ADVANCED MATHEMATICS III

DANIEL SITARU - ROMANIA

1. Calculate [ [ p Zdxdy, where D is bounded by the parabola y = 22 — 2 and
the line y = x.

Solution.
P:y=2%-2, d:y=ux, Pnd:z=2*-2
9 143
“—x—2=0, A=1+8=9, m1:T=2:>A(2,2)
1-3
x2=T=—1:>B(—1,1):>:EE[—1,2]

//D:cdxdyz/j(/ﬂ:_Qxdy>dx:/j(;c.yi_Z)dx:

:/2(:v(a:—m2+2))d:v:/2(ac2—x + 2z)d :%‘ ‘ =

3 13 4 V4 2
z-B <QZ_(41)>+2(22 (2)>
=§+%—(4 1)+4—1_3—%5+3—6—%=24;15=Z

1
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([
2. Find:
// sin 2z - y2dzdy, WhereD:[O,%} x [0, 3].
D
Solution.
z 3
//sian-y%xdyz(/ sin2xdx>-</ yzdy>:
D 0 0
D:[O,%} % [0,3]
(o §) (2 (- o ) (21
1 1 1 1 1 2—1 9
=9( -5 5+5) =9 1) =" =1 .

3. Calculate [ fD xdzdy, where D is bounded by the parabola y = 4 — 22 and
the x - axis Ozx.

Solution.
P:y=4—2?% Oz :y=0, 4—2%2=0
z? =4, r =42, —2<x<2, 0<y<4—2z?

2 4—2? 2 422 2
// rdzdy = / / xdy |dx = / (my‘ )dx = / (x(4 — 2% = 0))dx =
D -2 0 —92 0 _9
2 2 2 22 42
:/ (4:cfx3)dx:4/ xdxf/ 23dxr = T _r —
2 —2 2 2 1-2 4 -2

2 _0\2 4 _oVd
(3-S5 - =) (T D)=
)

x = pcoséb, = psinf, 2=z
ox Jy .
_lap ap| _ cosf sin 6 _ 2 2
J |gz % —psing  peos — P 0+ psin“6 =p

(Jacobian for cylinder coordinates)
O

4. Calculate [ [ [, +/2%+ y?dedydz, where Q is bounded by the paraboloid
22 4+ y? = 3z and the plane z = 3.

Solution.
P:a? 4y =3z, p:z=3
x = pcosb
We use the substitution: < y = psinf

z2=2z
J=p, Pnp:a®+y* =09, p€10,3], 0 € [0, 2], 26[2’3}

Va2 42 = \/p2c0529+p2sin29: \/p2(COS29+SiIl29) =+/p2=p
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Iz///\/mdxdydz:/%aw( ( 0dz)> /Sp-<pz iZz)clp:
& 0 g 0 5
=9§ﬂ'/03 ((3—3))@—2@0(30 - )an=2e(5], —§'§\2)=

5. Calculate [ [ [, zydedydz, where Q0 is bounded 2% + y* = 4,2 =0,z = 2,
x>0,y >0.

Solution.

dadyd %'9 0do 23d 2d sin” 015 > P2
///Q(Ey X y Z = /0 S111 U COS . /Op p . A zZ|= 2 ’0'1‘0'2‘0—

|
S

2 +y? =4, z=0;2=2, z>0,y>0
We use cylinder coordinates:
r=pcosb,y=psinb,z=2,J=p
xy = p? sinf cos 6, 2 +y? <4=pecl0,2
xzo;yzo:»ee[o,g), 2 e0,2]

6. Calculate [ [} (z?y — 2zy + y® + 2)dzdy, where D = [0, 1] x [0,2].

Solution.
€ [0,1];y € [0,2]

x
1/ 2
// (z%y — 2xy + y° + 2)dxdy = / (/ (z2y — 22y + > + 2)dy> dr =
D 0o \Jo
1 22 22 42 2
= 2.3/7’_2.3/7‘ 97‘ 2‘ de —
/0<33 2 1o x20+40+y0x
1 2 2 2 2 4 4
2 0 2 0 2 0
2
= R (777) S 42.2-2.0)|dz
/0<x<2 2) g 9)tT 71" O)

1 1
:/ (2m2—4x+4+4)dx/ (222 — 4z + 8)dx =
0 0

1 1 1 31 21 1
:2/ dezfél/ xderS/ dxz?«—’ —4. — +8x’ =
0 0 0 3 lo 2 lo 0

13 03 12 02 2 2 2+18 20

B R R e R B

3 3 22*8(0)3+83+63 3
0

7. Calculate [ [, (z — 2y)dedy, where D is the interior triangle OAB with
0(0,0), A(3,2) and B(3,4).
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Solution.

