
 
SP.616 Let 𝒂, 𝒃, 𝒄, 𝒅 be nonnegative real numbers such that at most one of the 

is less than 𝟏 and 𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅 = 𝟔. Prove that: 

(𝟐𝒂𝟐 + 𝟏)(𝟐𝒃𝟐 + 𝟏)(𝟐𝒄𝟐 + 𝟏)(𝟐𝒅𝟐 + 𝟏) ≥ 𝟖𝟏. 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer  

The equality constraint implies the known inequality 

𝒂 + 𝒃 + 𝒄 + 𝒅 ≥ 𝟒. 

Consider 

𝒂 = 𝐦𝐢𝐧{𝒂, 𝒃, 𝒄, 𝒅} ≤ 𝟏, 𝒃, 𝒄 ≥ 𝟏, 𝒅 = 𝐦𝐚𝐱{𝒂, 𝒃, 𝒄, 𝒅} ≥ 𝟏, 

and write the required inequality as 𝑬 ≥ 𝟎, where 

𝑬 = 𝐥𝐧(𝟐𝒂𝟐 + 𝟏) + 𝐥𝐧(𝟐𝒃𝟐 + 𝟏) + 𝐥𝐧(𝟐𝒄𝟐 + 𝟏) + 𝐥𝐧(𝟐𝒅𝟐 + 𝟏) − 𝟒 𝐥𝐧 𝟑. 

For fixed 𝒄 and 𝒅, assume that 𝒂 and 𝑬 are functions of 𝒃. We have  

(𝒃 + 𝒄 + 𝒅)𝒂′ + 𝒂 + 𝒄 + 𝒅 = 𝟎 and 

𝑬′(𝒃)

𝟒
=

𝒃

𝟐𝒃𝟐 + 𝟏
+

𝒂𝒂′

𝟐𝒂𝟐 + 𝟏
=

𝒃

𝟐𝒃𝟐 + 𝟏
−

𝒂(𝒂 + 𝒄 + 𝒅)

(𝟐𝒂𝟐 + 𝟏)(𝒃 + 𝒄 + 𝒅)
. 

We claim that 𝑬′(𝒃) ≥ 𝟎. Write this inequality as follows: 

𝒃 + 𝒄 + 𝒅

𝒂 + 𝒄 + 𝒅
≥

𝒂(𝟐𝒃𝟐 + 𝟏)

𝒃(𝟐𝒂𝟐 + 𝟏)
,
𝒃 + 𝒄 + 𝒅

𝒂 + 𝒄 + 𝒅
− 𝟏 ≥

𝒂(𝟐𝒃𝟐 + 𝟏)

𝒃(𝒂𝟐 + 𝟏)
− 𝟏, 

𝒃 − 𝒂

𝒂 + 𝒄 + 𝒅
≥

(𝒃 − 𝒂)(𝟐𝒂𝒃 − 𝟏)

𝒃(𝟐𝒂𝟐 + 𝟏)
, (𝒃 − 𝒂)[𝒂 + 𝒃 + 𝒄 + 𝒅 − 𝟐𝒂𝒃(𝒄 + 𝒅)] ≥ 𝟎. 

We need to show that 𝒂 + 𝒃 + 𝒄 + 𝒅 ≥ 𝟐𝒂𝒃(𝒄 + 𝒅). Since 𝒂 + 𝒃 + 𝒄 + 𝒅 ≥ 𝟒 and  

𝒂𝒃 ≤ 𝒂 + 𝒃 − 𝟏, it suffices to show that 𝟐 ≥ (𝒂 + 𝒃 − 𝟏)(𝒄 + 𝒅), that is 

𝟐 + 𝒄 + 𝒅 ≥ (𝒂 + 𝒃)(𝒄 + 𝒅), 𝟐 + 𝒄 + 𝒅 ≥ 𝟔 − 𝒂 − 𝒄𝒅, 𝒂𝒃 + 𝒄𝒅 ≥ 𝟒 − 𝒄 − 𝒅. 

Since 𝟒 − 𝒄−≤ 𝒂 + 𝒃, it suffices to show that 𝒂𝒃 + 𝒄𝒅 ≥ 𝒂 + 𝒃. Indeed, 

𝒂𝒃 + 𝒄𝒅 − 𝒂 − 𝒃 = 𝒂(𝒃 − 𝟏) + 𝒄𝒅 − 𝒃 ≥ 𝒄𝒅 − 𝒃 ≥ 𝒅 − 𝒃 ≥ 𝟎. 

From 𝑬′(𝒃) ≥ 𝟎, it follows that 𝑬(𝒃) is increasing and has the minimum value when 𝒃 is 

minimum, hence when 𝒃 = 𝟏. So, it suffices to prove the inequality 𝑬 ≥ 𝟎 for 𝒃 = 𝟏. 

Similarly, it suffices to prove the inequality 𝑬 ≥ 𝟎 for 𝒄 = 𝟏, hence for 𝒃 = 𝒄 = 𝟏. We 



 
need to show that 𝒂𝒅 + 𝟐(𝒂 + 𝒅) = 𝟓 implies 𝑭 ≥ 𝟎, where 𝑭 = (𝟐𝒂𝟐 + 𝟏)(𝟐𝒅𝟐 + 𝟏) −

𝟗. We have 

𝑭 = 𝟒𝒂𝟐𝒅𝟐 + 𝟐(𝒂 + 𝒅)𝟐 − 𝟒𝒂𝒅 − 𝟖, 

hence  

𝟐𝑭 = 𝟖𝒂𝟐𝒅𝟐 + (𝟓 − 𝒂𝒅)𝟐 − 𝟖𝒂𝒅 − 𝟏𝟔 = 𝟗(𝒂𝒅 − 𝟏)𝟐 ≥ 𝟎. 

So, the proof is finished. Equality occurs for (𝒂, 𝒃, 𝒄, 𝒅) = (𝟏, 𝟏, 𝟏, 𝟏). 


