
ADVANCED MATHEMATICS I

DANIEL SITARU - ROMANIA

1. Calculate
∫
C

(x + z)ds, where the curve C is the line segment joining the
points A(3, 2, 0) and B(1, 1, 2).

Solution.
A(3, 2, 0);B(1, 1, 2)

xAyAzA xByBzB

AB :
x− xA
xB − xA

=
y − yA
yB − yA

=
z − zA
zB − zA

= t, AB :
x− 3

1− 3
=
y − 2

1− 2
=
z − 0

2− 0
= t

AB :


x− 3 = −2t

y − 2 = −t
z = 2t

⇒ AB :


x = 3− 2t

y = 2− t
z = 2t

; t ∈ [0, 1]

x(t) = 3− 2t;x′(t) = −2

y(t) = 2− t; y′(t) = −1

z(t) = 2t; z′(t) = 2

I =

∫
C

(x+ z)dz; f(x, y, z) = x+ z

f(x(t); y(t); z(t)) = x(t) + z(t) = 3− 2t+ 2t = 3√
(x′(t))2 + (y′(t))2 + (z′(t))2 =

√
(−2)2 + (−1)2 + 22 = 3∫

C

f(x, y, z) =

∫ β

α

f(x(t), y(t), z(t))
√
x′2(t) + y′2(t) + z′2(t)dt

I =

∫
C

(x+ z)ds =

∫ 1

0

3 · 3dt = 9t
∣∣∣1
0

= 9(1− 0) = 9

�

2. Calculate
∫ ∫∑√2x2 + 2y2 + 1dσ, where

∑
is the surface given by∑

= {(x, y, z) ∈ R3/x = u cos v, y = u sin v, z = u+ v, u ∈ [0, 2], v ∈ [0, π]}

Solution.
x = ϕ(u, v) = u cos v

y = ψ(u, v) = u sin v

z = χ(u, v) = u+ v

E =
(∂ϕ
∂u

)2
+
(∂ψ
∂u

)2
+
(∂χ
∂u

)2
= cos2 v + sin2 v + 1 = 2

F =
∂ϕ

∂u
· ∂ϕ
∂v

+
∂ψ

∂u
· ∂ψ
∂v

+
∂χ

∂u
· ∂χ
∂v

= cos v(−u sin v) + sin v · (u cos v) + 1 · 1 = 1

G =
(∂ψ
∂v

)2
+
(∂ψ
∂u

)2
+
(∂χ
∂v

)2
= (−u sin v)2 + (u cos v)2 + 12 = u2 + 1

1
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EG− F 2 =

√
2(u2 + 1)− 1 =

√
2u2 + 1

f(x, y, z) =
√

2x2 + 2y2 + 1

f(x(u, v), y(u, v), z(u, v)) =
√

2u2 cos2 v + 2u2 sin2 v + 1 =

=

√
2u2(cos2 v + sin2 v) + 1 =

√
2u2 + 1

∫ ∫
∑ f(x, y, z)dτ =

∫ ∫
D

f(x(u, v), y(u, v), z(u, v))
√
EG− F 2dudv =

=

∫ ∫
D

√
2u2 + 1 ·

√
2u2 + 1dudv =

∫ 2

0

(2u2 + 1)du ·
∫ π

0

dv =

= 2

(
u3

3

∣∣∣2
0

+ u
∣∣∣2
0

)
·π = 2π

(8

3
+ 2
)

=
28π

3

�

3. Calculate the area of the region bounded by the parabola y = x2 and the line
y = 5x− 6.

Solution.

