
 

SP.628  If 𝒂, 𝒃, 𝒄 > 𝟎; (𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) = 𝟏𝟕 then: 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
) ≥ 𝟕𝟑 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Denote: 𝒖 =
𝒂

𝒃
+

𝒃

𝒄
+

𝒄

𝒂
; 𝒗 =

𝒃

𝒂
+

𝒄

𝒃
+

𝒂

𝒄
 

𝟏𝟕 = (𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
) = (

𝒂

𝒃
+

𝒃

𝒄
+

𝒄

𝒂
) + (

𝒃

𝒂
+

𝒂

𝒄
+

𝒄

𝒃
) + 𝟑 = 𝒖 + 𝒗 + 𝟑 

⇒ 𝟏𝟕 = 𝒖 + 𝒗 + 𝟑 ⇒ 𝒖 + 𝒗 = 𝟏𝟒 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
) = (

𝒂𝟐

𝒃𝟐
+

𝒃𝟐

𝒄𝟐
+

𝒄𝟐

𝒂𝟐
) + (

𝒃𝟐

𝒂𝟐
+

𝒂𝟐

𝒄𝟐
+

𝒄𝟐

𝒃𝟐
) + 𝟑 = 

= 𝟑 + (𝒖𝟐 − 𝟐𝒗) + (𝒗𝟐 − 𝟐𝒖) = 𝟑 + (
𝒖𝟐

𝟏
+

𝒗𝟐

𝟏
) − 𝟐(𝒖 + 𝒗) ≥ 

≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 𝟑 +
(𝒖 + 𝒗)𝟐

𝟏 + 𝟏
− 𝟐(𝒖 + 𝒗) = 𝟑 +

𝟏𝟒𝟐

𝟐
− 𝟐 ⋅ 𝟏𝟒 = 𝟑 + 𝟗𝟖 − 𝟐𝟖 = 𝟕𝟑 

Equality holds for: 

𝒂

𝒃
+

𝒃

𝒄
+

𝒄

𝒂
=

𝒃

𝒂
+

𝒂

𝒄
+

𝒄

𝒃
= 𝟕 

 


