ADVANCED MATHEMATICS II

DANIEL SITARU - ROMANIA

1. Calculate fc(y + z)ds, where the curve C' is the line segment joining the
points A(2,3,3) and B(1,-1,2).
Solution.
A(2a 37 3)7 B(]-v _13 2)

TAYAZA TBYBZB
x—2 y—3 z-3

LT =rA _ Y—Ya . 2—2A _ .
AB'xB—mA_yB—yA_zB—ZA_t’ AB.I—Q_—1—3_2—3_t
r—2=—t r=—t+2
AB:{y—3=—4t = y=—-4+3 ;t€l0,]]
z—3=—t z=—t+3
z(t)=2—t;2'(t) = -1
y(t) =3 —4t;y'(t) = —4
2(t) =3 —1t,2/(t) = -1
I= [ (w4 s fap2) =yt 2
c
flz@);yt);2(t) =y(t) +2(t) =3 -4t +3—-t=6—"5t
VP + R+ FOR = 0+ (A7 + (12 = VIS = 32
[:/(y+2)d8:/ Fla(®),y(1), 2(0)V/ (@ (£)% + (v (£)? + (2 (¢))2dt =
c 0
:/ (6—5t)~3\/§dt:18\/§/ dt—15\/§/ tdt =
0 0 0
- 18\/575‘1 —15v2- ﬁﬂl _1sy3o 19V2 30V2-15V2 _ 21v2
0 2 lo 2 2 2
[l

2. Calculate the area of the region bounded by the parabola y = 22 — 2z and
the line y = 3z — 6.

Solution.
P:y=a?>—2z,y=3x—6

r=2=y=3-2—-6=0, A(2,0)
r=3=>y=3-3—6=3, B(3,3)
PNnd:2?>—-2:=3z-6

22 =52 4+6=0A=25-24=1,2,=2,20=3
1
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)

Vertex of the parabola V(— £, —£) = (- Z2; -
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Area :/ (3x—6—(w2—2x))da¢=/ (3z — 6 — 22 4 22)dx =
2

2

3 213 27 8 9 4
xr
/2( 2?4 52— 6)dz = +52 —6a +3+5(2 2) 6(3—2)
8 25 8 25 16—|—75 90 1
=9 R | TS
+3+2 3+ 6 6
O

3. Calculate fc(x + y)dz + zxdy + ydz, where the curve C' : x =t + t,
y=t+2,2=13+2ttecl0,1].

Solution.
/(x—l—y)dx—i—zxdy—ydz
C
Cix=t"+tiy=t+2;2=13+2t;t c0,1]
P(z,y,2) =z +y;Q(z,y,2) = v2; R(v,y,2) = —y

Px(t),y(t),z(t) =x(t) +y(t) =t* +t +t+2=1t> + 2t +2
Qa(t),y(t), 2(t)) = x(t)z(t) = (¢* +1)(t* + 2t) = + 2¢° + ¢* 4 247
R(z(t),y(t), 2(t)) = —y(t) = -t — 2
() =2t + 19/ (t) = 1;2/(t) = 3t> + 2

/ P(z,y,z)dz + Q(x,y, 2)dy + R(x,y, z)dz =
C

=/0 [P(x(t), y(t), 2(1)2' (1) + Qa(t), y(1), 2(1))y' () + R(x(t), y(t), 2(1))2' (1)]dt =
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1
= / (82 + 2t +2)(2t + 1) + (85 + 26 +t* + 2t2) - 1+ (—t — 2)(3t* + 2))dt =
0
1
:/ (28° + 12 + 482 + 20+ 4t + 2+ 17 + 263 + 1 + 2% — 3¢5 — 2t — 612 — 4)dt =
0

RER 4t — 2)d R 4t2 o'
= B+t + B+ 4t —Ddt=—| +— = _t’:
/0( thArt ) 60+50+4 2 0
1 1 1 1 1 1 10+12+15 37
65t 651 60 60

]

4. Calculate [ fZ (2z + y)dydz + (y — 2z)dzdx + (2 — 3z)dzdy, where Y is the
surface of the solid bounded by the paraboloid z = 1 — 22 — y? and the plane z = 0,
and ﬁe is the outward normal to the surface.