P : y = x2, d : y = 5x− 6, d ∩ P : x2 = 5x− 6

x2 − 5x+ 6 = 0, ∆ = 25− 24 = 1, x1 = 2, x2 = 3

x = 2⇒ y = 22 = 4, A(2, 4)

x = 3⇒ y = 32 = 9, B(3, 9)
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Area =

∫ 3

2

(5x− 6−
√
x)dx = 5

∫ 3

2

xdx− 6

∫ 3

2

dx−
∫ 3

2

√
xdx =

= 5 · x
2

2

∣∣∣3
2
− 6x

∣∣∣3
2
− x

3
2

3
2

∣∣∣∣∣
3

2

= 5
(9

2
− 4

2

)
− 6(3− 2)− 2

3
(3
√

3− 2
√

2) =

=
25

2
− 6− 2

3
(3
√

3− 2
√

2) =
13

2
− 2

3
(3
√

3− 2
√

2)

�

4. Calculate
∫
C

(x+ z)dx+ zdy − dz, where the curve C : x = 2t, y = t2,

z = t3 + t, t ∈ [0, 1].

Solution. ∫
C

(x+ z)dx+ zdy − dz

C : x = 2t; y = t2; z = t3 + t; t ∈ [0, 1]

P (x, y, z) = x+ z;Q(x, y, z) = z;R(x, y, z) = −1

P (x(t), y(t), z(t)) = x(t) + z(t) = 2t+ t3 + t = t3 + 3t

Q(x(t), y(t), z(t)) = z|t| = t3 + t

R(x(t), y(t), z(t)) = −1

x(t) = 2t⇒ x′(t) = 2

y(t) = t2 ⇒ y′(t) = 2t
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z(t) = t3 + t⇒ z′(t) = 3t2 + 1∫
C

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz =

=

∫ 1

0

[P (x(t), y(t), z(t))x′(t) +Q(x(t), y(t), z(t))y′(t) +R(x(t), y(t), z(t))z′(t)]dt =

=

∫ 1

0

(2t3 + 6t+ 2t4 + 2t2 − 3t2 − 1)dt =

∫ 1

0

(2t4 + 2t3 − t2 + 6t− 1)dt =

= 2 · t
5

5

∣∣∣1
0

+ 2 · t
4

4

∣∣∣1
0
− t3

3

∣∣∣1
0

+ 6 · t
2

2

∣∣∣1
0
− t
∣∣∣1
0

= 2
(1

5
− 0

5

)
+

1

2
− 1

3
+ 3− 1 =

=
2

5
+

1

2
− 1

3
+ 2 =

12 + 15− 10 + 60

30
=

27 + 50

30
=

77

30
�

5. Find the general solution of the equations:
a) y′ − 1

xy = 2x
√
y

b) y′′ − 4y + 3y = 2xe2x

c) y′′ − y = ex

Solution.
Bernoulli-type equation:

a. y′ − 1
xy = 2x

√
y| : y, y′√

y −
1
x

√
y = 2x

Make the substitution u =
√
y, u′ =

1

2
√
y
· y′ ⇒ y′

√
y

= 2u′ ⇒ 2u′ − 1

x
· u = 2x

u′ − 1

2x
· u = x - linear equation

Homogeneous equation: u′ − u

2x
= 0⇒ u′

u
=

1

2x
⇒
∫
u′

u
du =

∫
1

2x
=

1

2
ln |x|+ c

ln |u| = 1

2
ln |x|+ ln |c|

uh(x) = c
√
x - solution of the homogeneous equation

Find a particular solution:

up(x) = c(x)
√
x, u′p = c′(x)

√
x+ c(x) · 1

2
√
x

u′(x)− 1

2x
u(x) = x, c′(x)

√
x+ c(x) · 1

2
√
x
− 1

2x
· c(x)

√
x = x

c′(x)
√
x = x, c′(x) =

x√
x
⇒ c′(x) =

√
x⇒ c(x) =

∫ √
xdx =

x
3
2

3
2

+c =
2

3
x
√
x+c

u(x) = c(x)
√
x =

(2

3
x
√
x+ c

)√
x, u =

√
y ⇒ y = u2

y(x) =

((2

3
x
√
x+ c

)√
x

)2

=
(2

3
x2 + c

√
x
)2

5. b. y′′ − 4y′ + 3y = 2xe2x

Homogeneous equation: y′′−4y′+ 3y = 0. Characteristic equation: r2−4r+ 3 = 0

r1 = 1; r2 = 3.S = {ex, e3x} fundamental system of solutions
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General solution of the homogeneous equation:

