ADVANCED MATHEMATICS IV

DANIEL SITARU - ROMANIA

1. Find fﬁ/ x%2ds, where v is the line segment joining the points A(2,1,2) and
B(1,1,-1).

Solution.
A(2a 17 2)7 B(L 1a _1)

TAYAZA TBYBZB
Ap: 224 _ VT VA TR e,
B —TA YB —YB ZB T ZA
x—2 y—1 z-2
AB : = =t
1-2 1-1 -1-2

r—2=—t z(t)y=2—t ' (t) =
y—1=0 = qyt)=1 =Y (t) =
z—2=-3t z(t) =2 -3t 2'(t) =
ds = \/22(t) + y2(t) + 22(t)dt = \/(—1)2 + 02 + (— 3)2dt V10dt

1
/azzzds:/ (2—1)2-(2—3t)-V10dt =
o 0
1 1
:x/ﬁ/ (4—4t+t2)(273t)dt:\/ﬁ/ (8 — 12t — 8t 4 12t% + 2> — 3t%)dt =
0 0
1
ZJE/ (—3t% 4 14t* — 20t + 8)dt =

1

:\/ﬁ< )+143 — 20l ‘+8t‘)
(- r0) (2 ) () 20

O

2. Calculate f7 zds, where -y is the curve arc with parametric equations
x = 2tcost,y = 2tsint, z = 4t,t € [2m, brl.
Solution.
T = 2t cost, y = 2tsint, z = 4t, t € [2m, 57)
2/ (t) = 2cost — 2tsint, y'(t) = 2sint + 2t cost, Z'(t) =4
Va0 T 20 + 2(0) =
=/(2cost — 2tsint)? + (2sint + 2t cost)? + 42 =
= V/4cos?t + 4t2sin®t — Stsintcost + 4sin?t + 42 cos2 t + 8tsint cost + 16 =

= \/4(sin2 +cos? t) + 4t2(sin® t 4 cos2 t) 4+ 16 =
1
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=\VA+ 42 +16 = /42 +20 = 2¢/12 + 5

5w
/W:/ 4t - 2/t + dt—8/ t(t> +5)2dt =
¥ 2

T

= %((2%2 +5)2

57
1
:4/ (2 £ 5)( +5) i =4 (8 + 5)}
2 2

™

— (47% 4 5)

3. Calculate fc zydx + zdy — bydz, where the curve C : x = /t,y = t2,

z=t3—1,t€0,1].

Solution.

x<t>=ﬁ;x'<t>=%, y(t) = 2y (1) =2, a(t) = 15— 1;2/(1) = 32

€ [0,1]

/mydm+zdy—5ydz=/ (\/ 2. —+( -1)- 2t—5t2~3t2)dt=
C

2Vt

1 2 3 5 2
¢ .\ .\ B S ¢
= (5o —2t—15t>dt:—‘ zf’ ol —15
/O<2+ 60+ 9 lo 2
1 2 12 17120 -1
_lo2 . 5412 17-120 130
65 30 30 30

4. Calculate [ ¢ #ds, where the curve C' has the parametric representations

C:x=4cost,y =4sint,z = 3t,t € [0, §].

Solution.
x=4cost  a'(t) = —4sint

y=4sint  y'(t) =4cost

z=3t Z'(t) =3, te [0, g}

ds = /22(t) + y2(t) + 22(t)dt = \/(—4sint)? + (4dcost)? +

32dt =

= V/16sin2¢ + 16 cos? ¢ + 9dt = \/16(sin2 tcos?t) + 9dt = V25dt = 5dt

3 15( )2_157r2
2\2/ 8

2
/zds-/ 3t - 5dt—15

5. Calculate [ fZ (z +vy — 2)do, where

3

R
Z:{(x,y,z) € —=2utv,y=u—2v,z—14+ut+v,ucll,2,ve [0,1]}
x

3
2

)

O
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Solution.
/ / (r+y— z)do
=

Z:{(x,y,z) ER)z=2u+v,y=u—2v,2=1+u+v,uc[l,2);vecl01]}

_ dp _ ., 0p
z = ¢(u, )—2u+va— 2% 1
_ 0y W _ 00
y=v(u,v) =u—2v;,— 9 =1; e 2
o\ .8)\_1

z = Au, )—1+u+v,a =L =
00N (0N NN,y
2=(50) +(5,) +(5,) =7+ +12=0
Op Op 00 0% L ON DX o 4 1 (Co)+11=1

T Ou Ov | Ou Ov | Ou Ov

() ) () -t o
VEG—F2=1/6-6—12=1/35

I://(fery*Z)dU://(2u+v+u+2v717u7v)\/ﬁdudv
> D

://D(zu—gv—1)@dudv=/l2</ol(2u—2v—1)\/£dv)du=

= \/%/12 <2uv‘;—2v;‘;—v‘;>du: \/ﬁ/j(%b—l—l)du: \/%(Qﬂﬁ_mi‘j) =
=V354-1-2(2-1))=V353-2) =35

O

6. Calculate f fZ do, where > is the portions of the plane z +y + z = 2 cut by

coordinate planes.

