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UP.629. Proposed by Daniel Sitaru, Romania. Find the general solution for the
linear second-order differential equation with constant coefficients:

y" — 5y + 4y = xe”

Solution by José Luis Diaz-Barrero, Barcelona, Spain. The associated homoge-
neous equation is
y" =5y +4y =0,
and its characteristic equation is:
P —5r+4=0=(r—1)(r—4)=0
This gives roots r; = 1 and ry = 4, and the homogeneous solution is
yn(x) = Cre” + Che™®

To find the particular solution we will use the method of undetermined coeffi-
cients: The right-hand side is f(z) = xe®. Since r = 1 is a single root of the
characteristic equation, we will use the trial solution

y,(2) = 2(Ax + B)e® = (Az® + Bx)e”

Next, we compute the derivatives of y,(x):

Y, = (2Az 4 B)e® 4 (A2® + Bx)e® = [Az® + (2A + B)z + Ble”

Yy = (2Az + 2A + B)e" + [Az® + (2A + B)z + Ble"

= [Az® + (4A + B)x + (2A + 2B)]e”
Substituting into the original differential equation yields
y"' =5y + 4y = xe”,

and factoring out e*, we get

[Ax2 + (4A+ B)x + (2A + 2B)] —5 [A:ﬂ + (2A+ B)x + B] +4 [A:ﬁ + Bm} =

Group the terms by powers of z:
e For 2%: A —5A + 4A = 0 (matches correctly)

e For z: (4A+B)—5(2A+B)+4B:—6A:1:>A:—%

e For the constant term: (2A+2B)—-5B=2A—-3B=0=3B=2A= B =

24 _1
SA_ 9

Thus, the particular solution is

and the general solution is

1 1
y(7) = ya(@) + gp(x) = Cre® + Cae™® — (6.752 N §x) o