Solution.
I= // (2z + y)dxdy + (y — 22)dzdx + (z — 3x)dxdy
>
P(x7yaz) = 21’+y,Q(Z’,y,Z> =Y—- 2Z,R($,y72’) =z—3x
(divergence)
div ? =241+ 1 =4 because:

oP 0Q 6R
A e g |

dr oy

/ / Pdady + Qdzdzx + Rdzdy — / / aP aQ ‘ZR )d dydz =

(Gauss - Ostrogradski formula)

/ / / div Fdrdydz = / / / Adzdydz = 4ol (V)

Calculation of the volume of the solid V :
z=1—2? —y* (paraboloid), z = 0 (plan)
The intersection has the base circle: 2 + 3% =1
x =rcosb;0 € [0,2n]

y =rsinf;r € [0,1]
z=1z2€|0, 1—r2]

27
vt )= [ o [ e -
1
=27 /((1—r))dr—27r/ (r—r3 dr—27r< rdr— 3dr>:
0 0
2 it 1
=or(5], gl =251 =2 5 =3
Initial integral:

I=4V01(V)=4%=27r




4 DANIEL SITARU - ROMANIA

5. Determine the general solution of the equations:

a.y — gy =a/y

b. y" — 3y + 2y = 2ze*

c. y —4dy =e**

Proof.

a. y — ty=a?/y|: f:> %:xQ

Let beu =y =>u' = Y y—/:2u’:>2u’flu:x2:>u’f%:§

Y T
—tu=0=%L =L = [“au=[L=1Llnz|l+h]
=Inul=h|z|-C=u=c/z

Solution of the homogeneous equation. We seek a particular solution:

up() = eV, () = )V ela) 5

2 y

Homogeneous equation:

, U z? 1 x?
o0 T 2 ()\F+C()2\f o (x)\/E:E
x? /T a2
dave=g=de) === =7
x3 1 a2 1 —~
C(x):/2d$:22+625 SC5+C
23
u(x)zc(x)\/fz(év:vf’—kc \/5=€+c\/5

5.b. y" — 3y’ + 2y = 2xwe?®

Homogeneous equation: 3" — 3y’ +2y = 0. Characteristic equation: 72 —3r+2 =0
rp = 1;79 = 2; 8 = {e%;e?*} - fundamental system of solutions

Solutions of the homogeneous equation: yy, () = c1e® + c2e?®

{¢<ww+d<>2mo
& (2)(e7) + ch(@)(e27)' = 2we

e e2x 3 3 3
xr T T
w(zx) = oo 9p2t| = 2e°" — e =¢
0 621
, 2?0 2e2%@ 2xe*”
ci(x) = = = —2ze
w(z) e3®
e’ 0
e’ 2xe*®|  2zedr
/
_ _ -9
Co ('T) w(a:) 3T T
ci(z) = —ze
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= —2xe” — /(—2) ce¥dr = —2xe” + 2e” = e"(2 — 2x)

cy(z) = 2, co(z) = /2xdx =2
Yp - particular solution
yp(2) = (2 — 2z)e” + 2%e* = (22 — 22 + 2)e*”
General solution:
y(@) = yn(x) + yp(z) = c1e” + c26™ + (¥ — 2z + 2)**

S.c. Y —dy =e*®

Characteristic equation: 72 —4 =0=1r; = 2;719 = —2
Solution of the homogeneous equation: y;, () = c1€%* + cpe™2*
S = {e?*;e727} - fundamental system of solutions

We seek a particular solution:

yp(2) = c1(2)e* + ea(w)e™"