0(0,0): A(3,2); B(3,4) = z € [0, 3]

OA: |0

—_

2
=0, OA:3y—2x=0, OA:y:§:v

ow
—

OB : |0 =0, OB : 3y —4x =0, OB :y=

[ (-5 - e

3 2 2 2 3 2 3 3 3
2x 16z 4z 6x 2 x°|3 2/3 0

= _— _ d = ——d :——-—‘ = - — — — —
/0<3 5t ) /0 9 T T33 ( )

8. Calculate [ [, (2¢ — y)dady, where D is the interior triangle OAB with
0(0,0), A(2,3) and B(5,3).

Solution.

0(0,0); A(2,3); B(5,3),  y€l0,3]
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z y 1 2
OA:10 0 1/=0, OA:0+2y—3z=0, OA::c:?
2 31
z y 1 9
OB:10 0 1 =0, OB:3z—5y=0, OB:z="2, <,
5 3 1 3 3 3
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21y 2) / 21y* — 9y / 12y 12 y? 3 4
/0 ( 9 V)T, 9 =), 9 YT 9 3l 3

9. Calculate the coordinates of the centroid G of domain D, where D is bounded
by the parabola y = 22 — 2z and the line y = x + 4.

Solution.
Piy:$2—2l‘, d:y=ux+4, Pnd:z?>-2z=a+4

345 3_5
22— 3r-4=0  A=9+16=25 xlz%:él, rp =t =

r=4=y=8zx=-1=y=3,B4,538),A(-1,3)
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A= [ (o)~ fada = [ (@+4- @ - 20))do =

—1 —1

4 4 3.4
:/ (:E+4—:c2+2a:)d:1::/ (—x2+3x—|—4)da?:—% +3— +4cc‘ =
—1 -1 _
1 16 1 65 45
— (64 +1 e T T )
6411 +3(F —5) +ad+ ) = —Z+ T 420 =
—130 4 135 5 125
= T =2 p9p= 22
6 + 6+ 6
G(za,ya)

vo=% [ 2o - s@nte = [ 6w - P
/4 z(g(x)—f(x))dx = /4 r(—2?+3z+4)dx = —/4 23dx+3 /4 r2dr+4 /4 dx =

-1 -1 -1 -1

4 1
=L 4+ _‘ _—1(44—1)+64+1+2(16—1):
1 1 125
— 434 20 = —64 S o314 =2
+4+65+ 0=—64+65+30+ =31+ =~

1 8 _ 6 125 _

Y6 T 195 4 T 125 4

DO w
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/_ (g*(a) = F()do = / (@ +4)% — (a2 — 20))da =

-1

4
:/ (22 + 8z + 16 — z* — 422 + 42%)dx =
1

4
= / (—a* + 423 — 32° + 8z + 16)dx =
1

x5 |4
== +4—‘ —3—‘ —1—8—‘ +16x’ -
5 1 1

1
—5(45+1)+44—1—43—|—1+4(16—1)+16-5:
64-16 1

= 6 +g+64~471764+1+60+80:

1-64-1 1-8-4)(1 -4
:64~3+140+¥:192+140+( 8-4)1+8-4)

5
3-(-3 ):1660731~33:125
5 5
1

125—3:>G(g )

:332+

Yo =
2. 125
O

10. Calculate the mass of the body 2, with density p(z,y,z) = z, bounded by
the plane x + 2y — z = 2 and the coordinate plane z = 0,y = 0,2z = 0.

M = /// x,y, z)drdydz

Solution.

xyv )—$
r+2y—z=2=>z=a0+2y—2
y=0,2=0=z=22¢0,2] ye[O,l—g}

ve o[ Taf e ( /f( / xdz)dyyx:

+2y—2

(L e [{( e
_—/02<(x2y—|—2x-y22—2z>’;_)dx—

:—/0 xQ(l—g)—l—ac(l—g)z—Qx(l—g)dx

2 3 23 2 23
M:/(mQ——+x+——m2—2m+x2)d$:—/(——+m2—2)dm:
0 2 4 0 4
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11. Calculate the area of the domain bounded by the parabola y = 2% and the
line y = 5z — 6.
Solution.

P:y=2a? d:y=>5c—6, dNP:2?>=5x—6
5+1 5-1

22 =52 +6=0, A=25-24=1, T = =3, x2=T=2
r=2=y=4
r=3=y=9

3 3
Area :/(535— — 2?%)dz|= xdxr — 6 /
2 2
3 3 2 2 27 — 8
2ot ) \<3——2—>—3<32—22> =
2
fott o -2 Ry e

:‘—15—38‘:§

O
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Note: CENTROID
I o, )
Glra,ya),oe = o | wlgle) = f2))dr,ye = 53 | (9°(x) = f7(2))dz
-1 -1
MASS
M:///p(m,y,z)dmdydz, p(x,y, z) - density
Q
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