
 
SP.627 Solve for reals: 

√(𝟏 + 𝒙)𝟐
𝟑

+ √(𝟏 − 𝒙)𝟐
𝟑

= √𝟏 + 𝒙
𝟑

+ √𝟏 − 𝒙
𝟑

 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution 1 by Daniel Sitaru – Romania  

Denote: {
𝒂 = √𝟏 + 𝒙

𝟑

𝒃 = √𝟏 − 𝒙
𝟑 ⇒ 𝒂𝟑 + 𝒃𝟑 = 𝟐 

Denote: {
𝑺 = 𝒂 + 𝒃
𝑷 = 𝒂𝒃

⇒ {𝑺
𝟑 − 𝟑𝑺𝑷 = 𝟐
𝑺𝟐 − 𝟐𝑷 = 𝑺

 

𝟐𝑷 = 𝑺𝟐 − 𝑺 ⇒ 𝑷 =
𝑺𝟐 − 𝑺

𝟐
 

𝑺𝟑 − 𝟑𝑺 ⋅
𝑺𝟐 − 𝑺

𝟐
= 𝟐 ⇒ 𝟐𝑺𝟑 − 𝟑𝑺𝟑 + 𝟑𝑺𝟐 = 𝟒 

−𝑺𝟑 + 𝟑𝑺𝟐 − 𝟒 = 𝟎 ⇒ 𝑺𝟑 − 𝟑𝑺𝟐 + 𝟒 = 𝟎 

𝑺𝟑 + 𝑺𝟐 − 𝟒𝑺𝟐 + 𝟒 = 𝟎 ⇒ 𝑺𝟐(𝑺 + 𝟏) − 𝟒(𝑺𝟐 − 𝟏) = 𝟎 

𝑺𝟐(𝑺 + 𝟏) − 𝟒(𝑺 − 𝟏)(𝑺 + 𝟏) = 𝟎 ⇒ (𝑺 + 𝟏)(𝑺𝟐 − 𝟒𝑺 + 𝟒) = 𝟎 

𝑺 + 𝟏 = 𝟎 ⇒ 𝑺 = −𝟏 ⇒ 𝑷 = 𝟏 ⇒ 𝒛𝟐 − 𝑺𝒛 + 𝑷 = 𝟎 ⇒ 𝒛𝟐 + 𝒛 + 𝟏 = 𝟎; 𝚫 < 𝟎 

𝑺𝟐 − 𝟒𝑺 + 𝟒 = 𝟎 ⇒ (𝑺 − 𝟐)𝟐 = 𝟎 ⇒ 𝑺 = 𝟐 ⇒ 𝑷 = 𝟏 

⇒ 𝒂 = 𝒃 = 𝟏 ⇒ √𝟏 − 𝒙
𝟑

= √𝟏 + 𝒙
𝟑

= 𝟏 ⇒ 𝒙 = 𝟎 

 

Solution 2 by Marin Chirciu– Romania  

With the substitution (√𝟏 + 𝒙
𝟑

, √𝟏 − 𝒙
𝟑

) = (𝒂, 𝒃) ⇒ { 𝒂𝟑 + 𝒃𝟑 = 𝟐
𝒂𝟐 + 𝒃𝟐 = 𝒂 + 𝒃

⇒ 

⇒ {𝑺
𝟑 − 𝟑𝑺𝑷 = 𝟐
𝑺𝟐 − 𝟐𝑷 = 𝑺

⇔ 

⇔ {
𝑺𝟑 − 𝟑𝑺𝑷 = 𝟐

𝑷 =
𝑺𝟐 − 𝑺

𝟐

⇔

{
 

 𝑺𝟑 − 𝟑𝑺 ⋅
𝑺𝟐 − 𝑺

𝟐
= 𝟐

𝑷 =
𝑺𝟐 − 𝑺

𝟐

⇔ {
𝑺𝟑 − 𝟑𝑺𝟐 − 𝟒 = 𝟎

𝑷 =
𝑺𝟐 − 𝑺

𝟐

⇔ 

⇔ {

(𝑺 − 𝟐)𝟐(𝑺 + 𝟏) = 𝟎

𝑷 =
𝑺𝟐 − 𝑺

𝟐

⇔ (𝑺, 𝑷) ∈ {(𝟐, 𝟏), (−𝟏, 𝟏)}. 



 
1. (𝑺,𝑷) = (𝟐, 𝟏) ⇔ (𝒂, 𝒃) = (𝟏, 𝟏) ⇔ (√𝟏 + 𝒙

𝟑
, √𝟏 − 𝒙
𝟑

) = (𝟏, 𝟏) ⇔ 𝒙 = 𝟎. 

2. (𝑺,𝑷) = (−𝟏, 𝟏) ⇔ 𝒂𝟐 − 𝑺𝒂 + 𝑷 = 𝟎 ⇔ 𝒂𝟐 + 𝒂 + 𝟏 = 𝟎, 𝚫 = −𝟑 < 𝟎, 𝒂 ∉ ℝ 

We deduce that 𝒙 = 𝟎 is the unique solution of the equation. 