{c’l(x)eh + ch(z)e 2 =0

eZac 6—29:
w(x) - 2621 _26—21 2-2=-4
0 e
, 62:0 _26—21 6237 6—21 1
¢ ) = - -3
w(x) —4 4
e 0
262m e?x 4x
62(‘1:) = w(x) = —4
2x —2x / 1 T
yp(x) = c1(x)e*® + ca(x)e™ 7, ci(z) = 1 =c(x) = 1
1 1 4x
cy(z) = 71641 = co(x) = 2 /e4mdx = 761—6

T 9y €7 o T o, 3T 5,
(o) = 36 = Jge ™ o) =3¢ (1-7) = g
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6. Determine the general solution of the following systems of differential equa-
tions:
/

Yi =2y +y2 +€°

yh =y1 + 2y
y/1 = Y2
b. Syh=y1+y2+ys
yé = Y2
Solution.
! x
Yi =2y tyate
RS =1 =1yb— 22, Yl =Yy — 20, h — 2y1 — Yo = €°
Yy = Y1 + 2y

Yy —2yh — 2(y2 — 2y2) — y)2 = €”
Yo — 2yy — 2up + 4dys — yo = €°
Yy — 4ys + 3ya = €”

Homogeneous equation: y5 —4y)+ 3y, = 0. Characteristic equation
r1 = 1;79 = 3; Fundamental system of solutions: S = {e%;e3%}
Solutions of the homogeneous equation: yp,(x) = c1e* + coe3®

{c’l(x)ex + ch(z)e3* =0
& @) + ch(a)(e) = e

cr2—4r4+3=0

c
e’ e3x 4x 4x 4x
w(z) = oo 33| = 3e™ —e™ =2e
0 e3w
c/ B e 36330 B e4x 1
! w(x) 2t 2
e’ 0
, et et e 1
c2(2) w(x) — 2edr 22
yp(x) = c1(x)e” + co (x)e%
1
@) =5 =a@) =3
1 1
/ _ 2z — _ T, 2z
co(z) = 5¢ = c2(x) 1€
T 1 —2x
yp(x) = =€ — ¢

General solution:
y(z) = yn(z) + yp()

1
y(x) = cr1e” + ce3” + Eex — 16721
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Yi = Y2
6.b. Sys=y1+y2+ys3
Y5 = Y2
Matrix form of the system:
Y1 0 1 0\ [
yp | =1 1 1| |w
Y3 0 1 0/ \ys
Calculation of the eigenvalues:
010 1 0 0
det 1 1 1] -=X10 1 0 =0
010 0 0 1
- 1 0
1 1-X 1]=0
0 1 =

MA=XN)+0+0-0+A+A=0
Mo 2 =0= AN -)1-2)=0
)\1:O;A2:71;>\3:2

Calculation of the eigenvectors:

0 1 0 v 0 Vs 0
ForA\=0:(1 1 1 vl =10l =|vi+va+vs]| =10
0 1 0 VU3 0 (%) 0
(%1 —Vs3 -1
=v=0v=—v3= |v | = 0 =10 - eigenvector
V3 V3 1
1 1 (%1 0 U1 + U2 0 ’Ul—|—112:0
ForA=-1:|1 2 v | =0 = |vi+2024+v3]| =|0]| = v =—2v3
0 1 V3 0 Vg + 2’[)3 0 v = 2’03

- eigenvector

/N~ O
S
I
I
I
[\
S &
w
T~/
Lo
—

—2 1 0 U1 0 —2v1 + V9 0
For A\=2: 1 -1 1 vo | =0l =[vi—va+v3| =10
0 1 -2 U3 0 Vo — 2113 0
Vo = 201 U1 U1 ! .
= =>vi=v3= vy | =201 | = [ 2] - eigenvector
Vo = 2’U3
(%] (%1 1

Solution.

y1 () -1 2 1
o) | =c1 €[ 0 | 4ea-e”t | 1] 4e3-e*7 |2
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y1(x) —c1 4 2ce™% 4 32 y1(z) = —c1 + 2c2e7" + c3€*®

ya(z) | = —coe T 4 2cqe?® , yo(1) = —coe™ + 2c3e2®

ys(x) coe™ 4+ ¢q + cse’x ys(z) = c1 + cae~? + c3e2”
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