Solution.
0 0

Pizty+z=2=2=2—-x—y, —Z:fl;—Z:fl
Or 0y

do = \/1+(8Z) +(az) drdy = /1+ (—1)2 + (—1)2dzdy = v/3dxdy

P) oy
z=0=22—orc—y=0=2z+y=2=y=2—=x
D={(z,y) eR}0<2<2,0<y<2-2z}

I—// do—// V3dady = V3 M

area of the rightangle triangle=<3==2

I1=2V3



4 DANIEL SITARU - ROMANIA

-1 o 1 2 3
4 y=2—=x
-2

GREEN’S FORMULA - LINE INTEGRALS

/de—l—Qdy—// 8—62—8—]; dzxdy

O

7. Calculate [,,(2zy —2?)dx + (x +y®)dy, where the curve C' is boundary of the
planar region bounded by the curves 2 =y, 3% = x.

Solution.
C: p =2qy —x% — =2 = 2=
{y2 . s (l’,y) Ty T ay €, Q(xay) l‘+y ) 3$
0 oP 2=
—Q———l—Z c: 17 y =@ =r=2'-2=0
0r Oy =z
z(2® = 1) =02, =0=y; =0, zp=1=y=1
6
5
4
3 y = 2?
2
y=+vz
1——
1
-4 -3 -2 -1 e 1 2 3 4 5 6 7
-1
-2
_3 y=—vz
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D= {(z,y) eR*|0 <z < ;2% <y < V/a}

/c(2my_x2)dx+(m+y2)dy=//D(l—2:c)d:rdy=/01 (/ﬁ

) (1- 2sc)dy> dx =
— /01 ((1 — 2x) y‘f)dm = /01(1 —22)(Vr — 2?)dx

/1(\/5 — 2% = 22\/7 + 22%)dx =
0

1 1 1, 1
/xidaz—/ dex—Z/ zﬁdsr:+2/ 2dr =
0 0 0 0
Loos

1
5
x|t T2
_Z | 9.2
3 lo

5
2

3
€T2

4t 2 1
2.7’_
3 B

0

—7_7_2.2_’_2.1: 1
o 3 3 5 4 2
10-24+15 1

- 30 T30

8. Using the Gauss - Ostrogradski formula, calculate

]
i fZ (2y + x)dydz + (3z + y)dzdx + zdzdy, Y, where the surface is bounded by the
paraboloid z? + 3% = z and the plane z = 4.

Solution.

/ / (2y + x)dydz + (3z + y)dzdz + zdxdy
>

or _ .99 _

P(z,y,2) =2y +2;Q(z,y,2) =y + 32, R(x,y,2) = 2
or

OR

% _ 9
" Qy " Oz

div?:1+1+1:3
I:// (2y + x)dydz + (3z + y)dzdx + zdzdy =
>

= /// div ?dwdydz = /// 3dxdydz = 3/// dzdydz = 3 Vol (V)
1% v v
Calculation of the volume of the solid V:

2?2 +y? =z, z=4
Base circle: z2 4+ y?> =4

x =rcosb;0 € [0,2n]
y =rsinf;r € [0,1]

z=2z;2€[0,4—1?

2 1 4—r?
VolV:/ d9/ r</ dz)dr:
0 0 0
27 1 4—r2 1
=0 / (rz’ )dr:27r/ (4 —r?)dr
0 0 0 0

1
:27T<4/ r

0

1 2,1 4,1
dr—/ r3dr>:27r<4~r‘ —T’>
0 210 4o
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S -G 9)) ol D) e S

O
9. Using the Gauss - Ostrogradski formula, calculate
J fZ (2y + z)dydz + (32 + y)dzdx + zdxdy, > where the surface is bounded by the
cylinder 22 4 y? = 4 and the planes z = 0 and z = 2.

Solution.

I:// (2y + x)dydz + (3z + y)dzdx + zdxdy
>
C:x?+y’=42=02=2

or
P(x,y,z)—2y+x:>%—l
Qo) =324y = 52 =1

OP 0Q OR
e AT RS T
st oy ta Tt 3

I= // (2y + z)dydz + (3z + y)dzdzx + zdzdy = /// 3dxdydz = 3 Vol ()
> Q

Ay (area of the cylinder’s base) = 7r? = 41
Vol () =Ap-h=47-(2—-0) =8~
I=3Vol () =3-8r=24r

10. Calculate [ fZ V17 — 4zdo, where Y is the portion of the surface
22 4+ y? + z = 4 cut by coordinate planes.

Solution.

