒊𝒙 𝐬𝐢𝐧(𝒙) = 𝟏 − 𝒆𝟐𝒊𝒙 

−𝟐𝒊𝒙𝒆𝒊𝒙 𝐬𝐢𝐧(𝒙) = 𝒙(𝟏 − 𝒆𝟐𝒊𝒙) → 𝐥𝐨𝐠(𝟐) + 𝒊 (𝒙 −
𝝅

𝟐
) + 𝐥𝐨𝐠(𝒙𝒔𝒊𝒏(𝒙)) = 

𝐥𝐨𝐠(𝒙) + 𝐥𝐨𝐠(𝟏 − 𝒆𝟐𝒊𝒙) 

𝕽{𝐥𝐨𝐠(𝒙𝒔𝒊𝒏(𝒙))} = 𝐥𝐨𝐠(𝒙) + 𝕽{𝐥𝐨𝐠(𝟏 − 𝒆𝟐𝒊𝒙)} − 𝐥𝐨𝐠 (𝟐)∫ 𝒙𝒅𝒙
𝟏

𝟎

 

𝑻𝒉𝒆𝒓𝒆 𝒇𝒐𝒓𝒆: 𝑰 = ∫ 𝒙𝒍𝒐𝒈(𝒙)
𝟏

𝟎

𝒅𝒙 + 𝕽{∫ 𝐱𝐥𝐨𝐠(𝟏 − 𝒆𝟐𝒊𝒙)
𝟏

𝟎

}𝒅𝒙 − 𝐥𝐨𝐠 (𝟐)∫ 𝒙𝒅𝒙
𝟏

𝟎

 

𝑰 = 𝝃𝟏 + 𝝃𝟐 −
𝟏

𝟐
𝐥𝐨𝐠(𝟐) − −(𝟏) 

𝝃𝟏 = ∫ 𝒙𝒍𝒐𝒈(𝒙)
𝟏

𝟎

𝒅𝒙  𝑰. 𝑩. 𝑷:

{
 

 𝒖 = 𝐥𝐨𝐠(𝒙) , 𝒅𝒖 =
𝒅𝒙

𝒙

𝒅𝒗 = 𝒙𝒅𝒙,   𝒗 =
𝒙𝟐

𝟐

 

𝝃𝟏 = [𝐥𝐨𝐠(𝒙)
𝒙𝟐

𝟐
]
𝟏

𝟎
−
𝟏

𝟐
∫ 𝒙𝒅𝒙
𝟏

𝟎

= −
𝟏

𝟒
 

𝝃𝟐 = 𝕽{∫ 𝐱𝐥𝐨𝐠(𝟏 − 𝒆𝟐𝒊𝒙)
𝟏

𝟎

} = −𝕽{∑
𝟏

𝒏
∫ 𝒙𝒆𝟐𝒊𝒙𝒏𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟏

} 

𝝃𝟐 = −∑
𝟏

𝒏
∫ 𝒙𝒄𝒐𝒔(𝟐𝒏𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟏

= −∑
𝟏

𝒏
(
𝐬𝐢𝐧 (𝟐𝒏)

𝟐𝒏
−
𝐜𝐨𝐬(𝟐𝒏) − 𝟏

𝟒𝒏𝟐
)

∞

𝒏=𝟏

 

𝝃𝟐 =
𝟏

𝟐
∑
𝐬𝐢𝐧 (𝟐𝒏)

𝒏𝟐

∞

𝒏=𝟏

−
𝟏

𝟒
∑
𝐜𝐨𝐬(𝟐𝒏)

𝒏𝟑

∞

𝒏=𝟏

+
𝟏

𝟒
∑

𝟏

𝒏𝟑

∞

𝒏=𝟏

,

𝝃𝟐 = −
𝟏

𝟐
𝑪𝒍𝟐(𝟐) −

𝟏

𝟒
𝑪𝒍𝟑(𝟐) +

𝟏

𝟒
𝜻(𝟑) 

𝑻𝒉𝒆𝒓𝒆 𝒇𝒐𝒓𝒆 ∶ 

𝑰 = −
𝟏

𝟒
−
𝐥𝐧(𝟐)

𝟐
−
𝟏

𝟐
𝑪𝒍𝟐(𝟐) −

𝟏

𝟒
𝑪𝒍𝟑(𝟐) +

𝟏

𝟒
𝜻(𝟑) 

Solution 3 by Omkumar Rao-India 

𝑰 = ∫𝒙 𝐥𝐧(𝒙)𝒅𝒙

𝟏

𝟎⏟        

−
𝟏
𝟒

+ ∫𝒙

𝟏

𝟎

𝐥𝐧(𝐬𝐢𝐧 𝒙)𝒅𝒙

⏟          

𝐥𝐧(𝐬𝐢𝐧𝒙)=− 𝐥𝐧 𝟐−∑
𝐜𝐨𝐬(𝟐𝒎𝒙)

𝒎
∞
𝒎=𝟏

 

𝑰 = −
𝟏

𝟒
+ ∫𝒙

𝟏

𝟎

(− 𝐥𝐧𝟐 − ∑
𝐜𝐨𝐬(𝟐𝒎𝒙)

𝒎

∞

𝒎=𝟏

)𝒅𝒙 = −
𝟏

𝟒
−
𝟏

𝟐
𝐥𝐧𝟐 − ∑

𝟏

𝒎
∫𝒙𝐜𝐨𝐬(𝟐𝒎𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒎=𝟏

 



 
www.ssmrmh.ro 

65 RMM-CALCULUS MARATHON 2801-2900 

 

𝑰 = −
𝟏

𝟒
−
𝟏

𝟐
𝐥𝐧𝟐 − ∑

𝟏

𝒎
(
𝐬𝐢𝐧(𝟐𝒎)

𝟐𝒎
−

𝟏

𝟒𝒎𝟐
+
𝐜𝐨𝐬(𝟐𝒎)

𝟒𝒎𝟐
)

∞

𝒎=𝟏

 

𝑰 = −
𝟏

𝟒
−
𝟏

𝟐
𝐥𝐧𝟐 −

𝟏

𝟐
∑

𝐬𝐢𝐧(𝟐𝒎)

𝒎𝟐

∞

𝒎=𝟏⏟        

𝑰𝒎(𝑳𝒊𝟐(𝒆
𝟐𝒊))/𝑪𝒍𝟐(𝟐) 

+
𝟏

𝟒
∑

𝟏

𝒎𝟑

∞

𝒎=𝟏⏟    
𝜻(𝟑)

−
𝟏

𝟒
∑

𝐜𝐨𝐬(𝟐𝒎)

𝒎𝟑

∞

𝒎=𝟏⏟        

𝕽(𝑳𝒊𝟑(𝒆
𝟐𝒊))/𝑪𝒍𝟑(𝟐)

 

(𝑪𝒍𝟐(𝟐)) = 𝑪𝒍𝒂𝒖𝒔𝒆𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝟐 

(𝑪𝒍𝟑(𝟐)) = 𝑪𝒍𝒂𝒖𝒔𝒆𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝟑 

𝑰 = −
𝟏

𝟒
−
𝟏

𝟐
𝐥𝐧 𝟐 −

𝟏

𝟐
(𝑰𝒎(𝑳𝒊𝟐(𝒆

𝟐𝒊))) +
𝟏

𝟒
𝜻(𝟑) −

𝟏

𝟒
𝕽(𝑳𝒊𝟑(𝒆

𝟐𝒊)) 

𝑶𝒓 

𝑰 = −
𝟏

𝟒
−
𝟏

𝟐
𝐥𝐧𝟐 −

𝟏

𝟐
(𝑪𝒍𝟐(𝟐)) +

𝟏

𝟒
𝜻(𝟑) −

𝟏

𝟒
(𝑪𝒍𝟑(𝟐)) 

 

 

2865. 𝑭𝒊𝒏𝒅 ∶  

∆ = ∫
𝒙 + √𝒙𝟐

𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1  by Yang Silva Cartolin-Peru 
 

𝑰 = ∫
𝒙 + √𝒙𝟐

𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎

= ∫
𝒆−𝟐𝒙 (𝒙 + 𝒙

𝟐
𝟑)

𝟏 + 𝒆−𝟐𝒙
𝒅𝒙

∞

𝟎

= ∑(−𝟏)𝒏
∞

𝒏=𝟎

∫ 𝒆−𝟐(𝒏+𝟏)𝒙 (𝒙 + 𝒙
𝟐
𝟑)𝒅𝒙

∞

𝟎

 

𝑰 = −∑(−𝟏)𝒏
∞

𝒏=𝟎

∫ 𝒆−𝟐𝒏𝒙 (𝒙 + 𝒙
𝟐
𝟑)𝒅𝒙

∞

𝟎

. 𝑳𝒆𝒕: 𝑺(𝒌) = ∑(−𝟏)𝒏
∞

𝒏=𝟏

∫ 𝒆−𝟐𝒏𝒙𝒙𝒌𝒅𝒙
∞

𝟎

 

𝑾𝒆  𝒅𝒐 ∶ 𝟐𝒏𝒙 = 𝒕 → 𝒅𝒙 =
𝒅𝒕

𝟐𝒏
→ 𝑺(𝒌) =

𝟏

𝟐𝒌+𝟏
∑
(−𝟏)𝒏

𝒏𝒌+𝟏

∞

𝒏=𝟏

∫ 𝒕𝒌𝒆−𝒕𝒅𝒕
∞

𝟎

  

𝑺(𝒌) = −
𝜞(𝒌 + 𝟏)

𝟐𝒌+𝟏
∑
(−𝟏)𝒏−𝟏

𝒏𝒌+𝟏

∞

𝒏=𝟏

= −
𝜞(𝒌 + 𝟏)

𝟐𝒌+𝟏
𝜼(𝒌 + 𝟏) = −

𝜞(𝒌 + 𝟏)

𝟐𝒌+𝟏
(𝟏 − 𝟐−𝒌)𝜻(𝒌 + 𝟏) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆:   

𝑰 = −(𝑺(𝟏) + 𝑺 (
𝟐

𝟑
)) =

𝜞(𝟐)

𝟐𝟑
𝜻(𝟐) +

𝜞(
𝟓
𝟑)

𝟐
𝟓
𝟑

(𝟏 − 𝟐−
𝟐
𝟑)𝜻 (

𝟓

𝟑
) 

𝑰 =
𝝅𝟐

𝟒𝟖
+
𝜞(
𝟓
𝟑)

√𝟐𝟓
𝟑 𝜻 (

𝟓

𝟑
) −

𝜞(
𝟓
𝟑)

√𝟐𝟕
𝟑 𝜻 (

𝟓

𝟑
) , 𝑰 =

𝝅𝟐

𝟒𝟖
+ 𝜞(

𝟓

𝟑
)𝜻 (

𝟓

𝟑
)(
𝟐√𝟐
𝟑
− √𝟒

𝟑

𝟖
) 
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Solution 2 by Samuel Ajibade-Nigeria 

∆ = ∫
𝒙 + √𝒙𝟐

𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎

= ∫
𝒙 + 𝒙

𝟐
𝟑

𝟏 + 𝒆𝟐𝒙

∞

𝟎

𝒅𝒙 = ∫
𝒙 + 𝒙

𝟐
𝟑

𝟏 − (−𝒆−𝟐𝒙)
𝒆−𝟐𝒙𝒅𝒙

∞

𝟎

 

∆ = ∫ ∑(−𝟏)𝒏𝒆−𝟐𝒙(𝒏+𝟏) (𝒙 + 𝒙
𝟐
𝟑)

∞

𝒏=𝟎

𝒅𝒙
∞

𝟎

    {𝒈𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄  𝒔𝒆𝒓𝒊𝒆𝒔:  |𝒆−𝟐𝒙| < 1} 

∆ = ∫ ∑(−𝟏)𝒌−𝟏𝒆−𝟐𝒌𝒙
∞

𝒌=𝟏

∞

𝟎

(𝒙 + 𝒙
𝟐
𝟑) 𝒅𝒙     {𝒏 + 𝟏 = 𝒌} 

∆ = ∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

∫ (𝒙+ 𝒙
𝟐
𝟑)

∞

𝟎

𝒆−𝟐𝒌𝒙𝒅𝒙      {𝑭𝒖𝒃𝒊𝒏𝒊 − 𝑻𝒐𝒏𝒆𝒍𝒍𝒊  𝑻𝒉𝒆𝒐𝒓𝒆𝒎} 

∆ = ∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

(
𝟏

(𝟐𝒌)𝟐
+

𝟐
𝟑𝜞(

𝟐
𝟑)

(𝟐𝒌)
𝟐
𝟑
+𝟏
)  {𝑳𝒂𝒑𝒍𝒂𝒄𝒆   𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒔 } 

∆ =
𝟏

𝟒
∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

𝟏

𝒌𝟐
+
𝟐−
𝟐
𝟑

𝟑
𝜞 (
𝟐

𝟑
)∑(−𝟏)𝒌−𝟏

𝟏

𝒌
𝟓
𝟑

∞

𝒌=𝟏

 

∆ =
𝟏

𝟒
𝜼(𝟐) +

𝟐−
𝟐
𝟑

𝟑

𝟐𝝅

√𝟑𝜞(
𝟏
𝟑)
𝜼(
𝟓

𝟑
) , ∆ =

𝝅𝟐

𝟒𝟖
+ 𝜞(

𝟓

𝟑
)𝜻 (

𝟓

𝟑
)(
𝟐√𝟐
𝟑
− √𝟒

𝟑

𝟖
) 

 

Solution  3 by Quadri Faruk Temitope-Nigeria 

∆ = ∫
𝒙+ √𝒙𝟐

𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎

= ∑(−𝟏)𝒏−𝟏∫ (𝒙 + √𝒙𝟐
𝟑

)𝒆−𝟐𝒏𝒙𝒅𝒙
∞

𝟎

=

∞

𝒏=𝟏

 

∑(−𝟏)𝒏−𝟏
∞

𝒏=𝟏

∫ [
𝒚

𝟐𝒏
+ (

𝒚

𝟐𝒏
)

𝟐
𝟑
]

∞

𝟎

𝒆−𝒚
𝒅𝒚

𝟐𝒏
= −∑

(−𝟏)𝒏

𝟐𝒏

∞

𝒏=𝟏

∫ [
𝒚

𝟐𝒏
+ (

𝒚

𝟐𝒏
)

𝟐
𝟑
]

∞

𝟎

𝒆−𝒚𝒅𝒚 = 

−∑
(−𝟏)𝒏

(𝟐𝒏)𝟐
∫ 𝒚𝒆−𝒚𝒅𝒚
∞

𝟎

∞

𝒏=𝟏

−∑
(−𝟏)𝒏

(𝟐𝒏)
𝟓
𝟑

∫ 𝒚
𝟐
𝟑𝒆−𝒚𝒅𝒚

∞

𝟎

∞

𝒏=𝟏

= 

−∑
(−𝟏)𝒏

(𝟐𝒏)𝟐

∞

𝒏=𝟏

𝜞(𝟐) −∑
(−𝟏)𝒏

(𝟐𝒏)
𝟓
𝟑

𝜞(
𝟓

𝟑
)

∞

𝒏=𝟏

= −
𝟏

𝟒
(−
𝝅𝟐

𝟏𝟐
) +

𝟏

𝟐
𝟓
𝟑

𝜞(
𝟓

𝟑
)𝜼 (

𝟓

𝟑
) = 

𝝅𝟐

𝟒𝟖
+
𝟏

𝟐
𝟓
𝟑

(𝟏 − 𝟐𝟏−
𝟓
𝟑) 𝜻 (

𝟓

𝟑
) =

𝝅𝟐

𝟒𝟖
+
(𝟐
𝟐
𝟑 − 𝟏)

𝟐
𝟕
𝟑

𝜻 (
𝟓

𝟑
) 

∆ =
𝝅𝟐

𝟒𝟖
+ 𝜞(

𝟓

𝟑
) 𝜻 (

𝟓

𝟑
)(
𝟐√𝟐
𝟑
− √𝟒

𝟑

𝟖
) 
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Solution  4 by Omkumar Rao-India 

∫
𝒙𝒌−𝟏

𝒆𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = 𝚪(𝒌)𝜼(𝒌) 

𝑰 = ∫
𝒙

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎⏟        
𝟐𝒙 →𝒙

+∫
𝒙
𝟐
𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎⏟        
𝟐𝒙 →𝒙

=
𝟏

𝟒
∫

𝒙

𝟏 + 𝒆𝒙
𝒅𝒙

∞

𝟎⏟        
𝚪(𝟐)𝜼(𝟐)

+
𝟏

𝟐
𝟓
𝟑

∫
𝒙
𝟐
𝟑

𝟏 + 𝒆𝒙
𝒅𝒙

∞

𝟎⏟        

𝚪(
𝟓
𝟑
)𝜼(
𝟓
𝟑
)

 

𝑰 =
𝟏

𝟒
(
𝝅𝟐

𝟏𝟐
) +

𝟏

𝟐
𝟓
𝟑

(
𝟐

𝟑
𝚪 (
𝟐

𝟑
)𝜼 (

𝟓

𝟑
)) 

∫
𝒙 + √𝒙𝟐

𝟑

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

∞

𝟎

=
𝝅𝟐

𝟒𝟖
+
𝚪 (
𝟐
𝟑)𝜼 (

𝟓
𝟑)

𝟑. 𝟐
𝟐
𝟑

 

 

 
2866. 𝑭𝒊𝒏𝒅 ∶  

∆ = ∫
√𝒙𝐥𝐧 (𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Yang Silva Cartolin-Peru 

𝑰 = ∫
√𝒙𝐥𝐧 (𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

= ∫
𝒙
𝟏
𝟐𝒆−𝟐𝝅𝒙

𝟏
𝟐 𝐥𝐧(𝒙)

𝟏 + 𝒆−𝟐𝝅𝒙
𝟏
𝟐

𝒅𝒙
∞

𝟎

 

𝑾𝒆 𝒅𝒐 ∶ 𝒙 = 𝒕𝟐 →   𝒅𝒙 = 𝟐𝒕𝒅𝒕  

𝑰 = 𝟒∫
𝒕𝟐𝒆−𝟐𝝅𝒕𝐥𝐧 (𝒕)

𝟏 + 𝒆−𝟐𝝅𝒕

∞

𝟎

𝒅𝒕 = 𝟒∑(−𝟏)𝒏−𝟏∫ 𝒕𝟐𝒆−𝟐𝝅𝒏𝒕 𝐥𝐧(𝒕)
∞

𝟎

𝒅𝒕

∞

𝒏=𝟏

 

𝑾𝒆 𝒅𝒐 ∶ 𝒙 = 𝟐𝝅𝒏𝒕 →   𝒅𝒕 =
𝒅𝒙

𝟐𝝅𝒏
  

𝑰 =
𝟏

𝟐𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

∫ 𝒙𝟐𝒆−𝒙
∞

𝟎

𝐥𝐧 (
𝒙

𝟐𝝅𝒏
)𝒅𝒙 = 

𝟏

𝟐𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

[∫ 𝒙𝟐𝒆−𝒙 𝐥𝐧(𝒙)𝒅𝒙
∞

𝟎

− (𝐥𝐧(𝟐𝝅) + 𝐥𝐧(𝒏))∫ 𝒙𝟐𝒆−𝒙𝒅𝒙
∞

𝟎

] 

𝑾𝒆  𝒌𝒏𝒐𝒘  𝒕𝒉𝒂𝒕 ∶  𝜞(𝒛) = ∫ 𝒙𝒛−𝟏𝒆−𝒙𝒅𝒙
∞

𝟎

→   𝜞′(𝒛) =  ∫ 𝒙𝒛−𝟏𝒆−𝒙𝐥𝐧 (𝒙)
∞

𝟎

𝒅𝒙  

𝑰 =
𝟏

𝟐𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

[𝜞′(𝟑)  − (𝐥𝐧(𝟐𝝅) + 𝐥𝐧(𝒏))  𝜞(𝟑) ] =  
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𝜞′(𝟑)

𝟐𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

−
𝒍𝒏(𝟐𝝅)

𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

−
𝟏

𝒏𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

𝐥𝐧(𝒏) = 

𝟏

𝝅𝟑
(
𝟑

𝟐
− 𝜸) 𝜼(𝟑) −

𝒍𝒏(𝟐𝝅)

𝝅𝟑
𝜼(𝟑) −

𝟏

𝝅𝟑
(−𝜼′(𝟑)) = 

𝟑𝜻(𝟑)

𝟒𝝅𝟑
(
𝟑

𝟐
− 𝜸) −

𝟑𝒍𝒏(𝟐𝝅)𝜻(𝟑)

𝟒𝝅𝟑
−
𝟏

𝟒𝝅𝟑
(−𝟑𝜻′(𝟑) − 𝜻(𝟑) 𝐥𝐧(𝟐)) = 

𝟑𝜻(𝟑)

𝟒𝝅𝟑
(
𝟑

𝟐
− 𝜸 − 𝒍𝒏(𝟐𝝅) +

𝜻′(𝟑)

𝜻(𝟑)
+
𝟏

𝟑
𝐥𝐧(𝟐)) =

𝟑𝜻(𝟑)

𝟒𝝅𝟑
(𝐥𝐧(

𝟐−
𝟐
𝟑𝒆
𝟑
𝟐

𝝅
) +

𝜻′(𝟑)

𝜻(𝟑)
− 𝜸) 

Solution 2 by Omkumar Rao-India 

∆= ∫
√𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

=⏞
𝒙 →𝒙𝟐

𝟐∫
𝒙𝟐 𝐥𝐧(𝒙)

𝟏 + 𝒆𝟐𝝅𝒙
𝒅𝒙

∞

𝟎

=⏞
𝟐𝝅𝒙 →𝒙 𝟏

𝟒𝝅𝟑
∫
𝒙𝟐 𝐥𝐧(𝒙)

𝟏 + 𝒆𝒙
𝒅𝒙

∞

𝟎⏟        
𝑷′(𝟑)

−
𝐥𝐧(𝟐𝝅)

𝟒𝝅𝟑
∫

𝟏

𝟏 + 𝒆𝒙
𝒅𝒙

∞

𝟎

 

𝑷(𝒌) = ∫
𝒙𝒌−𝟏

𝟏 + 𝒆𝒙
𝒅𝒙

∞

𝟎

= 𝚪(𝒌)𝜼(𝒌) 

𝑷′(𝒌) = (𝚪(𝒌)(𝟏 − 𝟐𝟏−𝒌)𝜻(𝒌))
′

= 

𝚪′(𝒌)⏟  
𝚪(𝒌)𝝍(𝒌)

(𝟏 − 𝟐𝟏−𝒌)𝜻(𝒌) + 𝚪(𝒌)𝜻(𝒌)(𝟐𝟏−𝒌 𝐥𝐧 𝟐) + 𝚪(𝒌)(𝟏 − 𝟐𝟏−𝒌)𝜻′(𝒌) 

𝑷′(𝟑) = (𝚪(𝟑))⏟    
𝟐

(𝝍(𝟑))⏟    
𝟑
𝟐
−𝜸

(
𝟑

𝟒
𝜻(𝟑)) + (𝚪(𝟑))⏟    

𝟐

(𝜻(𝟑)) (
𝟏

𝟒
𝐥𝐧𝟐) + (𝚪(𝟑))⏟    

𝟐

(
𝟑

𝟒
𝜻′(𝟑)) 

=
𝟏

𝟒𝝅𝟑
((𝟑 − 𝟐𝜸) (

𝟑

𝟒
𝜻(𝟑)) + 𝜻(𝟑) (

𝟏

𝟐
𝐥𝐧𝟐) + (

𝟑

𝟐
𝜻′(𝟑))) −

𝐥𝐧(𝟐𝝅)

𝟒𝝅𝟑
(𝚪(𝟏)𝜼(𝟏)) 

∴ ∫
√𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

=
𝟏

𝟒𝝅𝟑
((𝟑 − 𝟐𝜸) (

𝟑

𝟒
𝜻(𝟑)) + 𝜻(𝟑)(

𝟏

𝟐
𝐥𝐧𝟐) + (

𝟑

𝟐
𝜻′(𝟑))) −

(𝐥𝐧(𝟐𝝅))(𝐥𝐧𝟐)

𝟒𝝅𝟑
 

Solution 3 by Lara Gangler-Hungary 

∆= ∫
√𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

 ∴ 𝒚 = 𝟐𝝅√𝒙 → 𝒙 =
𝒚𝟐

𝟒𝝅𝟐
→ 𝒅𝒙 =

𝒚

𝟐𝝅𝟐
𝒅𝒚 

𝐈 =  ∫

𝒚
𝟐𝝅 𝐥𝐧

𝒚𝟐

𝟒𝝅𝟐
 

𝟏 + 𝒆𝒚
𝒚

𝟐𝝅𝟐
𝒅𝒚

∞

𝟎

=
𝟏

𝟐𝝅𝟑
 ∫

𝒚𝟐[𝐥𝐧(𝒚) − 𝐥𝐧(𝟐𝝅)] 

𝟏 + 𝒆𝒚
𝒅𝒚

∞

𝟎

=
𝟏

𝟐𝝅𝟑
(𝑰𝟏 − 𝑰𝟐) 
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 As 𝟎 ≤  𝐞−𝒚 ≤ 𝟏, the integrand within both integrals can be extended to a power series: 

𝑰𝟏 = ∫
𝒚𝟐 𝐥𝐧(𝒚)  

𝟏 + 𝒆𝒚
𝒅𝒚

∞

𝟎

= ∫
𝒚𝟐 𝐥𝐧(𝒚) 𝒆−𝒚 

𝟏 + 𝒆−𝒚
𝒅𝒚

∞

𝟎

= ∫ 𝒚𝟐 𝐥𝐧(𝒚) 𝒆−𝒚∑ 𝐞−𝒌𝒚
∞

𝒌=𝟎

(−𝟏)𝒌𝒅𝒚
∞

𝟎

=

= ∫ ∑𝒚𝟐 𝐥𝐧(𝒚)  𝐞−(𝒌+𝟏)𝒚(−𝟏)𝒌
∞

𝒌=𝟎

𝒅𝒚
∞

𝟎

=∑∫ 𝒚𝟐 𝐥𝐧(𝒚)  𝐞−(𝒌+𝟏)𝒚(−𝟏)𝒌𝒅𝒚
∞

𝟎

∞

𝒌=𝟎

 

𝑵𝒐𝒕𝒆 𝟏∗: 𝐠𝐚𝐦𝐦𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐝𝐞𝐫𝐢𝐯𝐚𝐭𝐢𝐯𝐞 

∫ 𝒚𝒂−𝟏  𝒆−𝒃𝒚 𝐥𝐧(𝒚)𝒅𝒚
∞

𝟎

=  𝚪(𝒂)
𝚿(𝒂) − 𝐥𝐧(𝒃)

𝒃𝒂
 

𝑰𝟏 =∑∫ 𝒚𝟐 𝐥𝐧(𝒚)  𝐞−(𝒌+𝟏)𝒚(−𝟏)𝒌𝒅𝒚
∞

𝟎

∞

𝒌=𝟎

=∑𝚪(𝟑)
𝚿(𝟑) − 𝐥𝐧(𝒌 + 𝟏)

(𝒌 + 𝟏)𝟑
(−𝟏)𝒌

∞

𝒌=𝟎

= 

∑𝟐

(
𝟏
𝟐 + 𝟏 + 𝚿

(𝟏)) − 𝐥𝐧(𝒌)

𝒌𝟑
(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

= 𝟐(𝑰𝟏𝟏 − 𝑰𝟏𝟐) 

𝑰𝟏𝟏 = ∑∫
𝟏 +

𝟏
𝟐 + 𝚿

(𝟏)

𝒌𝟑
(−𝟏)𝒌−𝟏

∞

𝟎

∞

𝒌=𝟏

= ∑

𝟑
𝟐 − 𝜸

𝒌𝟑
(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

= (
𝟑

𝟐
− 𝜸)∑

(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

= (
𝟑

𝟐
− 𝜸) 𝜼(𝟑) = (

𝟑

𝟐
− 𝜸) (𝟏 −

𝟏

𝟐𝟏−𝟑
) 𝜻(𝟑) =

𝟗 − 𝟔𝜸

𝟖
𝜻(𝟑) 

𝐰𝐡𝐞𝐫𝐞 𝜸 𝐢𝐬 𝐭𝐡𝐞 𝐄𝐮𝐥𝐞𝐫 −𝐌𝐚𝐬𝐜𝐡𝐞𝐫𝐨𝐧𝐢 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭: 𝚿(𝟏) = −𝜸

= ∫  𝐞−𝒚 𝐥𝐧(𝒚)𝒅𝒚
∞

𝟎

 𝐚𝐧𝐝 𝜼 𝐢𝐬 𝐭𝐡𝐞 𝐃𝐢𝐫𝐢𝐜𝐡𝐥𝐞𝐭 𝐞𝐭𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧: 𝜼(𝒂)

= (𝟏 − 𝟐𝟏−𝒂)𝜻(𝒂) 
𝑵𝒐𝒕𝒆 𝟐∗: 𝐝𝐞𝐫𝐢𝐯𝐚𝐭𝐢𝐯𝐞 𝐨𝐟 𝐭𝐡𝐞 𝐃𝐢𝐫𝐢𝐜𝐡𝐥𝐞𝐭 𝐞𝐭𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

∑
𝐥𝐧(𝒌)

𝒌𝒂
(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

= −[𝟐𝟏−𝒂 𝐥𝐧(𝟐) 𝜻(𝒂) + (𝟏 − 𝟐𝟏−𝒂)𝜻′(𝒂)] 

→ 𝑰𝟏𝟐  = ∑
𝐥𝐧(𝒌)

𝒌𝟑
(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

= −[𝟐𝟏−𝟐 𝐥𝐧(𝟐)𝜻(𝟑) + (𝟏 − 𝟐𝟏−𝟐)𝜻′(𝒂)]

= −
𝐥𝐧(𝟐)

𝟒
𝜻(𝟑) −

𝟑

𝟒
𝜻′(𝟑) 

𝑰𝟏 = 𝟐(𝑰𝟏𝟏 − 𝑰𝟏𝟐) = 𝟐(
𝟗 − 𝟔𝜸

𝟖
𝜻(𝟑) +

𝐥𝐧(𝟐)

𝟒
𝜻(𝟑) +

𝟑

𝟒
𝜻′(𝟑))

=
𝟗 + 𝟐 𝐥𝐧(𝟐) − 𝟔𝜸

𝟒
𝜻(𝟑) +

𝟑

𝟐
𝜻′(𝟑) 
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𝑰𝟐 = 𝐥𝐧(𝟐𝝅)∫
𝒚𝟐 

𝟏 + 𝒆𝒚
𝒅𝒚

∞

𝟎

= 𝐥𝐧(𝟐𝝅)∫ 𝒚𝟐𝒆−𝒚∑ 𝐞−𝒌𝒚
∞

𝒌=𝟎

(−𝟏)𝒌𝒅𝒚
∞

𝟎

=

= 𝐥𝐧(𝟐𝝅)∑∫ 𝒚𝟐 𝐞−(𝒌+𝟏)𝒚(−𝟏)𝒌𝒅𝒚
∞

𝟎

∞

𝒌=𝟎

=  𝐥𝐧(𝟐𝝅)∑𝚪(𝟑)
(−𝟏)𝒌

(𝒌 + 𝟏)𝟑

∞

𝒌=𝟎

= 𝟐𝜼(𝟑) 𝐥𝐧(𝟐𝝅) =
𝟑

𝟐
𝜻(𝟑) 𝐥𝐧(𝟐𝝅) 

𝑰 =
𝟏

𝟐𝝅𝟑
(𝑰𝟏 − 𝑰𝟐) =

𝟏

𝟐𝝅𝟑
(
𝟗 + 𝟐 𝐥𝐧(𝟐) − 𝟔𝜸

𝟒
𝜻(𝟑) +

𝟑

𝟐
𝜻′(𝟑) −

𝟑

𝟐
𝜻(𝟑) 𝐥𝐧(𝟐𝝅)) 

