ADVANCED MATHEMATICS I

DANIEL SITARU - ROMANIA

1. Calculate [, (z + z)ds, where the curve C is the line segment joining the
points A(3,2,0) and B(1,1,2).

Solution.
A(3,2,0); B(1,1,2)
TAYAZA TBYBZB
AB - ToTA _ Y—Ya _ Z—ZA —, AB:x—3:y—2:z—O:t
TR — TA YB — YA ZB — ZA 1-3 1-2 2—-0
T—3=-2t rT=3—-2t
AB:qy—2=—t =AB:Jy=2-t ;t€][0,1]

z(t) =3 —2t;2'(t) = -2
y(t) =2 —t;y'(t) = -1
2(t) =22/ (t) =2

I= /(x—f—z)dz;f(ay,z)zx—i—z

Fa(t);y(t); (1) = 2(t) + 2(1) =3 -2t + 2t =3
VE W2+ W 0))2+ ()2 =V (=22 + (-1)2+22 =3

/fm% /f D)V (8) + y2(t) + 22 (t)dt
C
I:/C(x—l—z)dSZ/ 3-3dt:9t’;:9(1—0):9
0

(]
2. Calculate ffz V222 4 2y% + 1do, where > is the surface given by
Z:{(I,y,z)ER3/x:ucosv,y:usinv,z:u—i—v,ue[0,2],116[0,77]}
Solution.
x = @(u,v) = ucosv
y =¥(u,v) = usinv
z=x(u,v) =u+v
2 2 2
(B (2 (B2 et =3
_O0p 0 o 0 dx 0
.9, 9 2 —w—l— X —X—cosv(—usinv)—l—sinv-(ucosv)+1-1:1

T Ou Ov  Ou v Ou

G :(%) +(ng:) +(8v>2 = (—usinv)® + (ucosv)?* + 12 = u? + 1
1
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VEG—F2=2u?+1)—1=+2u?+1

flx,y,2) = V222 + 292 +1

fz(u,v),y(u,v), z(u,v)) = V2u2 cos? v + 2u2sin® v + 1 =

= \/QUQ(COS2U +sin?v) +1=v2u2+1

/ /Zf@yaz)dﬁ [ | rlatuo).atuo). 00 VEG ~ Fdudu -

2 ™
:// \/2u2—|—1-\/2u2+1dudv:/ (2u2—|—1)du~/ dv =
D 0 0

B2 2 8 287
{2 )=
(3 0+u0>7r 3t 3

3. Calculate the area of the region bounded by the parabola y = 22 and the line
y =ox — 6.

Solution.

P:y=2%d:y=5x—6,dNP:2>=5z—6
22 —5x4+6=0, A=25-24=1, ry =220 =3
r=2=y=2%=4, A(2,4)

r=3=y=3>=09, B(3,9)
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" y=vr y=5x—6

=
Wb o

[ Y P U I U U U —

-5 -4 -3 -2 -1 0 1 4 5
-1

3 3 3 3
Areaz/(5x—6—\/§)dx:5/ xda:—6/ dx—/ Vadr =
2 2 2 2

3
3 rh
‘ I

:5~%2E—61: :5(%—%)—6(3—2)—%(3\@—2\@):

2

25 2 13 2
=5 6 3B3V3-2v2) = 5 - S(3V3-2vY)

4. Calculate fc(x + z)dx + zdy — dz, where the curve C : x = 2t,y = t2,
z=1t3+ttel0,1].

Solution.
/ (z + 2)dx + 2dy — dz
C

C:x=2ty=t%2=124+t;tc[0,1]
P(z,y,z) =z + z;Q(z,y,2) = z; R(z,y,2z) = —1
P(x(t),y(t),2(t)) = o(t) + 2(t) =2t + >+t =1> + 3t
Q((t), y(t), 2(t)) = 2|t| = * + 1
R(z(t),y(t), 2(t))
x(t) =2t = 2'(t)
y(t) =1 =o' (t) = 2t

=-1
=2
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2t) =t +t=2(t) =3t + 1
| Pley 21+ oy, 2)dy + Ry, s =
C

:/0 [P(x(t), y(t), 2(1)2' (1) + Qa(t), y(1), ()Y (t) + R(x(t), y(t), 2(1))2' (1)]dt =

1 1
:/ (2t3+6t+2t4+2t2—3t2—1)dt:/ (2t +2t3 — 2 + 6t — 1)dt =

0 0
51 thr o 3 2 1 0y 1 1
—2. 2| 2.2 1| 6.2 ft’ :2(7f7) S 43-1=
50Jr 4 1o 30Jr 2 lo 0 5 5+2 3Jr
2 1 1 12+15-10+60 27+50 77
5 2 3 30 30 30
([
5. Find the general solution of the equations:
a)y —Jy =21y
b) v — 4y + 3y = 2we?®
)y’ —y=e"
Solution.
Bernoulli-type equation:
a. y — ty=2z./9 vy, %,;\[720@
Make the substitution u = /y,u’ = 1 y = v =2u = 2u' — 1 u=2x
’ 2./y NG T
1
u' — — -u = x - linear equation
2x
u u/
Homogeneous equation: v/ — — =0= — = — / —du = /— —In|z|+¢
2z u 2z
1
In |u| = ln |z| + In|c]
up(x) = ¢v/z - solution of the homogeneous equation
Find a particular solution:
1
up(z) = c@)Va,  u, =(@)Vr+c(z)- BN
1 1
o' (z) — %u(x) =z, d(z)Vx +c(z) - 2\/» o™ ce(r)Vr=a
x z3 2
d(z)Vz =z, d(x) = T = d(x) =Vr=c(z) = /\/de =F+c= gx\/:f—l—c
2
u(x) = (xf—i—c) u=\y=y=u’

