
 
SP. 630 In 𝚫𝑨𝑩𝑪 the following relationship holds: 
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𝒉𝒄
𝟑 +
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𝒉𝒂
𝟑 ≥

𝟖

𝟑𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution 1 by Daniel Sitaru – Romania  

𝒂𝟐

𝒉𝒃
𝟑 +

𝒃𝟐

𝒉𝒄
𝟑

+
𝒄𝟐

𝒉𝒂
𝟑

≥ 𝟑√
(𝒂𝒃𝒄)𝟐

(𝒉𝒂𝒉𝒃𝒉𝒄)𝟑

𝟑

= 

=
𝟑

𝒉𝒂𝒉𝒃𝒉𝒄
⋅ √(𝟒𝑹𝒓𝒔)𝟐𝟑

≥
𝑬𝑼𝑳𝑬𝑹 𝟑

𝟐𝑭
𝒂 ⋅

𝟐𝑭
𝒃 ⋅

𝟐𝑭
𝒄

⋅ √(𝟒 ⋅ 𝟐𝒓 ⋅ 𝒓𝒔)𝟐𝟑
= 

=
𝟑𝒂𝒃𝒄

𝟖𝑭𝟑
⋅ √(𝟖𝒓𝟐𝒔)𝟐𝟑

≥
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟑 ⋅ 𝟒𝑹𝑭

𝟖𝑭𝟑
⋅ √(𝟖𝒓𝟐 ⋅ 𝟑√𝟑𝒓)

𝟐𝟑

=
𝟑𝑹

𝟐𝑭𝟐
⋅ √𝟔𝟒 ⋅ 𝟐𝟕 ⋅ 𝒓𝟔𝟑

= 

=
𝟑𝑹

𝟐𝒓𝟐𝒔𝟐
⋅ 𝟒 ⋅ 𝟑 ⋅ 𝒓𝟐 =

𝟗 ⋅ 𝟐 ⋅ 𝑹

𝒔𝟐
≥

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟏𝟖𝑹
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=

𝟖
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Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Marin Chirciu– Romania  

𝑳𝑯𝑺 = ∑
𝒂𝟐

𝒉𝒃
𝟑 ≥

𝑨𝑴−𝑮𝑴
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𝒂𝟐
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𝟑

𝟑

= 𝟑√
𝒂𝟐𝒃𝟐𝒄𝟐

𝒉𝒂
𝟑𝒉𝒃

𝟑𝒉𝒄
𝟑

𝟑

= 𝟑
√

𝟏𝟔𝑹𝟐𝒓𝟐𝒑𝟐

(
𝟐𝒓𝟐𝒑𝟐

𝑹 )
𝟑

𝟑 = 𝟑√
𝟐𝑹𝟓

𝒓𝟒𝒑𝟒

𝟑

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

≥ 𝟑
√

𝟐𝑹𝟓

𝒓𝟒 (
𝟐𝟕𝑹𝟐

𝟒 )
𝟐

𝟑 =
𝟐

𝟑𝒓
√

𝟒𝑹

𝒓

𝟑

≥
𝑬𝒖𝒍𝒆𝒓 𝟖

𝟑𝑹
= 𝑹𝑯𝑺. 

We have used above 
𝟐

𝟑𝒓
√

𝟒𝑹

𝒓

𝟑
≥

𝑬𝒖𝒍𝒆𝒓 𝟖

𝟑𝑹
⇔ 𝑹𝟒 ≥ 𝟏𝟔𝒓𝟒, see 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral. 

Remark: The problem can be developed. In 𝚫𝑨𝑩𝑪 holds: 

∑
𝒂𝒏

𝒉𝒃
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𝟐𝒏+𝟏

𝟑
𝒏
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Marin Chirciu  



 
Solution: 

𝑳𝑯𝑺 = ∑
𝒂𝒏

𝒉𝒃
𝒏+𝟏 ≥

𝑨𝑴−𝑮𝑴
𝟑√∏

𝒂𝒏

𝒉𝒃
𝒏+𝟏

𝟑

= 𝟑√
𝒂𝒏𝒃𝒏𝒄𝒏

𝒉𝒂
𝒏+𝟏𝒉𝒃

𝒏+𝟏𝒉𝒄
𝒏+𝟏

𝟑

= 𝟑
√

𝟒𝒏𝑹𝒏𝒓𝒏𝒑𝒏

(
𝟐𝒓𝟐𝒑𝟐

𝑹 )
𝒏+𝟏

𝟑 = 

= 𝟑√
𝟐𝒏−𝟏𝑹𝟐𝒏+𝟏

𝒓𝒏+𝟐𝒑𝒏+𝟐

𝟑

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑
√

𝟐𝒏−𝟏𝑹𝟐𝒏+𝟏

𝒓𝒏+𝟐 (
𝟑𝑹√𝟑

𝟐 )

𝒏+𝟐
𝟑 =

𝟏

𝟑
𝒏
𝟐

√
𝟐𝟐𝒏+𝟏𝑹𝒏−𝟏

𝒓𝒏+𝟐

𝟑

≥
𝑬𝒖𝒍𝒆𝒓 𝟐𝒏+𝟏

𝟑
𝒏
𝟐𝑹

= 𝑹𝑯𝑺. 