𝑰 =
𝟏

𝟖𝝅𝟑
[(𝟗 − 𝐥𝐧(𝟏𝟔𝝅𝟔) − 𝟔𝜸)𝜻(𝟑) +

𝟔

𝟒
𝜻′(𝟑)] 

𝑵𝒐𝒕𝒆 𝟏∗ Statement: ∫ 𝒚𝒂−𝟏  𝒆−𝒃𝒚 𝐥𝐧(𝒚)𝒅𝒚
∞

𝟎
=  𝚪(𝒂)

𝚿(𝒂)−𝐥𝐧(𝒃)

𝒃𝒂
 

Proof: Differentiating the left side with respect to a: 
𝝏

𝝏𝒂
∫ 𝒚𝒂−𝟏  𝐞−𝒃𝒚𝒅𝒚
∞

𝟎

= 
𝝏

𝝏(𝒂 − 𝟏)
∫ 𝒚𝒂−𝟏  𝐞−𝒃𝒚𝒅𝒚
∞

𝟎

= ∫ 𝒚𝒂−𝟏  𝒆−𝒃𝒚 𝐥𝐧(𝒚)𝒅𝒚
∞

𝟎

 

Differentiating the right side with respect to a: 

𝝏
𝚪(𝒂)
𝒃𝒂

𝝏𝒂
=
𝚪(𝒂)𝚿(𝒂)𝒃𝒂 − 𝚪(𝒂)𝒃𝒂 𝐥𝐧(𝒃)

𝒃𝟐𝒂
= 𝚪(𝒂)

𝚿(𝒂) − 𝐥𝐧(𝒃)

𝒃𝒂
 

where 𝚿 is the digamma function, the logarithmic derivative of the gamma function: 

𝚿(𝒂) =
𝒅 𝐥𝐧𝚪(𝒂)

𝒅 𝒂
=

𝒅𝚪(𝒂)
𝒅 𝒂
𝚪(𝒂)

=
𝚪′(𝒂)

𝚪(𝒂)
 

→ ∫ 𝒚𝒂−𝟏  𝒆−𝒃𝒚 𝐥𝐧(𝒚)𝒅𝒚
∞

𝟎

=  𝚪(𝒂)
𝚿(𝒂) − 𝐥𝐧(𝒃)

𝒃𝒂
, 𝑸𝑬𝑫 

𝐍𝐨𝐭𝐞 𝟐∗ Statement: ∑
𝐥𝐧(𝒌)

𝒌𝒂
(−𝟏)𝒌−𝟏∞

𝒌=𝟏 = −[𝟐𝟏−𝒂 𝐥𝐧(𝟐) 𝜻(𝒂) + (𝟏 − 𝟐𝟏−𝒂)𝜻′(𝒂)] 

Proof: 

∑
𝐥𝐧(𝒌)

𝒌𝒂
(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

=∑𝒌−𝒂(−𝟏)𝒌−𝟏 𝐥𝐧(𝒌)

∞

𝒌=𝟏

=  −∑(−𝟏)𝒌−𝟏𝒌−𝒂[− 𝐥𝐧(𝒌)]

∞

𝒌=𝟏

= −∑(−𝟏)𝒌−𝟏
𝒅𝒌−𝒂

𝒅𝒂

∞

𝒌=𝟏

= −
𝒅

𝒅𝒂
∑
(−𝟏)𝒌−𝟏

𝒌𝒂

∞

𝒌=𝟏

= −
𝒅𝜼(𝒂)

𝒅𝒂

= −
𝒅

𝒅𝒂
[(𝟏 − 𝟐𝟏−𝒂)𝜻(𝒂)] = −[𝟐𝟏−𝒂 𝐥𝐧(𝟐) 𝜻(𝒂) + (𝟏 − 𝟐𝟏−𝒂)𝜻′(𝒂)],

𝑸𝑬𝑫 

Solution 4 by Quadri Faruk Temitope-Nigeria 

∆= ∫
√𝒙 𝐥𝐧(𝒙)

𝟏 + 𝒆𝟐𝝅√𝒙
𝒅𝒙

∞

𝟎

= ∫
𝒙𝒍𝒏(𝒙𝟐)

𝟏 + 𝒆𝟐𝝅𝒙
. 𝟐𝒙𝒅𝒙

∞

𝟎

= 𝟒∫
𝒙𝟐𝐥𝐧 (𝒙)

𝟏 + 𝒆𝟐𝝅𝒙

∞

𝟎

𝒅𝒙 = 

𝑹𝒆𝒄𝒂𝒍𝒍  𝒕𝒉𝒂𝒕 ∶  
𝟏

𝟏 + 𝒆𝟐𝝅𝒙
= ∑(−𝟏)𝒏−𝟏𝒆−𝟐𝝅𝒙

∞

𝒏=𝟏
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= 𝟒∑(−𝟏)𝒏−𝟏∫ 𝒙𝟐𝒆−𝟐𝝅𝒏𝒙
∞

𝟎

∞

𝒏=𝟏

𝐥𝐧(𝒙)𝒅𝒙 = 𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

∫ 𝒙𝒔−𝟏𝒆−𝟐𝝅𝒏𝒙𝒅𝒙
𝟏

𝟎

= 

𝑰(𝒔) = 𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

∫ 𝒙𝒔−𝟏𝒆−𝟐𝝅𝒏𝒙𝒅𝒙
∞

𝟎

= {
𝟐𝝅𝒏 = 𝒚   ,   𝒙 =

𝒚

𝟐𝝅𝒏

𝒅𝒙 =
𝒅𝒚

𝟐𝝅𝒏

 

𝑰(𝒔) = 𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

∫ (
𝒚

𝟐𝝅𝒏
)
𝒔−𝟏

𝒆−𝒚
𝒅𝒚

𝟐𝝅𝒏

∞

𝟎

=𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

(
𝟏

𝟐𝝅𝒏
)
𝒔

∫ 𝒚𝒔−𝟏𝒆−𝒚𝒅𝒚
∞

𝟎⏟        
𝜞(𝒔)

= 

𝑻𝒉𝒊𝒔 ∶  

𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

(
𝟏

𝟐𝝅𝒏
)
𝒔

𝜞(𝒔) = 𝟒∑(−𝟏)𝒏−𝟏
𝒅

𝒅𝒔

∞

𝒏=𝟏

𝜞(𝒔)

(𝟐𝝅𝒏)𝒔
= −𝟒

𝒅

𝒅𝒔
∑
(−𝟏)𝒏

𝒏𝒔

∞

𝒏=𝟏

𝜞(𝒔)

(𝟐𝝅)𝒔
= 

𝟒
𝒅

𝒅𝒔

𝜞(𝒔)

(𝟐𝝅)𝒔
𝜼(𝒔) 

∴ 𝜼(𝒔) = (𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔) 

𝑰(𝒔) = 𝟒
𝒅

𝒅𝒔

𝜞(𝒔)(𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔)

(𝟐𝝅)𝒔
 

𝑰(𝒔) = 𝟒
𝜞(𝒔)𝜼(𝒔)

(𝟐𝝅)𝒔
[𝝍(𝒔) − 𝐥𝐧(𝟐𝝅) +

𝜼′(𝒔)

𝜼(𝒔)
] 

𝒔 = 𝟑 

𝑰 = 𝟒
𝜞(𝟑)𝜼(𝟑)

(𝟐𝝅)𝟑
[𝝍(𝟑) − 𝐥𝐧(𝟐𝝅) +

𝜼′(𝟑)

𝜼(𝟑)
] 

𝑰 =
𝟑𝜻(𝟑)

𝟒𝝅𝟑
(
𝟑

𝟐
− 𝜸 − 𝒍𝒏(𝟐𝝅) +

𝜻′(𝟑)

𝜻(𝟑)
+
𝟏

𝟑
𝐥𝐧(𝟐)) =

𝟑𝜻(𝟑)

𝟒𝝅𝟑
(𝐥𝐧(

𝟐−
𝟐
𝟑𝒆
𝟑
𝟐

𝝅
)+

𝜻′(𝟑)

𝜻(𝟑)
− 𝜸) 

 
2867. 𝑰𝒇 𝟎 < 𝑎 ≤ 𝑏 𝑡ℎ𝑒𝑛: 

 ∫ ∫
𝒅𝒙𝒅𝒚

(√𝒙
𝟑 + √𝒚

𝟑 )
𝟐 

𝒃

𝒂

𝒃

𝒂

≤
𝟑

𝟒
(𝒃 − 𝒂)(√𝒃

𝟑
− √𝒂

𝟑
)  

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝒙, 𝒚 > 0 𝑡ℎ𝑒𝑛 (√𝒙
𝟑
+ √𝒚

𝟑 )
𝟐

≥
𝑨𝑴−𝑮𝑴

 𝟒√𝒙𝒚
𝟑  𝒐𝒓,

𝟏

(√𝒙
𝟑 + √𝒚

𝟑 )
𝟐 ≤

𝟏

𝟒√𝒙𝒚
𝟑
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𝒏𝒐𝒘,∫ ∫
𝒅𝒙𝒅𝒚

(√𝒙
𝟑 + √𝒚

𝟑 )
𝟐 

𝒃

𝒂

𝒃

𝒂

≤
𝟏

𝟒
∫ ∫

𝒅𝒙𝒅𝒚

 √𝒙𝒚
𝟑

 
𝒃

𝒂

𝒃

𝒂

=
𝟏

𝟒
∫
𝒅𝒙

 √𝒙
𝟑

𝒃

𝒂

. ∫
𝒅𝒙

 √𝒚
𝟑

𝒃

𝒂

= 

=
𝟏

𝟒
(
𝟑

𝟐
)
𝟐

(𝒃
𝟐
𝟑 − 𝒂

𝟐
𝟑)
𝟐

=
𝟗

𝟏𝟔
(𝒃
𝟐
𝟑 − 𝒂

𝟐
𝟑)
𝟐

 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  
𝟗

𝟏𝟔
(𝒃
𝟐
𝟑 − 𝒂

𝟐
𝟑)
𝟐

≤
𝟑

𝟒
(𝒃 − 𝒂)(√𝒃

𝟑
− √𝒂

𝟑 ) 

𝒐𝒓, 𝟑 (𝒃
𝟐
𝟑 − 𝒂

𝟐
𝟑)
𝟐

≤ 𝟒(𝒃 − 𝒂)(√𝒃
𝟑
− √𝒂

𝟑 ) 𝒐𝒓, 𝟑(𝒖𝟐 − 𝒗𝟐)𝟐 ≤

𝒃=𝒖𝟑,𝒃=𝒗𝟑

𝒃>𝑢 𝑜𝑟 𝒖𝟑>𝒗𝟑

𝟒(𝒖𝟑 − 𝒗𝟑)(𝒖 − 𝒗) 

𝒐𝒓, 𝟑(𝒖 + 𝒗)𝟐(𝒖 − 𝒗)𝟐 ≤ 𝟒(𝒖 − 𝒗)𝟐(𝒖𝟐 + 𝒖𝒗 + 𝒗𝟐)𝒐𝒓, 𝟑(𝒖 + 𝒗)𝟐 ≤ 𝟒(𝒖𝟐 + 𝒖𝒗 + 𝒗𝟐) 

𝒕𝒓𝒖𝒆 𝒂𝒔 𝟒(𝒖𝟐 + 𝒖𝒗 + 𝒗𝟐) = 𝟑(𝒖𝟐 + 𝒗𝟐) + (𝒖𝟐 + 𝒗𝟐) + 𝟒𝒖𝒗 ≥
𝑨𝑴≥𝑮𝑴

  
≥ 𝟑(𝒖𝟐 + 𝒗𝟐) + 𝟐𝒖𝒗 + 𝟒𝒖𝒗 = 𝟑(𝒖 + 𝒗)𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃. 
 

2868. 
𝑳𝒆𝒕 𝒎,𝒏 ∈ 𝑵 𝒘𝒊𝒕𝒉 𝒏 > 𝑚 ≥ 1 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑔: [𝟎, 𝟏] → [𝟎,∞)  

𝒃𝒆 𝒂 𝒏𝒐𝒏 − 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏 [𝟎, 𝟏] 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 
𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙) ≤ 𝒙𝟐  𝒇𝒐𝒓 𝒂𝒍𝒍 𝒙 ∈ [𝟎, 𝟏]. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕:   

𝟏 ≤ ∫
𝒅𝒙

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)

𝟏

𝟎

≤
𝝅

𝟐
 

Proposed by Omkumar Rao-India 
Solution by proposer 
 

𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙) ≤ 𝒙𝟐⟹ 𝟏− 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙) ≤ 𝟏 

𝟏

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)
≥ 𝟏 ⟹ ∫

𝒅𝒙

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)

𝟏

𝟎

≥ 𝟏 

𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙) ≥ 𝟎  ⟹ 𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙) ≥ 𝟏 − 𝒙𝟐 

𝟏

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)
≤

𝟏

√𝟏 − 𝒙𝟐
⟹∫

𝒅𝒙

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)

𝟏

𝟎

≤ 

≤ ∫
𝟏

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝝅

𝟐
 

𝟏 ≤ ∫
𝒅𝒙

√𝟏 − 𝒙𝟐 + 𝒙𝒎(𝟏 − 𝒙𝒏)𝒈(𝒙)

𝟏

𝟎

≤
𝝅

𝟐
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2869. 𝑳𝒆𝒕 𝟎 < 𝑎 ≤ 𝑏 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑓: [𝒂𝒌, 𝒃𝒌] → 𝑹 𝒃𝒆 𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 

 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒘𝒉𝒆𝒓𝒆 𝒌 ≥ 𝟐 𝒊𝒔 𝒂 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

𝒃𝟐𝒌−𝟏+𝟐𝒎 − 𝒂𝟐𝒌−𝟏+𝟐𝒎

𝟐𝒌 − 𝟏 + 𝟐𝒎
+∫𝒙𝟐𝒎𝒇𝟐(𝒙𝒌)

𝒃

𝒂

𝒅𝒙 ≥
𝟐

𝒌
∫ 𝒚

𝟐𝒎
𝒌 𝒇(𝒚) 𝒅𝒚

𝒃𝒌

𝒂𝒌

 

𝒇𝒐𝒓 𝒂𝒏𝒚 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓 𝒎 ≥ 𝟎. 
Proposed by Omkumar Rao-India 

Solution by proposer 

𝒃𝟐𝒌−𝟏+𝟐𝒎 − 𝒂𝟐𝒌−𝟏+𝟐𝒎

𝟐𝒌 − 𝟏 + 𝟐𝒎⏟              

∫ 𝒙𝟐𝒌−𝟐+𝟐𝒎 𝒅𝒙
𝒃
𝒂

+∫𝒙𝟐𝒎𝒇𝟐(𝒙𝒌)

𝒃

𝒂

𝒅𝒙 ≥
𝟐

𝒌
∫ 𝒚

𝟐𝒎
𝒌 𝒇(𝒚)𝒅𝒚

𝒃𝒌

𝒂𝒌

 

∫(𝒙𝟐𝒎𝒇𝟐(𝒙𝒌) + 𝒙𝟐𝒌−𝟐+𝟐𝒎) 𝒅𝒙 ≥
𝟐

𝒌
∫ 𝒚

𝟐𝒎
𝒌 𝒇(𝒚)𝒅𝒚

𝒃𝒌

𝒂𝒌⏟          
𝒚=𝒙𝒌

𝒃

𝒂

 

∫(𝒙𝟐𝒎𝒇𝟐(𝒙𝒌) + 𝒙𝟐𝒌−𝟐+𝟐𝒎) 𝒅𝒙 ≥ ∫𝟐𝒙𝒌−𝟏+𝟐𝒎𝒇(𝒙𝒌) 𝒅𝒙

𝒃

𝒂

𝒃

𝒂

 

∫𝒙𝟐𝒎 (𝒙𝒌−𝟏 − 𝒇(𝒙𝒌))
𝟐

𝒅𝒙

𝒃

𝒂

≥ 𝟎 𝒂𝒔 𝒙𝟐𝒎 ≥ 𝟎 𝒂𝒏𝒅 (𝒙𝒌−𝟏 − 𝒇(𝒙𝒌))
𝟐

≥ 𝟎 𝒇𝒐𝒓 𝒂𝒍𝒍 

 𝒙 ∈ [𝒂, 𝒃] 
 

 

2870. 𝑭𝒊𝒏𝒅 ∶  

∆= ∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧 (
𝟏 + 𝐜𝐨𝐬(𝒙)

√𝒙
)𝒅𝒙 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Nawar Alasadi-Iraq 

∆= ∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧 (
𝟏 + 𝐜𝐨𝐬(𝒙)

√𝒙
)𝒅𝒙 = 𝑰𝟏 − 𝑰𝟐 

𝑰𝟐 =
𝟏

𝟐
∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧( 𝒙)𝒅𝒙 =
𝟏

𝟐
[
𝒙𝟑

𝟑
𝐥𝐧(𝒙) −

𝒙𝟑

𝟗
]

𝝅
𝟐
𝟎
=
𝝅𝟑

𝟒𝟖
𝐥𝐧 (

𝝅

𝟐
) −

𝝅𝟑

𝟏𝟒𝟒
 

𝑰𝟏 = ∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧(𝟏 + 𝐜𝐨𝐬( 𝒙))𝒅𝒙 = ∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧 (𝟐𝒄𝒐𝒔𝟐 (
𝒙

𝟐
))𝒅𝒙 = 
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𝐥𝐧(𝟐)∫ 𝒙𝟐𝒅𝒙

𝝅
𝟐

𝟎

+ 𝟐∫ 𝒙𝟐
𝝅
𝟐

𝟎

𝐥𝐧 (𝟐𝒄𝒐𝒔 (
𝒙

𝟐
))𝒅𝒙  =⏞

(𝒕=
𝒙
𝟐
)
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) + 𝟏𝟔∫ 𝒕𝟐

𝝅
𝟒

𝟎

𝐥𝐧(𝒄𝒐𝒔(𝒕)) 𝒅𝒕 

∴ 𝐥𝐧(𝒄𝒐𝒔(𝒕)) = − 𝐥𝐧(𝟐) +∑
(−𝟏)𝒏−𝟏

𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝟐𝒏𝒕) 

∫ 𝒕𝟐
𝝅
𝟒

𝟎

𝐥𝐧(𝒄𝒐𝒔(𝒕))𝒅𝒕 =
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐) +∑

(−𝟏)𝒏−𝟏

𝒏

∞

𝒏=𝟏

∫ 𝒕𝟐
𝝅
𝟒

𝟎

𝐜𝐨𝐬(𝟐𝒏𝒕)𝒅𝒕
⏟            

𝑱𝒏

 

𝑱𝒏 = [𝒕
𝟑
𝐬𝐢𝐧(𝟐𝒏𝒕)

𝟐𝒏
]

𝝅
𝟒
𝟎
−∫ 𝟐𝒕

𝐬𝐢𝐧(𝟐𝒏𝒕)

𝟐𝒏

𝝅
𝟒

𝟎

𝒅𝒕 = 

𝝅𝟐

𝟑𝟐𝒏
𝐬𝐢𝐧 (

𝒏𝝅

𝟐
) + [𝒕

𝐜𝐨𝐬(𝟐𝒏𝒕)

𝟐𝒏𝟐
]

𝝅
𝟒
𝟎
−∫

𝐜𝐨𝐬(𝟐𝒏𝒕)

𝟐𝒏𝟐

𝝅
𝟒

𝟎

𝒅𝒕 = 

(
𝝅𝟐

𝟑𝟐𝒏
−
𝟏

𝟒𝒏𝟑
)𝐬𝐢𝐧 (

𝒏𝝅

𝟐
) +

𝝅

𝟖𝒏𝟐
𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) 

𝑰𝟏 = −
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) + 𝟏𝟔∑

(−𝟏)𝒏−𝟏

𝒏

∞

𝒏=𝟏

𝑱𝒏 = −
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) + 𝟏𝟔(𝑺𝒆𝒗𝒆𝒏 + 𝑺𝒐𝒍𝒅) 

𝑺𝒆𝒗𝒆𝒏(𝒏 = 𝟐𝒌) =∑−
𝟏

𝟐𝒌

∞

𝒌=𝟏

(
𝝅

𝟖(𝟐𝒌)𝟐
(−𝟏)𝒌) =

𝝅

𝟔𝟒
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

=
𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) 

𝑺𝒐𝒍𝒅(𝒏 = 𝟐𝒌 − 𝟏) =∑
(−𝟏)𝒌−𝟏

𝟐𝒌 − 𝟏

∞

𝒌=𝟏

(
𝝅𝟐

𝟑𝟐(𝟐𝒌 − 𝟏)
−

𝟏

𝟒(𝟐𝒌 − 𝟏)𝟑
) = 

𝝅𝟐

𝟑𝟐
∑

(−𝟏)𝒌−𝟏

(𝟐𝒌 − 𝟏)𝟐

∞

𝒌=𝟏

−
𝟏

𝟒
∑

(−𝟏)𝒌−𝟏

(𝟐𝒌 − 𝟏)𝟒

∞

𝒌=𝟏

=
𝝅𝟐

𝟑𝟐
𝑮 −

𝟏

𝟒
𝜷(𝟒) 

𝑰𝟏 = −
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) + 𝟏𝟔(𝑺𝒆𝒗𝒆𝒏 + 𝑺𝒐𝒍𝒅) = 

−
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) + 𝟏𝟔(

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) +

𝝅𝟐

𝟑𝟐
𝑮 −

𝟏

𝟒
𝜷(𝟒)) = −

𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) +

𝟑𝝅

𝟏𝟔
𝜻(𝟑) +

𝝅𝟐

𝟐
𝑮 − 𝟒𝜷(𝟒) 

∆= 𝑰𝟏 − 𝑰𝟐 =
𝝅𝟑

𝟐𝟒
𝐥𝐧(𝟐) +

𝟑𝝅

𝟏𝟔
𝜻(𝟑) +

𝝅𝟐

𝟐
𝑮 − 𝟒𝜷(𝟒) −

𝝅𝟑

𝟒𝟖
𝐥𝐧 (

𝝅

𝟐
) +

𝝅𝟑

𝟏𝟒𝟒
= 

𝟑𝝅

𝟏𝟔
𝜻(𝟑) +

𝝅𝟐

𝟐
𝑮 − 𝟒𝜷(𝟒) −

𝝅𝟑

𝟒𝟖
𝐥𝐧(𝟐𝝅) +

𝝅𝟑

𝟏𝟒𝟒
 

 

Solution 2 by Yang Silva Cartolin-Peru 

𝑰 = ∫ 𝒙𝟐𝒍𝒐𝒈(𝟏 + 𝒄𝒐𝒔(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

−
𝟏

𝟐
∫𝒙𝟐𝒍𝒐𝒈(𝒙)𝒅𝒙

𝝅
𝟐

𝟎
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𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝟏 + 𝒄𝒐𝒔(𝒙) = 𝟐𝒄𝒐𝒔𝟐 (
𝒙

𝟐
) 

𝑰 = 𝒍𝒐𝒈(𝟐)∫ 𝒙𝟐𝒅𝒙

𝝅
𝟐

𝟎

+ 𝟐∫𝒙𝟐𝒍𝒐𝒈(𝒄𝒐𝒔 (
𝒙

𝟐
))𝒅𝒙

𝝅
𝟐

𝟎

−
𝟏

𝟐
∫𝒙𝟐𝒍𝒐𝒈(𝒙)𝒅𝒙

𝝅
𝟐

𝟎

 

𝑰 =
𝝅𝟑

𝟐𝟒
𝒍𝒐𝒈(𝟐) + 𝟐𝒊𝟏 −

𝟏

𝟐
𝒊𝟐 

∎𝒊𝟐 = ∫𝒙
𝟐𝒍𝒐𝒈(𝒙)𝒅𝒙

𝝅
𝟐

𝟎

𝑰.𝑩.𝑷
⇒  𝒊𝟐 = [

𝒙𝟑

𝟑
𝐥𝐨𝐠(𝒙)]

𝟎

𝝅
𝟐

−
𝟏

𝟑
∫𝒙𝟐𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠 (

𝝅

𝟐
) −

𝝅𝟑

𝟕𝟐
∴ 

∎𝒊𝟏 = ∫𝒙
𝟐𝒍𝒐𝒈(𝒄𝒐𝒔 (

𝒙

𝟐
))𝒅𝒙

𝝅
𝟐

𝟎

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝐜𝐨𝐬 (
𝒙

𝟐
) =

𝒆
𝒊𝒙
𝟐 + 𝒆−

𝒊𝒙
𝟐

𝟐
⟹ 𝟐𝒆

𝒊𝒙
𝟐 𝐜𝐨𝐬 (

𝒙

𝟐
) = 𝟏 + 𝒆𝒊𝒙 

𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠 (𝒆
𝒊𝒙
𝟐 ) + 𝐥𝐨𝐠 (𝒄𝒐𝒔 (

𝒙

𝟐
)) = 𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙) 

𝐥𝐨𝐠 (𝒄𝒐𝒔 (
𝒙

𝟐
)) = 𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙) − 𝐥𝐨𝐠(𝟐) −

𝒊𝒙

𝟐
 

𝕽{𝐥𝐨𝐠 (𝒄𝒐𝒔 (
𝒙

𝟐
))} = 𝕽{𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙)} − 𝐥𝐨𝐠(𝟐) 

⟹ 𝒊𝟏 = 𝕽

{
 

 

∫𝒙𝟐 𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙) 𝒅𝒙

𝝅
𝟐

𝟎
}
 

 

− 𝐥𝐨𝐠(𝟐)∫ 𝒙𝟐𝒅𝒙

𝝅
𝟐

𝟎

 

𝒊𝟏 = 𝕽

{
 

 

∫𝒙𝟐 𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙) 𝒅𝒙

𝝅
𝟐

𝟎
}
 

 

−
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝐥𝐨𝐠(𝟏 + 𝒛) = ∑
(−𝟏)𝒏−𝟏

𝒏
𝒛𝒏

∞

𝒏=𝟏

𝒛=𝒆𝒊𝒙

⇒   𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙) = ∑
(−𝟏)𝒏−𝟏

𝒏
𝒆𝒊𝒏𝒙

∞

𝒏=𝟏

 

𝕽{𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝒙)} = ∑
(−𝟏)𝒏−𝟏

𝒏
𝐜𝐨𝐬(𝒏𝒙)

∞

𝒏=𝟏

 

⟹ 𝒊𝟏 = ∑
(−𝟏)𝒏−𝟏

𝒏
∫𝒙𝟐 𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙

𝝅
𝟐

𝟎

∞

𝒏=𝟏

−
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) 

𝒊𝟏 = ∑
(−𝟏)𝒏−𝟏

𝒏
[
𝝅𝟐

𝟒𝒏
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
) −

𝟐

𝒏𝟑
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
) +

𝝅

𝒏𝟐
𝐜𝐨𝐬 (

𝝅𝒏

𝟐
)]

∞

𝒏=𝟏

−
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) 
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𝒊𝟏 = −
𝝅𝟐

𝟒
∑
(−𝟏)𝒏

𝒏𝟐
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

+ 𝟐∑
(−𝟏)𝒏

𝒏𝟒
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

− 𝝅∑
(−𝟏)𝒏

𝒏𝟑
𝐜𝐨𝐬 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

−
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) 

𝑳𝒆𝒕: 

≫ 𝑺𝟏 = −
𝝅𝟐

𝟒
∑
(−𝟏)𝒏

𝒏𝟐
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

+ 𝟐∑
(−𝟏)𝒏

𝒏𝟒
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

 

𝒏=𝟐𝒌+𝟏
⇒     𝑺𝟏 =

𝝅𝟐

𝟒
∑

(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

− 𝟐∑
(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟒

∞

𝒌=𝟎

∴ 

≫ 𝑺𝟐 = −𝝅∑
(−𝟏)𝒏

𝒏𝟑
𝐜𝐨𝐬 (

𝝅𝒏

𝟐
)

∞

𝒏=𝟏

𝒏=𝟐𝒌
⇒   𝑺𝟐 =

𝝅

𝟖
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: ∎𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏:𝜷(𝒔) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

 

∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 𝜷(𝟐) = 𝑮 ∧∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

= 𝜷(𝟒) 

 ∎𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜼(𝒔) = ∑
(−𝟏)𝒏−𝟏

𝒏𝒔

∞

𝒏=𝟏

= (𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔) 

∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

= 𝜼(𝟑) =
𝟑

𝟒
𝜻(𝟑) 

⟹ 𝒊𝟏 =
𝝅𝟐

𝟒
∑

(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

− 𝟐∑
(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟒

∞

𝒌=𝟎

+
𝝅

𝟖
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

−
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) 

𝒊𝟏 =
𝝅𝟐

𝟒
𝑮 − 𝟐𝜷(𝟒) +

𝟑𝝅

𝟑𝟐
𝜻(𝟑) −

𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐) ∴ 

𝑰 =
𝝅𝟑

𝟐𝟒
𝒍𝒐𝒈(𝟐) + 𝟐 (

𝝅𝟐

𝟒
𝑮 − 𝟐𝜷(𝟒) +

𝟑𝝅

𝟑𝟐
𝜻(𝟑) −

𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠(𝟐)) +

𝟏

𝟐
(
𝝅𝟑

𝟐𝟒
𝐥𝐨𝐠 (

𝝅

𝟐
) −

𝝅𝟑

𝟕𝟐
) 

𝑰 = −
𝝅𝟑

𝟒𝟖
𝒍𝒐𝒈(𝟐𝝅) +

𝝅𝟐

𝟐
𝑮 − 𝟒𝜷(𝟒) +

𝟑𝝅

𝟏𝟔
𝜻(𝟑) +

𝝅𝟑

𝟏𝟒𝟒
∴ 

 

Solution 3 by Omkumar Rao-India 

𝑲 = 𝐥𝐧𝟐∫ 𝒙𝟐 𝒅𝒙

𝝅
𝟐

𝟎⏟        
𝝅𝟑

𝟐𝟒
𝐥𝐧 𝟐

−
𝟏

𝟐
∫𝒙𝟐 𝐥𝐧 𝒙𝒅𝒙

𝝅
𝟐

𝟎⏟        
𝝅𝟑

𝟒𝟖
𝐥𝐧(
𝝅
𝟐
)−
𝝅𝟑

𝟏𝟒𝟒

+ 𝟐∫𝒙𝟐 𝐥𝐧 (𝐜𝐨𝐬 (
𝒙

𝟐
))𝒅𝒙

𝝅
𝟐

𝟎⏟              
𝑴

 

𝑲 =
𝝅𝟑

𝟐𝟒
𝐥𝐧𝟐 −

𝝅𝟑

𝟒𝟖
𝐥𝐧 (
𝝅

𝟐
) +

𝝅𝟑

𝟏𝟒𝟒
+𝑴 
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𝑴 = 𝟐∫𝒙𝟐 𝐥𝐧 (𝐜𝐨𝐬 (
𝒙

𝟐
))𝒅𝒙

𝝅
𝟐

𝟎

=⏞
𝒙→𝟐𝒙

𝟏𝟔∫ 𝒙𝟐 𝐥𝐧(𝐜𝐨𝐬(𝒙))⏟      

− 𝐥𝐧 𝟐+∑
(−𝟏)𝒎−𝟏

𝒎
𝐜𝐨𝐬(𝟐𝒎𝒙)∞

𝒎=𝟏

𝒅𝒙

𝝅
𝟒

𝟎

= 𝟏𝟔∫𝒙𝟐 (− 𝐥𝐧𝟐 + ∑
(−𝟏)𝒎−𝟏

𝒎
𝐜𝐨𝐬(𝟐𝒎𝒙)

∞

𝒎=𝟏

)𝒅𝒙

𝝅
𝟒

𝟎

 

𝑴 = −
𝝅𝟑

𝟏𝟐
𝐥𝐧𝟐 + 𝟏𝟔 ∑

(−𝟏)𝒎−𝟏

𝒎

(

 ∫𝒙𝟐 𝐜𝐨𝐬(𝟐𝒎𝒙)𝒅𝒙

𝝅
𝟒

𝟎
)