0z 0z
-9 5 - 9
&£, By Yy

Pyt r=4=2=4—-2% 3> — =
Ox

0z\2 [02\2
do = \/1—&-(8;) +(5‘;) dzdy, do = /14 (—22)% 4 (—2y)2dzdy

do = /1 + 4x2 + 4y2dzdy

VIT =4z = /17— 4(4 — 22 — y2) = /17 — 16 + 422 + 492 = \/1 + 422 + 492
1:// \/17—4zdo:// V1 + 422 + 4y? /1 + 422 + dy2dedy =
> D

—rsinfd rcosf

= // (14 42” + 4y*)dxdy
D
r =rcost . T
) - polar coordinates, r € [0,2],6 € [0, f}
y =rsind 2
ox 9y cos 6 sin 6
=& &- -
a6
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(Jacobian)

=rcos?f +rsin®f =r(sin?f +cos’f) =r-1=r
3 2 5 7 T 22 42

I=[ do | (1 42-d:02./ 43d:,(7‘ 4.4):
/0 /0(4—7‘)7"7‘ 00(r+r)r220+ 7l

187

:Z<f_7+24—04) :g(2+16):7:9w

(]
11. ffZ V&2 + y?do, (37) is the portion of the conic surface z = /z? + y?

bounded by the plane z = 1.

Solution.

% _ 2z _ x
Or  2/a?+y?  Va?ty?
0z 2y y

22 Y2 / 22 + y2
:\/1+x2+y2+x2+y2da:dy: 1+x2+y2d1:dy:\/§dxdy
(Z):z—\/x2+y2;z—lé\/12+y2—1
x2+y2§1
x =rcosf .

) ;JJ =1 (Jacobian)
y=rsind
r €[0,1];6 € [0, 27]
I:// \/xQ—I—deU:// Va2 + y2V2dzdy =
> D
:// V12 cos? 6 + 12 sin® 0 - v/ 2rdr =
D

2 g3 1 1 V2 2m/2
R R ), D) S
0 3‘0 V2 T3 =g 3

27 1
:\/5/ d9/r~rdr:\@9
0 0

O

12. Using the Gauss - Ostrogradski formula, calculate
i fZ xdydz +ydzdx + zdzdy, Y, being the surface of the ellipsoid %2 +92 + % =1
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Proof.
:// xdydz + ydzdx + zdxdy
>
22 2 22
=t =4+ —=1
2t Tty
=9 =1 f=4=a=3b=1c=2

4 4
V =V (elipsoid) :gabc:§~3~l~2:8w

P(x,y,z) =, Q(mvyaz) =Y, R(xayaz) =z

oP 0Q OR
Frt I e N e
L@ _0P 0Q

7+67y+$71+1+173(dlvergence)

I= // xdydz + ydzdx + zdxdy =
>

= /// div ?dwdydz = /// 3dxdydz = 3 Vol (V) =3 -8 = 24~
Q Q

13. Using the Gauss - Ostrogradski formula, calculate
Ik f (22 + y?)dydz + 2%dwxdy, > being the surface of the spere z2 + y? + 22 = 4.

Solution.

O

I= // (2% + y*)dydz + 22dxdy
>

S:a?+y+22=4
A3 4w .23 327
r2:4:>r:2évsph”e:T: 3 3
P(x,y,2) = 2°,Q(x,y,2) = 0,R(z,y,2) = z* +

8P 8@ aR

[,// z? 492 dyderzzdxdyf/// 8P @Jraj)dxdydzf
ox

:///(2x+22)da:dydz:2///xdmdydz—i—Q///qu;dydz:O
A% v A%

fi(z,y,2) = 2z odd on D symmetric = /// fi(z,y, z)dzdydz =0
v

fa(z,y,2) = 22 odd on D symmetric = /// fo(z,y, z)dxdydz = 0
v

wie

14. Find ffz(2x+§y+z)da,(z) T4 Y41 2>0,y>0,220
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Solution.

z>0y>0,220
z x oy
4 2 3
z:4f2x—§y
9z _, 02 4
Ox " Oy 3

do = \/1+<Z;)2+(g;)2dmy = \/1 +(=2)2 + (_g)Qdmy -

w

D:{(m,y)€R2|O§m§2;0§y§3—f }
2.3

AreaD = T 3

//2(233—1—?+z)da://z(2x+?+4—2x—43y>d(7://24da=

[\
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V61 4/61 44/61 44/61
:// 4-—6dxdy:76// davclyzi6 Area (D):i-3:4v61
D 3 3 D 3 3
O
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