We have used above 
𝟏

𝟑
𝒏
𝟐

√𝟐𝟐𝒏+𝟏𝑹𝒏−𝟏

𝒓𝒏+𝟐

𝟑
≥

𝑬𝒖𝒍𝒆𝒓 𝟐𝒏+𝟏

𝟑
𝒏
𝟐

⇔ 𝑹𝒏+𝟐 ≥ (𝟐𝒓)𝒏+𝟐, see 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral. 

Note: For 𝒏 = 𝟐 we obtain Problem SP.630 from RMM Number 42 – Autumn 2026. 

SP.630. In 𝚫𝑨𝑩𝑪 holds: 

∑
𝒂𝟐

𝒉𝒃
𝟑 ≥

𝟖

𝟑𝑹
 

Nguyen Hung Cuong – Vietnam  

Solution 3 by José Luis Díaz – Barrero – Spain 

By the Law of Sines, we have 𝒂 = 𝟐𝑹 𝐬𝐢𝐧 𝑨 , 𝒃 = 𝟐𝑹 𝐬𝐢𝐧 𝑩 , 𝒄 = 𝟐𝑹 𝐬𝐢𝐧 𝑪. Since  

𝑺 =
𝟏

𝟐
𝒂𝒄 𝐬𝐢𝐧 𝑩 and 𝒉𝒃 =

𝟐𝑺

𝒃
, substituting gives 

𝒉𝒂 = 𝟐𝑹 𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧 𝑪,   𝒉𝒃 = 𝟐𝑹 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑪,   𝒉𝒄 = 𝟐𝑹 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 

Then,  

𝒂𝟐

𝒉𝒃
𝟑 =

𝟏

𝟐𝑹 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧𝟑 𝑪
,
𝒃𝟐

𝒉𝒄
𝟑

=
𝟏

𝟐𝑹 𝐬𝐢𝐧𝟑 𝑨 𝐬𝐢𝐧 𝑩
,
𝒄𝟐

𝒉𝒂
𝟑

=
𝟏

𝟐𝑹 𝐬𝐢𝐧𝟑 𝑩 𝐬𝐢𝐧 𝑪
 

Writing 𝒙 = 𝐬𝐢𝐧 𝑨 , 𝒚 = 𝐬𝐢𝐧 𝑩 , 𝒛 = 𝐬𝐢𝐧 𝑪, the inequality is equivalent to  

𝟏

𝒙𝒛𝟑
+

𝟏

𝒙𝟑𝒚
+

𝟏

𝒚𝟑𝒛
≥

𝟏𝟔

𝟑
. 

On account of AM-GM inequality, we have 

𝟏

𝒙𝒛𝟑
+

𝟏

𝒙𝟑𝒚
+

𝟏

𝒚𝟑𝒛
≥ (

𝟏

𝒙𝒛𝟑
⋅

𝟏

𝒙𝟑𝒚
⋅

𝟏

𝒚𝟑𝒛
)

𝟏
𝟑

=
𝟑

(𝒙𝒚𝒛)
𝟒
𝟑

. 



 
Since 𝒇(𝒕) = 𝐥𝐧(𝐬𝐢𝐧 𝒕) is concave on (𝟎, 𝝅), Jensen’s inequality gives 

𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧 𝑪 ≤ 𝐬𝐢𝐧𝟑 (
𝑨 + 𝑩 + 𝑪

𝟑
) = 𝐬𝐢𝐧𝟑

𝝅

𝟑
=

𝟑√𝟑

𝟖
, 

so  

(𝒙𝒚𝒛)
𝟒
𝟑 ≤ (

𝟑√𝟑

𝟖
)

𝟒
𝟑

=
𝟑𝟐

𝟖
𝟒
𝟑

=
𝟗

𝟏𝟔
⇒

𝟑

(𝒙𝒚𝒛)
𝟒
𝟑

≥
𝟑

𝟗
𝟏𝟔

=
𝟏𝟔

𝟑
 

Finally, combining the preceding, yields 

𝒂𝟐

𝒉𝒃
𝟑 +

𝒃𝟐

𝒉𝒄
𝟑

+
𝒄𝟐

𝒉𝒂
𝟑

=
𝟏

𝟐𝑹
(

𝟏

𝒙𝒛𝟑
+

𝟏

𝒙𝟑𝒚
+

𝟏

𝒚𝟑𝒛
) ≥

𝟏

𝟐𝑹
⋅

𝟏𝟔

𝟑
=

𝟖

𝟑𝑹
. 

Equality holds if and only if 𝑨 = 𝑩 = 𝑪 =
𝝅

𝟑
. That is, when 𝚫𝑨𝑩𝑪 is equilateral. 