 

∞

𝒎=𝟏

 

𝑴 = −
𝝅𝟑

𝟏𝟐
𝐥𝐧𝟐

+ 𝟏𝟔(∑
(−𝟏)𝒎−𝟏

𝒎
(
𝝅𝟐

𝟑𝟐𝒎
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
)+

𝝅

𝟖𝒎𝟐
𝐜𝐨𝐬 (

𝒎𝝅

𝟐
)

∞

𝒎=𝟏

−
𝟏

𝟒𝒎𝟑
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
))) 

𝑴 = −
𝝅𝟑

𝟏𝟐
𝐥𝐧 𝟐

+ 𝟏𝟔(∑ (
(−𝟏)𝒎−𝟏𝝅𝟐

𝟑𝟐𝒎𝟐
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

+ ∑ (
(−𝟏)𝒎−𝟏𝝅

𝟖𝒎𝟑
𝐜𝐨𝐬 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

− ∑ (
(−𝟏)𝒎−𝟏

𝟒𝒎𝟒
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

) 

∑ (
(−𝟏)𝒎−𝟏𝝅𝟐

𝟑𝟐𝒎𝟐
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

=
𝝅𝟐

𝟑𝟐
∑

(−𝟏)𝒑−𝟏

(𝟐𝒑 − 𝟏)𝟐

∞

𝒑=𝟏

=
𝝅𝟐

𝟑𝟐
𝑮 

∑ (
(−𝟏)𝒎−𝟏𝝅

𝟖𝒎𝟑
𝐜𝐨𝐬 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

=
𝝅

𝟔𝟒
∑
(−𝟏)𝒑−𝟏

𝒑𝟑

∞

𝒑=𝟏

=
𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) 

∑ (
(−𝟏)𝒎−𝟏

𝟒𝒎𝟒
𝐬𝐢𝐧 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

=
𝟏

𝟒
∑

(−𝟏)𝒑−𝟏

(𝟐𝒑 − 𝟏)𝟒

∞

𝒑=𝟏

=
𝟏

𝟒
𝜷(𝟒) 

𝑴 = −
𝝅𝟑

𝟏𝟐
𝐥𝐧𝟐 + 𝟏𝟔(

𝝅𝟐

𝟑𝟐
𝑮 +

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) −

𝟏

𝟒
𝜷(𝟒)) 

 

𝑲 =
𝝅𝟑

𝟐𝟒
𝐥𝐧𝟐 −

𝝅𝟑

𝟒𝟖
𝐥𝐧 (
𝝅

𝟐
) +

𝝅𝟑

𝟏𝟒𝟒
−
𝝅𝟑

𝟏𝟐
𝐥𝐧𝟐 + 𝟏𝟔(

𝝅𝟐

𝟑𝟐
𝑮 +

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) −

𝟏

𝟒
𝜷(𝟒)) 
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𝑲 =
𝝅𝟑

𝟏𝟒𝟒
+
𝝅𝟐

𝟐
𝑮 +

𝟑𝝅

𝟏𝟔
𝜻(𝟑) − 𝟒𝜷(𝟒) −

𝝅𝟑

𝟒𝟖
𝐥𝐧(𝟐𝝅) 

 
 

 

2871. 𝑭𝒊𝒏𝒅 ∶ 

𝛀 = ∫ 𝒙𝟑𝝍(𝟎) (
𝟏

𝟐
+
𝟏

𝟐
𝒙)

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙  

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Pham Duc Nam-Vietnam 

𝛀 = ∫ 𝒙𝟑𝝍(𝟎) (
𝟏

𝟐
+
𝟏

𝟐
𝒙)

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 = ∫ 𝒙𝟑 (𝝍(
𝟏

𝟐
+
𝟏

𝟐
𝒙) − 𝝍(

𝟏

𝟐
−
𝟏

𝟐
𝒙))

𝟏
𝟐

𝟎

𝒅𝒙 =  

𝝅∫ 𝒙𝟑 𝐭𝐚𝐧 (
𝝅𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

𝟎

=⏞

𝒕=
𝝅𝒙
𝟐 𝟏𝟔

𝝅𝟑
∫ 𝒕𝟑𝐭𝐚𝐧 (𝒕)

𝝅
𝟒

𝟎

𝒅𝒕 =⏞
𝑰𝑩𝑷′𝑺

 

=
𝟏𝟔

𝝅𝟑
(−[𝒕𝟑𝒍𝒏(𝒄𝒐𝒔(𝒕))]

𝝅
𝟒
𝟎
+ 𝟑∫ 𝒕𝟐𝐥𝐧 (𝐜𝐨𝐬(𝒕))

𝝅
𝟒

𝟎

𝒅𝒕) =
𝟏

𝟖
𝐥𝐧(𝟐) +

𝟒𝟖

𝝅𝟑
∫ 𝒕𝟐𝐥𝐧 (𝐜𝐨𝐬(𝒕))

𝝅
𝟒

𝟎

𝒅𝒕
⏟            

𝑨

 

𝑨 = ∫ 𝒕𝟐𝐥𝐧 (𝐜𝐨𝐬(𝒕))

𝝅
𝟒

𝟎

𝒅𝒕 = ∫ 𝒕𝟐 (− 𝐥𝐧(𝟐) −∑
(−𝟏)𝒌𝐜𝐨𝐬 (𝟐𝒌𝒕)

𝒌

∞

𝒌=𝟏

)

𝝅
𝟒

𝟎

𝒅𝒕 = 

−
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐) −∑

(−𝟏)𝒌

𝒌

∞

𝒌=𝟏

∫ 𝒕𝟐 𝐜𝐨𝐬(𝟐𝒌𝒕)

𝝅
𝟒

𝟎

𝒅𝒕 = 

−
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐) −∑

(−𝟏)𝒌

𝒌

∞

𝒌=𝟏

(−
𝟏

𝟒

𝟏

𝒌𝟑
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
) +

𝝅

𝟖

𝟏

𝒌𝟐
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
) +

𝝅𝟐

𝟑𝟐

𝟏

𝒌
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)) 

∴ ∑
(−𝟏)𝒌

𝒌𝟒

∞

𝒌=𝟏

𝐬𝐢𝐧 (
𝝅𝒌

𝟐
) = −∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟒
= −𝜷(𝟒)

∞

𝒏=𝟎

 

∴ ∑
(−𝟏)𝒌

𝒌𝟑

∞

𝒌=𝟏

𝐜𝐨𝐬 (
𝝅𝒌

𝟐
) = ∑

(−𝟏)𝒏

(𝟐𝒏)𝟑
= −

𝟑

𝟑𝟐
𝜻(𝟑)

∞

𝒏=𝟎

 

∑
(−𝟏)𝒌

𝒌𝟐

∞

𝒌=𝟏

𝐬𝐢𝐧 (
𝝅𝒌

𝟐
) = −∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
= −𝑮

∞

𝒏=𝟎

 

𝑨 = −
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐) +

𝟏

𝟒
(−𝜷(𝟒)) −

𝝅

𝟖
(−

𝟑

𝟑𝟐
𝜻(𝟑)) −

𝝅𝟐

𝟑𝟐
(−𝑮) = 

−
𝟏

𝟒
𝜷(𝟒) +

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) +

𝝅𝟐

𝟑𝟐
𝑮 −

𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐) 
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𝛀 =
𝟏

𝟖
𝐥𝐧(𝟐) +

𝟒𝟖

𝝅𝟑
(−
𝟏

𝟒
𝜷(𝟒) +

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) +

𝝅𝟐

𝟑𝟐
𝑮 −

𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧(𝟐)) 

𝛀 = −
𝟏𝟐

𝝅𝟑
𝜷(𝟒) +

𝟗

𝟏𝟔𝝅𝟐
𝜻(𝟑) +

𝟑𝑮

𝟐𝝅
−
𝟏

𝟖
𝒍𝒏(𝟐) 

Solution 2 by Yang Silva Cartolin-Peru 

𝛀 = ∫𝒙𝟑𝛙(𝟎) (
𝟏

𝟐
+
𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

𝑾𝒆 𝒅𝒐:𝒙→−𝒙
⇒        𝛀 = − ∫𝒙𝟑𝛙(𝟎) (

𝟏

𝟐
−
𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

 

𝑻𝒉𝒖𝒔: 𝟐𝛀 = ∫𝒙𝟑 [𝛙(𝟎) (
𝟏

𝟐
+
𝒙

𝟐
) −𝛙(𝟎) (

𝟏

𝟐
−
𝒙

𝟐
)]𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 

𝝍(𝟎)(𝒛) − 𝝍(𝟎)(𝟏 − 𝒛) = −𝝅𝐜𝐨𝐭(𝝅𝒛) 

⟹ 𝟐𝛀 = 𝝅 ∫𝒙𝟑 𝐜𝐨𝐭 (𝝅 (
𝟏 + 𝒙

𝟐
))𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

= 𝝅 ∫𝒙𝟑 𝐭𝐚𝐧 (
𝝅𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

 

𝑬𝒗𝒆𝒏 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏
⇒          𝟐𝛀 = 𝟐𝝅∫𝒙𝟑 𝐭𝐚𝐧 (

𝝅𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

𝟎

 

𝛀 = 𝝅∫𝒙𝟑 𝐭𝐚𝐧 (
𝝅𝒙

𝟐
)𝒅𝒙

𝟏
𝟐

𝟎

𝑾𝒆 𝒅𝒐:𝒖=
𝝅𝒙

𝟐
⇒        𝛀 =

𝟏𝟔

𝝅𝟑
∫𝒖𝟑 𝐭𝐚𝐧(𝒖)𝒅𝒖

𝝅
𝟒

𝟎

 

𝑰.𝑩. 𝑷: {
𝒂 = 𝒖𝟑 → 𝒅𝒂 = 𝟑𝒖𝟐𝒅𝒖

𝒅𝒃 = 𝐭𝐚𝐧(𝒖)𝒅𝒖 → 𝒃 = −𝐥𝐨𝐠(𝒄𝒐𝒔(𝒖))
 

⟹𝛀 =
𝟏𝟔

𝝅𝟑

(

 [−𝒖𝟑 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒖))]
𝟎

𝝅
𝟒 + 𝟑∫𝒖𝟐 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒖)) 𝒅𝒖

𝝅
𝟒

𝟎
)

  

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝑺𝒆𝒓𝒊𝒆𝒔 

𝐥𝐨𝐠(𝒄𝒐𝒔(𝒙)) = − 𝐥𝐨𝐠(𝟐) +∑
(−𝟏)𝒌−𝟏

𝒌
𝐜𝐨𝐬(𝟐𝒌𝒙)

∞

𝒌=𝟏

 

⟹𝛀 =
𝟏𝟔

𝝅𝟑

(

 
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐨𝐠 (𝟐) + 𝟑∫𝒖𝟐 (− 𝐥𝐨𝐠(𝟐) +∑

(−𝟏)𝒌−𝟏

𝒌
𝐜𝐨𝐬(𝟐𝒌𝒖)

∞

𝒌=𝟏

)𝒅𝒖

𝝅
𝟒

𝟎
)
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𝛀 =
𝟏

𝟖
𝐥𝐨𝐠(𝟐) +

𝟒𝟖

𝝅𝟑

(

 −𝐥𝐨𝐠(𝟐)∫𝒖𝟐𝒅𝒖

𝝅
𝟒

𝟎

−∑
(−𝟏)𝒌

𝒌
∫𝒖𝟐 𝐜𝐨𝐬(𝟐𝒌𝒖)𝒅𝒖

𝝅
𝟒

𝟎

∞

𝒌=𝟏
)

  

𝛀 =
𝟏

𝟖
𝐥𝐨𝐠(𝟐) +

𝟒𝟖

𝝅𝟑
(−

𝝅𝟑

𝟏𝟗𝟐
𝐥𝐨𝐠(𝟐))

−
𝟒𝟖

𝝅𝟑
∑
(−𝟏)𝒌

𝒌
(
𝝅𝟐

𝟑𝟐𝒌
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
) +

𝝅

𝟖𝒌𝟐
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
) −

𝟏

𝟒𝒌𝟑
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
))

∞

𝒌=𝟏

 

𝛀 = −
𝟏

𝟖
𝐥𝐨𝐠(𝟐)

−
𝟒𝟖

𝝅𝟑
(
𝝅𝟐

𝟑𝟐
∑
(−𝟏)𝒌

𝒌𝟐
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

+
𝝅

𝟖
∑
(−𝟏)𝒌

𝒌𝟑
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

−
𝟏

𝟒
∑
(−𝟏)𝒌

𝒌𝟒
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

) 

𝑳𝒆𝒕: ∎𝑺𝟏 =
𝝅𝟐

𝟑𝟐
∑
(−𝟏)𝒌

𝒌𝟐
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

−
𝟏

𝟒
∑
(−𝟏)𝒌

𝒌𝟒
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

 

𝒌=𝟐𝒏+𝟏
⇒     𝑺𝟏 =

𝝅𝟐

𝟑𝟐
∑

(−𝟏)𝟐𝒏+𝟏

(𝟐𝒏 + 𝟏)𝟐
(−𝟏)𝒏

∞

𝒏=𝟎

−
𝟏

𝟒
∑

(−𝟏)𝟐𝒏+𝟏

(𝟐𝒏 + 𝟏)𝟒
(−𝟏)𝒏

∞

𝒏=𝟎

 

𝑺𝟏 = −
𝝅𝟐

𝟑𝟐
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

+
𝟏

𝟒
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

∴ 

∎𝑺𝟐 =
𝝅

𝟖
∑
(−𝟏)𝒌

𝒌𝟑
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

𝒌=𝟐𝒏
⇒   𝑺𝟐 =

𝝅

𝟖
∑
(−𝟏)𝟐𝒏

(𝟐𝒏)𝟑
(−𝟏)𝒏

∞

𝒏=𝟏

 

𝑺𝟐 = −
𝝅

𝟔𝟒
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

∴ 

⟹𝛀 = −
𝟏

𝟖
𝐥𝐨𝐠(𝟐) +

𝟑

𝟐𝝅
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

+
𝟑

𝟒𝝅𝟐
∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

−
𝟏𝟐

𝝅𝟑
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: ∎𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏:𝜷(𝒔) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

 

∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 𝜷(𝟐) = 𝑮 ∧∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

= 𝜷(𝟒) 

 ∎𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜼(𝒔) = ∑
(−𝟏)𝒏−𝟏

𝒏𝒔

∞

𝒏=𝟏

= (𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔) 
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∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

= 𝜼(𝟑) =
𝟑

𝟒
𝜻(𝟑) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 𝛀 = −
𝟏

𝟖
𝐥𝐨𝐠(𝟐) +

𝟑𝑮

𝟐𝝅
+
𝟗𝜻(𝟑)

𝟏𝟔𝝅𝟐
−
𝟏𝟐𝜷(𝟒)

𝝅𝟑
 

𝛀 = −
𝟏

𝟖
𝐥𝐨𝐠(𝟐) +

𝟖

𝟗𝝅𝟑
(
𝟐𝟕𝝅𝟐

𝟏𝟔
𝑮 +

𝟖𝟏𝝅

𝟏𝟐𝟖
𝜻(𝟑) −

𝟐𝟕

𝟐
𝜷(𝟒)) ∴ 

 

Solution 3 by Omkumar Rao-India 

∫𝒙𝟑𝝍(𝟎) (
𝟏

𝟐
+
𝟏

𝟐
𝒙)𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

=⏞

𝟏
𝟐
+
𝟏
𝟐
𝒙 →𝒙

𝟐∫(𝟐𝒙 − 𝟏)𝟑𝝍(𝒙)𝒅𝒙

𝟑
𝟒

𝟏
𝟒

=⏞
𝒙→𝟏−𝒙

− 𝟐∫(𝟐𝒙 − 𝟏)𝟑𝝍(𝟏 − 𝒙)𝒅𝒙

𝟑
𝟒

𝟏
𝟒

 

𝟐𝑰 = ∫𝟐(𝟐𝒙 − 𝟏)𝟑[𝝍(𝒙)− 𝝍(𝟏 − 𝒙)] 𝒅𝒙

𝟑
𝟒

𝟏
𝟒

= −𝟐𝝅∫(𝟐𝒙 − 𝟏)𝟑 𝐜𝐨𝐭(𝝅𝒙)𝒅𝒙

𝟑
𝟒

𝟏
𝟒

=⏞
𝟐𝒙−𝟏 →𝟐𝒙

𝟏𝟔𝝅 ∫𝒙𝟑 𝐭𝐚𝐧(𝝅𝒙)𝒅𝒙

𝟏
𝟒

−
𝟏
𝟒

 

𝑰 = 𝟏𝟔𝝅∫𝒙𝟑 𝐭𝐚𝐧(𝝅𝒙)𝒅𝒙

𝟏
𝟒

𝟎

=⏞
𝝅𝒙 →𝒙𝟏𝟔

𝝅𝟑
∫𝒙𝟑 𝐭𝐚𝐧(𝒙) 𝒅𝒙

𝝅
𝟒

𝟎

=⏞
𝑩𝒚 𝒑𝒂𝒓𝒕𝒔𝟏𝟔

𝝅𝟑

(

 
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐

+ 𝟑∫𝒙𝟐 𝐥𝐧(𝐜𝐨𝐬(𝒙))⏟      

− 𝐥𝐧 𝟐+∑
(−𝟏)𝒎−𝟏 𝐜𝐨𝐬(𝟐𝒎𝒙)

𝒎
∞
𝒎=𝟏

𝒅𝒙

𝝅
𝟒

𝟎
)

  

𝑰 =
𝟏𝟔

𝝅𝟑

(

 
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐 + 𝟑∫ 𝒙𝟐 (−𝐥𝐧𝟐 + ∑

(−𝟏)𝒎−𝟏 𝐜𝐨𝐬(𝟐𝒎𝒙)

𝒎

∞

𝒎=𝟏

)𝒅𝒙

𝝅
𝟒

𝟎
)

 

=
𝟏𝟔

𝝅𝟑

(

 
 𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐 + 𝟑

(

 −
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧𝟐 + ∑

(−𝟏)𝒎−𝟏

𝒎
∫𝒙𝟐 𝐜𝐨𝐬(𝟐𝒎𝒙)𝒅𝒙

𝝅
𝟒

𝟎

∞

𝒎=𝟏
)

 

)

 
 

 

𝑰 =
𝟏𝟔

𝝅𝟑
(
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐 + 𝟑(−

𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧𝟐 + ∑

(−𝟏)𝒎−𝟏

𝒎
(
𝝅𝟐

𝟑𝟐𝒎
𝐬𝐢𝐧(

𝒎𝝅

𝟐
)+

𝝅

𝟖𝒎𝟐
𝐜𝐨𝐬 (

𝒎𝝅

𝟐
)−

𝟏

𝟒𝒎𝟑
𝐬𝐢𝐧(

𝒎𝝅

𝟐
))

∞

𝒎=𝟏

)) 

𝑰 =
𝟏𝟔

𝝅𝟑

(

 
 
 
 
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐 + 𝟑

(

 
 
 
−
𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧 𝟐 + ∑ (

(−𝟏)𝒎−𝟏𝝅𝟐

𝟑𝟐𝒎𝟐
𝐬𝐢𝐧(

𝒎𝝅

𝟐
))

∞

𝒎=𝟏⏟                  
𝝅𝟐

𝟑𝟐
𝑮

+ ∑ (
(−𝟏)𝒎−𝟏𝝅

𝟖𝒎𝟑
𝐜𝐨𝐬 (

𝒎𝝅

𝟐
))

∞

𝒎=𝟏⏟                  
𝟑𝝅
𝟐𝟓𝟔

𝜻(𝟑)

− ∑ (
(−𝟏)𝒎−𝟏

𝟒𝒎𝟒
𝐬𝐢𝐧(

𝒎𝝅

𝟐
))

∞

𝒎=𝟏⏟                
𝟏
𝟒
𝜷(𝟒) )

 
 
 

)
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𝑰 =
𝟏𝟔

𝝅𝟑
(
𝝅𝟑

𝟏𝟐𝟖
𝐥𝐧𝟐 + 𝟑(−

𝝅𝟑

𝟏𝟗𝟐
𝐥𝐧𝟐 +

𝝅𝟐

𝟑𝟐
𝑮 +

𝟑𝝅

𝟐𝟓𝟔
𝜻(𝟑) −

𝟏

𝟒
𝜷(𝟒))) 

∫𝒙𝟑𝝍(𝟎) (
𝟏

𝟐
+
𝟏

𝟐
𝒙)𝒅𝒙

𝟏
𝟐

−
𝟏
𝟐

=
𝟑

𝟐𝝅
𝑮+

𝟗

𝟏𝟔𝝅𝟐
𝜻(𝟑) −

𝟏

𝟖
𝐥𝐧𝟐 −

𝟏𝟐

𝝅𝟑
𝜷(𝟒) 

 

 

2872. 
𝑭𝒊𝒏𝒅 ∶   

𝛀 = ∫ 𝒙𝟐
𝟏

𝟎

(𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙) + 𝐥𝐧 (
𝐥𝐧(𝒙)

𝒙𝟑 − 𝟏
))𝒅𝒙 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Nawar Alasadi-Iraq 

𝑳𝒆𝒕 ∶  𝛀 = ∫ 𝒙𝟐
𝟏

𝟎

(𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙) + 𝐥𝐧(
𝐥𝐧(𝒙)

𝒙𝟑 − 𝟏
))𝒅𝒙 = 

∫ 𝒙𝟐
𝟏

𝟎

𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)𝒅𝒙 +∫ 𝒙𝟐
𝟏

𝟎

𝐥𝐧 (
−𝐥𝐧(𝒙)

𝟏 − 𝒙𝟑
)𝒅𝒙 = 𝑰𝟏 + 𝑰𝟐 

𝑭𝒐𝒓: ∫ 𝒙𝟐
𝟏

𝟎

𝐥𝐧(− 𝒍𝒏(𝒙))𝒅𝒙  𝒍𝒆𝒕  𝒙 = 𝒆−𝒕 →   𝒅𝒙 = −𝒆−𝒕𝒅𝒕 

∫ 𝒆−𝟑𝒕
∞

𝟎

𝐥𝐧(𝒕) 𝒅𝒕 =⏞
𝟑𝒕=𝒗 𝟏

𝟑
∫ 𝒆−𝒗(𝐥𝐧(𝒗) − 𝐥𝐧(𝟑))𝒅𝒗
∞

𝟎

= −
𝐥𝐧(𝟑) + 𝜸

𝟑
 

𝑭𝒐𝒓: ∫ 𝒙𝟐
𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙𝟑) 𝒅𝒙  𝒍𝒆𝒕  𝒗 = 𝒙𝟑 →   𝒅𝒗 = 𝟑𝒙𝟐𝒅𝒙 

𝟏

𝟑
∫ 𝐥𝐧(𝟏 − 𝒗) 𝒅𝒗
𝟏

𝟎

=
𝟏

𝟑
[−(𝟏 − 𝒗) 𝐥𝐧(𝟏 − 𝒗) − 𝒗]

𝟏

𝟎
= −

𝟏

𝟑
 

𝑰𝟐 = −
𝐥𝐧(𝟑) + 𝜸

𝟑
+
𝟏

𝟑
=
𝟏 − 𝜸 − 𝐥𝐧(𝟑)

𝟑
 

𝑰𝟏 = ∫ 𝒙𝟐
𝟏

𝟎

𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)𝒅𝒙  (𝑰.𝑩. 𝑷 (𝒖 = 𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙), 𝒅𝒗 = 𝒙𝟐𝒅𝒙)) 

𝑰𝟏 = [
𝒙𝟑

𝟑
𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)]

𝟏

𝟎
− ∫

𝒙𝟑

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙 = 

𝝅𝟑

𝟏𝟗𝟐
−∫ (𝒙 −

𝒙

𝟏 + 𝒙𝟐
)𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙

𝟏

𝟎

=
𝝅𝟑

𝟏𝟗𝟐
− 𝑱𝟏 + 𝑱𝟐 

𝑱𝟏 = ∫ 𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙
𝟏

𝟎

   (𝑰. 𝑩. 𝑷 (𝒖 = 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙), 𝒅𝒗 = 𝒙𝒅𝒙)) 

𝑱𝟏 = [
𝒙𝟐

𝟐
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)]

𝟏

𝟎
−∫

𝒙𝟐

𝟏 + 𝒙𝟐

𝟏

𝟎

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)𝒅𝒙 = 
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𝝅𝟐

𝟑𝟐
−∫ (𝟏 −

𝟏

𝟏 + 𝒙𝟐
) 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)𝒅𝒙

𝟏

𝟎

=
𝝅𝟐

𝟑𝟐
− (
𝝅

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐)) +

𝝅𝟐

𝟑𝟐
=
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐧(𝟐) 

𝑱𝟐 = ∫
𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙  {𝒙 = 𝐭𝐚𝐧(𝒖)} →   ∫ 𝒖𝟐 𝐭𝐚𝐧(𝒖)𝒅𝒖

𝝅
𝟒

𝟎

= 

[−𝒖𝟐 𝐥𝐧(𝐜𝐨𝐬(𝒖))]

𝝅
𝟒
𝟎
+ 𝟐∫ 𝒖 𝐥𝐧(𝐜𝐨𝐬(𝒖)) 𝒅𝒖

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) + 𝟐∫ 𝒖 𝐥𝐧(𝐜𝐨𝐬(𝒖)) 𝒅𝒖

𝝅
𝟒

𝟎

 

𝑼𝒔𝒊𝒏𝒈  𝐥𝐧(𝐜𝐨𝐬(𝒖))  =  − 𝐥𝐧(𝟐) +∑
(−𝟏)𝒏−𝟏

𝒏
𝐜𝐨𝐬(𝟐𝒏𝒖)

∞

𝒏=𝟏

 

𝟐∫ 𝒖 𝐥𝐧(𝐜𝐨𝐬(𝒖))𝒅𝒖

𝝅
𝟒

𝟎

= −
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) + 𝟐∑

(−𝟏)𝒏−𝟏

𝒏
∫ 𝒖𝒄𝒐𝒔(𝟐𝒏𝒖)

𝝅
𝟒

𝟎

𝒅𝒖

∞

𝒏=𝟏

= 

−
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) + 𝟐∑

(−𝟏)𝒏−𝟏

𝒏
(
𝝅

𝟖
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
)+

𝐜𝐨𝐬 (
𝝅𝒏
𝟐 ) − 𝟏

𝟒𝒏𝟐
)

∞

𝒏=𝟏

= 

−
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝝅

𝟒
∑

(−𝟏)𝒌−𝟏

(𝟐𝒌 − 𝟏)𝟐

∞

𝒌=𝟏

+
𝟏

𝟐
∑
(−𝟏)𝒏−𝟏 (𝐜𝐨𝐬 (

𝝅𝒏
𝟐 ) − 𝟏)

𝒏𝟑

∞

𝒌=𝟏

= 

−
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 +

𝟏

𝟐
(−
𝟕

𝟖
𝜻(𝟑) −

𝟏

𝟖
∑
(−𝟏)𝒌 − 𝟏

𝒌𝟑

∞

𝒌=𝟏

) = 

−
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 +

𝟏

𝟐
(−
𝟕

𝟖
𝜻(𝟑) +

𝟕

𝟑𝟐
𝜻(𝟑)) = −

𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮−

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

𝑱𝟐 =
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

𝑰𝟏 =
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) −

𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

𝑰𝟐 =
𝟏 − 𝜸 − 𝐥𝐧(𝟑)

𝟑
 

♦ =
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
− (
𝝅𝟐 + 𝟏𝟔

𝟑𝟐
) 𝐥𝐧(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) +

𝟏 − 𝜸 − 𝐥𝐧(𝟑)

𝟑
 

 
 

Solution 2 by Yang Silva Cartolin-Peru 

𝛀 = ∫ 𝒙𝟐
𝟏

𝟎

(𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙) + 𝐥𝐧(
𝐥𝐧(𝒙)

𝒙𝟑 − 𝟏
))𝒅𝒙 

𝛀 = ∫𝒙𝟐 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝒙) 𝒅𝒙

𝟏

𝟎

+∫𝒙𝟐 𝐥𝐨𝐠(− 𝒍𝒐𝒈(𝒙)) 𝒅𝒙

𝟏

𝟎

−∫𝒙𝟐 𝐥𝐨𝐠(𝟏 − 𝒙𝟑) 𝒅𝒙

𝟏

𝟎
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𝑰 = 𝝃𝟏 + 𝝃𝟐 − 𝝃𝟑 

∎𝝃𝟏 = ∫𝒙
𝟐 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝒙)𝒅𝒙

𝟏

𝟎

 

𝑾𝒆 𝒅𝒐: 𝒕 = 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) → 𝒙 = 𝐭𝐚𝐧(𝒕) → 𝒅𝒙 = 𝐬𝐞𝐜𝟐(𝒕)𝒅𝒕 

𝒙 = 𝟏 → 𝒕 =
𝝅

𝟒
∧ 𝒙 = 𝟎 → 𝒕 = 𝟎⟹ 𝝃𝟏 = ∫ 𝒕

𝟑 𝐭𝐚𝐧𝟐(𝒕) 𝐬𝐞𝐜𝟐(𝒕)𝒅𝒕

𝝅
𝟒

𝟎

 

𝑰. 𝑩.𝑷: {
𝒖 = 𝒕𝟑 → 𝒅𝒖 = 𝟑𝒕𝟐𝒅𝒕

𝒅𝒗 = 𝐭𝐚𝐧𝟐(𝒕) 𝐬𝐞𝐜𝟐(𝒕) 𝒅𝒕 → 𝒗 =
𝟏

𝟑
𝐭𝐚𝐧𝟑(𝒕)

 

⟹ 𝝃𝟏 = [
𝒕𝟑

𝟑
𝐭𝐚𝐧𝟑(𝒕)]

𝟎

𝝅
𝟒

−∫ 𝒕𝟐 𝐭𝐚𝐧𝟑(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅𝟑

𝟏𝟗𝟐
− 𝒊𝟏 

≫ 𝒊𝟏 = ∫ 𝒕
𝟐 𝐭𝐚𝐧𝟑(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

𝐭𝐚𝐧𝟐(𝒙)=𝐬𝐞𝐜𝟐(𝒙)−𝟏
⇒             𝒊𝟏 = ∫ 𝒕

𝟐 𝐭𝐚𝐧(𝒕) 𝐬𝐞𝐜𝟐(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

−∫ 𝒕𝟐𝐭𝐚𝐧 (𝒕)𝒅𝒕

𝝅
𝟒

𝟎

 

𝒊𝟏 = 𝒂 − 𝒃⋙ 𝒂 = ∫ 𝒕𝟐 𝐭𝐚𝐧(𝒕) 𝐬𝐞𝐜𝟐(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

 

𝑰.𝑩.𝑷: {
𝒖 = 𝒕𝟐 → 𝒅𝒖 = 𝟐𝒕𝒅𝒕

𝒅𝒗 = 𝐭𝐚𝐧(𝒕) 𝐬𝐞𝐜𝟐(𝒕)𝒅𝒕 → 𝒗 =
𝟏

𝟐
𝐭𝐚𝐧𝟐(𝒕)

 

⟹ 𝒂 = [
𝒕𝟐

𝟐
𝐭𝐚𝐧𝟐(𝒕)]

𝟎

𝝅
𝟒

−∫ 𝒕 𝐭𝐚𝐧𝟐(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟑𝟐
− ∫𝒕𝒔𝒆𝒄𝟐(𝒕)𝒅𝒕

𝝅
𝟒

𝟎

+ ∫𝒕𝒅𝒕

𝝅
𝟒

𝟎

 

𝒂 =
𝝅𝟐

𝟏𝟔
−∫ 𝒕𝒔𝒆𝒄𝟐(𝒕)𝒅𝒕

𝝅
𝟒

𝟎

 