yh(x) = c1e
x + c2e

3x{
c′1(x)ex + c′2(x)e3x = 0

c′1(x)(ex)′ + c′2(x)(e3x)′ = 2xe2x{
c′1(x)ex + c′2(x)e3x = 0

c′1(x)ex + 3c′2(x)e3x = 2xe2x

w(x) =

∣∣∣∣ex e3x

ex 3e3x

∣∣∣∣ = 3e4x − e4x = 2e4x

c′1(x) =

∣∣∣∣ 0 e3x

2xe2x 3e3x

∣∣∣∣
w(x)

=
−2xe5x

2e4x
= −xex

c′2(x) =

∣∣∣∣ex 0
ex 2xe2x

∣∣∣∣
w(x)

=
2xe3x

2e4x
= xe−x

c′1(x) = −xex

c1(x) =

∫
(−xex)dx = −

∫
x(ex)′dx = −xex +

∫
x′exdx = −xex + ex = (1− x)ex

c′2(x) = xe−x

c2(x) =

∫
xe−xdx =

∫
(−x)(e−x)′dx = −xe−x +

∫
e−xdx =

= −xe−x − e−x = (−1− x)e−x

yp(x) = (1− x)exex + (−1− x)e−xe3x

Particular solution

yp(x) = (1− x)e2x + (−1− x)e2x = (1− x− 1− x)e2x = −2xe2x

General solution:

y(x) = yh(x) + yp(x) = c1e
x + c2e

3x − 2xe2x

5.c. y′′ − y = ex

Characteristic equation: r2 − 1 = 0⇒ r1 = 1; r2 = −1

S = {ex; e−x} - fundamental system of solutions

Solution of the homogeneous equation:

yh(x) = c1e
x + c2e

−x

Find a particular solution:{
c′1(x)ex + c′2(e−x) = 0

c′1(x)(ex)′ + c′2(x)(e−x)′ = ex{
c′1(x)ex + c′2(x)e−x = 0

c′1(x)ex − c′2(x)e−x = ex

w(x) =

∣∣∣∣ex e−x

ex −e−x
∣∣∣∣ = −2ex · e−x − exe−x = 3



6 DANIEL SITARU - ROMANIA

c′1(x) =

∣∣∣∣ 0 e−x

ex −e−x
∣∣∣∣

w(x)
=
−exe−x

−3
=

1

3

c′2(x) =

∣∣∣∣ex 0
ex ex

∣∣∣∣
w(x)

=
e2x

3

c′1(x) =
1

3
⇒ c1(x) =

x

3

c′2(x) =
e2x

3
⇒ c2(x) =

1

3

∫
e2x =

1

6
e2x

yp(x) =
x

3
ex +

1

6
e2x · e−x =

x

3
ex +

1

6
ex =

ex

6
(2x+ 1) =

(2x+ 1)ex

6
General solution:

y(x) = yh(x) + yp(x) = c1e
x + c2e

−x +
(2x+ 1)ex

6

�

6. Find the general solution of the following systems of differential equations:

a)

{
y′1 = 2y2

y′2 = y1 − y2 + ex

b)


y′1 = 2y1 − y2 + 2y3

y′2 = y1 + y2 + y3

y′3 = y2

a.