2

) 2
( S/ ) (3 e
5. by’ — 4y —|—3y—2$ez
Homogeneous equation: y” — 4y’ + 3y = 0. Characteristic equation: 72 —4r+3 =0

r1 = 1;75 = 3.8 = {e%, €3*} fundamental system of solutions



ADVANCED MATHEMATICS I

General solution of the homogeneous equation:
yn(z) = c1e® + cpe>®

{c’l(x)e”” + ch(z)e3* =0
@)Y + )Y = 20

ci(z)e® + ch(z)e3® =0
ch(z)e® + 3ch(x)e3® = 2xe?®
T 3x
_|€ € _ do _ Az _ 4x
w(z) = o 3e3e| = 3e e 2e
0 6390
, 2ze2*  3e3° —2xe’® "
ci(z) = (@) = oot = €
e’ 0
et e 2xe3* _
CIQ(x) = w(z) = 2¢dz =ze™"
c(z) = —ze”
a(x) = /(—xem)dm =- /x(ex)’dx = —ze” + /a?'el'dac = —ze” +¢e" = (1 —x)e”
co(z) = ze™™

Particular solution
yp(z) = (1 —2)e* + (-1 —2)e* = (1 —x — 1 — 2)e** = —2ze’x
General solution:
y(@) = yn(x) + yp(r) = c1e” + €3 — 2ze%®
S5.c. ¥ —y=¢e*
Characteristic equation: 72 —1=0=r; = 1;79 = —1
S ={e”;e™"} - fundamental system of solutions
Solution of the homogeneous equation:
yn(x) = c1e” + coe™®

Find a particular solution:
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0 e "

(2) = e’ —e | —ee® 1
alr w(x) -3 3
et 0

e e 621’
¢3(v) = w(x) 3
/ 1 x
ci(x) = 3 = ci(z) = 3
621

o1 1 v 2 1)e®
yp(x):gem_i_ge%c_e—;c:§6x+66x:%(2x+1):(m‘g )6

General solution:
= + - 2x + 1)e®
y(x) = yn() yp(a?) =ci1e¥ +coe " + %
(]

6. Find the general solution of the following systems of differential equations:
Y1 =2y2
Yo =y1 —y2 +e’

{y’l =2y1 —y2 +2y3

b) Sys =vy1+ Y2+ ys
yé = Y2
!
Y1 = 2y2 1,7 / 1,1
a. =y = 5Y > Y =5y
Yo =y1—yate” S
1, o 1, z "o ’ x
Yt =n—gnte =u =2y1 —y; +2¢
Yy +y1 — 2y1 = 2e*. Homogeneous equation: v} +y; — 2y; =0
Characteristic equation: r24r—2= 0,r1 =170 = =2

Fundamental system of solutions: {e®;e~2%}
Solution of the homogeneous equation: yp,(x) = c1€* + cpe™2®
Find the particular solution:

et e Y . - - B
UJ(.'L') = ex 726721 = 69”(—26 ;8) — exe T = —2e T __ e T _ —3e x
0 e—2w
/ 20" —2e7%|  _2eTe® e 2
ci(z) = = = -z
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e® 0
cy(z) = 2 = et 2e” —2633”
w(x) —3e~ 7 3

2 2 2 2
yp(T) = ge””—i—( — *)63366_290 = gew — gew =0

1 .
y1(x) = c1e” 4 coe ™27, Yo = =(c1” — 2c0e )

[\]

Yl =21 — Y2 + 2y3
6.b. Sy =vy1+y2+ys3

I
Ys = Y2
Matrix form of the system:

Y1 2 -1 2\ [
vl =11 1 1] [w
Y3 0 0/ \ys
Calculation of the eigenvalues:
2 -1 2 1 0 0 2—-X -1 2
det 1 1 1]-=X10 1 0 =0, 1 1-X 1]=0
0 1 1 0 0 1 0 1 =

2=-AN1=N(=AN)+2-0-(2-2)-A=0
2=N(=A+A)+2-2+A—-A=0

A =0
2=XN1=XN(=N) = O<)\2 =1
A3 =2
Calculation of the eigenvectors:
2 -1 2 U1 0 201 — vg + 2v3 0
For A\=0:1]1 1 1 vl =10]= v1 + v9 + v3 =10
0 1 0 V3 0 (%) 0
(%1} —Us3 -1
Vo = 0 .
=S>v1=-v3=> vy | = 0 =10 - eigenvector
V1 +v3 = 0
V3 V3 1
1 -1 2 (%1 0 V] — Vg + 21}3 0
ForA=1:11 0 1 v | =10] = V1 + U3 =10
0 1 -1 V3 0 Vo — U3 0
. _ V1 —7Us3 -1
o V1t U= 0 ST TSy = | =1 ) - eigenvector
Vg — V3 = 0 Vg = VU3
V3 V3 1
0 -1 2 U1 0 —vV2 + 2'U3 0
ForA=2:|1 -1 1 Vo 0] =|vi—v24+v3]| =10
0 1 -2 V3 0 Vo — 21}3 0
v —vy4+v3 =0
U1 U3
vg —2v3 =0 = vy =2v3;v1 —2v3+v3=0;v1 =v3= [v2 | = | 203

U3 U3
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1
= | 2| - eigenvector
1

Solution.
y1(x) -1 -1 1
o) | =1 €®" [ 0 | +eg-e?™ [ 1 | +ez-e |2
ys(z) 1 1 1
y1(z) —c1 — Cco€® + c3e?® yi(z) = —c1 — cae” + cze®”
yo(z) | = | 0+ coe® + 2c3e?® |, Yo () = coe® + 2c3e%®
ys3(z) €1 + coe® + cge® y3(2) = c1 + a6® + 362
O
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