𝑰.𝑩. 𝑷: {
𝒖 = 𝒕 → 𝒅𝒖 = 𝒅𝒕

𝒅𝒗 = 𝐬𝐞𝐜𝟐(𝒕) 𝒅𝒕 → 𝒗 = 𝐭𝐚𝐧(𝒕)
⟹ 𝒂 =

𝝅𝟐

𝟏𝟔
− [𝒕𝒕𝒂𝒏(𝒕)]

𝟎

𝝅
𝟒 +∫ 𝐭𝐚𝐧(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

 

𝒂 =
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+ [− 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒕))]

𝟎

𝝅
𝟒 =

𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) ∴⋙ 𝒃 = ∫𝒕𝟐 𝐭𝐚𝐧(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

 

𝑰.𝑩. 𝑷: {
𝒖 = 𝒕𝟐 → 𝒅𝒖 = 𝟐𝒕𝒅𝒕

𝒅𝒗 = 𝐭𝐚𝐧(𝒕) → 𝒗 = − 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒕))
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⟹ 𝒃 = [−𝒕𝟐 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒕))]
𝟎

𝝅
𝟒 + 𝟐∫ 𝒕𝒍𝒐𝒈(𝐜𝐨𝐬(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) + 𝟐∫ 𝒕𝒍𝒐𝒈(𝐜𝐨𝐬(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

 

𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝑺𝒆𝒓𝒊𝒆𝒔: 𝐥𝐨𝐠(𝒄𝒐𝒔(𝒙)) = − 𝐥𝐨𝐠(𝟐) −∑
(−𝟏)𝒌

𝒌
𝐜𝐨𝐬(𝟐𝒌𝒙)

∞

𝒌=𝟏

 

⟹ 𝒃 =
𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) − 𝟐 𝐥𝐨𝐠(𝟐)∫ 𝒕𝒅𝒕

𝝅
𝟒

𝟎

− 𝟐∑
(−𝟏)𝒌

𝒌
∫ 𝒕 𝐜𝐨𝐬(𝟐𝒌𝒕)𝒅𝒕

𝝅
𝟒

𝟎

∞

𝒌=𝟏

 

𝒃 = −
𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) − 𝟐∑

(−𝟏)𝒌

𝒌
[
𝝅

𝟖𝒌
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
) +

𝟏

𝟒𝒌𝟐
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
) −

𝟏

𝟒𝒌𝟐
]

∞

𝒌=𝟏

 

𝒃 = −
𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) −

𝝅

𝟒
∑
(−𝟏)𝒌

𝒌𝟐
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

−
𝟏

𝟐
∑
(−𝟏)𝒌

𝒌𝟑
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

−
𝟏

𝟐
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

 

𝑾𝒆 𝒅𝒐: 

∑
(−𝟏)𝒌

𝒌𝟐
𝐬𝐢𝐧 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

𝒌=𝟐𝒏+𝟏
⇒     −∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

 

∑
(−𝟏)𝒌

𝒌𝟑
𝐜𝐨𝐬 (

𝝅𝒌

𝟐
)

∞

𝒌=𝟏

𝒌=𝟐𝒏
⇒   −

𝟏

𝟖
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

 

⟹ 𝒃 = −
𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) +

𝝅

𝟒
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

−
𝟕

𝟏𝟔
∑
(−𝟏)𝒌−𝟏

𝒌𝟑

∞

𝒌=𝟏

 

𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏:𝜷(𝒔) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

, ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 𝜷(𝟐) = 𝑮 

𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜼(𝒔) = ∑
(−𝟏)𝒏−𝟏

𝒏𝒔

∞

𝒏=𝟏

= (𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔) 

∑
(−𝟏)𝒏−𝟏

𝒏𝟑

∞

𝒏=𝟏

= 𝜼(𝟑) =
𝟑

𝟒
𝜻(𝟑) ⟹ 𝒃 = −

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) ∴ 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 

𝒊𝟏 =
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) − (−

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑)) 

𝒊𝟏 =
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) +

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) −

𝝅

𝟒
𝑮+

𝟐𝟏

𝟔𝟒
𝜻(𝟑) ∴ 

𝑻𝒉𝒊𝒔: 

𝝃𝟏 =
𝝅𝟑

𝟏𝟗𝟐
− (

𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) +

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) −

𝝅

𝟒
𝑮 +

𝟐𝟏

𝟔𝟒
𝜻(𝟑)) 
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𝝃𝟏 =
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝟏

𝟐
𝐥𝐨𝐠(𝟐) −

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) ∴ 

∎𝝃𝟐 = ∫𝒙
𝟐 𝐥𝐨𝐠(− 𝒍𝒐𝒈(𝒙)) 𝒅𝒙

𝟏

𝟎

 

𝑾𝒆 𝒅𝒐: 𝒕 = − 𝐥𝐨𝐠(𝒙) → 𝒙 = 𝒆−𝒕 → 𝒅𝒙 = −𝒆−𝒕𝒅𝒕 

𝒙 = 𝟏 → 𝒕 = 𝟎 ∧ 𝒙 = 𝟎 → 𝒕 = ∞⟹ 𝝃𝟐 = ∫ 𝒆
−𝟑𝒕 𝐥𝐨𝐠(𝒕)𝒅𝒕

∞

𝟎

 

𝑾𝒆 𝒅𝒐: 𝒙 = 𝟑𝒕 → 𝒅𝒕 =
𝒅𝒙

𝟑
 

⟹ 𝝃𝟐 =
𝟏

𝟑
∫ 𝒆−𝒙 𝐥𝐨𝐠 (

𝒙

𝟑
)𝒅𝒙

∞

𝟎

=
𝟏

𝟑
(∫ 𝒆−𝒙 𝐥𝐨𝐠(𝒙)𝒅𝒙

∞

𝟎

− 𝐥𝐨𝐠(𝟑)∫ 𝒆−𝒙𝒅𝒙

∞

𝟎

) 

𝝃𝟐 =
𝟏

𝟑
(∫ 𝒆−𝒙 𝐥𝐨𝐠(𝒙)𝒅𝒙

∞

𝟎

− 𝐥𝐨𝐠(𝟑)) 

𝑮𝒂𝒎𝒎𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝚪(𝒛) = ∫ 𝒙𝒛−𝟏𝒆−𝒙𝒅𝒙

∞

𝟎

→ 𝚪′(𝒛) = ∫ 𝒙𝒛−𝟏𝐥𝐨𝐠 (𝒙)𝒆−𝒙𝒅𝒙

∞

𝟎

 

𝝃𝟐 =
𝟏

𝟑
(𝚪′(𝟏) − 𝐥𝐨𝐠(𝟑)) = −

𝜸

𝟑
−
𝟏

𝟑
𝐥𝐨𝐠(𝟑) ∴ 

∎𝝃𝟑 = ∫𝒙
𝟐 𝐥𝐨𝐠(𝟏 − 𝒙𝟑) 𝒅𝒙

𝟏

𝟎

= −∑
𝟏

𝒏
∫𝒙𝟑𝒏+𝟐𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

= −
𝟏

𝟑
∑

𝟏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

= −
𝟏

𝟑
∴ 

𝑻𝒉𝒖𝒔: 

𝑰 =
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝟏

𝟐
𝐥𝐨𝐠(𝟐) −

𝝅𝟐

𝟑𝟐
𝐥𝐨𝐠(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) −

𝜸

𝟑
−
𝟏

𝟑
𝐥𝐨𝐠(𝟑) +

𝟏

𝟑
 

Solution 3 by Lara Gangler-Hungary 

𝐈 = ∫ 𝒙𝟐 ((𝐭𝐚𝐧−𝟏 𝒙)𝟑 + 𝐥𝐧 (
𝐥𝐧 (𝒙)

𝒙𝟑 − 𝟏
))

𝟏

𝟎

𝒅𝒙 

𝐈 = ∫ 𝒙𝟐(𝐭𝐚𝐧−𝟏 𝒙)𝟑𝒅𝒙
𝟏

𝟎

+∫ 𝒙𝟐𝐥𝐧 (
𝐥𝐧 (𝒙)

𝒙𝟑 − 𝟏
)𝒅𝒙

𝟏

𝟎

= 𝐈𝟏 + 𝐈𝟐 

Calculating 𝐈𝟏 Integration by parts – 1: 

(
𝒙𝟑

𝟑
(𝐭𝐚𝐧−𝟏 𝒙)𝟑)

′

= 𝒙𝟐(𝐭𝐚𝐧−𝟏 𝒙)𝟑 +
𝒙𝟑

𝟑
𝟑(𝐭𝐚𝐧−𝟏 𝒙)𝟐

𝟏

𝟏 + 𝒙𝟐
 

𝒙𝟑

𝟑
(𝐭𝐚𝐧−𝟏 𝒙)𝟑|

𝟎

𝟏

= 𝐈𝟏 +∫ 𝒙𝟑(𝐭𝐚𝐧−𝟏 𝒙)𝟐
𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎
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𝝅𝟑

𝟏𝟗𝟐
= 𝐈𝟏 +∫ 𝒙𝟑(𝐭𝐚𝐧−𝟏 𝒙)𝟐

𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

= 𝐈𝟏 +∫ (𝐭𝐚𝐧−𝟏 𝒙)𝟐
(𝒙𝟑 + 𝒙 − 𝒙)𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

= 𝐈𝟏 +∫ (𝒙(𝐭𝐚𝐧−𝟏 𝒙)𝟐 −
𝒙(𝐭𝐚𝐧−𝟏 𝒙)𝟐

𝟏 + 𝒙𝟐
)𝒅𝒙

𝟏

𝟎

= 𝐈𝟏 + 𝐉𝟏𝟏 − 𝐉𝟏𝟐 

Calculating 𝐉𝟏𝟏 Integration by parts – 2: 

(
𝒙𝟐

𝟐
(𝐭𝐚𝐧−𝟏 𝒙)𝟐)

′

= 𝒙(𝐭𝐚𝐧−𝟏 𝒙)𝟐 +
𝒙𝟐

𝟐
𝟐 𝐭𝐚𝐧−𝟏 𝒙

𝟏

𝟏 + 𝒙𝟐
 

𝒙𝟐

𝟐
(𝐭𝐚𝐧−𝟏 𝒙)𝟐|

𝟎

𝟏

= 𝐉𝟏𝟏 +∫ 𝒙𝟐 𝐭𝐚𝐧−𝟏 𝒙
𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

= 𝐉𝟏𝟏 +∫ 𝒙𝟐 𝐭𝐚𝐧−𝟏 𝒙
(𝒙𝟐 + 𝟏 − 𝟏)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟎

= 𝐉𝟏𝟏 +∫ (𝐭𝐚𝐧−𝟏 𝒙 −
𝐭𝐚𝐧−𝟏 𝒙

𝟏 + 𝒙𝟐
)

𝟏

𝟎

𝒅𝒙

= 𝐉𝟏𝟏 + [(𝒙𝐭𝐚𝐧
−𝟏 𝒙 −

𝟏

𝟐
𝐥𝐧(𝟏 + 𝒙𝟐)) −

𝟏

𝟐
(𝐭𝐚𝐧−𝟏 𝒙)𝟐]|

𝟎

𝟏

 

𝝅𝟐

𝟑𝟐
= 𝐉𝟏𝟏 +

𝝅

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) −

𝝅𝟐

𝟑𝟐
→ 𝐉𝟏𝟏 =

𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐧(𝟐) 

Calculating 𝐉𝟏𝟐 Integration by parts – 3: 

(
𝟏

𝟐
𝐥𝐧(𝟏 + 𝒙𝟐) (𝐭𝐚𝐧−𝟏 𝒙)𝟐)

′

=
𝒙(𝐭𝐚𝐧−𝟏 𝒙)𝟐

𝟏 + 𝒙𝟐
+
𝟏

𝟐
𝐥𝐧(𝟏 + 𝒙𝟐) 𝟐

𝐭𝐚𝐧−𝟏 𝒙

𝟏 + 𝒙𝟐
 

(
𝟏

𝟐
𝐥𝐧(𝟏 + 𝒙𝟐) (𝐭𝐚𝐧−𝟏 𝒙)𝟐)|

𝟎

𝟏

= 𝐉𝟏𝟐 +∫ 𝐥𝐧(𝟏 + 𝒙𝟐)
𝐭𝐚𝐧−𝟏 𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = 𝐉𝟏𝟐 + 𝐊𝟏𝟐 

𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) = 𝐉𝟏𝟐 + 𝐊𝟏𝟐 

Calculating 𝐊𝟏𝟐 

𝐊𝟏𝟐 = ∫ 𝐥𝐧(𝟏 + 𝒙𝟐)
𝐭𝐚𝐧−𝟏 𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 

𝒙 = 𝐭𝐚𝐧 𝒚 → 𝒅𝒙 = 𝐬𝐞𝐜𝟐𝒚 𝒅𝒚  &  1 + 𝒙𝟐 = 𝐬𝐞𝐜𝟐𝒚  

𝐊𝟏𝟐 = ∫ 𝐥𝐧(𝐬𝐞𝐜𝟐𝒚)
𝒚

𝐬𝐞𝐜𝟐𝒚

𝝅/𝟒

𝟎

𝐬𝐞𝐜𝟐𝒚 𝒅𝒚 = −∫ 𝟐𝒚 𝒍𝒏(𝐜𝐨𝐬 𝒚)

𝝅
𝟒

𝟎

𝒅𝒚 = −𝟐 𝐋𝟏𝟐 

Calculating 𝐋𝟏𝟐𝐋𝟏𝟐 = ∫ 𝒚 𝒍𝒏(𝐜𝐨𝐬 𝒚)
𝝅

𝟒
𝟎

𝒅𝒚 = ∫ 𝒚(− 𝐥𝐧 𝟐 + ∑
𝐜𝐨𝐬 𝟐𝒌𝒚

𝒌

∞
𝒌=𝟏 (−𝟏)𝒌+𝟏)𝒅𝒚 =

𝝅/𝟒

𝟎
=

−
𝟏

𝟐
(
𝝅

𝟒
)
𝟐

𝐥𝐧 𝟐 + ∑
(−𝟏)𝒌+𝟏

𝒌

∞
𝒌=𝟏 ∫ 𝒚 𝐜𝐨𝐬 𝟐𝒌𝒚𝒅𝒚 =

𝝅

𝟒
𝟎

= −
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

∑
(−𝟏)𝒌+𝟏

𝒌

∞
𝒌=𝟏

𝟐𝒌𝒚 𝐬𝐢𝐧𝟐𝒌𝒚+𝐜𝐨𝐬 𝟐𝒌𝒚

(𝟐𝒌)𝟐
|
𝟎

𝝅

𝟒
== −

𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) + ∑

(−𝟏)𝒌+𝟏

𝟒𝒌𝟑
(
𝒌𝝅

𝟐
𝐬𝐢𝐧

𝒌𝝅

𝟐
+ 𝐜𝐨𝐬

𝒌𝝅

𝟐
− 𝟏) =∞

𝒌=𝟏 =

−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟏

𝟒
×
𝟑

𝟒
𝜻(𝟑) + ∑

(−𝟏)𝒌+𝟏

𝟒𝒌𝟑
(
𝒌𝝅

𝟐
𝐬𝐢𝐧

𝒌𝝅

𝟐
+ 𝐜𝐨𝐬

𝒌𝝅

𝟐
) =∞

𝒌=𝟏 = −
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟑𝜻(𝟑)

𝟏𝟔
+

∑
(−𝟏)𝟐𝒌+𝟏

𝟒(𝟐𝒌)𝟑
(𝒌𝝅 𝐬𝐢𝐧𝒌𝝅 + 𝐜𝐨𝐬𝒌𝝅) +∞

𝒌=𝟏 + ∑
(−𝟏)𝟐𝒌

𝟒(𝟐𝒌−𝟏)𝟑
(
(𝟐𝒌−𝟏)𝝅

𝟐
𝐬𝐢𝐧

(𝟐𝒌−𝟏)𝝅

𝟐
+∞

𝒌=𝟏

𝐜𝐨𝐬
(𝟐𝒌−𝟏)𝝅

𝟐
) = −

𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟑𝜻(𝟑)

𝟏𝟔
+∑ (

(−𝟏)𝟐𝒌+𝟏

𝟒(𝟐𝒌)𝟑
𝐜𝐨𝐬 𝒌𝝅 +

(−𝟏)𝟐𝒌

𝟒(𝟐𝒌−𝟏)𝟑

(𝟐𝒌−𝟏)𝝅

𝟐
𝐬𝐢𝐧

(𝟐𝒌−𝟏)𝝅

𝟐
)∞

𝒌=𝟏 =
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= −
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟑𝜻(𝟑)

𝟏𝟔
+∑ (

−𝟏

𝟑𝟐𝒌𝟑
(−𝟏)𝒌 +

𝝅

𝟖(𝟐𝒌−𝟏)𝟐
(−𝟏)𝒌−𝟏)∞

𝒌=𝟏 == −
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟑𝜻(𝟑)

𝟏𝟔
+

𝟏

𝟑𝟐

𝟑𝜻(𝟑)

𝟒
+
𝝅𝑮

𝟖
=
𝝅𝑮

𝟖
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟐𝟏𝜻(𝟑)

𝟏𝟐𝟖
 

→ 𝐊𝟏𝟐 = ∫ 𝐥𝐧(𝟏 + 𝒙𝟐)
𝐭𝐚𝐧−𝟏 𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 =
𝝅𝟐

𝟏𝟔
𝐥𝐧(𝟐) +

𝟐𝟏𝜻(𝟑)

𝟔𝟒
−
𝝅𝑮

𝟒
 

𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) = 𝐉𝟏𝟐 + 𝐊𝟏𝟐 

→ 𝐉𝟏𝟐 = ∫
𝒙(𝐭𝐚𝐧−𝟏 𝒙)𝟐

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝝅𝑮

𝟒
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟐𝟏𝜻(𝟑)

𝟔𝟒
 

𝝅𝟑

𝟏𝟗𝟐
= 𝐈𝟏 + 𝐉𝟏𝟏 − 𝐉𝟏𝟐 

𝐈𝟏 =
𝝅𝟑

𝟏𝟗𝟐
+
𝝅𝑮

𝟒
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) −

𝟐𝟏𝜻(𝟑)

𝟔𝟒
− (
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝐥𝐧(𝟐)) 

→ 𝐈𝟏 = ∫ 𝒙𝟐(𝐭𝐚𝐧−𝟏 𝒙)𝟑
𝟏

𝟎

=
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) −

𝟐𝟏𝜻(𝟑)

𝟔𝟒
 

Calculating 𝐈𝟐: 𝐈𝟐 = ∫ 𝒙
𝟐𝐥𝐧 (

𝐥𝐧 (𝒙)

𝒙𝟑−𝟏
)𝒅𝒙

𝟏

𝟎
= ∫ 𝒙𝟐𝐥𝐧 (

−𝐥𝐧 (𝒙)

𝟏−𝒙𝟑
)𝒅𝒙

𝟏

𝟎
= 𝐈𝟐𝟏 − 𝐈𝟐𝟐 

Calculating 𝐈𝟐𝟏: 𝒖 = − 𝐥𝐧(𝒙) → 𝒙 = 𝒆−𝒖 → 𝒅𝒙 = −𝒆−𝒖 𝒅𝒖   

𝐈𝟐𝟏 = ∫ 𝒙𝟐𝐥𝐧 (−𝐥𝐧 (𝒙))𝒅𝒙
𝟏

𝟎

= ∫ 𝒆−𝟐𝒖𝐥𝐧 (𝒖)𝒆−𝒖 𝒅𝒖
∞

𝟎

= ∫ 𝒆−𝟑𝒖𝐥𝐧 (𝒖)𝒅𝒖
∞

𝟎

 

𝒘 = 𝟑𝒖 → 𝒅𝒖 =
𝒅𝒘

𝟑
   

𝐈𝟐𝟏 = ∫ 𝒆−𝟑𝒖𝐥𝐧 (𝒖)𝒅𝒖
∞

𝟎

=
𝟏

𝟑
∫ 𝒆−𝒘𝐥𝐧 (

𝒘

𝟑
)𝒅𝒘

∞

𝟎

=
𝟏

𝟑
∫ 𝒆−𝒘(𝐥𝐧(𝒘) − 𝐥𝐧 (𝟑))𝒅𝒘
∞

𝟎

= −
𝜸 + 𝐥𝐧(𝟑)

𝟑
 

Calculating 𝐈𝟐𝟐 

𝐈𝟐𝟐 = ∫ 𝒙𝟐𝐥𝐧 (𝟏 − 𝒙𝟑)𝒅𝒙
𝟏

𝟎

= ∫ −𝒙𝟐∑
𝒙𝟑𝒌

𝒌

∞

𝒌=𝟏

𝒅𝒙
𝟏

𝟎

=∑−
𝟏

𝒌

∞

𝒌=𝟏

∫ 𝒙𝟑𝒌+𝟐𝒅𝒙
𝟏

𝟎

= ∑−
𝟏

𝒌

𝟏

𝟑𝒌 + 𝟑

∞

𝒌=𝟏

= −
𝟏

𝟑
∑

𝟏

𝒌(𝒌 + 𝟏)

∞

𝒌=𝟏

= −
𝟏

𝟑
∑(

𝟏

𝒌
−

𝟏

𝒌 + 𝟏
) =

∞

𝒌=𝟏

−
𝟏

𝟑
 

𝐈𝟐 = 𝐈𝟐𝟏 − 𝐈𝟐𝟐 = −
𝜸 + 𝐥𝐧(𝟑)

𝟑
+
𝟏

𝟑
=
𝟏 − 𝜸 − 𝐥𝐧(𝟑)

𝟑
 

𝐈 = 𝐈𝟏 + 𝐈𝟐 =
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝟐𝟏𝜻(𝟑)

𝟔𝟒
+
𝟏 − 𝜸 − 𝐥𝐧(𝟑)

𝟑
 

→ 𝐈 = ∫ 𝒙𝟐 ((𝐭𝐚𝐧−𝟏 𝒙)𝟑 + 𝐥𝐧 (
𝐥𝐧 (𝒙)

𝒙𝟑 − 𝟏
))

𝟏

𝟎

𝒅𝒙 = 

𝐈 =
𝟏

𝟑
+
𝝅𝟑

𝟏𝟗𝟐
−
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝝅𝟐

𝟑𝟐
𝐥𝐧(𝟐) +

𝝅𝑮

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) −

𝟏

𝟑
𝐥𝐧(𝟑) −

𝟐𝟏𝜻(𝟑)

𝟔𝟒
−
𝜸

𝟑
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Solution 4 by Samuel Ajibade-Nigeria 

𝑰 =  ∫ 𝒙𝟐 (𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝒙) + 𝐥𝐧 (
𝐥𝐧(𝒙)

𝒙𝟑 − 𝟏
))𝒅𝒙

𝟏

𝟎

 

𝑰 =  ∫ 𝒙𝟐𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)𝒅𝒙 + ∫ 𝒙𝟐𝒍𝒏 (
𝒍𝒏(𝒙)

𝒙𝟑 − 𝟏
)𝒅𝒙 

𝟏

𝟎

𝟏

𝟎

 

: 𝑰 = 𝑱 + 𝑲        ⋯  𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟏, 𝑱 =  ∫ 𝒙𝟐𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)𝒅𝒙
𝟏

𝟎

 

𝑼𝒔𝒊𝒏𝒈 𝑰𝑩𝑷: 𝒖 = 𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙), 𝒅𝒗 = 𝒙𝟐, 𝒅𝒖 =
𝟑𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙, 𝒗 =

𝒙𝟑

𝟑
  

𝑱 =
𝒙𝟑

𝟑
𝒂𝒓𝒄𝒕𝒂𝒏𝟑(𝒙)|

𝟎

𝟏

−∫
𝒙𝟑

𝟏 + 𝒙𝟐
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙

𝟏

𝟎

  

𝑱 =
𝝅𝟑

𝟏𝟗𝟐
− ∫ (𝒙 −

𝒙

𝟏 + 𝒙𝟐
)𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙

𝟏

𝟎

 

𝑱 =
𝝅𝟑

𝟏𝟗𝟐
− ∫ 𝒙 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙 + ∫

𝒙 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

 

𝑳𝒆𝒕 𝑱 =
𝝅𝟑

𝟏𝟗𝟐
− 𝑱𝟏  + 𝑱𝟐      ⋯  𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐, 𝑱𝟏 = ∫ 𝒙 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝒅𝒙 

𝟏

𝟎

 

𝑰𝑩𝑷: 𝒖 = 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙), 𝒅𝒖 =
𝟐 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝟏 + 𝒙𝟐
, 𝒗 =

𝒙𝟐

𝟐
 

𝑱𝟏 =  
𝒙𝟐

𝟐
 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)|

𝟎

𝟏

−∫
𝒙𝟐 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

 

𝑱𝟏 = 
𝝅𝟐

𝟑𝟐
− ∫ 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)𝒅𝒙 + ∫

𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

 

𝑱𝟏 =  
𝝅𝟐

𝟑𝟐
 − (𝒙 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)  −

𝟏

𝟐
𝒍𝒏(𝟏 + 𝒙𝟐))|

𝟎

𝟏

+
𝟏

𝟐
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)|

𝟎

𝟏

 

𝑱𝟏 =
𝝅𝟐

𝟑𝟐
−
𝝅

𝟒
+
𝟏

𝟐
𝒍𝒏(𝟐) +

𝝅𝟐

𝟑𝟐
 

𝑱𝟏 =  
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
+
𝟏

𝟐
𝒍𝒏(𝟐) 

𝑱𝟐 =  ∫
𝒙 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

 

𝑳𝒆𝒕 𝒕 = 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙), 𝒅𝒕 =
𝒅𝒙

𝟏 + 𝒙𝟐
, 𝒕 ∈ [𝟎,

𝝅

𝟒
] 

𝑱𝟐 = ∫ 𝒕𝟐  𝐭𝐚𝐧(𝒕) 𝒅𝒕

𝝅
𝟒

𝟎

 

𝑩𝒚 𝑰𝑩𝑷: 𝒖 = 𝒕𝟐, 𝒅𝒖 = 𝟐𝒕𝒅𝒕, 𝒗 = −𝒍𝒏(𝐜𝐨𝐬(𝒕)) 

𝑱𝟐 =  −𝒕
𝟐𝒍𝒏(𝐜𝐨𝐬(𝒕))| 

𝟎

𝝅
𝟒 +  𝟐∫ 𝒕 𝒍𝒏(𝐜𝐨𝐬(𝒕)) 𝒅𝒕

𝝅
𝟒

𝟎
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𝑩𝒚 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 𝒍𝒏(𝒄𝒐𝒔(𝒕))  

𝑱𝟐 =
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) − 𝟐∫ 𝒕(𝒍𝒏(𝟐) +∑

(−𝟏)𝒏

𝒏
𝒄𝒐𝒔(𝟐𝒏𝒕)

∞

𝒏=𝟏

)

𝝅
𝟒

𝟎

𝒅𝒕 

𝑱𝟐 =
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) − 𝟐𝒍𝒏(𝟐)∫ 𝒕 𝒅𝒕 − 𝟐∫ 𝒕

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

∑
(−𝟏)𝒏

𝒏
𝒄𝒐𝒔(𝟐𝒏𝒕)

∞

𝒏=𝟏

𝒅𝒕 

𝑭𝒖𝒃𝒊𝒏𝒊 − 𝑻𝒐𝒏𝒆𝒍𝒍𝒊 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 

𝑱𝟐 = 
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) − 𝒍𝒏(𝟐)

𝝅𝟐

𝟏𝟔
− 𝟐∑

(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

∫ 𝒕 𝒄𝒐𝒔(𝟐𝒏𝒕)

𝝅
𝟒

𝟎

𝒅𝒕 

𝑩𝒚 𝑰𝑩𝑷: 𝒖 = 𝒕, 𝒗 =
𝒔𝒊𝒏(𝟐𝒏𝒕)

𝟐𝒏
  

{
 
 
 

 
 
 𝑵𝑩: 𝒔𝒊𝒏 (

𝝅

𝟐
𝒏) = {

𝟎    𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏
±𝟏    𝒏 𝒊𝒔 𝒐𝒅𝒅

∴   𝒔𝒊𝒏 (
𝝅

𝟐
(𝟐𝒌 + 𝟏)) =  (−𝟏)𝒌

𝒄𝒐𝒔 (
𝝅

𝟐
𝒏) =  {

𝟎    𝒏 𝒊𝒔 𝒐𝒅𝒅
±𝟏      𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏

∴  𝒄𝒐𝒔 (
𝝅

𝟐
(𝟐𝒌)) =  (−𝟏)𝒌 }

 
 
 

 
 
 

 

𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) − 𝟐∑

(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

(𝒕
𝒔𝒊𝒏(𝟐𝒏𝒕)

𝟐𝒏
 +
𝒄𝒐𝒔(𝟐𝒏𝒕)

𝟒𝒏𝟐
)|
𝟎

𝝅
𝟒

 

𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) − 𝟐∑

(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

(
𝝅 𝒔𝒊𝒏 (

𝝅
𝟐
𝒏)

𝟖𝒏
+
𝒄𝒐𝒔 (

𝝅
𝟐
𝒏) − 𝟏

𝟒𝒏𝟐
)  

𝑱𝟐 =  −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) −

𝝅

𝟒
∑
(−𝟏)𝒏

𝒏𝟐

∞

𝒏=𝟏

𝒔𝒊𝒏 (
𝝅

𝟐
𝒏) −

𝟏

𝟐
∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

𝒄𝒐𝒔 (
𝝅

𝟐
𝒏) +

𝟏

𝟐
∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

 

𝑭𝒐𝒓 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒔𝒆𝒓𝒊𝒆𝒔, 𝒍𝒆𝒕 𝒏 = 𝟐𝒌 + 𝟏(𝒕𝒉𝒆 𝒐𝒅𝒅 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒖𝒃) 
𝑭𝒐𝒓 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒔𝒆𝒓𝒊𝒆𝒔, 𝒍𝒆𝒕 𝒏 = 𝟐𝒎 (𝒕𝒉𝒆 𝒆𝒗𝒆𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒖𝒃): n≥ 𝟐 

 𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
∑

(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

 −
𝟏

𝟐
∑

(−𝟏)𝒎

𝟖𝒎𝟑

∞

𝒎=𝟏

+
𝟏

𝟐
∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

 

𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
𝑮+

𝟏

𝟏𝟔
𝜼(𝟑) −

𝟏

𝟐
𝜼(𝟑) 

𝑱𝟐 =  −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
𝑮 −

𝟕

𝟏𝟔
𝜼(𝟑)  

𝑱𝟐 = −
𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

Combining 𝑱𝟏 & 𝑱𝟐 to get J from equation 2  

𝑱 =  
𝝅𝟑

𝟏𝟗𝟐
 −
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝟏

𝟐
𝒍𝒏(𝟐) −

𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
𝑮−

𝟐𝟏

𝟔𝟒
𝜻(𝟑) 

Now  solving for K 
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𝑲 = ∫ 𝒙𝟐𝒍𝒏 (
𝒍𝒏(𝒙)

𝒙𝟑 − 𝟏
)𝒅𝒙

𝟏

𝟎

 = ∫ 𝒙𝟐𝒍𝒏 (
−𝒍𝒏(𝒙)

𝟏 − 𝒙𝟑
)𝒅𝒙

𝟏

𝟎

  

𝑲 = ∫ 𝒙𝟐𝒍𝒏(−𝒍𝒏(𝒙)) 𝒅𝒙 − ∫ 𝒙𝟐𝒍𝒏(𝟏 − 𝒙𝟑) 𝒅𝒙
𝟏

𝟎

𝟏

𝟎

 

Let K= 𝑲𝟏 −𝑲𝟐       ⋯  𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 3 

 𝑲𝟏 = ∫ 𝒙𝟐𝒍𝒏(−𝒍𝒏(𝒙)) 𝒅𝒙 
𝟏

𝟎

 

𝒙 = 𝒆−𝒕, 𝒅𝒙 = −𝒆−𝒕𝒅𝒕, 𝒕 ∈ (𝟎,∞) 