{
y′1 = 2y2

y′2 = y1 − y2 + ex
⇒ y2 = 1

2y
′
1 ⇒ y′2 = 1

2y
′′
1

1

2
y′′1 = y1 −

1

2
y′1 + ex ⇒ y′′1 = 2y1 − y′1 + 2ex

y′′1 + y′1 − 2y1 = 2ex. Homogeneous equation: y′′1 + y′1 − 2y1 = 0
Characteristic equation: r2 + r − 2 = 0, r1 = 1; r2 = −2
Fundamental system of solutions: {ex; e−2x}
Solution of the homogeneous equation: yh(x) = c1e

x + c2e
−2x

Find the particular solution:{
c′1(x)ex + c′2(x)e−2x = 0

c′1(x)(ex)′ + c′2(x)(e−2x)′ = 2ex{
c′1(x)ex + c′2(x)e−2x = 0

c′1(x)ex − 2c′2(x)e−2x = 2ex

w(x) =

∣∣∣∣ex e−2x

ex −2e−2x

∣∣∣∣ = ex(−2e−2x)− exe−2x = −2e−x − e−x = −3e−x

c′1(x) =

∣∣∣∣ 0 e−2x

2ex −2e−2x

∣∣∣∣
w(x)

=
−2exe−2x

−3e−x
=
−2e−x

3e−x
=

2

3
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c′2(x) =

∣∣∣∣ex 0
ex 2ex

∣∣∣∣
w(x)

=
ex · 2ex

−3e−x
= −2

3
e3x

yp(x) =
2

3
ex+

(
− 2

3

)
e3xe−2x =

2

3
ex − 2

3
ex = 0

y1(x) = c1e
x + c2e

−2x, y2 =
1

2
(c1e

x − 2c2e
−2x)

6.b.


y′1 = 2y1 − y2 + 2y3

y′2 = y1 + y2 + y3

y′3 = y2
Matrix form of the system:y′1y′2

y′3

 =

2 −1 2
1 1 1
0 1 0

y1y2
y3


Calculation of the eigenvalues:

det

2 −1 2
1 1 1
0 1 1

− λ
1 0 0

0 1 0
0 0 1

 = 0,

∣∣∣∣∣∣
2− λ −1 2

1 1− λ 1
0 1 −λ

∣∣∣∣∣∣ = 0

(2− λ)(1− λ)(−λ) + 2− 0− (2− λ)− λ = 0

(2− λ)(−λ+ λ2) + 2− 2 + λ− λ = 0

(2− λ)(1− λ)(−λ) = 0

〈λ1 = 0
λ2 = 1
λ3 = 2

Calculation of the eigenvectors:

For λ = 0 :

2 −1 2
1 1 1
0 1 0

v1v2
v3

 =

0
0
0

⇒
2v1 − v2 + 2v3

v1 + v2 + v3
v2

 =

0
0
0


⇒ v2 = 0
v1 + v3 = 0

⇒ v1 = −v3 ⇒

v1v2
v3

 =

−v30
v3

⇒
−1

0
1

 - eigenvector

For λ = 1 :

1 −1 2
1 0 1
0 1 −1

v1v2
v3

 =

0
0
0

⇒
v1 − v2 + 2v3

v1 + v3
v2 − v3

 =

0
0
0


⇒ v1 + v3 = 0
v2 − v3 = 0

⇒ v1 = −v3
v2 = v3

⇒

v1v2
v3

 =

−v3v3
v3

⇒
−1

1
1

 - eigenvector

For λ = 2 :

0 −1 2
1 −1 1
0 1 −2

v1v2
v3

 =

0
0
0

⇒
 −v2 + 2v3
v1 − v2 + v3
v2 − 2v3

 =

0
0
0


v1 − v2 + v3 = 0

v2 − 2v3 = 0⇒ v2 = 2v3; v1 − 2v3 + v3 = 0; v1 = v3 ⇒

v1v2
v3

 =

 v3
2v3
v3


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⇒

1
2
1

 - eigenvector

Solution. y1(x)
y2(x)
y3(x)

 = c1 · e0·x
−1

0
1

+ c2 · e1·x
−1

1
1

+ c3 · e2x
1

2
1


y1(x)
y2(x)
y3(x)

 =

−c1 − c2ex + c3e
2x

0 + c2e
x + 2c3e

2x

c1 + c2e
x + c3e

2x

 ,


y1(x) = −c1 − c2ex + c3e

2x

y2(x) = c2e
x + 2c3e

2x

y3(x) = c1 + c2e
x + c3e

2x

�
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