
 
UP.622  Find the surface integral of the first kind: 

𝛀 = ∫ ∫ (𝒙 + 𝒚 + 𝒛)
∑  

𝒅𝝉 

∑  = {(𝒙, 𝒚, 𝒛) ∈ ℝ𝟑|𝒙 = 𝟐𝒖 + 𝟑𝒗, 𝒚 = 𝟑𝒖 + 𝟐𝒗, 𝒛 = 𝒖 + 𝒗; 𝒖, 𝒗 ∈ [𝟎, 𝟏]} 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒙 = 𝝋(𝒖, 𝒗) = 𝟐𝒖 + 𝟑𝒗; 𝒚 = 𝝍(𝒖, 𝒗) = 𝟑𝒖 + 𝟐𝒗, 𝒛 = 𝝌(𝒖, 𝒗) = 𝒖 + 𝒗; 

𝝏𝝋

𝝏𝒗
= 𝟐;

𝝏𝝍

𝝏𝒖
= 𝟑;

𝝀𝝌

𝝀𝒖
= 𝟏 

𝝀𝝋

𝝀𝒗
= 𝟑;

𝝏𝝍

𝝏𝒗
= 𝟐;

𝝏𝝌

𝝏𝒖
= 𝟏 

𝑬 = (
𝝏𝝋

𝝏𝒖
)

𝟐

+ (
𝝏𝝍

𝝏𝒖
)

𝟐

+ (
𝝏𝝌

𝝏𝒖
)

𝟐

= 𝟐𝟐 + 𝟑𝟐 + 𝟏𝟐 = 𝟏𝟒 

𝑮 = (
𝝏𝝋

𝝏𝒗
)

𝟐

+ (
𝝏𝝍

𝝏𝒗
)

𝟐

+ (
𝝏𝝌

𝝏𝒗
)

𝟐

= 𝟑𝟐 + 𝟐𝟐 + 𝟏𝟐 = 𝟏𝟒 

𝑭 = (
𝝏𝝋

𝝏𝒖
) (

𝝏𝝋

𝝏𝒗
) + (

𝝏𝝍

𝝏𝒖
) (

𝝏𝝍

𝝏𝒗
) + (

𝝏𝝌

𝝏𝒖
) (

𝝏𝝌

𝝏𝒗
) = 𝟐 ⋅ 𝟑 + 𝟑 ∙ 𝟐 + 𝟏 ∙ 𝟏 = 𝟏𝟑 

𝒅𝝉 = √𝑬𝑮 − 𝑭𝟐𝒅𝒖 𝒅𝒗 = √𝟏𝟒 ⋅ 𝟏𝟒 − 𝟏𝟑𝟐𝒅𝒖 𝒅𝒗 = √𝟐𝟕𝒅𝒖𝒅𝒗 

𝒇(𝒙, 𝒚, 𝒛) = 𝒙 + 𝒚 + 𝒛 

𝒇(𝝋(𝒖, 𝒗), 𝝍(𝒖, 𝒗), 𝝌(𝒖, 𝒗)) = 𝟐𝒖 + 𝟑𝒗 + 𝟑𝒖 + 𝟐𝒗 + 𝒖 + 𝒗 = 𝟔𝒖 + 𝟔𝒗 

𝛀 = ∫ ∫ (𝒙 + 𝒚 + 𝒛)
∑  

𝒅𝝉 = ∫ ∫ (𝟔𝒖 + 𝟔𝒗)
𝑫

√𝟐𝟕𝒅𝒖𝒅𝒗 = 

= 𝟏𝟖√𝟑 (∫ 𝒖
𝟏

𝟎

𝒅𝒖 ⋅ ∫ 𝒅𝒗
𝟏

𝟎

+ ∫ 𝒅𝒖
𝟏

𝟎

⋅ ∫ 𝒗
𝟏

𝟎

𝒅𝒗) = 𝟏𝟖√𝟑 (
𝟏

𝟐
⋅ 𝟏 + 𝟏 ⋅

𝟏

𝟐
) = 𝟏𝟖√𝟑 

Solution 2 by Jose Luis Diaz Barrero-Spain 

We compute this integral carrying out the following steps: 

 First, we compute the partial derivatives with respect to 𝒖 and 𝒗: Let the position 

vector of the surface be 𝒓(𝒖, 𝒗) = (𝟐𝒖 + 𝟑𝒗, 𝟑𝒖 + 𝟐𝒗, 𝒖 + 𝒗). Then, 

𝒓𝒖 =
𝝏𝒓

𝝏𝒖
= (𝟐, 𝟑, 𝟏) 

𝒓𝒗 =
𝝏𝒓

𝝏𝒗
= (𝟑, 𝟐, 𝟏) 



 
 Second, we compute the cross product 𝒓𝒖 × 𝒓𝒗: 

𝒓𝒖 × 𝒓𝒗 = |
𝒊 𝒋 𝒌
𝟐 𝟑 𝟏
𝟑 𝟐 𝟏

| = 𝟏𝒊 + 𝟏𝒋 − 𝟓𝒌 = (𝟏, 𝟏, −𝟓) 

 Third, we calculate the surface element differential 𝒅𝑺 = |𝒓𝒖 × 𝒓𝒗|𝒅𝒖𝒅𝒗: 

|𝒓𝒖 × 𝒓𝒗| = √𝟏𝟐 + 𝟏𝟐 + (−𝟓)𝟐 = √𝟏 + 𝟏 + 𝟐𝟓 = √𝟐𝟕 = 𝟑√𝟑 

Thus, 𝒅𝑺 = 𝟑√𝟑𝒅𝒖 𝒅𝒗. 

 Fourth, we substitute the parametrization into the integrand 𝒙 + 𝒚 + 𝒛 to obtain  

𝒙 + 𝒚 + 𝒛 = (𝟐𝒖 + 𝟑𝒗) + (𝟑𝒖 + 𝟐𝒗) + (𝒖 + 𝒗) = 𝟔(𝒖 + 𝒗). 

 Fifth, we evaluate the double integral over 𝒖, 𝒗 ∈ [𝟎, 𝟏] and we get  

∫ ∫(𝒙 + 𝒚 + 𝒛)
𝑺

𝒅𝑺 = ∫ ∫ (𝟔𝒖 + 𝟔𝒗)
𝟏

𝟎

𝟏

𝟎

⋅ 𝟑√𝟑𝒅𝒖 𝒅𝒗 = 

= 𝟑√𝟑 ∫ ∫ 𝟔(𝒖 + 𝒗)
𝟏

𝟎

𝒅𝒖
𝟏

𝟎

𝒅𝒗 = 𝟏𝟖√𝟑 ∫ [
𝒖𝟐

𝟐
+ 𝒗𝒖]

𝒖=𝟎

𝒖=𝟏𝟏

𝟎

𝒅𝒗 = 

= 𝟏𝟖√𝟑 ∫ [
𝒖𝟐

𝟐
+ 𝒗𝒖]

𝒖=𝟎

𝒖=𝟏𝟏

𝟎

𝒅𝒗 = 𝟏𝟖√𝟑 ∫ (
𝟏

𝟐
+ 𝒗)

𝟏

𝟎

𝒅𝒗 = 

= 𝟏𝟖√𝟑 [
𝟏

𝟐
𝒗 +

𝒗𝟐

𝟐
]

𝟎

𝟏

= 𝟏𝟖√𝟑 (
𝟏

𝟐
+

𝟏

𝟐
) = 𝟏𝟖√𝟑 