 𝑲𝟏 = ∫ 𝒍𝒏(
∞

𝟎

𝒕) 𝒆−𝟑𝒕𝒅𝒕  

Evaluating via the derivative of the gamma function 

 𝑲𝟏 =
𝝏

𝝏𝒂
|
𝒂=𝟎

∫ 𝒕𝒂 𝒆−𝟑𝒕𝒅𝒕 =
𝟏

𝟑

𝝏

𝝏𝒂

𝜞(𝒂 + 𝟏)

𝟑𝒂
|
𝒂=𝟎
 

∞

𝟎

 

 𝑲𝟏 = 
𝟏

𝟑
 
𝜞(𝒂 + 𝟏)

𝟑𝒂
(𝝍(𝒂 + 𝟏)  − 𝒍𝒏(𝟑))|𝒂=𝟎 

𝑲𝟏 =
𝟏

𝟑
(𝝍(𝟏) − 𝒍𝒏(𝟑)) 

𝑲𝟏 = −
𝜸

𝟑
 −
𝐥 𝐧(𝟑)

𝟑
, 𝑲𝟐 =  ∫ 𝒙𝟐𝒍𝒏(𝟏 − 𝒙𝟑) 𝒅𝒙

𝟏

𝟎

 

𝒕 = 𝟏 − 𝒙𝟑, 𝒅𝒕 = −𝟑𝒙𝟐𝒅𝒙 

𝑲𝟐 =
𝟏

𝟑
∫ 𝒍𝒏(𝒕)𝒅𝒕 =  

𝒕

𝟑
(𝒍𝒏(𝒕) − 𝟏)|

𝟎

𝟏𝟏

𝟎

, 𝑲𝟐 = −
𝟏

𝟑
 

∴ 

𝑲 =
𝟏

𝟑
−
𝜸

𝟑
−
𝒍𝒏(𝟑)

𝟑
  

Finally: From equation 1, I= J+K 

𝑰 =  
𝝅𝟑

𝟏𝟗𝟐
 −
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
−
𝟏

𝟐
𝒍𝒏(𝟐) −

𝝅𝟐

𝟑𝟐
𝒍𝒏(𝟐) +

𝝅

𝟒
𝑮 −

𝟐𝟏

𝟔𝟒
𝜻(𝟑) +

𝟏

𝟑
−
𝜸

𝟑
−
𝒍𝒏(𝟑)

𝟑
  

𝑰 =  
𝟏

𝟏𝟗𝟐
(𝝅𝟑 − 𝟏𝟐𝝅𝟐 − 𝟔𝝅𝟐𝒍𝒏(𝟐) + 𝟒𝟖𝝅 − 𝟗𝟔𝒍𝒏(𝟐) + 𝟒𝟖𝝅𝑮 − 𝟔𝟑𝜻(𝟑) − 𝟔𝟒𝜸

− 𝟔𝟒𝒍𝒏(𝟑) + 𝟔𝟒)∎ 

 

2873. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∫
𝒙𝟐

(𝒙𝟐 + 𝟒)𝟐
𝒅𝒙

∞

𝟎

+∫
𝒚𝟐

𝟒(𝒚𝟐 + 𝟐𝟓)𝟐
𝒅𝒚

∞

𝟎

+∫
𝒛𝟐

𝟗(𝒛𝟐 + 𝟏𝟎𝟎)𝟐
𝒅𝒛

∞

𝟎

+⋯ = 

=
𝝅𝟐

𝟐𝟒
(𝝅 − 𝟑𝐜𝐨𝐭𝐡 𝝅 +

𝟑

𝝅
) 

Proposed by Cosghun Memmedov-Azerbaijan 
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Solution by Omkumar Rao-India 

𝑲𝒏 =
𝟏

𝒏𝟐
∫

𝒙𝟐

(𝒙𝟐 + 𝒌𝟐)𝟐
𝒅𝒙

∞

𝟎

            ∶ (𝒌 = 𝒏𝟐 + 𝟏) 

𝑲𝒏 ⟹⏞
𝒙→𝒌 𝐭𝐚𝐧 𝒙 𝟏

𝒌𝒏𝟐
∫(𝐬𝐢𝐧𝒙)𝟐 𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅

𝟒𝒏𝟐(𝒏𝟐 + 𝟏)
 

𝑺 = ∑
𝝅

𝟒𝒏𝟐(𝒏𝟐 + 𝟏)

∞

𝒏=𝟏

=
𝝅

𝟒
(
𝝅𝟐

𝟔
−∑

𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

) 

𝐜𝐨𝐭 𝒙 =
𝟏

𝒙
+∑

𝟐𝒙

𝒙𝟐 − 𝒏𝟐𝝅𝟐

∞

𝒏=𝟏

⟹⏞
𝒙→𝒊𝝅

𝐜𝐨𝐭𝐡(𝝅) =
𝟏

𝝅
+
𝟐

𝝅
∑

𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

 

∑
𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

=
𝝅𝐜𝐨𝐭𝐡(𝝅) − 𝟏

𝟐
 

𝑺 =
𝝅

𝟒
(
𝝅𝟐

𝟔
−
𝝅𝐜𝐨𝐭𝐡(𝝅) − 𝟏

𝟐
) =

𝝅𝟐

𝟐𝟒
(𝝅 − 𝟑𝐜𝐨𝐭𝐡𝝅 +

𝟑

𝝅
) 

 

2874. Find: 

𝑰 = ∫
𝒅𝒙

√𝒙𝟕 + 𝟏

+∞

𝟎

 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Nawar Alasadi-Iraq 

𝑰 = ∫
𝒅𝒙

√𝒙𝟕 + 𝟏

+∞

𝟎

 

𝒙𝟕 = 𝒕 ⟹ 𝒙 = 𝒕
𝟏
𝟕⟹ 𝒅𝒙 =

𝟏

𝟕
𝒕−
𝟔
𝟕𝒅𝒕 

𝑰 =
𝟏

𝟕
∫

𝒕−
𝟔
𝟕

√𝒕 + 𝟏

+∞

𝟎

 𝒅𝒕

=
𝟏

𝟕
∫

𝒕
𝟏
𝟕
−𝟏

(𝟏 + 𝒕)
𝟏
𝟕
+
𝟓
𝟏𝟒

+∞

𝟎

 𝒅𝒕

 

𝐁(𝒙, 𝒚) = ∫
𝒖𝒙−𝟏

(𝟏 + 𝒖)𝒙+𝒚

+∞

𝟎

 𝒅𝒖 =
𝜞(𝒙)𝜞(𝒚)

𝜞(𝒙 + 𝒚)
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𝑰 =
𝟏

𝟕
𝐁 (
𝟏

𝟕
,
𝟓

𝟏𝟒
)

=
𝟏

𝟕

𝜞(
𝟏
𝟕)𝜞 (

𝟓
𝟏𝟒)

𝜞 (
𝟏
𝟕 +

𝟓
𝟏𝟒)

=
𝜞(
𝟏
𝟕)𝜞 (

𝟓
𝟏𝟒)

𝟕𝜞 (
𝟏
𝟐)

=
𝜞(
𝟏
𝟕)𝜞 (

𝟓
𝟏𝟒)

𝟕√𝝅

 

2875. 𝑭𝒊𝒏𝒅: 

∫
(𝐬𝐢𝐧 𝒙)𝟐(𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟔

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟖
𝒅𝒙

𝝅
𝟐

𝟎

 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Omkumar Rao-India 

∫
(𝐬𝐢𝐧𝒙)𝟐(𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟔

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟖
𝒅𝒙

𝝅
𝟐

𝟎

⟹⏞

𝒙→
𝝅
𝟐
−𝒙

∫
(𝐜𝐨𝐬 𝒙)𝟐(𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟔

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐𝟎𝟐𝟖
𝒅𝒙

𝝅
𝟐

𝟎

 

𝟐𝑰 = ∫(
𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙
)
𝟐𝟎𝟐𝟔

𝝅
𝟐

𝟎

.
𝟏

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐
𝒅𝒙 = 

⟹⏞

𝐬𝐢𝐧𝒙−𝐜𝐨𝐬 𝒙
𝐬𝐢𝐧𝒙+𝐜𝐨𝐬 𝒙

→𝒚

∫
𝒚𝟐𝟎𝟐𝟔

𝟐
𝒅𝒚

𝟏

−𝟏

=
𝟏

𝟒𝟎𝟓𝟒
 

Observation: 

𝒅𝒚 = (
𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙
)
′

𝒅𝒙 

=
(𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙)(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙) − (𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)(𝒄𝒐𝒔𝒙 − 𝒔𝒊𝒏𝒙)

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐
𝒅𝒙 = 

=
(𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙)𝟐 + (𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)𝟐

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐
𝒅𝒙 =

𝟐

(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟐
𝒅𝒙 
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2876. Find a closed form: 

𝑲 = ∫
(𝐥𝐧 𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 

 
Proposed by Omkumar Rao-India 

Solution by proposer 
 

∫
(𝐥𝐧𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 =⏞
𝒙→𝒙𝟐

𝟖∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

∞

𝟎

𝒅𝒙

= 𝟖

(

 
 
 
∫

(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 +∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

∞

𝟏

𝒅𝒙

⏟              

𝒙→
𝟏
𝒙 )

 
 
 

 

𝑲 = 𝟏𝟔∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 = 𝟖∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
(𝐥𝐧𝒙)𝟐 𝒅𝒙

𝟏

𝟎

− 𝟖∫
(𝐥𝐧 𝒙)𝟐

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
(𝐥𝐧𝒙)𝟐 𝒅𝒙

𝟏

𝟎

= ∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

𝒙𝟒 + 𝟏

𝟏

𝟎

𝒅𝒙

⏟          

𝒙→
𝟏
𝒙

+∫
(𝐥𝐧𝒙)𝟐

𝒙𝟒 + 𝟏

𝟏

𝟎

𝒅𝒙 = ∫
(𝐥𝐧𝒙)𝟐

𝒙𝟒 + 𝟏

∞

𝟎

𝒅𝒙 =
𝝏𝟐(𝑷(𝒎, 𝒏))

𝝏𝒎𝟐
 

𝑷(𝒎,𝒏) = ∫
𝒙𝒎

𝒙𝒏 + 𝟏

∞

𝟎

=
𝝅

𝒏𝐬𝐢𝐧 (
𝝅(𝒎+ 𝟏)

𝒏 )
 

𝑲 = 𝟖(𝑷′′(𝟎, 𝟒) −
𝝅𝟑

𝟏𝟔
) = 𝟖 (

𝟑√𝟐𝝅𝟑

𝟔𝟒
−
𝝅𝟑

𝟏𝟔
) =

𝝅𝟑

𝟖
(𝟑√𝟐 − 𝟒) 

𝑲 = ∫
(𝐥𝐧𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 =
𝝅𝟑

𝟖
(𝟑√𝟐 − 𝟒) 

 

 

2877.  𝑭𝒊𝒏𝒅 ∶  

∆= ∫
𝒍𝒏𝟐(𝟏 + 𝒙)𝒍𝒏𝟐(𝟏 − 𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 

Proposed by Shirvan Tahirov-Azerbaijan 
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Solution 1 by Yang Silva Cartolin-Peru 

#𝑵𝒐𝒕𝒆: 𝒂𝟐𝒃𝟐 =
𝟏

𝟏𝟐
[(𝒂 + 𝒃)𝟒 + (𝒂 − 𝒃)𝟒 − 𝟐𝒂𝟒 − 𝟐𝒃𝟒] 

𝑰 =
𝟏

𝟏𝟐
[∫
𝒍𝒐𝒈𝟒(𝟏 − 𝒙𝟐)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟒 (

𝟏 − 𝒙
𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

− 𝟐∫
𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

− 𝟐∫
𝐥𝐨𝐠𝟒(𝟏 + 𝒙)

𝟏 + 𝒙

𝟏

𝟎

] 

𝑰 =
𝟏

𝟏𝟐
(𝒊𝟏 + 𝒊𝟐 − 𝟐𝒊𝟑 − 𝟐𝒊𝟒) 

∗ 𝒊𝟒 = ∫
𝐥𝐨𝐠𝟒(𝟏 + 𝒙)

𝟏 + 𝒙

𝟏

𝟎

= [
𝟏

𝟓
𝒍𝒐𝒈𝟓(𝟏 + 𝒙)]

𝟎

𝟏

=
𝟏

𝟓
𝒍𝒐𝒈𝟓(𝟐) ∴ 

∗ 𝒊𝟑 = ∫
𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝒕=𝟏−𝒙→𝒅𝒕=−𝒅𝒙
⇒           𝑨𝟑 = ∫

𝒍𝒐𝒈𝟒(𝒕)

𝟐 − 𝒕
𝒅𝒕

𝟏

𝟎

=
𝟏

𝟐
∫
𝒍𝒐𝒈𝟒(𝒕)

𝟏 −
𝒕
𝟐

𝒅𝒕

𝟏

𝟎

 

𝒊𝟑 =
𝟏

𝟐
∑(

𝟏

𝟐
)
𝒏−𝟏

∫𝒕𝒏−𝟏

𝟏

𝟎

𝒍𝒐𝒈𝟒(𝒕)𝒅𝒕

∞

𝒏=𝟏

 

#𝑵𝒐𝒕𝒆:∫𝒙𝒑 𝐥𝐧𝒒(𝒙)𝒅𝒙 =
(−𝟏)𝒒𝒒!

(𝒑 + 𝟏)𝒒+𝟏

𝟏

𝟎

, 𝒊𝟑 = ∑(
𝟏

𝟐
)
𝒏

(
𝟐𝟒

𝒏𝟓
) = 𝟐𝟒∑

(
𝟏
𝟐)
𝒏

𝒏𝟓

∞

𝒏=𝟏

= 𝟐𝟒𝑳𝒊𝟓 (
𝟏

𝟐
)

∞

𝒏=𝟏

∴ 

∗ 𝒊𝟐 = ∫
𝐥𝐨𝐠𝟒 (

𝟏 − 𝒙
𝟏+ 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

,  𝒍𝒆𝒕: 𝒚 =
𝟏 − 𝒙

𝟏 + 𝒙
→ 𝒅𝒙 = −

𝟐𝒅𝒚

(𝟏 + 𝒚)𝟐
 

𝒊𝟐 = ∫
𝐥𝐨𝐠𝟒(𝒚)

𝟏 + 𝒚

𝟏

𝟎

𝒅𝒚 = ∑(−𝟏)𝒏−𝟏∫𝒚𝒏−𝟏 𝐥𝐨𝐠𝟒(𝒚)𝒅𝒚

𝟏

𝟎

∞

𝒏=𝟏

= 𝟐𝟒∑
(−𝟏)𝒏−𝟏

𝒏𝟓

∞

𝒏=𝟏

= 𝟐𝟒𝜼(𝟓)

=
𝟒𝟓

𝟐
𝜻(𝟓) ∴ 

∗ 𝒊𝟏 = ∫
𝒍𝒐𝒈𝟒(𝟏 − 𝒙𝟐)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= ∫
(𝟏 − 𝒙)𝒍𝒐𝒈𝟒(𝟏 − 𝒙𝟐)

𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

,  𝒍𝒆𝒕: 𝒙 = 𝒕
𝟏
𝟐 → 𝒅𝒙 =

𝟏

𝟐
𝒕−
𝟏
𝟐𝒅𝒕 

𝒊𝟏

=
𝟏

𝟐
∫(

𝟏 − 𝒕
𝟏
𝟐

𝒕
𝟏
𝟐

)
𝒍𝒐𝒈𝟒(𝟏 − 𝒕)

𝟏 − 𝒕
𝒅𝒕

𝟏

𝟎

,  𝑰.𝑩. 𝑷:

{
 
 

 
 𝒖 =

𝟏 − √𝒕

√𝒕
→ 𝒅𝒖 = −

𝟏

𝟐𝒕
𝟑
𝟐

𝒅𝒗 =
𝒍𝒐𝒈𝟒(𝟏 − 𝒕)

𝟏 − 𝒕
𝒅𝒕 → 𝒗 = −

𝟏

𝟓
𝒍𝒐𝒈𝟓(𝟏 − 𝒕)
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𝒊𝟏 =
𝟏

𝟐
([−

𝟏

𝟓
𝐥𝐨𝐠𝟓(𝟏 − 𝒕) (

𝟏 − √𝒕

√𝒕
)]
𝟎

𝟏

−
𝟏

𝟏𝟎
∫ 𝒕−

𝟑
𝟐

𝟏

𝟎

𝐥𝐨𝐠𝟓(𝟏 − 𝒕)𝒅𝒕) 

𝒊𝟏 = −
𝟏

𝟐𝟎
∫𝒕−

𝟑
𝟐

𝟏

𝟎

𝐥𝐨𝐠𝟓(𝟏 − 𝒕)𝒅𝒕 

#𝑵𝒐𝒕𝒆: 𝑩(𝒙, 𝒚) = ∫𝒕𝒙−𝟏(𝟏 − 𝒕)𝒚−𝟏𝒅𝒕

𝟏

𝟎

=
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
→
𝝏

𝝏𝒚
𝑩(𝒙, 𝒚)

= ∫ 𝒕𝒙−𝟏(𝟏 − 𝒕)𝒚−𝟏 𝐥𝐨𝐠(𝟏 − 𝒕)𝒅𝒕

𝟏

𝟎

 

𝒊𝟏 = −
𝟏

𝟐𝟎
𝐥𝐢𝐦

(𝒙,𝒚)→(−
𝟏
𝟐
,𝟏)

𝝏

𝝏𝒚𝟓
(
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
) =

√𝝅

𝟏𝟎
𝐥𝐢𝐦
𝒚→𝟏

𝝏

𝝏𝒚𝟓
(

𝚪(𝒚)

𝚪 (𝒚 −
𝟏
𝟐)
) 

𝑾𝒉𝒆𝒓𝒆:
𝝏

𝝏𝒚𝟓
(

𝚪(𝒚)

𝚪 (𝒚 −
𝟏
𝟐)
) =

𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(−𝝍(𝟎) (𝒚 −

𝟏

𝟐
)
𝟓

+ 𝟓𝝍(𝟎)(𝒚)𝝍(𝟎) (𝒚 −
𝟏

𝟐
)) 

−𝟏𝟎
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐
)
(𝝍(𝟎)(𝒚)𝟐 − 𝝍(𝟏) (𝒚 −

𝟏

𝟐
) + 𝝍(𝟏)(𝒚))𝝍(𝟎) (𝒚 −

𝟏

𝟐
)
𝟑

 

+𝟏𝟎
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝝍(𝟎)(𝒚)𝟑 − 𝟑(𝝍(𝟏) (𝒚 −

𝟏

𝟐
) − 𝝍(𝟏)(𝒚))𝝍(𝟎)(𝒚))𝝍(𝟎) (𝒚 −

𝟏

𝟐
)
𝟐

 

−
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐
)
(𝝍(𝟐) (𝒚 −

𝟏

𝟐
) ∓𝝍(𝟐)(𝒚))𝝍(𝟎) (𝒚 −

𝟏

𝟐
)
𝟐

 

−𝟓
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝝍(𝟎)(𝒚)𝟒 − 𝟔(𝝍(𝟏) (𝒚 −

𝟏

𝟐
) − 𝝍(𝟏)(𝒚))𝝍(𝟎)(𝒚)𝟐)𝝍(𝟎) (𝒚 −

𝟏

𝟐
) 

+𝟐𝟎
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝝍(𝟐) (𝒚 −

𝟏

𝟐
) −𝝍(𝟐)(𝒚))𝝍(𝟎)(𝒚)𝝍(𝟎) (𝒚 −

𝟏

𝟐
) 

−𝟓
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝟑𝝍(𝟏) (𝒚 −

𝟏

𝟐
)
𝟐

+ 𝟑𝝍(𝟏)(𝒚)𝟐 − 𝟔𝝍(𝟏) (𝒚 −
𝟏

𝟐
)𝝍(𝟏)(𝒚))𝝍(𝟎) (𝒚 −

𝟏

𝟐
) 

+𝟓
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐
)
(𝝍(𝟑) (𝒚 −

𝟏

𝟐
) − 𝝍(𝟑)(𝒚))𝝍(𝟎) (𝒚 −

𝟏

𝟐
) 

+
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝝍(𝟎)(𝒚)𝟓 − 𝟏𝟎𝝍(𝟎)(𝒚)𝟑 (𝝍(𝟏) (𝒚 −

𝟏

𝟐
) −𝝍(𝟏)(𝒚))) 
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+
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝟏𝟎𝝍(𝟏) (𝒚 −

𝟏

𝟐
)𝝍(𝟐) (𝒚 −

𝟏

𝟐
) − 𝟏𝟎𝝍(𝟏)(𝒚)𝝍(𝟐) (𝒚 −

𝟏

𝟐
)) 

−
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝟏𝟎𝝍(𝟎)(𝒚)𝟐 (𝝍(𝟐) (𝒚 −

𝟏

𝟐
) − 𝝍(𝟐)(𝒚)) + 𝟏𝟎𝝍(𝟏) (𝒚 −

𝟏

𝟐
)𝝍(𝟐)(𝒚)) 

+
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
(𝟏𝟎𝝍(𝟏)(𝒚)𝝍(𝟐)(𝒚) − 𝝍(𝟒) (𝒚 −

𝟏

𝟐
) + 𝝍(𝟒)(𝒚)) 

+𝟓
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
𝝍(𝟎)(𝒚)(𝟑𝝍(𝟏) (𝒚 −

𝟏

𝟐
)
𝟐

− 𝟔𝝍(𝟏)(𝒚)𝝍(𝟏) (𝒚 −
𝟏

𝟐
) + 𝟑𝝍(𝟏)(𝒚)𝟐) 

−
𝚪(𝒚)

𝜞 (𝒚 −
𝟏
𝟐)
𝝍(𝟎)(𝒚)(𝝍(𝟑) (𝒚 −

𝟏

𝟐
) − 𝝍(𝟑)(𝒚)) 

𝐥𝐢𝐦
𝒚→𝟏

𝝏

𝝏𝒚𝟓
(

𝚪(𝒚)

𝚪(𝒚−
𝟏
𝟐)
) =

−𝟏𝟎𝝅𝟐(𝟏𝟐𝜻(𝟑)+ 𝐥𝐨𝐠𝟑(𝟒)) + 𝟑(𝟕𝟐𝟎𝜻(𝟓) + 𝟏𝟐𝟎𝜻(𝟑)𝐥𝐨𝐠𝟐(𝟒) + 𝐥𝐨𝐠𝟓(𝟒)) − 𝟗𝝅𝟒 𝐥𝐨𝐠(𝟒))

𝟑√𝝅
 

𝒊𝟏 = −
𝝅𝟐

𝟑
(𝟏𝟐𝜻(𝟑) + 𝐥𝐨𝐠𝟑(𝟒)) +

𝟏

𝟏𝟎
(𝟕𝟐𝟎𝜻(𝟓) + 𝟏𝟐𝟎𝜻(𝟑) 𝐥𝐨𝐠𝟐(𝟒) + 𝐥𝐨𝐠𝟓(𝟒))

−
𝟑𝝅𝟒

𝟏𝟎
𝐥𝐨 𝐠(𝟒) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆:   

𝑰 =
𝟏

𝟏𝟐
(−
𝝅𝟐

𝟑
(𝟏𝟐𝜻(𝟑) + 𝐥𝐨𝐠𝟑(𝟒)) +

𝟏

𝟏𝟎
(𝟕𝟐𝟎𝜻(𝟓) + 𝟏𝟐𝟎𝜻(𝟑) 𝐥𝐨𝐠𝟐(𝟒) + 𝐥𝐨𝐠𝟓(𝟒))

−
𝟑𝝅𝟒

𝟏𝟎
𝐥𝐨 𝐠(𝟒)) +

𝟏

𝟏𝟐
(
𝟒𝟓

𝟐
𝜻(𝟓))−

𝟏

𝟔
(𝟐𝟒𝑳𝒊𝟓 (

𝟏

𝟐
)) −

𝟏

𝟔
(
𝟏

𝟓
𝒍𝒐𝒈𝟓(𝟐)) 

𝑰 = −𝟒𝑳𝒊𝟓 (
𝟏

𝟐
) +

𝟔𝟑

𝟖
𝜻(𝟓) + 𝟒𝜻(𝟑) 𝐥𝐨𝐠𝟐(𝟐) −

𝝅𝟐

𝟑
𝜻(𝟑) +

𝟕

𝟑𝟎
𝐥𝐨𝐠𝟓(𝟐) −

𝟐𝝅𝟐

𝟗
𝐥𝐨𝐠𝟑(𝟐)

−
𝟗

𝟐
𝐥𝐨𝐠 (𝟐)𝜻(𝟒) 

Solution 2 by Nawar Alasadi-Iraq 
𝑳𝒆𝒕: 𝒂 = 𝐥𝐧(𝟏 + 𝒙)   𝒂𝒏𝒅  𝐥𝐧(𝟏 − 𝒙)  

{

(𝒂 + 𝒃)𝟒 = 𝒂𝟒 + 𝟒𝒂𝟑𝒃 + 𝟔𝒂𝟐𝒃𝟐 + 𝟒𝒃𝟑𝒂 + 𝒃𝟒

(𝒂 − 𝒃)𝟒 = 𝒂𝟒 − 𝟒𝒂𝟑𝒃 + 𝟔𝒂𝟐𝒃𝟐 − 𝟒𝒃𝟑𝒂 + 𝒃𝟒

(𝒂 + 𝒃)𝟒 + (𝒂 − 𝒃)𝟒 = 𝟐𝒂𝟒 + 𝟏𝟐𝒂𝟐𝒃𝟐 + 𝟐𝒃𝟒
 

→  𝒂𝟐𝒃𝟐 =
𝟏

𝟏𝟐
[(𝒂 + 𝒃)𝟒 + (𝒂 − 𝒃)𝟒 − 𝟐𝒂𝟒 − 𝟐𝒃𝟒]   

𝒍𝒏𝟐(𝟏 + 𝒙)𝒍𝒏𝟐(𝟏 − 𝒙) = 
𝟏

𝟏𝟐
[𝒍𝒏𝟒(𝟏 − 𝒙𝟐) + 𝒍𝒏𝟒 (

𝟏 + 𝒙

𝟏 − 𝒙
) − 𝟐𝒍𝒏𝟒(𝟏 + 𝒙) − 𝟐𝒍𝒏𝟒(𝟏 − 𝒙)] 

𝑳𝒆𝒕: 𝑰 = ∫
𝒍𝒏𝟐(𝟏 + 𝒙)𝒍𝒏𝟐(𝟏 − 𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 
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𝑰 =
𝟏

𝟏𝟐
𝑰𝟏 +

𝟏

𝟏𝟐
𝑰𝟐 −

𝟏

𝟏𝟐
𝑰𝟑 −

𝟏

𝟔
𝑰𝟒 

𝑾𝒉𝒆𝒓𝒆:  

{
 
 
 
 
 

 
 
 
 
 𝑰𝟏 = ∫

𝒍𝒏𝟒(𝟏 − 𝒙𝟐)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝑰𝟐 = ∫
𝒍𝒏𝟒 (

𝟏 + 𝒙
𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝑰𝟑 = ∫
𝒍𝒏𝟒(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝑰𝟒 = ∫
𝒍𝒏𝟒(𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒏𝒈  𝑰𝟒 ∶    𝑳𝒆𝒕 𝒖 = 𝐥𝐧(𝟏 + 𝒙) →    𝒅𝒖 =
𝟏

𝟏 + 𝒙
𝒅𝒙 

𝑰𝟒 = ∫ 𝒖𝟒𝒅𝒖
𝐥𝐧(𝟐)

𝟎

=
𝒍𝒏𝟓(𝟐)

𝟓
 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒏𝒈  𝑰𝟑 ∶ 𝑳𝒆𝒕  𝒖 = 𝟏 − 𝒙 →   𝒅𝒙 = −𝒅𝒖 , 𝟏 + 𝒙 = 𝟐 − 𝒖 

𝑰𝟑 = ∫
𝒍𝒏𝟒(𝒖)

𝟐 − 𝒖
𝒅𝒖

𝟏

𝟎

=
𝟏

𝟐
∫
𝒍𝒏𝟒(𝒖)

𝟏 −
𝒖
𝟐

𝒅𝒖
𝟏

𝟎

= 

𝟏

𝟐
∫ 𝒍𝒏𝟒(𝒖)
𝟏

𝟎

∑(
𝒖

𝟐
)
𝒖

𝒅𝒖

∞

𝒏=𝟎

= ∑
𝟏

𝟐𝒏+𝟏

∞

𝒏=𝟎

∫ 𝒖𝒏𝒍𝒏𝟒(𝒖)𝒅𝒖
𝟏

𝟎

= 

∑
𝟏

𝟐𝒏+𝟏

∞

𝒏=𝟎

𝟐𝟒

(𝒏 + 𝟏)𝟓
= 𝟐𝟒 ∑

𝟏

𝟐𝒎𝒎𝟓

∞

𝒎=𝟏

= 𝟐𝟒𝑳𝒊𝟓 (
𝟏

𝟐
) 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒏𝒈  𝑰𝟐 ∶ 𝑳𝒆𝒕  𝒚 =
𝟏 − 𝒙

𝟏 + 𝒙
→   𝒅𝒙 =

−𝟐

(𝟏 + 𝒚)𝟐
𝒅𝒚, 𝟏 + 𝒙 =

𝟐

𝟏 + 𝒚
 

𝑰𝟐 = ∫
𝒍𝒏𝟒(𝒚)

𝟐
𝟏 + 𝒚

𝟐

(𝟏 + 𝒚)𝟐

𝟏

𝟎

𝒅𝒚 = ∫
𝒍𝒏𝟒(𝒚)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= 

−∑(−𝟏)𝒏∫ 𝒚𝒏𝒍𝒏𝟒(𝒚)
𝟏

𝟎

𝒅𝒚

∞

𝒏=𝟎

= ∑(−𝟏)𝒏
𝟐𝟒

(𝟏 + 𝒏)𝟓

∞

𝒏=𝟎

= 

𝟐𝟒∑
(−𝟏)𝒎−𝟏

𝒎𝟓

∞

𝒏=𝟏

= 𝟐𝟒(𝟏 − 𝟐𝟏−𝟓 )𝜻(𝟓) =
𝟒𝟓

𝟐
𝜻(𝟓) 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒏𝒈  𝑰𝟏 ∶ 𝑳𝒆𝒕 𝒕 = 𝟏 − 𝒙
𝟐 →   𝒅𝒙 = −

𝟏

𝟐√𝟏− 𝒕
𝒅𝒕, 𝟏 + 𝒙 = √𝟏 − 𝒕   

𝑰𝟏 = ∫
𝒍𝒏𝟒(𝒕)

𝟏 + √𝟏 − 𝒕

𝒅𝒕

𝟐√𝟏 − 𝒕
=

𝟏

𝟎

𝟏

𝟐
∫
𝟏 − √𝟏 − 𝒕

𝒕√𝟏 − 𝒕
𝒍𝒏𝟒(𝒕)𝒅𝒕

𝟏

𝟎

= 

𝟏

𝟐
∫ (

𝟏

√𝟏 − 𝒕
− 𝟏)

𝒍𝒏𝟒(𝒕)

𝒕
𝒅𝒕

𝟏

𝟎
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𝑫𝒆𝒇𝒊𝒏𝒆  𝑭(𝒂) = ∫ ((𝟏 − 𝒕)−
𝟏
𝟐 − 𝟏) 𝒕𝒂−𝟏𝒅𝒕

𝟏

𝟎

  

𝑭(𝒂) =
𝜞(𝒂)√𝝅

𝜞(𝒂+
𝟏
𝟐)
−
𝟏

𝒂
=
𝑮(𝒂) − 𝟏

𝒂
 

𝑾𝒉𝒆𝒓𝒆 ∶   𝑮(𝒂) =
𝜞(𝟏 + 𝒂)√𝝅

𝜞 (𝒂 +
𝟏
𝟐)

=
𝟐𝟐𝒂𝜞(𝟏 + 𝒂)𝟐

𝜞(𝟏 + 𝟐𝒂)
 

𝑰𝒏  𝑮(𝒂) = 𝟐𝒂𝒍𝒏(𝟐) + 𝟐𝒍𝒏𝜞(𝟏 + 𝒂) − 𝒍𝒏𝜞(𝟏 + 𝟐𝒂) = 

𝟐 (𝐥𝐧𝟐)𝒂 − 𝜻(𝟐)𝒂𝟓 + 𝟐𝜻(𝟐)𝒂𝟑 −
𝟕

𝟐
𝜻(𝟒)𝒂𝟒 + 𝟔𝜻(𝟓)𝒂𝟓 + 𝓸(𝒂𝟔) 

𝑰𝟏 =
𝟏

𝟐
𝑭(𝟒)(𝟎) =

𝟏

𝟏𝟎
𝑮(𝟓)(𝟎) = 𝟏𝟐[𝒂𝟓]𝑮(𝒂) 

𝑳𝒆𝒕  𝑺(𝒂) = 𝒄𝟏𝒂 + 𝒄𝟐𝒂
𝟐 + 𝒄𝟑𝒂

𝟑 + 𝒄𝟒𝒂
𝟒 + 𝒄𝟓𝒂

𝟓 

𝒄𝟏 = 𝟐𝒍𝒏(𝟐), 𝒄𝟐 = −𝜻(𝟐) , 𝒄𝟑 = 𝟐𝜻(𝟑), 𝒄𝟒 = −
𝟕

𝟐
𝜻(𝟒), 𝒄𝟓 = 𝟔 𝜻(𝟓) 

[𝒂𝟓]𝒆𝑺(𝒂) = 𝒄𝟓 + 𝒄𝟏𝒄𝟒 + 𝒄𝟐𝒄𝟑 +
𝟏

𝟐
𝒄𝟏
𝟐𝒄𝟑 +

𝟏

𝟐
𝒄𝟐
𝟐𝒄𝟏 +

𝟏

𝟔
𝒄𝟏
𝟑𝒄𝟐 +

𝟏

𝟏𝟐𝟎
𝒄𝟏
𝟓 = 

𝟔 𝜻(𝟓) − 𝟕𝜻(𝟒) 𝐥𝐧(𝟐) − 𝟐𝜻(𝟐)𝜻(𝟑) + 𝟒𝜻(𝟑)𝒍𝒏𝟐(𝟐) + 
𝟓

𝟐
𝜻(𝟒) 𝐥𝐧(𝟐) −

𝟒

𝟑
𝜻(𝟐)𝒍𝒏𝟑(𝟐) +

𝟒

𝟏𝟓
𝒍𝒏𝟓(𝟐) 

𝑰𝟏 = 𝟕𝟐𝜻(𝟓) − 𝟓𝟒𝜻(𝟒) 𝐥𝐧(𝟐) − 𝟐𝟒𝜻(𝟐)𝜻(𝟑) + 

𝟒𝟖𝜻(𝟑)𝒍𝒏𝟐(𝟐) − 𝟏𝟔𝜻(𝟐)𝒍𝒏𝟑(𝟐) +
𝟏𝟔

𝟓
𝒍𝒏𝟓(𝟐) 

𝑭𝒊𝒏𝒂𝒍𝒍𝒚 , 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈  𝒂𝒍𝒍  𝒑𝒂𝒓𝒕𝒔  𝑰:   

𝑰 =
𝟏

𝟏𝟐
𝑰𝟏 +

𝟏

𝟏𝟐
𝑰𝟐 −

𝟏

𝟏𝟐
𝑰𝟑 −

𝟏

𝟔
𝑰𝟒 

𝑰 = (𝟔 +
𝟏𝟓

𝟖
) 𝜻(𝟓) − 𝟒𝑳𝒊𝟓 (

𝟏

𝟐
) −

𝟗

𝟐
𝜻(𝟒) 𝐥𝐧(𝟐) − 𝟐𝜻(𝟐)𝜻(𝟑) + 

𝟒𝜻(𝟑)𝒍𝒏𝟐(𝟐) −
𝟒

𝟑
𝜻(𝟐)𝒍𝒏𝟑(𝟐) + (

𝟒

𝟏𝟓
−
𝟏

𝟑𝟎
) 𝒍𝒏𝟓(𝟐) 

𝑼𝒔𝒊𝒏𝒈 ∶  𝜻(𝟐) =
𝝅𝟐

𝟔
  𝒂𝒏𝒅  𝜻(𝟒) =

𝝅𝟒

𝟗𝟎
 

𝑰 =
𝟔𝟑

𝟖
𝜻(𝟓) − 𝟒𝑳𝒊𝟓 (

𝟏

𝟐
) −

𝝅𝟒

𝟐𝟎
𝐥𝐧(𝟐) −

𝝅𝟐

𝟑
𝜻(𝟑) + 

𝟒𝜻(𝟑)𝒍𝒏𝟐(𝟐) −
𝟐𝝅𝟐

𝟗
𝒍𝒏𝟑(𝟐) +

𝟕

𝟑𝟎
𝒍𝒏𝟓(𝟐) 

2878. Find: 

𝑰 = ∫
𝐥𝐧𝟐(𝒙)𝐥𝐧𝟒(𝟏 − 𝒙)

𝒙(𝟏 − 𝒙)

𝟏

𝟎

 𝒅𝒙 

Proposed by Shirvan Tahirov-Azerbaijan 
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Solution 1 by Nawar Alasadi-Iraq 

𝑰 = ∫
𝐥𝐧𝟐(𝒙)𝐥𝐧𝟒(𝟏 − 𝒙)

𝒙

𝟏

𝟎

 𝒅𝒙 +∫
𝐥𝐧𝟒(𝒙)𝐥𝐧𝟐(𝟏 − 𝒙)

𝒙

𝟏

𝟎

 𝒅𝒙 = 𝑰𝟏 + 𝑰𝟐 

𝑮(𝒂, 𝒃) = ∫ 𝒙𝒂−𝟏
𝟏

𝟎

(𝟏 − 𝒙)𝒃 𝒅𝒙 =
𝜞(𝒂)𝜞(𝒃 + 𝟏)

𝜞(𝒂 + 𝒃 + 𝟏)
⟹ 𝐥𝐧(𝒂𝑮(𝒂, 𝒃)) ≡ 𝑺(𝒂, 𝒃) 

𝑺(𝒂, 𝒃) = ∑
(−𝟏)𝒌𝜻(𝒌)

𝒌

∞

𝒌=𝟐

(𝒂𝒌 + 𝒃𝒌 − (𝒂 + 𝒃)𝒌) ⟹ 𝑮(𝒂, 𝒃) =
𝟏

𝒂
𝐞𝐱𝐩(𝑺(𝒂, 𝒃)) 

𝑰𝟏 =
𝛛𝟐

𝛛𝒂𝟐
𝛛𝟒

𝛛𝒃𝟒
𝑮(𝒂, 𝒃)|𝒂=𝒃=𝟎 = 𝟒𝟖[𝒂

𝟑𝒃𝟒]𝒆𝑺, 𝑰𝟐 =
𝛛𝟒

𝛛𝒂𝟒
𝛛𝟐

𝛛𝒃𝟐
𝑮(𝒂, 𝒃)|𝒂=𝒃=𝟎 = 𝟒𝟖[𝒂

𝟓𝒃𝟐]𝒆𝑺 

𝑺(𝒂, 𝒃) = −𝜻(𝟐)𝒂𝒃+ 𝜻(𝟑)𝒂𝒃(𝒂 + 𝒃) −
𝜻(𝟒)

𝟐
𝒂𝒃(𝟐𝒂𝟐 + 𝟑𝒂𝒃 + 𝟐𝒃𝟐) + ⋯ 

𝒆𝑺 = [𝒂𝟑𝒃𝟒] (𝑺 +
𝑺𝟐

𝟐
+
𝑺𝟑

𝟔
) = 𝟓𝜻(𝟕) − 𝟐𝜻(𝟐)𝜻(𝟓) −

𝟓

𝟐
𝜻(𝟑)𝜻(𝟒) +

𝟏

𝟐
𝜻(𝟐)𝟐𝜻(𝟑)

[𝒂𝟓𝒃𝟐]𝒆𝑺 = [𝒂𝟓𝒃𝟐] (𝑺 +
𝑺𝟐

𝟐
) = 𝟑𝜻(𝟕) − 𝜻(𝟐)𝜻(𝟓) − 𝜻(𝟑)𝜻(𝟒)

 

𝑰 = 𝟒𝟖([𝒂𝟑𝒃𝟒]𝒆𝑺 + [𝒂𝟓𝒃𝟐]𝒆𝑺)

= 𝟒𝟖(𝟖𝜻(𝟕) − 𝟑𝜻(𝟐)𝜻(𝟓) −
𝟕

𝟐
𝜻(𝟑)𝜻(𝟒) +

𝟏

𝟐
𝜻(𝟐)𝟐𝜻(𝟑))

= 𝟑𝟖𝟒𝜻(𝟕) − 𝟏𝟒𝟒𝜻(𝟐)𝜻(𝟓) − 𝟏𝟔𝟖𝜻(𝟑)𝜻(𝟒) + 𝟐𝟒𝜻(𝟐)𝟐𝜻(𝟑)

 

Substitute 𝜻(𝟐) =
𝝅𝟐

𝟔
, 𝜻(𝟒) =

𝝅𝟒

𝟗𝟎
: 

𝑰 = 𝟑𝟖𝟒𝜻(𝟕) − 𝟏𝟒𝟒(
𝝅𝟐

𝟔
)𝜻(𝟓) − 𝟏𝟔𝟖(

𝝅𝟒

𝟗𝟎
)𝜻(𝟑) + 𝟐𝟒(

𝝅𝟒

𝟑𝟔
) 𝜻(𝟑)

= 𝟑𝟖𝟒𝜻(𝟕) − 𝟐𝟒𝝅𝟐𝜻(𝟓) −
𝟔

𝟓
𝝅𝟒𝜻(𝟑)

 

Solution 2 by Yang Silva Cartolin-Peru 
 

𝑰 = ∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

 

𝑰 = 𝝃𝟏 + 𝝃𝟐 
𝑾𝒆 𝒘𝒊𝒍𝒍 𝒖𝒔𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒈𝒆𝒏𝒆𝒓𝒂𝒍𝒊𝒛𝒂𝒕𝒊𝒐𝒏: 
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𝐥𝐨𝐠𝝀(𝟏 − 𝒛) = (−𝟏)𝝀𝝀!∑
[
𝒏
𝝀
]

𝒏!
𝒛𝒏

∞

𝒏=𝝀

= (−𝟏)𝝀𝝀!∑
𝑯𝒏
[𝝀−𝟏]

𝒏
𝒛𝒏

∞

𝒏=𝟏

 

𝑾𝒉𝒆𝒓𝒆 [
𝒏
𝝀
]  𝒂𝒓𝒆 𝒕𝒉𝒆 𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒌𝒊𝒏𝒅 𝒂𝒏𝒅 𝑯𝒏  𝒊𝒔 𝒕𝒉𝒆 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒏𝒖𝒎𝒃𝒆𝒓 

𝝀=𝟒
⇒  𝐥𝐨𝐠𝟒(𝟏 − 𝒛) = 𝟒∑

𝑯𝒏−𝟏
𝟑 − 𝟑𝑯𝒏−𝟏𝑯𝒏−𝟏

(𝟐) + 𝟐𝑯𝒏−𝟏
(𝟑)   

𝒏
𝒛𝒏

∞

𝒏=𝟏

 

𝐥𝐨𝐠𝟒(𝟏 − 𝒛) = 𝟒∑
(𝑯𝒏 −

𝟏
𝒏)

𝟑

− 𝟑(𝑯𝒏 −
𝟏
𝒏) (𝑯𝒏

(𝟐) −
𝟏
𝒏𝟐
) + 𝟐 (𝑯(𝟑) −

𝟏
𝒏𝟑
)  

𝒏
𝒛𝒏

∞

𝒏=𝟏

 

𝐥𝐨𝐠𝟒(𝟏 − 𝒛) = 𝟒∑
𝑯𝒏
𝟑 −

𝟑𝑯𝒏
𝟐

𝒏
+
𝟑𝑯𝒏
𝒏𝟐

−
𝟏
𝒏𝟑

𝒏
𝒛𝒏

∞

𝒏=𝟏

− 𝟏𝟐∑
𝑯𝒏𝑯𝒏

(𝟐) −
𝑯𝒏
𝒏𝟐
−
𝑯𝒏
(𝟐)

𝒏
+
𝟏
𝒏𝟑

𝒏
𝒛𝒏

∞

𝒏=𝟏

+ 𝟖∑
𝑯(𝟑) −

𝟏
𝒏𝟑

𝒏
𝒛𝒏

∞

𝒏=𝟏

∴ 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 

∎𝝃𝟏 = ∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

 

𝝃𝟏 = 𝟒∑
𝑯𝒏
𝟑 −

𝟑𝑯𝒏
𝟐

𝒏 +
𝟑𝑯𝒏
𝒏𝟐

−
𝟏
𝒏𝟑

𝒏
∫𝒙𝒏−𝟏 𝐥𝐨𝐠𝟐(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

 

−𝟏𝟐∑
𝑯𝒏𝑯𝒏

(𝟐) −
𝑯𝒏
𝒏𝟐
−
𝑯𝒏
(𝟐)

𝒏 +
𝟏
𝒏𝟑

𝒏
∫𝒙𝒏−𝟏 𝐥𝐨𝐠𝟐(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

+ 𝟖∑
𝑯(𝟑) −

𝟏
𝒏𝟑

𝒏
∫𝒙𝒏−𝟏 𝐥𝐨𝐠𝟐(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: ∫𝐱𝐩 𝐥𝐨𝐠𝒒(𝒙)

𝟏

𝟎

=
(−𝟏)𝒒𝒒!

(𝒑 + 𝟏)𝒒+𝟏
 

𝝃𝟏 = 𝟖∑
𝑯𝒏
𝟑 −

𝟑𝑯𝒏
𝟐

𝒏 +
𝟑𝑯𝒏
𝒏𝟐

−
𝟏
𝒏𝟑

𝒏𝟒

∞

𝒏=𝟏

− 𝟐𝟒∑
𝑯𝒏𝑯𝒏

(𝟐) −
𝑯𝒏
𝒏𝟐
−
𝑯𝒏
(𝟐)

𝒏 +
𝟏
𝒏𝟑

𝒏𝟒

∞

𝒏=𝟏

+ 𝟏𝟔∑
𝑯(𝟑) −

𝟏
𝒏𝟑

𝒏𝟒

∞

𝒏=𝟏

 

𝝃𝟏 = 𝟖∑
𝑯𝒏
𝟑

𝒏𝟒

∞

𝒏=𝟏

− 𝟐𝟒∑
𝑯𝒏
𝟐

𝒏𝟓

∞

𝒏=𝟏

+ 𝟒𝟖∑
𝑯𝒏
𝒏𝟔

∞

𝒏=𝟏

− 𝟒𝟖∑
𝟏

𝒏𝟕

∞

𝒏=𝟏

− 𝟐𝟒∑
𝑯𝒏𝑯𝒏

(𝟐)

𝒏𝟒

∞

𝒏=𝟏

 

+𝟐𝟒∑
𝑯𝒏
(𝟐)

𝒏𝟓

∞

𝒏=𝟏

+ 𝟏𝟔∑
𝑯𝒏
(𝟑)

𝒏𝟒

∞

𝒏=𝟏

 

𝑾𝒉𝒆𝒓𝒆: 

∑
𝑯𝒏
𝟑

𝒏𝟒

∞

𝒏=𝟏

=
𝟏

𝟐𝟒𝟎
(−𝟑𝟒𝝅𝟒𝜻(𝟑) + 𝟖𝟎𝝅𝟐𝜻(𝟓) + 𝟑𝟒𝟔𝟓𝜻(𝟕)) 

∑
𝑯𝒏
𝟐

𝒏𝟓

∞

𝒏=𝟏

= 𝟔𝜻(𝟕) −
𝝅𝟐

𝟑𝟔
(𝝅𝟐𝜻(𝟑) + 𝟔𝜻(𝟓)) ∧∑

𝑯𝒏
𝒏𝟔

∞

𝒏=𝟏

= −
𝝅𝟒

𝟗𝟎
𝜻(𝟑) −

𝝅𝟐

𝟔
𝜻(𝟓) + 𝟒𝜻(𝟕) 
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∑
𝑯𝒏𝑯𝒏

(𝟐)

𝒏𝟒

∞

𝒏=𝟏

=
𝟏

𝟐𝟒𝟎
(𝟐𝝅𝟒𝜻(𝟑) + 𝟖𝟎𝝅𝟐𝜻(𝟓) − 𝟕𝟔𝟓𝜻(𝟕)) 

∑
𝑯𝒏
(𝟐)

𝒏𝟓

∞

𝒏=𝟏

=
𝝅𝟒

𝟒𝟓
𝜻(𝟑) +

𝟓𝝅𝟐

𝟔
𝜻(𝟓) − 𝟏𝟎𝜻(𝟕) ∧∑

𝑯𝒏
(𝟑)

𝒏𝟒

∞

𝒏=𝟏

= 𝟏𝟖𝜻(𝟕) −
𝟓𝝅𝟐

𝟑
𝜻(𝟓) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 

𝝃𝟏 =
𝟏

𝟑𝟎
(−𝟑𝟒𝝅𝟒𝜻(𝟑) + 𝟖𝟎𝝅𝟐𝜻(𝟓) + 𝟑𝟒𝟔𝟓𝜻(𝟕)) − 𝟐𝟒(𝟔𝜻(𝟕) −

𝝅𝟐

𝟑𝟔
(𝝅𝟐𝜻(𝟑) + 𝟔𝜻(𝟓))) 

+𝟒𝟖(−
𝝅𝟒

𝟗𝟎
𝜻(𝟑) −

𝝅𝟐

𝟔
𝜻(𝟓) + 𝟒𝜻(𝟕)) − 𝟒𝟖𝜻(𝟕) −

𝟏

𝟏𝟎
(𝟐𝝅𝟒𝜻(𝟑) + 𝟖𝟎𝝅𝟐𝜻(𝟓) − 𝟕𝟔𝟓𝜻(𝟕)) 

+𝟐𝟒(
𝝅𝟒

𝟒𝟓
𝜻(𝟑) +

𝟓𝝅𝟐

𝟔
𝜻(𝟓) − 𝟏𝟎𝜻(𝟕)) + 𝟏𝟔(𝟏𝟖𝜻(𝟕) −

𝟓𝝅𝟐

𝟑
𝜻(𝟓)) 

𝝃𝟏 = −
𝟐𝝅𝟒

𝟑
𝜻(𝟑) − 𝟏𝟔𝝅𝟐𝜻(𝟓) + 𝟐𝟒𝟎𝜻(𝟕) ∴ 

∎𝝃𝟐 = ∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠𝟒(𝟏 − 𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

𝑾𝒆 𝒅𝒐:𝟏−𝒙→𝒙
⇒         𝝃𝟐 = ∫

𝐥𝐨𝐠𝟐(𝟏 − 𝒙) 𝐥𝐨𝐠𝟒(𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒏𝒕𝒊𝒐𝒏𝒆𝒅 𝒂𝒃𝒐𝒗𝒆: 

𝝀=𝟐
⇒  𝐥𝐨𝐠𝟐(𝟏 − 𝒛) = 𝟐∑

𝑯𝒏−𝟏
𝒏
𝒛𝒏

∞

𝒏=𝟏

= 𝟐∑
𝑯𝒏 −

𝟏
𝒏

𝒏
𝒛𝒏

∞

𝒏=𝟏

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 𝝃𝟐 = 𝟐∑
𝑯𝒏 −

𝟏
𝒏

𝒏
∫𝒙𝒏−𝟏 𝐥𝐨𝐠𝟒(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

= 𝟒𝟖(∑
𝑯𝒏
𝒏𝟔

∞

𝒏=𝟏

−∑
𝟏

𝒏𝟕

∞

𝒏=𝟏

) 

𝝃𝟐 = 𝟒𝟖(−
𝝅𝟒

𝟗𝟎
𝜻(𝟑) −

𝝅𝟐

𝟔
𝜻(𝟓) + 𝟑𝜻(𝟕)) 

𝝃𝟐 = −
𝟖𝝅𝟒

𝟏𝟓
𝜻(𝟑) − 𝟖𝝅𝟐𝜻(𝟓) + 𝟏𝟒𝟒𝜻(𝟕) ∴ 

𝑻𝒉𝒖𝒔: 

𝑰 = (−
𝟐𝝅𝟒

𝟑
𝜻(𝟑) − 𝟏𝟔𝝅𝟐𝜻(𝟓) + 𝟐𝟒𝟎𝜻(𝟕))+ (−

𝟖𝝅𝟒

𝟏𝟓
𝜻(𝟑) − 𝟖𝝅𝟐𝜻(𝟓) + 𝟏𝟒𝟒𝜻(𝟕)) 

𝑰 = −𝟐𝟒𝝅𝟐𝜻(𝟓) + 𝟑𝟖𝟒𝜻(𝟕) −
𝟔𝝅𝟒

𝟓
𝜻(𝟑) ∴ 
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2879. 𝑭𝒊𝒏𝒅 ∶    

 𝛀 = ∫
𝒙𝟐√𝒙 𝐥𝐧(𝒙)

𝒙𝟒 + 𝟏
𝒅𝒙

∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
 
Solution by Omkumar Rao-India 

𝑰(𝒑) = ∫
𝒙𝒑

𝒙𝟒 + 𝟏
𝒅𝒙

∞

𝟎

=
𝝅

𝟒𝐬𝐢𝐧 (
(𝒑 + 𝟏)𝝅

𝟒 )
, 𝑰′(𝒑) = ∫

𝒙𝒑𝒍𝒏𝒙

𝒙𝟒 + 𝟏
𝒅𝒙

∞

𝟎

 

𝑰′(𝒑) = −
𝝅𝟐

𝟏𝟔
𝐜𝐨𝐬 (

(𝒑 + 𝟏)𝝅

𝟒
)(𝐜𝐬𝐜(

(𝒑 + 𝟏)𝝅

𝟒
))

𝟐

 

𝛀 = 𝑰′ (
𝟓

𝟐
) = −

𝝅𝟐

𝟏𝟔
𝐜𝐨𝐬 (

𝟕𝝅

𝟖
) (𝐜𝐬𝐜 (

𝟕𝝅

𝟖
))
𝟐

= −
𝝅𝟐

𝟏𝟔

(−
√𝟐 + √𝟐
𝟐

)

(
𝟐 − √𝟐
𝟒 )

=
𝝅𝟐

𝟏𝟔
(𝟐 + √𝟐)√𝟐+ √𝟐 

2880. Find: 

𝑰 =  ∫
𝒂𝒙 − 𝒃𝒙

𝒄𝒙 − 𝒅𝒙
 𝒅𝒙

∞

𝟎

 

 
Proposed by Zinadin Kebaili - Algeria 

Solution by Samuel Adekunle Ajibade - Nigeria 
 

𝐈 =  ∫
𝐚𝐱 − 𝐛𝐱

𝐜𝐱 − 𝐝𝐱
 𝐝𝐱

∞

𝟎

, 𝐈 = ∫
(
𝐚
𝐜)
𝐱

− (
𝐛
𝐜)
𝐱

𝟏 − (
𝐝
𝐜)
𝐱  𝐝𝐱 = ∫

𝛂𝐱 − 𝛃𝐱

𝟏 − 𝛗𝐱
𝐝𝐱

∞

𝟎

∞

𝟎

 

𝛂, 𝛃,𝛗 =
𝐚

𝐜
,
𝐛

𝐜
,
𝐝

𝐜
𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲 

𝐈 = ∫ (𝛂𝐱 − 𝛃𝐱) ∑𝛗𝐧𝐱
∞

𝐧=𝟎

∞

𝟎

𝐝𝐱    (𝐆𝐞𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐬𝐞𝐫𝐢𝐞𝐬: |𝛗𝐱| < 1 ∀𝑐 > 𝑑 

𝐈 = ∑∫ (𝛂𝐱 − 𝛃𝐱)
∞

𝟎

𝛗𝐧𝐱 𝐝𝐱

∞

𝐧=𝟎

   

(𝐅𝐮𝐛𝐢𝐧𝐢 − 𝐓𝐨𝐧𝐞𝐥𝐥𝐢 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝐣𝐮𝐬𝐭𝐢𝐟𝐞𝐝 𝐛𝐲 𝐚𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐜𝐨𝐧𝐯𝐞𝐫𝐠𝐞𝐧𝐜𝐞) 
 

𝐈 = ∑∫ (𝐞𝐥𝐧(𝛂)𝐱 − 𝐞𝐥𝐧(𝛃)𝐱) 𝐞𝐧𝐥𝐧(𝛗)𝐱𝐝𝐱 
∞

𝟎

∞

𝐧=𝟎
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𝐈 = ∑−
𝟏

𝐧𝐥𝐧(𝛗) + 𝐥𝐧(𝛂)
+

𝟏

𝐧𝐥𝐧(𝛗) + 𝐥𝐧(𝛃)

∞

𝐧=𝟎

    (𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦𝐬) 

𝐈 =
𝟏

𝐥𝐧(𝛗)
∑

𝟏

𝐧 +
𝐥𝐧(𝛃)
𝐥𝐧(𝛗)

−
𝟏

𝐧 +
𝐥𝐧(𝛂)
𝐥𝐧(𝛗)

∞

𝐧=𝟎

 

𝐈 =
𝟏

𝐥𝐧(𝛗)
∑−(

𝟏

𝐧+ 𝟏
−

𝟏

𝐧 +
𝐥𝐧(𝛃)
𝐥𝐧(𝛗)

) + (
𝟏

𝐧 + 𝟏
−

𝟏

𝐧 +
𝐥𝐧(𝛂)
𝐥𝐧(𝛗)

)

∞

𝐧=𝟎

 

Recall: 

𝛙(𝐳) + 𝛄 = ∑
𝟏

𝐧 + 𝟏
 −

𝟏

𝐧 + 𝐳

∞

𝐧=𝟎

 

𝛄 𝐢𝐬 𝐭𝐡𝐞 𝐄𝐮𝐥𝐞𝐫 − 𝐌𝐚𝐬𝐜𝐡𝐞𝐫𝐨𝐧𝐢 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭, 𝛙(𝐳) 𝐢𝐬 𝐭𝐡𝐞 𝐝𝐢𝐠𝐚𝐦𝐦𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧  
 

𝐈 =
𝟏

𝐥𝐧(𝛗)
(− 𝛙(

𝐥𝐧(𝛃)

𝐥𝐧(𝛗)
) − 𝛄 + 𝛄 + 𝛙(

𝐥𝐧(𝛂)

𝐥𝐧(𝛗)
)) 

𝐈 =
𝟏

𝐥𝐧(𝛗)
(𝛙(

𝐥𝐧(𝛂)

𝐥𝐧(𝛗)
) −  𝛙(

𝐥𝐧(𝛃)

𝐥𝐧(𝛗)
)) 

 

𝐈 =
𝟏

𝐥𝐧(𝛗)
(𝛙(𝐥𝐨𝐠𝛗(𝛂)) − 𝛙(𝐥𝐨𝐠𝛗(𝛃)))  

Where: 

𝛂, 𝛃,𝛗 =
𝐚

𝐜
,
𝐛

𝐜
,
𝐝

𝐜
𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲  

Valid: 
∀𝐜 > 𝑎, 𝑏, 𝑑 

 

2881. Find: 

𝑰 =  ∫
𝒍𝒏𝟐(𝒙)

(𝒙 − 𝟏)𝒙𝒂
 𝒅𝒙

𝟏

𝟎

 

 
Proposed by  Zinadin Kebaili - Algeria 

Solution by  Samuel Adekunle Ajibade - Nigeria 
 

𝑰 =  ∫
𝒍𝒏𝟐(𝒙)

(𝒙 − 𝟏)𝒙𝒂
 𝒅𝒙

𝟏

𝟎

= −
𝝏𝟐

𝝏𝒃𝟐
∫
𝒙𝒃−𝒂

𝟏 − 𝒙
𝒅𝒙 

𝟏

𝟎

|
𝒃=𝟎 

 (𝑳𝒆𝒊𝒃𝒏𝒊𝒛′𝒔 𝒓𝒖𝒍𝒆) 
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𝑰 =  −
𝝏𝟐

𝝏𝒃𝟐
∫ ∑𝒙𝒏+𝒃−𝒂

∞

𝒏=𝟎

𝟏

𝟎

𝒅𝒙 |

𝒃=𝟎

(𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒆𝒓𝒊𝒆𝒔: |𝒙| < 1 

𝑰 = −∑
𝝏𝟐

𝝏𝒃𝟐
∫ 𝒙𝒏+𝒃−𝒂
𝟏

𝟎

∞

𝒏=𝟎

𝒅𝒙|

𝒃=𝟎

   (𝑭𝒖𝒃𝒊𝒏𝒊 − 𝑻𝒐𝒏𝒆𝒍𝒍𝒊 𝑻𝒉𝒆𝒐𝒓𝒆𝒎) 

𝑰 = − ∑
𝝏𝟐

𝝏𝒃𝟐

∞

𝒏=𝟎

𝒙𝒏+𝒃−𝒂+𝟏

𝒏 + 𝒃 − 𝒂 + 𝟏
|
𝟎

𝟏

 |

𝒃=𝟎

= −∑
𝝏𝟐

𝝏𝒃𝟐

∞

𝒏=𝟎

𝟏

𝒏 + 𝒃 − 𝒂 + 𝟏
|

𝒃=𝟎

 

𝑰 = −∑
𝟐

(𝒏 + 𝟏 − 𝒂)𝟑

∞

𝒏=𝟎

 =  𝝍(𝟐)(𝟏 − 𝒂) 

 

𝑰(𝒂) = 𝝍(𝟐)(𝟏 − 𝒂) 
 ∀𝒂 < 1 

Where: 𝝍(𝟐)(𝒛) is the Tetragamma function 

 

Example: when a=
𝟏

𝟐
  

𝑰 (
𝟏

𝟐
) = 𝝍(𝟐) (

𝟏

𝟐
) =  −𝟏𝟒𝜻(𝟑) 

 

2882. Find: 

𝑰 =  ∫ 𝒍𝒏(𝒂𝟐 + 𝒃𝟐𝒕𝒂𝒏𝟐(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

 

 
Proposed by Zinadin Kebaili - Algeria 

Solution by Samuel Adekunle Ajibade - Nigeria 
 

𝑰 = ∫ 𝒍𝒏(𝒂𝟐 + 𝒃𝟐𝒕𝒂𝒏𝟐(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

 = ∫ 𝒍𝒏(𝒂𝟐 (𝟏 + (
𝒃

𝒂
)
𝟐

𝒕𝒂𝒏𝟐(𝒙)))𝒅𝒙

𝝅
𝟐

𝟎

 

𝑰 = ∫ 𝒍𝒏(𝒂𝟐)𝒅𝒙 +

𝝅
𝟐

𝟎

 ∫ 𝒍𝒏(𝟏 + (
𝒃

𝒂
)
𝟐

𝒕𝒂𝒏𝟐(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

 

 
𝑰 = 𝝅𝒍𝒏|𝒂| + 𝑱  ⋯𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟏 

 

𝑱 =  ∫ 𝒍𝒏(𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

    ⋯ {(
𝒃

𝒂
)
𝟐

= 𝒄} 
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𝑱 = ∫ ∫
𝝏

𝝏𝒄

𝝅
𝟐

𝟎

𝒄

𝟎

𝒍𝒏(𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙))𝒅𝒙 𝒅𝒄 = ∫ ∫
𝒕𝒂𝒏𝟐(𝒙)

𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙)
𝒅𝒙 𝒅𝒄

𝝅
𝟐

𝟎

𝒄

𝟎

 

 

𝑱 = ∫
𝟏

𝒄
∫
𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙) − 𝟏

𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙)
𝒅𝒙 𝒅𝒄

𝝅
𝟐

𝟎

𝒄

𝟎

 

 

𝑱 = ∫
𝟏

𝒄
∫ (𝟏 −

𝟏

𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙)
)𝒅𝒙 𝒅𝒄

𝝅
𝟐

𝟎

𝒄

𝟎

    ⋯ (𝟐) 

 
𝑺𝒐𝒍𝒗𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒏𝒆𝒓 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍, 𝒔𝒂𝒚 𝑲 

 

𝑲 = ∫ (𝟏 −
𝟏

𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙)
)𝒅𝒙 

𝝅
𝟐

𝟎

=
𝝅

𝟐
−∫

𝟏

𝟏 + 𝒄𝒕𝒂𝒏𝟐(𝒙)
𝒅𝒙 

𝝅
𝟐

𝟎

 

 

𝒍𝒆𝒕 𝒕 = 𝒕𝒂𝒏(𝒙), 𝒅𝒙 =
𝒅𝒕

𝟏 + 𝒕𝟐
, 𝒕 ∈ [𝟎,∞) 

 

𝑲 = 
𝝅

𝟐
− ∫

𝟏

(𝟏 + 𝒄𝒕𝟐)(𝟏 + 𝒕𝟐)
𝒅𝒙 

∞

𝟎

 

 

𝑲 =
𝝅

𝟐
+

𝟏

𝟏 − 𝒄
∫ (

𝒄

𝟏 + 𝒄𝒕𝟐
−

𝟏

𝟏 + 𝒕𝟐
)𝒅𝒙 

∞

𝟎

 

 

𝑲 =
𝝅

𝟐
+

𝟏

𝟏 − 𝒄
(√𝒄 (𝐭𝐚𝐧−𝟏(𝒄𝒕) − 𝐭𝐚𝐧−𝟏(𝒕))|

𝟎

∞

 

𝑲 =
𝝅

𝟐
+
𝝅

𝟐

√𝒄 − 𝟏

𝟏 − 𝒄
 =
𝝅

𝟐
(
√𝒄 − 𝒄

𝟏 − 𝒄
) 

𝑺𝒐𝒍𝒗𝒊𝒏𝒈 𝒇𝒐𝒓 𝑱 𝒇𝒓𝒐𝒎 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐  

𝑱 =
𝝅

𝟐
∫

√𝒄 − 𝒄

𝒄(𝟏 − 𝒄)
𝒅𝒄 =

𝒄

𝟎

𝝅

𝟐
∫

𝟏 − √𝒄

√𝒄(𝟏 − √𝒄)(𝟏 + √𝒄)
𝒅𝒄 

𝒄

𝟎

 

𝑱 =
𝝅

𝟐
∫

𝟏

√𝒄(𝟏 + √𝒄)
𝒅𝒄

𝒄

𝟎

 

𝒍𝒆𝒕 𝒖 = 𝟏 + √𝒄 , 𝒅𝒖 =
𝟏

𝟐√𝒄
𝒅𝒄, 𝒖 ∈ [𝟏, 𝟏 + √𝒄] 

𝑱 = 𝝅∫
𝟏

𝒖
𝒅𝒖 

𝟏+√𝒄

𝟏

= 𝝅𝒍𝒏(𝟏 + √𝒄)⋯ {(
𝒃

𝒂
)
𝟐

= 𝒄} 

𝑱 =  𝝅𝒍𝒏(𝟏 +
|𝒃|

|𝒂|
) = 𝝅𝒍𝒏(|𝒂| + |𝒃|) − 𝝅𝒍𝒏|𝒂| 

𝑬𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒏𝒈 𝒇𝒓𝒐𝒎 𝑰 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟏  
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𝑰 =  𝝅𝒍𝒏(|𝒂| + |𝒃|) 

∀𝒂, 𝒃 ∈ ℝ 
 
 
 

2883. Find: 

𝛀 = 𝐥𝐢𝐦
𝒙⟶𝟎

(
𝟏 − ∏ (𝐜𝐨𝐬 𝒌𝒙)

𝟏
𝒌𝟑𝒏

𝒌=𝟏

𝒙𝟐
)

𝟏
𝒙𝟐

  

Proposed by Omkumar Rao-India 
Solution by proposer 
 

𝑨(𝒙) =∏(𝐜𝐨𝐬 𝒌𝒙)
𝟏

𝒌𝟑

𝒏

𝒌=𝟏

⟹ 𝐥𝐧𝑨(𝒙) = ∑
𝐥𝐧(𝐜𝐨𝐬𝒌𝒙)

𝒌𝟑

𝒏

𝒌=𝟏

 

⟹ 𝐜𝐨𝐬 𝒌𝒙 = 𝟏 −
𝒙𝟐

𝟐!
+
𝒙𝟒

𝟒!
+ 𝑶(𝒙𝟔) 

⟹ 𝐥𝐧(𝟏 + 𝒙) = 𝒙 −
𝒙𝟐

𝟐
+ 𝑶(𝒙𝟑) 

𝒙 ⟶ −
𝒙𝟐

𝟐!
+
𝒙𝟒

𝟒!
 

𝐥𝐧(𝐜𝐨𝐬𝒌𝒙) = (−
𝒌𝟐𝒙𝟐

𝟐!
+
𝒌𝟒𝒙𝟒

𝟒!
) −

𝟏

𝟐
(−
𝒌𝟐𝒙𝟐

𝟐!
+
𝒌𝟒𝒙𝟒

𝟒!
)

𝟐

+𝑶(𝒙𝟔) ⟹ 𝐥𝐧(𝐜𝐨𝐬𝒌𝒙)

= −
𝒌𝟐𝒙𝟐

𝟐
−
𝒌𝟒𝒙𝟒

𝟏𝟐
+ 𝑶(𝒙𝟔) 

𝐥𝐧𝑨(𝒙) = −
𝒙𝟐

𝟐
∑
𝟏

𝒌

𝒏

𝒌=𝟏

−
𝒙𝟒

𝟏𝟐
∑𝒌

𝒏

𝒌=𝟏

+𝑶(𝒙𝟔) = −
𝒙𝟐𝑯𝒏
𝟐

−
𝒏(𝒏 + 𝟏)

𝟐𝟒
𝒙𝟒 + 𝑶(𝒙𝟔) ⟹ 𝑨(𝒙)

= 𝒆
(−
𝒙𝟐𝑯𝒏
𝟐
 − 
𝒏(𝒏+𝟏)
𝟐𝟒

𝒙𝟒+𝑶(𝒙𝟔))

 

⟹ 𝒆𝒙 = 𝟏 + 𝒙 +
𝒙𝟐

𝟐
+ 𝑶(𝒙𝟑) 

𝑨(𝒙) = 𝟏 + (−
𝒙𝟐𝑯𝒏
𝟐

−
𝒏(𝒏 + 𝟏)

𝟐𝟒
𝒙𝟒) +

𝟏

𝟐
(−
𝒙𝟐𝑯𝒏
𝟐
)

𝟐

+ 𝑶(𝒙𝟔)

= 𝟏 −
𝒙𝟐𝑯𝒏
𝟐

−
𝒏(𝒏 + 𝟏)

𝟐𝟒
𝒙𝟒 +

𝟏

𝟖
(𝑯𝒏)

𝟐𝒙𝟒 +𝑶(𝒙𝟔) 
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𝟏 − 𝑨(𝒙) =
𝒙𝟐𝑯𝒏
𝟐

− 𝒙𝟒 (
𝟏

𝟖
(𝑯𝒏)

𝟐 −
𝒏(𝒏 + 𝟏)

𝟐𝟒
) + 𝑶(𝒙𝟔) ⟹

𝟏 − 𝑨(𝒙)

𝒙𝟐

=
𝑯𝒏
𝟐
− 𝒙𝟐 (

𝟏

𝟖
(𝑯𝒏)

𝟐 −
𝒏(𝒏 + 𝟏)

𝟐𝟒
) + 𝑶(𝒙𝟒)     ∶ (

𝟏 − 𝑨(𝒙)

𝒙𝟐
= 𝑩(𝒙)) 

⟹ 𝐥𝐧𝛀 = 𝐥𝐢𝐦
𝒙⟶𝟎

(
𝐥𝐧𝑩(𝒙)

𝒙𝟐
) ⟹ 𝑩(𝒙) =

𝑯𝒏
𝟐
(𝟏 − 𝒙𝟐 (

𝑯𝒏
𝟒
−
𝒏(𝒏 + 𝟏)

𝟏𝟐𝑯𝒏
) + 𝑶(𝒙𝟒))

⟹ 𝐥𝐧𝑩(𝒙) = 𝐥𝐧 (
𝑯𝒏
𝟐
) + 𝐥𝐧 (𝟏 − 𝒙𝟐 (

𝑯𝒏
𝟒
−
𝒏(𝒏 + 𝟏)

𝟏𝟐𝑯𝒏
) + 𝑶(𝒙𝟒)) 

𝐥𝐧 𝑩(𝒙) = 𝐥𝐧 (
𝑯𝒏
𝟐
) + (−𝒙𝟐 (

𝑯𝒏
𝟒
−
𝒏(𝒏 + 𝟏)

𝟏𝟐𝑯𝒏
) + 𝑶(𝒙𝟒))

⟹ 𝐥𝐢𝐦
𝒙⟶𝟎

(
𝐥𝐧𝑩(𝒙)

𝒙𝟐
) = 𝐥𝐢𝐦

𝒙⟶𝟎

𝐥𝐧 (
𝑯𝒏
𝟐 )

𝒙𝟐
− 𝐥𝐢𝐦
𝒙⟶𝟎

𝒙𝟐 (
𝑯𝒏
𝟒 −

𝒏(𝒏 + 𝟏)
𝟏𝟐𝑯𝒏

)

𝒙𝟐
+𝑶(𝒙𝟐) 

𝐥𝐧𝛀 = (
𝑯𝒏
𝟒
−
𝒏(𝒏 + 𝟏)

𝟏𝟐𝑯𝒏
) ⟹ 𝛀 = 𝒆

(
𝑯𝒏
𝟒
 − 
𝒏(𝒏+𝟏)
𝟏𝟐𝑯𝒏

)
 

𝛀 = 𝐥𝐢𝐦
𝒙⟶𝟎

(
𝟏 −∏ (𝐜𝐨𝐬 𝒌𝒙)

𝟏

𝒌𝟑𝒏
𝒌=𝟏

𝒙𝟐
)

𝟏

𝒙𝟐

 = 𝒆
(
𝑯𝒏
𝟒
 − 
𝒏(𝒏+𝟏)
𝟏𝟐𝑯𝒏

)
     

 
 

 

2884. Find: 

𝐥𝐢𝐦
𝒏→∞

[(∏
𝟐𝒌

𝟐𝒌 − 𝟏

𝒏

𝒌=𝟏

) ∫
(𝐜𝐨𝐬 𝒙)𝟐𝒏

𝒌𝒙

∞

−𝟏

𝒅𝒙] 

Proposed by Omkumar Rao-India 
Solution by proposer 

 𝑷𝒏 =∏
𝟐𝒌

𝟐𝒌 − 𝟏

𝒏

𝒌=𝟏

 , 𝑸𝒏 =∏
𝟐𝒌

𝟐𝒌 + 𝟏

𝒏

𝒌=𝟏

⟹ 𝑷𝒏 =
𝟐𝟐𝒏(𝒏!)𝟐

(𝟐𝒏)!

⟹ 𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝑨𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒊𝒐𝒏:𝒏! = (
𝒏

𝒆
)
𝒏

√𝟐𝝅𝒏 ⟹ 

𝑷𝒏 =
𝟐𝟐𝒏 ((

𝒏
𝒆)
𝒏

√𝟐𝝅𝒏)
𝟐

(
𝟐𝒏
𝒆 )

𝟐𝒏

√𝟒𝝅𝒏

⟹ 𝑷𝒏 = √𝝅𝒏 
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𝑰 = ∫
(𝐜𝐨𝐬 𝒙)𝟐𝒏

𝒌𝒙

∞

−𝟏

𝒅𝒙 ⟹ 𝑺𝒊𝒏𝒄𝒆 |𝐜𝐨𝐬 𝒙| < 1 , (𝐜𝐨𝐬 𝒙)𝟐𝒏 → 𝟎 𝒆𝒗𝒆𝒓𝒚𝒘𝒉𝒆𝒓𝒆 𝒆𝒙𝒄𝒆𝒑𝒕 𝐜𝐨𝐬 𝒙

= ±𝟏, 𝒊. 𝒆.  𝒙 = 𝒎𝝅. 𝑻𝒉𝒆 𝒓𝒆𝒍𝒆𝒗𝒂𝒏𝒕 𝒑𝒐𝒊𝒏𝒕𝒔 𝒂𝒓𝒆 𝒙 = 𝟎,𝝅, 𝟐𝝅, 𝟑𝝅. 
𝑨𝒔 𝒏 → ∞, 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝒄𝒐𝒍𝒍𝒂𝒑𝒔𝒆𝒔 𝒐𝒏𝒕𝒐 𝒕𝒊𝒏𝒚 𝒔𝒑𝒊𝒌𝒆𝒔 𝒂𝒕 𝒆𝒂𝒄𝒉 𝒎𝝅.    

 

𝒙 → 𝒎𝝅 + 𝒙 ⟹ 𝐥𝐢𝐦
𝒏→∞

∫
(𝐜𝐨𝐬 𝒙)𝟐𝒏

𝒌𝒙

∞

−𝟏

𝒅𝒙 = 𝐥𝐢𝐦
𝒏→∞

∫
(𝐜𝐨𝐬 𝒙)𝟐𝒏

𝒌𝒏

+𝜹

−𝜹

𝒅𝒙 ⟹ 

𝑰 = ∑ ∫
𝟏

𝒌𝒎𝝅+𝒙
(𝟏 −

𝒙𝟐

𝟐
)

𝟐𝒏

𝒅𝒙

+𝜹

−𝜹

∞

𝒎=𝟎

⟹ 𝐥𝐢𝐦
𝒏→∞

(𝟏 −
𝒙𝟐

𝟐
)

𝟐𝒏

= 𝒆−𝒏𝒙
𝟐

 𝒂𝒔 𝒙 → 𝟎, 𝒏 → ∞

⟹ 

 

𝑰 = ∑
𝟏

𝒌𝒎𝝅
∫
𝒆−𝒏𝒙

𝟐

𝒌𝒙

+𝜹

−𝜹

𝒅𝒙

∞

𝒎=𝟎

⟹ 𝑰 = ∑
𝟏

𝒌𝒎𝝅

∞

𝒎=𝟎

∫
𝒆−𝒏𝒙

𝟐

𝒌𝟎

+∞

−∞

𝒅𝒙 = ∑
𝟏

𝒌𝒎𝝅

∞

𝒎=𝟎

√
𝝅

𝒏
 

 

𝐥𝐢𝐦
𝒏→∞

𝑷𝒏𝑸𝒏 = √𝝅𝒏 .
𝒌𝝅

𝒌𝝅 − 𝟏
.√
𝝅

𝒏
=
𝝅𝒌𝝅

𝒌𝝅 − 𝟏
 

 

2885. 𝐅𝐢𝐧𝐝 ∶  

 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒏∫
𝒙𝒏

𝟏 + 𝒙𝒏
𝒅𝒙

𝟏

𝟎

) 

Proposed by Vasile Mircea Popa-Romania 
Solution by Omkumar Rao-India 

𝒏∫
𝒙𝒏

𝟏 + 𝒙𝒏
𝒅𝒙

𝟏

𝟎

⟹⏞
𝒙𝒏→𝒚

𝒏∫
𝒚 ∙
𝟏
𝒏 ∙ 𝒚

𝟏
𝒏
−𝟏

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= ∫
𝒙
𝟏
𝒏

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∫
𝒙
𝟏
𝒏

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

) ⟹⏞
𝑫𝒐𝒎𝒊𝒏𝒂𝒕𝒆𝒅 𝑪𝒐𝒏𝒗𝒆𝒓𝒈𝒆𝒏𝒄𝒆 𝑻𝒉𝒆𝒐𝒓𝒆𝒎

∫(𝐥𝐢𝐦
𝒏→∞

𝒙
𝟏
𝒏

𝟏 + 𝒙
)𝒅𝒙 =

𝟏

𝟎

 

= ∫(
𝒙𝟎

𝟏 + 𝒙
)𝒅𝒙 =

𝟏

𝟎

∫
𝟏

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 = 𝐥𝐧𝟐 
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2886. Prove that: 

∫
𝐥𝐧(𝐜𝐨𝐬(𝒙))

𝒙𝟐 + (𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐
𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠𝟐(𝒆)) 

Proposed by Omkumar Rao-India 
Solution by proposer 

∫
𝐥𝐧(𝐜𝐨𝐬(𝒙))

𝒙𝟐 + (𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐
𝒅𝒙

𝝅
𝟐

𝟎

= ∫

𝟏
𝐥𝐧(𝐜𝐨𝐬(𝒙))

𝟏 + (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)
𝟐 𝒅𝒙

𝝅
𝟐

𝟎

= 

= ∫

𝟏
𝐥𝐧(𝐜𝐨𝐬(𝒙))

+
𝒙 𝐭𝐚𝐧(𝒙)

(𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐
−

𝒙 𝐭𝐚𝐧(𝒙)
(𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐

𝟏 + (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)
𝟐 𝒅𝒙

𝝅
𝟐

𝟎

= 

= ∫

𝟏
𝐥𝐧(𝐜𝐨𝐬(𝒙))

+
𝒙 𝐭𝐚𝐧(𝒙)

(𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐

𝟏 + (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)
𝟐 𝒅𝒙

𝝅
𝟐

𝟎

−∫

𝒙 𝐭𝐚𝐧(𝒙)
(𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐

𝟏 + (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)
𝟐 𝒅𝒙

𝝅
𝟐

𝟎

= 

= ∫
𝒅(

𝒙
𝐥𝐧(𝐜𝐨𝐬(𝒙))

)

𝟏 + (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)
𝟐𝒅𝒙

𝝅
𝟐

𝟎

−∫
𝒙 𝐭𝐚𝐧(𝒙)

𝒙𝟐 + (𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐
𝒅𝒙

𝝅
𝟐

𝟎⏟                
− 𝐥𝐧(𝐜𝐨𝐬(𝒙)) →𝒙

= 

= [𝐭𝐚𝐧−𝟏 (
𝒙

𝐥𝐧(𝐜𝐨𝐬(𝒙))
)]
𝟎

𝝅
𝟐
−∫

𝐜𝐨𝐬−𝟏(𝒆−𝒙)

𝒙𝟐 + 𝐜𝐨𝐬−𝟏(𝒆−𝒙)
𝒅𝒙

∞

𝟎

= 

=
𝝅

𝟐
−∫

(

 
 
∫ 𝒆−𝒚𝒙 𝐬𝐢𝐧 (𝒚(𝐜𝐨𝐬−𝟏(𝒆−𝒙))) 𝒅𝒚

∞

𝟎⏟                    
𝒆−𝒙 →𝒙 )

 
 
𝒅𝒙

∞

𝟎

= 

=
𝝅

𝟐
− ∫

(

 
 
∫𝒙𝒚−𝟏 𝐬𝐢𝐧 (𝒚(𝐜𝐨𝐬−𝟏(𝒙)))𝒅𝒚

𝟏

𝟎⏟                  
𝑵𝒐𝒘 𝒃𝒚 𝒑𝒂𝒓𝒕𝒔 )

 
 
𝒅𝒙

∞

𝟎

= 

=
𝝅

𝟐
− ∫

(

 
 
∫𝒙𝒚 𝐜𝐨𝐬 (𝒚(𝐜𝐨𝐬−𝟏(𝒙)))𝒅𝒙

𝟏

𝟎⏟                  
𝒙 → 𝐜𝐨𝐬 𝒙 )

 
 
𝒅𝒚

∞

𝟎

= 
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=
𝝅

𝟐
− ∫

(

 ∫(𝐜𝐨𝐬(𝒙))𝒚 𝐜𝐨𝐬(𝒚𝒙)𝒅𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒚

∞

𝟎

=
𝝅

𝟐
− ∫ 𝕽

(

 ∫(𝐜𝐨𝐬(𝒙))𝒚𝒆𝒊𝒚𝒙 𝒅𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒚

∞

𝟎

=
𝝅

𝟐
− ∫ 𝕽

(

 ∫((𝐜𝐨𝐬(𝒙))𝟐 + 𝒊 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒙))𝒚 𝒅𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒚

∞

𝟎

=
𝝅

𝟐
− ∫ 𝕽

(

 
𝟏

𝟐𝒚
∫(𝟏+ 𝒆𝟐𝒊𝒙)𝒚 𝒅𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒚

∞

𝟎

 

=
𝝅

𝟐
−∫

𝟏

𝟐𝒚
𝕽

(

 ∫(∑𝒆𝒊𝟐𝒋𝒙

𝒚

𝒋=𝟎

)𝒅𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒚

∞

𝟎

=
𝝅

𝟐
− ∫

𝟏

𝟐𝒚
𝕽

(

 ∑

(

 ∫𝒆𝒊𝟐𝒋𝒙

𝝅
𝟐

𝟎
)

 𝒅𝒙

𝒚

𝒋=𝟎
)

 𝒅𝒚

∞

𝟎

= 

=
𝝅

𝟐
−∫

𝝅

𝟐𝒚+𝟏
𝒅𝒚

∞

𝟎

=
𝝅

𝟐
−

𝝅

𝟐 𝐥𝐧(𝟐)
=
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠𝟐(𝒆)) 

 

∫
𝐥𝐧(𝐜𝐨𝐬(𝒙))

𝒙𝟐 + (𝐥𝐧(𝐜𝐨𝐬(𝒙)))𝟐
𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠𝟐(𝒆)) 

 

 

2887. Find a closed form: 

𝑺 = ∑
𝑯𝒏

𝒏𝟑(𝒏 + 𝟏)𝟑

∞

𝒏=𝟏

 

Proposed by Omkumar Rao-India 
Solution by proposer 

𝟏

𝒏𝟑(𝒏 + 𝟏)𝟑
=
𝟏

𝒏𝟑
−

𝟏

(𝒏 + 𝟏)𝟑
−
𝟑

𝒏𝟐
−

𝟑

(𝒏 + 𝟏)𝟐
+
𝟔

𝒏
−

𝟔

𝒏 + 𝟏
 

 

∑
𝑯𝒏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟏

=∑
𝑯𝒌 −

𝟏
𝒌

𝒌𝟑

∞

𝒌=𝟐

= (∑
𝑯𝒌
𝒌𝟑

∞

𝒌=𝟏

− 𝟏) − (∑
𝟏

𝒌𝟒

∞

𝒌=𝟏

− 𝟏) =∑
𝑯𝒌
𝒌𝟑

∞

𝒌=𝟏

− 𝜻(𝟒) 

 

⟹∑
𝑯𝒏
(𝒏)𝟑

∞

𝒏=𝟏

−∑
𝑯𝒏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟏

= 𝜻(𝟒) 
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∑
𝑯𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

= ∑
𝑯𝒌 −

𝟏
𝒌𝟐

𝒌𝟐

∞

𝒌=𝟐

= (∑
𝑯𝒏
(𝒏)𝟐

∞

𝒏=𝟏

− 𝟏) − (𝜻(𝟑) − 𝟏) = 

= ∑
𝑯𝒏
(𝒏)𝟐

∞

𝒏=𝟏

− 𝜻(𝟑) = ∑
𝑯𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

 

 

∑
𝑯𝒏
𝒏

∞

𝒏=𝟏

−∑
𝑯𝒏
𝒏 + 𝟏

∞

𝒏=𝟏

= 𝜻(𝟐) 

∑
𝑯𝒏

𝒏𝟑(𝒏 + 𝟏)𝟑

∞

𝒏=𝟏

= 𝜻(𝟒) − 𝟔∑
𝑯𝒏
(𝒏)𝟐

∞

𝒏=𝟏

+ 𝟑𝜻(𝟑) + 𝟔𝜻(𝟐) = 

= 𝜻(𝟒) + 𝟑𝜻(𝟑) + 𝟔𝜻(𝟐) − 𝟔(𝟐𝜻(𝟑)) = 𝜻(𝟒) + 𝟔𝜻(𝟐) − 𝟗𝜻(𝟑) =
𝝅𝟒

𝟗𝟎
+ 𝟔 (

𝝅𝟐

𝟔
) − 𝟗𝜻(𝟑) 

 

∑
𝑯𝒏

𝒏𝟑(𝒏 + 𝟏)𝟑

∞

𝒏=𝟏

=
𝝅𝟒

𝟗𝟎
+ 𝝅𝟐 − 𝟗𝜻(𝟑) 

 

 

2888. 𝑭𝒊𝒏𝒅: 

𝛀 = ∫
𝒙𝟑 𝐭𝐚𝐧−𝟏 𝒙

𝒙𝟖 + 𝒙𝟒 + 𝟏

∞

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa-Romania 
Solution by Omkumar Rao-India 

∫
𝒙𝟑 𝐭𝐚𝐧−𝟏 𝒙

𝒙𝟖 + 𝒙𝟒 + 𝟏

∞

𝟎

𝒅𝒙 ⟹⏞

𝒙→
𝟏
𝒙

∫
𝒙𝟑 (

𝝅
𝟐 − 𝐭𝐚𝐧

−𝟏 (
𝟏
𝒙))

𝒙𝟖 + 𝒙𝟒 + 𝟏

∞

𝟎

𝒅𝒙 

𝟐𝛀 =
𝝅

𝟐
∫

𝒙𝟑

𝒙𝟖 + 𝒙𝟒 + 𝟏
𝒅𝒙

∞

𝟎

⟹⏞
𝒙𝟒→𝒙𝝅

𝟖
∫

𝟏

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

 

𝛀 =
𝝅

𝟏𝟔
∫

𝟏

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝝅

𝟏𝟔
(
𝟐𝝅

𝟑√𝟑
) 

𝛀 =
𝝅𝟐√𝟑

𝟕𝟐
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2889. Find: 

𝐈 =  ∭√𝐱 +  𝟐𝐲 +  𝟑𝐳 𝒅𝒙 𝒅𝒚𝒅𝒛

𝟏

𝟎

 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Samuel Ajibade-Nigeria 

Basic rule: ∫(𝒂𝒙 + 𝒃)𝒏 𝒅𝒙 =  
𝟏

𝒂(𝒏+𝟏)
 (𝒂𝒙 + 𝒃)𝒏+𝟏+ C 

𝑰 =∭√𝒙 + 𝟐𝒚 + 𝟑𝒛 𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

=
𝟐

𝟑
∬[(𝟏 + 𝟐𝒚 + 𝟑𝒛)

𝟑
𝟐  −  (𝟐𝒚 + 𝟑𝒛)

𝟑
𝟐 ] 𝒅𝒚 𝒅𝒛

𝟏

𝟎

 

𝑰 =  
𝟐

𝟑
∙
𝟏

𝟓
∫[(𝟑 + 𝟑𝒛)

𝟓
𝟐 − (𝟏 + 𝟑𝒛)

𝟓
𝟐 − (𝟐 + 𝟑𝒛)

𝟓
𝟐 − (𝟑𝒛)

𝟓
𝟐 ] 𝒅𝒛

𝟏

𝟎

 

𝑰 =
𝟐

𝟏𝟓
∙
𝟐

𝟐𝟏
(𝟔
𝟕
𝟐 − 𝟑

𝟕
𝟐  − 𝟒

𝟕
𝟐 + 𝟏 − 𝟓

𝟕
𝟐 + 𝟐

𝟕
𝟐 + 𝟑

𝟕
𝟐 ) 

𝑰 =
𝟒

𝟑𝟏𝟓
(𝟐𝟏𝟔√𝟔 − 𝟏𝟐𝟓√𝟓 + 𝟖√𝟐 − 𝟏𝟐𝟕)   

2890. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆: 

𝑺 =
𝟏

𝟏𝟒
−
𝟏

𝟑𝟒
−
𝟏

𝟓𝟒
+
𝟏

𝟕𝟒
+
𝟏

𝟗𝟒
−
𝟏

𝟏𝟏𝟒
−
𝟏

𝟏𝟑𝟒
+
𝟏

𝟏𝟓𝟒
+⋯ = ∑

𝜺𝒌
(𝟐𝒌 + 𝟏)𝟒

∞

𝒌=𝟎

 

𝒘𝒉𝒆𝒓𝒆:  𝜺𝒌 = {
+𝟏,   𝒌 ≡ 𝟎, 𝟑(𝒎𝒐𝒅 𝟒)

−𝟏,   𝒌 ≡ 𝟏, 𝟐(𝒎𝒐𝒅 𝟒)
 

Proposed by Omkumar Rao-India 
Solution by proposer 

𝟏

𝒑𝟒
= −

𝟏

𝟔
∫𝒙𝒑−𝟏(𝐥𝐧 𝒙)𝟑 𝒅𝒙 

𝟏

𝟎

⟹⏞
(𝒑=𝟐𝒌+𝟏)

 

𝑺 = ∑𝜺𝒌(−
𝟏

𝟔
∫𝒙𝟐𝒌(𝐥𝐧 𝒙)𝟑 𝒅𝒙

𝟏

𝟎

)

∞

𝒌=𝟎

= −
𝟏

𝟔
∫(𝐥𝐧𝒙)𝟑

𝟏

𝟎

(∑𝜺𝒌

∞

𝒌=𝟎

𝒙𝟐𝒌)𝒅𝒙 



 
www.ssmrmh.ro 

114 RMM-CALCULUS MARATHON 2801-2900 

 

 

∑𝜺𝒌

∞

𝒌=𝟎

𝒙𝟐𝒌 = (𝟏 − 𝒙𝟐 − 𝒙𝟒 + 𝒙𝟔) + (𝒙𝟖 − 𝒙𝟏𝟎 − 𝒙𝟏𝟐 + 𝒙𝟏𝟒) +⋯ ⟹⏞
𝑳𝒆𝒕 𝒙𝟐=𝒎

 

(𝟏 −𝒎−𝒎𝟐 +𝒎𝟑)(𝟏 +𝒎𝟒 +𝒎𝟖 +⋯) =
(𝟏 −𝒎)𝟐(𝟏 +𝒎)

𝟏 −𝒎𝟒
=
𝟏 − 𝒙𝟐

𝟏 + 𝒙𝟒
 

𝑺 = −
𝟏

𝟔
(∫(𝐥𝐧 𝒙)𝟑.

𝟏

𝟎

𝟏 − 𝒙𝟐

𝟏 + 𝒙𝟒
𝒅𝒙) ⟹ −𝟔𝑺 = ∫

(𝐥𝐧𝒙)𝟑

𝟏 + 𝒙𝟒

𝟏

𝟎

𝒅𝒙

⏟        
𝑨

−∫
𝒙𝟐(𝐥𝐧 𝒙)𝟑

𝟏 + 𝒙𝟒
𝒅𝒙

𝟏

𝟎⏟          
𝑩

 

𝑩 = ∫
𝒙𝟐(𝐥𝐧 𝒙)𝟑

𝟏 + 𝒙𝟒
𝒅𝒙

𝟏

𝟎

⟹⏞

𝒙⟶
𝟏
𝒙

− ∫
(𝐥𝐧𝒙)𝟑

𝟏 + 𝒙𝟒

∞

𝟏

𝒅𝒙 ⟹ 

−𝟔𝑺 = ∫
(𝐥𝐧𝒙)𝟑

𝟏 + 𝒙𝟒

𝟏

𝟎

𝒅𝒙 +∫
(𝐥𝐧𝒙)𝟑

𝟏 + 𝒙𝟒

∞

𝟏

𝒅𝒙 = ∫
(𝐥𝐧𝒙)𝟑

𝟏 + 𝒙𝟒

∞

𝟎

𝒅𝒙 

𝑱(𝒃) = ∫
𝒙𝒃

𝟏 + 𝒙𝟒

∞

𝟎

𝒅𝒙 ⟹⏞
−𝟏<𝑏<3 𝝅

𝟒 𝐬𝐢𝐧 (
𝝅(𝒃 + 𝟏)

𝟒 )
 , 𝑺 = −

𝟏

𝟔
𝑱′′′(𝟎) 

𝑱′(𝒃) = −
𝝅𝟐

𝟏𝟔
𝐜𝐬𝐜(

𝝅(𝒃 + 𝟏)

𝟒
) 𝐜𝐨𝐭 (

𝝅(𝒃 + 𝟏)

𝟒
) ⟹ 

𝑱′′(𝒃) =
𝝅𝟑

𝟏𝟔
[(𝐜𝐨𝐭 (

𝝅(𝒃 + 𝟏)

𝟒
))

𝟐

𝐜𝐬𝐜 (
𝝅(𝒃 + 𝟏)

𝟒
) + (𝐜𝐬𝐜(

𝝅(𝒃 + 𝟏)

𝟒
))

𝟑

] 

 

𝑱′′′(𝒃) =
𝝅𝟒

𝟐𝟓𝟔
𝐜𝐬𝐜(

𝝅(𝒃 + 𝟏)

𝟒
) 𝐜𝐨𝐭 (

𝝅(𝒃 + 𝟏)

𝟒
) [𝟏 − 𝟔(𝐜𝐬𝐜 (

𝝅(𝒃 + 𝟏)

𝟒
))

𝟐

] ⟹ 

𝑱′′′(𝟎) = −
𝟏𝟏√𝟐𝝅𝟒

𝟐𝟓𝟔
⟹ 𝑺 = −

𝟏

𝟔
𝑱′′′(𝟎) =

𝟏𝟏√𝟐𝝅𝟒

𝟏𝟓𝟑𝟔
 

 

𝑺 =
𝟏

𝟏𝟒
−
𝟏

𝟑𝟒
−
𝟏

𝟓𝟒
+
𝟏

𝟕𝟒
+
𝟏

𝟗𝟒
−
𝟏

𝟏𝟏𝟒
−
𝟏

𝟏𝟑𝟒
+
𝟏

𝟏𝟓𝟒
+⋯ =∑

𝜺𝒌
(𝟐𝒌 + 𝟏)𝟒

∞

𝒌=𝟎

=
𝟏𝟏√𝟐𝝅𝟒

𝟏𝟓𝟑𝟔
      

2891. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∫
𝒙𝟐

(𝒙𝟐 + 𝟒)𝟐
𝒅𝒙

∞

𝟎

+∫
𝒚𝟐

𝟒(𝒚𝟐 + 𝟐𝟓)𝟐
𝒅𝒚

∞

𝟎

+∫
𝒛𝟐

𝟗(𝒛𝟐 + 𝟏𝟎𝟎)𝟐
𝒅𝒛

∞

𝟎

+⋯ = 

=
𝝅𝟐

𝟐𝟒
(𝝅 − 𝟑𝐜𝐨𝐭𝐡 𝝅 +

𝟑

𝝅
) 

Proposed by Cosghun Memmedov-Azerbaijan 
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Solution by Omkumar Rao-India 

𝑲𝒏 =
𝟏

𝒏𝟐
∫

𝒙𝟐

(𝒙𝟐 + 𝒌𝟐)𝟐
𝒅𝒙

∞

𝟎

            ∶ (𝒌 = 𝒏𝟐 + 𝟏) 

𝑲𝒏 ⟹⏞
𝒙→𝒌 𝐭𝐚𝐧 𝒙 𝟏

𝒌𝒏𝟐
∫(𝐬𝐢𝐧𝒙)𝟐 𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅

𝟒𝒏𝟐(𝒏𝟐 + 𝟏)
 

𝑺 = ∑
𝝅

𝟒𝒏𝟐(𝒏𝟐 + 𝟏)

∞

𝒏=𝟏

=
𝝅

𝟒
(
𝝅𝟐

𝟔
−∑

𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

) 

𝐜𝐨𝐭 𝒙 =
𝟏

𝒙
+∑

𝟐𝒙

𝒙𝟐 − 𝒏𝟐𝝅𝟐

∞

𝒏=𝟏

⟹⏞
𝒙→𝒊𝝅

𝐜𝐨𝐭𝐡(𝝅) =
𝟏

𝝅
+
𝟐

𝝅
∑

𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

 

∑
𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

=
𝝅𝐜𝐨𝐭𝐡(𝝅) − 𝟏

𝟐
 

𝑺 =
𝝅

𝟒
(
𝝅𝟐

𝟔
−
𝝅𝐜𝐨𝐭𝐡(𝝅) − 𝟏

𝟐
) =

𝝅𝟐

𝟐𝟒
(𝝅 − 𝟑𝐜𝐨𝐭𝐡𝝅 +

𝟑

𝝅
) 

2892. 𝑭𝒊𝒏𝒅 ∶  

∫
𝟑 𝐭𝐚𝐧(𝒙) − 𝟏

𝟒𝒄𝒐𝒔𝟐(𝒙) + 𝒔𝒊𝒏𝟐(𝒙)
𝒅𝒙

𝐚𝐫𝐜𝐭𝐚𝐧(𝟐)

𝟎

 

 
Proposed by Henry Yang-Bangladseh 

Solution by Chew Seong Cheong-Malaysia 
 

∫
𝟑𝐭𝐚𝐧(𝒙) − 𝟏

𝟒𝒄𝒐𝒔𝟐(𝒙) + 𝒔𝒊𝒏𝟐(𝒙)
𝒅𝒙

𝐚𝐫𝐜𝐭𝐚𝐧(𝟐)

𝟎

.
𝒔𝒆𝒄𝟐(𝒙)

𝒔𝒆𝒄𝟐(𝒙)
= 

= ∫
(𝟑 𝐭𝐚𝐧(𝒙) − 𝟏)𝒔𝒆𝒄𝟐(𝒙)

𝟒 + 𝒕𝒂𝒏𝟐(𝒙)
𝒅𝒙

𝐚𝐫𝐜𝐭𝐚𝐧(𝟐)

𝟎

= ∫
𝟑𝒕 − 𝟏

𝟒 + 𝒕𝟐
𝒅𝒕

𝟐

𝟎

= 

= ∫
𝟑𝒕

𝟒 + 𝒕𝟐
𝒅𝒕

𝟐

𝟎

−∫
𝟏

𝟒 + 𝒕𝟐
𝒅𝒕

𝟐

𝟎

=
𝟑

𝟐
𝐥𝐧(𝟒 + 𝒕𝟐) −

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒕

𝟐
)|
𝟐

𝟎
= 

=
𝟑

𝟐
(𝐥𝐧(𝟖) − 𝐥𝐧(𝟒)) −

𝟏

𝟐
(
𝝅

𝟒
− 𝟎) =

𝟑

𝟐
𝐥𝐧(𝟐) −

𝝅

𝟖
 

2893. Find: 

∫
𝒙𝟑𝒊 − 𝒙−

𝒊
𝟑

𝐥𝐧(𝒙)
𝒅𝒙

𝟏

𝟎

 

Proposed by Henry Yang-Bangladesh 
Solution by Chew Seong Cheong-Malaysia 
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𝑼𝒔𝒊𝒏𝒈  𝒕𝒉𝒆  𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈  𝑭𝒓𝒖𝒍𝒍𝒂𝒏𝒊′𝒔  𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍:  

∴ ∫
𝒙𝒂 − 𝒙𝒃

𝐥𝐧(𝒙)
𝒅𝒙

𝟏

𝟎

= 𝐥𝐧 (
𝒂 + 𝟏

𝒃 + 𝟏
) 

𝒗𝒂𝒍𝒊𝒅  𝒇𝒐𝒓  𝒂, 𝒃 ∈ ∁ 𝒘𝒊𝒕𝒉 𝕽(𝒂),𝕽(𝒃) > −1  𝑤𝑒 ℎ𝑎𝑣𝑒: 

∫
𝒙𝟑𝒊 − 𝒙−

𝒊
𝟑

𝐥𝐧(𝒙)
𝒅𝒙

𝟏

𝟎

= 𝐥𝐧(
𝟑𝒊 + 𝟏

−
𝒊
𝟑 + 𝟏

) = 𝐥𝐧(
𝟑(𝟏 + 𝟑𝒊)

𝟑 − 𝒊
) = 

= 𝐥𝐧(
𝟑(𝟏 + 𝟑𝒊)(𝟑 + 𝒊)

(𝟑 − 𝒊)(𝟑 + 𝒊)
) = 𝐥𝐧 (

𝟑(𝟏𝟎𝒊)

𝟏𝟎
) = 𝐥𝐧(𝟑) + 𝐥𝐧(𝒊) = 

= 𝐥𝐧(𝟑) + 𝐥𝐧 (𝒆𝒊
𝝅
𝟐) = 𝐥𝐧(𝟑) + 𝒊

𝝅

𝟐
 

2894. Let be: 𝑫𝟏 = {(𝒙, 𝒚)|𝟎 ≤ 𝒙 ≤ 𝟏;   𝟎 ≤ 𝒚 ≤ 𝟐√𝒙} 

 
𝑫𝟐 = {(𝒙, 𝒚)|𝟏 ≤ 𝒙 ≤ 𝟐;   𝒙 − 𝟏 ≤ 𝒚 ≤ 𝟑 − 𝒙}, 𝑫 = 𝑫𝟏 ∩ 𝑫𝟐.  Find: 

𝛀 =∬
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝑫

 

Proposed by Nicole De Rosa-Italy 
Solution by Shirvan Tahirov-Azerbaijan 

 
∴ 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒍𝒊𝒏𝒆 𝒆𝒙𝒕𝒆𝒏𝒅𝒔 𝒖𝒑 𝒘𝒂𝒓𝒅 𝒇𝒓𝒐𝒎  𝒚 = 𝟎  𝒕𝒐 𝒚 = 𝟐√𝒙  

𝒕𝒉𝒂𝒕  𝒊𝒔 , 𝒊𝒕  𝒊𝒔  𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚  𝒕𝒉𝒆𝒎 ∶ 
∴ 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒍𝒊𝒏𝒆 𝒆𝒙𝒕𝒆𝒏𝒅𝒔 𝒖𝒑 𝒘𝒂𝒓𝒅 𝒇𝒓𝒐𝒎  𝒚 = 𝒙 − 𝟏  𝒕𝒐   

𝒚 = 𝟑 − 𝒙  𝒕𝒉𝒂𝒕  𝒊𝒔 , 𝒊𝒕  𝒊𝒔  𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚  𝒕𝒉𝒆𝒎 ∶ 
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𝑳𝒆𝒕  𝒖𝒔  𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆  𝒕𝒉𝒆  𝒈𝒊𝒗𝒆𝒏  𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍  𝒖𝒔𝒊𝒏𝒈 𝑭𝒖𝒃𝒊𝒏𝒊′𝒔  𝒕𝒉𝒆𝒐𝒓𝒆𝒎 

∴ ∫ ∫ 𝒇(𝒙, 𝒚)𝒅𝒚𝒅𝒙
𝒍

𝒌

𝒏

𝒎

= ∫ (∫ 𝒇(𝒙, 𝒚)
𝒍

𝒌

𝒅𝒚)𝒅𝒙
𝒏

𝒎

 

𝛀𝟏 = ∫ ∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝟐√𝒙

𝟎

𝟏

𝟎

= ∫ (∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚

𝟐√𝒙

𝟎

)
𝟏

𝟎

𝒅𝒙 = 

= ∫ ([−
𝟏

𝒙 + 𝒚 + 𝟏
]
𝟐√𝒙

𝟎
)

𝟏

𝟎

𝒅𝒙 = ∫ (
𝟏

𝟏 + 𝒙
−

𝟏

(𝟏 + √𝒙)
𝟐
)

𝟏

𝟎

𝒅𝒙 = 

= (𝐥𝐧(𝟐) − 𝟐 𝐥𝐧(𝟐) − 𝟏) − (𝐥𝐧(𝟏) − 𝟐 𝐥𝐧(𝟏)) = 𝟏 − 𝐥𝐧(𝟐) 

𝛀𝟐 =  ∫ ∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝟑−𝒙

𝒙−𝟏

𝟐

𝟏

= ∫ (∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚

𝟑−𝒙

𝒙−𝟏

)
𝟐

𝟏

𝒅𝒙 = 

= ∫ ([−
𝟏

𝒙 + 𝒚 + 𝟏
]
𝟑 − 𝒙

𝒙 − 𝟏
)

𝟐

𝟏

𝒅𝒙 = ∫ (−
𝟏

𝟒
+
𝟏

𝟐𝒙
)

𝟐

𝟏

𝒅𝒙 = 

= −
𝟏

𝟐
+
𝐥𝐧(𝟐)

𝟐
− (−

𝟏

𝟒
+
𝐥𝐧(𝟏)

𝟐
) = −

𝟏

𝟒
+
𝐥𝐧(𝟐)

𝟐
 

𝛀 = 𝛀𝟏 +𝛀𝟐 = (𝟏 − 𝐥𝐧(𝟐)) + (−
𝟏

𝟒
+
𝐥𝐧(𝟐)

𝟐
)  =

𝟑

𝟒
−
𝟏

𝟐
𝐥𝐧(𝟐) 

2895. Prove that: 

∫ 𝒆−(𝐥𝐧𝒙)
𝟐𝒂

∞

𝟎

𝒅𝒙 =
𝟏

𝒂
∑
𝚪(
𝒏
𝒂
+
𝟏
𝟐𝒂
)

𝚪(𝟐𝒏 + 𝟏)

∞

𝒏=𝟎

 

Proposed by Omkumar Rao-India 
Solution by proposer 

∫ 𝒆−(𝐥𝐧 𝒙)
𝟐𝒂
𝒅𝒙

∞

𝟎

⟹⏞
𝐥𝐧 𝒙→𝒙

∫ 𝒆−(𝒙)
𝟐𝒂
𝒆𝒙 𝒅𝒙

∞

−∞

= ∫ 𝒆−(𝒙)
𝟐𝒂
(𝒆𝒙 + 𝒆−𝒙)

∞

𝟎

𝒅𝒙 = 

= 𝟐∫ 𝒆−(𝒙)
𝟐𝒂
𝐜𝐨𝐬𝐡(𝒙)

∞

𝟎

𝒅𝒙 = 𝟐∑
𝟏

𝚪(𝟐𝒏 + 𝟏)

∞

𝒏=𝟎

∫ 𝒙𝟐𝒏𝒆−(𝒙)
𝟐𝒂

∞

𝟎

𝒅𝒙 

∫ 𝒙𝟐𝒏𝒆−(𝒙)
𝟐𝒂

∞

𝟎

𝒅𝒙 ⟹⏞
𝒙𝟐𝒂→𝒙 𝟏

𝟐𝒂
∫ 𝒙

(
𝒏
𝒂
+
𝟏
𝟐𝒂
)−𝟏
𝒆−𝒙

∞

𝟎

𝒅𝒙 =
𝟏

𝟐𝒂
𝚪 (
𝒏

𝒂
+
𝟏

𝟐𝒂
) 

∫ 𝒆−(𝐥𝐧 𝒙)
𝟐𝒂

∞

𝟎

𝒅𝒙 =
𝟏

𝒂
∑
𝚪(
𝒏
𝒂 +

𝟏
𝟐𝒂)

𝚪(𝟐𝒏 + 𝟏)

∞

𝒏=𝟎

  

 

2896. Prove that: 

∑
𝒑𝒌 𝐬𝐢𝐧𝒌𝒙

𝒌

∞

𝒌=𝟏

= 𝐭𝐚𝐧−𝟏 (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 
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∑
𝒑𝒌 𝐜𝐨𝐬 𝒌𝒙

𝒌

∞

𝒌=𝟏

= −
𝟏

𝟐
𝐥𝐧(𝒑𝟐 − 𝟐𝒑𝐜𝐨𝐬 𝒙 + 𝟏)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 

∑
𝒑𝟐𝒌−𝟏 𝐬𝐢𝐧(𝟐𝒌 − 𝟏)𝒙

𝟐𝒌 − 𝟏

∞

𝒌=𝟏

=
𝟏

𝟐
𝐭𝐚𝐧−𝟏 (

𝟐𝒑𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝟐
)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 

Proposed by Omkumar Rao-India 
Solution by proposer 

∑
𝒑𝒌 𝐬𝐢𝐧𝒌𝒙

𝒌

∞

𝒌=𝟏

= 𝐭𝐚𝐧−𝟏 (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 

∑
𝒑𝒌 𝐬𝐢𝐧 𝒌𝒙

𝒌

∞

𝒌=𝟏

= 𝑰𝒎{∑
(𝒑𝒆𝒊𝒙)𝒌

𝒌

∞

𝒌=𝟏

} = 𝑰𝒎{− 𝐥𝐧(𝟏 − 𝒑𝒆𝒊𝒙)} 

𝟏 − 𝒑𝒆𝒊𝒙 = (𝟏 − 𝒑 𝐜𝐨𝐬 𝒙)⏟        
𝑹𝒆𝒂𝒍 𝒑𝒂𝒓𝒕

+ 𝒊 (−𝒑 𝐬𝐢𝐧𝒙)⏟      
𝑰𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕

 

𝒂𝒓𝒈(𝟏 − 𝒑𝒆𝒊𝒙) = 𝐭𝐚𝐧−𝟏 (
−𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
) = − 𝐭𝐚𝐧−𝟏 (

𝒑𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
) 

𝑰𝒎{− 𝐥𝐧(𝟏 − 𝒑𝒆𝒊𝒙)} = −𝒂𝒓𝒈(𝟏 − 𝒑𝒆𝒊𝒙) = − [− 𝐭𝐚𝐧−𝟏 (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑 𝐜𝐨𝐬(𝒙)
)]

= 𝐭𝐚𝐧−𝟏 (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
) 

∑
𝒑𝒌 𝐜𝐨𝐬 𝒌𝒙

𝒌

∞

𝒌=𝟏

= −
𝟏

𝟐
𝐥𝐧(𝒑𝟐 − 𝟐𝒑𝐜𝐨𝐬 𝒙 + 𝟏)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 

∑
𝒑𝒌 𝐜𝐨𝐬 𝒌𝒙

𝒌

∞

𝒌=𝟏

= 𝕽{∑
(𝒑𝒆𝒊𝒙)𝒌

𝒌

∞

𝒌=𝟏

} = 𝕽{− 𝐥𝐧(𝟏 − 𝒑𝒆𝒊𝒙)} = − 𝐥𝐧|𝟏 − 𝒑𝒆𝒊𝒙|

= − 𝐥𝐧 (√𝟏− 𝟐𝒑𝐜𝐨𝐬 𝒙 + 𝒑𝟐) = −
𝟏

𝟐
𝐥𝐧(𝒑𝟐 − 𝟐𝒑𝐜𝐨𝐬 𝒙 + 𝟏) 

 

∑
𝒑𝟐𝒌−𝟏 𝐬𝐢𝐧(𝟐𝒌 − 𝟏)𝒙

𝟐𝒌 − 𝟏

∞

𝒌=𝟏

=
𝟏

𝟐
𝐭𝐚𝐧−𝟏 (

𝟐𝒑𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝟐
)          [𝟎 < 𝑥 < 2𝝅 , 𝒑𝟐 ≤ 𝟏  ] 

∑
𝒚𝟐𝒌−𝟏

𝟐𝒌 − 𝟏

∞

𝒌=𝟏

=
𝟏

𝟐
𝐥𝐧 (

𝟏 + 𝒚

𝟏− 𝒚
) 

 

∑
𝒑𝟐𝒌−𝟏 𝐬𝐢𝐧(𝟐𝒌 − 𝟏)𝒙

𝟐𝒌 − 𝟏

∞

𝒌=𝟏

= 𝑰𝒎{
𝟏

𝟐
𝐥𝐧(

𝟏 + 𝒑𝒆𝒊𝒙

𝟏 − 𝒑𝒆𝒊𝒙
)} =

𝟏

𝟐
𝑰𝒎{𝐥𝐧(𝟏 + 𝒑𝒆𝒊𝒙) − 𝐥𝐧(𝟏 − 𝒑𝒆𝒊𝒙)} 

𝑰𝒎{− 𝐥𝐧(𝟏 − 𝒑𝒆𝒊𝒙)} = −𝒂𝒓𝒈(𝟏 − 𝒑𝒆𝒊𝒙) = 

= − [− 𝐭𝐚𝐧−𝟏 (
𝒑𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
)] = 𝐭𝐚𝐧−𝟏 (

𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑 𝐜𝐨𝐬(𝒙)
) 
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𝑰𝒎{𝐥𝐧(𝟏 + 𝒑𝒆𝒊𝒙)} = 𝒂𝒓𝒈(𝟏 + 𝒑𝒆𝒊𝒙) = 𝐭𝐚𝐧−𝟏 (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 + 𝒑𝐜𝐨𝐬(𝒙)
) = 

=
𝟏

𝟐
[𝐭𝐚𝐧−𝟏 (

𝒑 𝐬𝐢𝐧(𝒙)

𝟏 + 𝒑 𝐜𝐨𝐬(𝒙)
) + 𝐭𝐚𝐧−𝟏 (

𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑 𝐜𝐨𝐬(𝒙)
)] = 

=
𝟏

𝟐
𝐭𝐚𝐧−𝟏 (

𝒑 𝐬𝐢𝐧(𝒙)
𝟏 + 𝒑 𝐜𝐨𝐬(𝒙)

+
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑 𝐜𝐨𝐬(𝒙)

𝟏 − (
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 + 𝒑 𝐜𝐨𝐬(𝒙)
.
𝒑 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝐜𝐨𝐬(𝒙)
)
) = 

=
𝟏

𝟐
𝐭𝐚𝐧−𝟏(

𝟐𝒑𝐬𝐢𝐧𝒙
𝟏 − 𝒑𝟐(𝐜𝐨𝐬 𝒙)𝟐

𝟏 − 𝒑𝟐

𝟏 − 𝒑𝟐(𝐜𝐨𝐬 𝒙)𝟐

) =
𝟏

𝟐
𝐭𝐚𝐧−𝟏 (

𝟐𝒑𝐬𝐢𝐧(𝒙)

𝟏 − 𝒑𝟐
) 

2897. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆: 

𝑺 =  ∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

               ; 𝒂, 𝒃 ∈ 𝑹+ , 𝟎 < 𝑎 < 𝑏. 

Proposed by Omkumar Rao-India 
Solution by proposer 

𝟎 < 𝑎 < 𝑏: 𝑆 =  ∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

                 

𝟎 < 𝑥 =
𝒂

𝒃
< 1: =  ∑

𝜻(𝟐𝒌)

𝒌
𝒙𝟐𝒌

∞

𝒌=𝟏

=∑
𝒙𝟐𝒌

𝒌
(∑

𝟏

𝒎𝟐𝒌

∞

𝒎=𝟏

)

∞

𝒌=𝟏

= 

= ∑ (∑
𝟏

𝒌
(
𝒙

𝒎
)
𝟐𝒌

∞

𝒌=𝟏

)

∞

𝒎=𝟏

= − ∑ 𝐥𝐧(𝟏− (
𝒙

𝒎
)
𝟐

)

∞

𝒎=𝟏

= − 𝐥𝐧(∏(𝟏 − (
𝒙

𝒎
)
𝟐

)

∞

𝒎=𝟏

) 

𝐬𝐢𝐧 𝝅𝒛

𝝅𝒛
=∏(𝟏− (

𝒛

𝒏
)
𝟐

)

∞

𝒏=𝟏

⟹ 𝑺 = 𝐥𝐧(
𝝅𝒂

𝒃 𝐬𝐢𝐧 (
𝝅𝒂
𝒃 )
) 

∑
𝜻(𝟐𝒌)

𝒌
(
𝒂

𝒃
)
𝟐𝒌

∞

𝒌=𝟏

= 𝐥𝐧(
𝝅𝒂

𝒃𝐬𝐢𝐧 (
𝝅𝒂
𝒃
)
) 

 

2898. 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒌 ≥ 𝟏, 𝒇𝒊𝒏𝒅: 

𝑺(𝒌) = ∑ ∑
𝟏

𝒎𝒏(𝒎 + 𝒏 + 𝒌)

∞

𝒎=𝟏

∞

𝒏=𝟏

 

Solution by Omkumar Rao-India 
Solution by proposer 
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𝑺(𝒌) = ∑ ∑
𝟏

𝒎𝒏(𝒎 + 𝒏 + 𝒌)

∞

𝒎=𝟏

∞

𝒏=𝟏

   (𝒌 ≥ 𝟏) 

𝑺(𝒌) = ∑
𝟏

𝒏
∑

𝟏

𝒎
∫𝒙𝒎+𝒏+𝒌−𝟏 𝒅𝒙

𝟏

𝟎

∞

𝒎=𝟏

∞

𝒏=𝟏

= ∫𝒙𝒌−𝟏(𝐥𝐧(𝟏 − 𝒙))𝟐 𝒅𝒙

𝟏

𝟎

 

𝑺(𝒌) =
𝒅𝟐

𝒅𝒔𝟐
[∫𝒙𝒌−𝟏(𝐥𝐧(𝟏 − 𝒙))𝟐 𝒅𝒙

𝟏

𝟎

] =  
𝒅𝟐

𝒅𝒔𝟐
(𝜷(𝒌, 𝒔)) =

𝒅𝟐

𝒅𝒔𝟐
(
𝚪(𝒌)𝚪(𝒔)

𝚪(𝒌 + 𝒔)
) 

𝑺(𝒌) = [
𝚪(𝒌)𝚪(𝒔)

𝚪(𝒌 + 𝒔)
{𝝍(𝟏)(𝒔) − 𝝍(𝟏)(𝒌 + 𝒔) + (𝝍(𝒔) − 𝝍(𝒌 + 𝒔))

𝟐
}] 

𝑺(𝒌) =⏞
𝒔=𝟏 𝚪(𝒌)

𝚪(𝒌 + 𝟏)
{𝝍(𝟏)(𝟏) − 𝝍(𝟏)(𝒌 + 𝟏) + (𝝍(𝟏) − 𝝍(𝒌 + 𝟏))

𝟐
} =

𝑯𝒌
(𝟐) +𝑯𝒌

𝟐

𝒌
 

 

∑∑
𝟏

𝒎𝒏(𝒎+ 𝒏+ 𝒌)

∞

𝒎=𝟏

∞

𝒏=𝟏

=
𝑯𝒌
(𝟐) + 𝑯𝒌

𝟐

𝒌
 

 
 

2899. Find a closed form: 

𝑲 = ∫
(𝐥𝐧 𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 

Proposed by Omkumar Rao-India 
Solution by proposer 

∫
(𝐥𝐧𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 =⏞
𝒙→𝒙𝟐

𝟖∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

∞

𝟎

𝒅𝒙 = 

= 𝟖

(

 
 
 
∫

(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 +∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

∞

𝟏

𝒅𝒙

⏟              

𝒙→
𝟏
𝒙 )

 
 
 

 

𝑲 = 𝟏𝟔∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

(𝒙𝟒 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 = 𝟖∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
(𝐥𝐧𝒙)𝟐 𝒅𝒙

𝟏

𝟎

− 𝟖∫
(𝐥𝐧 𝒙)𝟐

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
(𝐥𝐧𝒙)𝟐 𝒅𝒙

𝟏

𝟎

= ∫
(𝐥𝐧𝒙)𝟐𝒙𝟐

𝒙𝟒 + 𝟏

𝟏

𝟎

𝒅𝒙

⏟          

𝒙→
𝟏
𝒙

+∫
(𝐥𝐧𝒙)𝟐

𝒙𝟒 + 𝟏

𝟏

𝟎

𝒅𝒙 = ∫
(𝐥𝐧𝒙)𝟐

𝒙𝟒 + 𝟏

∞

𝟎

𝒅𝒙 =
𝝏𝟐(𝑷(𝒎, 𝒏))

𝝏𝒎𝟐
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𝑷(𝒎,𝒏) = ∫
𝒙𝒎

𝒙𝒏 + 𝟏

∞

𝟎

=
𝝅

𝒏𝐬𝐢𝐧 (
𝝅(𝒎+ 𝟏)

𝒏 )
 

𝑲 = 𝟖(𝑷′′(𝟎, 𝟒) −
𝝅𝟑

𝟏𝟔
) = 𝟖 (

𝟑√𝟐𝝅𝟑

𝟔𝟒
−
𝝅𝟑

𝟏𝟔
) =

𝝅𝟑

𝟖
(𝟑√𝟐 − 𝟒) 

𝑲 = ∫
(𝐥𝐧𝒙)𝟐√𝒙

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)

∞

𝟎

𝒅𝒙 =
𝝅𝟑

𝟖
(𝟑√𝟐 − 𝟒) 

 

2900. Find: 

 𝛀 = ∑
𝟑𝒌𝟑+𝟐𝒌+𝟏

(𝟑𝒌+𝟏)𝟐𝒌𝟑
∞
𝒌=𝟏  

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Nawar Alasadi-Iraq 

𝝍(𝟏 + 𝒛) = −𝜸 +∑(
𝟏

𝒌
−

𝟏

𝒌 + 𝒛
)

∞

𝒌=𝟏

𝝍𝟏(𝟏 + 𝒛) = ∑
𝟏

(𝒌 + 𝒛)𝟐

∞

𝒌=𝟏

𝝍(
𝟏

𝟑
) = −𝜸 −

𝝅

𝟐√𝟑
−
𝟑

𝟐
𝐥𝐧𝟑

𝛀 = ∑
𝟑𝒌𝟑 + 𝟐𝒌+ 𝟏

(𝟑𝒌 + 𝟏)𝟐𝒌𝟑

∞

𝒌=𝟏

= ∑(
𝟏

𝒌𝟑
−
𝟒

𝒌𝟐
+
𝟏𝟓

𝒌
−

𝟒𝟓

𝟑𝒌 + 𝟏
−

𝟔

(𝟑𝒌 + 𝟏)𝟐
)

∞

𝒌=𝟏

= ∑
𝟏

𝒌𝟑

∞

𝒌=𝟏

− 𝟒∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

+ 𝟏𝟓∑(
𝟏

𝒌
−

𝟏

𝒌 + 𝟏/𝟑
)

∞

𝒌=𝟏

−
𝟐

𝟑
∑

𝟏

(𝒌 + 𝟏/𝟑)𝟐

∞

𝒌=𝟏

= 𝜻(𝟑) − 𝟒𝜻(𝟐) + 𝟏𝟓(𝝍(
𝟒

𝟑
) + 𝜸) −

𝟐

𝟑
𝝍𝟏 (

𝟒

𝟑
)

= 𝜻(𝟑) − 𝟒(
𝝅𝟐

𝟔
)+ 𝟏𝟓(𝝍(

𝟏

𝟑
) + 𝟑 + 𝜸) −

𝟐

𝟑
(𝝍𝟏 (

𝟏

𝟑
) − 𝟗)

= 𝜻(𝟑) −
𝟐𝝅𝟐

𝟑
+ 𝟏𝟓(−𝜸 −

𝝅

𝟐√𝟑
−
𝟑

𝟐
𝐥𝐧𝟑 + 𝟑 + 𝜸) −

𝟐

𝟑
(𝝍𝟏 (

𝟏

𝟑
) − 𝟗)

= 𝜻(𝟑) −
𝟐𝝅𝟐

𝟑
+ 𝟒𝟓 −

𝟓√𝟑𝝅

𝟐
−
𝟒𝟓

𝟐
𝐥𝐧𝟑 −

𝟐

𝟑
𝝍𝟏 (

𝟏

𝟑
) + 𝟔

= 𝟓𝟏 −
𝟓√𝟑𝝅

𝟐
−
𝟒𝟓

𝟐
𝐥𝐧𝟑 −

𝟐𝝅𝟐

𝟑
−
𝟐

𝟑
𝝍𝟏 (

𝟏

𝟑
) + 𝜻(𝟑)
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


