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4101. In AABC the following relationship holds:

at+b* b+t ct+at
+ +
r¢ Tq rp

> 28813

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

_F F F _ Fis _Ps_ o
Talb e = o g s—b s—¢c sG-a)s—b(s—c) F2 >

a*+b* b*+c* *+at a* + b* amM-m
e s
cyc

S ZZ a’b? AM GM 3|(abc)* B RF 3|4RF
T rpre B Fs
cyc
3 (4R MITRINOVIC 314 2
= 24RF |— > 24RF - |— —=s =
s s 33

2 MITRINOVIC 2 EULER
=24Rrs-— >  24R-3V3r-—==24-6Rr > 144 2r -r = 28873
V3 V3

Equality holds fora = b = c.
4102. In AABC the following relationship holds

2 2

cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Jenish Rijal-Nepal

—
Uy

WLOG let's assume thata>b > ¢ = >

R
1 1 P o

1 r—b-l—r— ow’el‘;eanl

h, \ 2 = 2

(a fr—> s LY@ z (fr) 3 %'Z @ .Z (Lh)

cyc
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LTS

cyc cyc

Equality holds if and only if the trlangle is equilateral.

4103. In AABC the following relationship holds:

a3
> =2

cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Jenish Rijal-Nepal

WLOG let's assume thata > b > ¢ =

1 1 1 1
/a32,/b3 >3 = < < and :
JTa T +/Te Jh, Jhy h,

1 1
1 r_b+r_ Pow%ldean 1<i >
mT T At R

Z (\/5 | >Cheb}’shev

1
< 32 (e )
cyc cyc

=50 Z(ﬁz)ﬁz( T

cyc cyc cyc

AN

cyc cyc

Equality holds if and only if thetriangle is equilateral.

3 e

o
‘ H
N——

4104. In AABC the following relationship holds

Ly

cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Jenish Rijal-Nepal

WLOG let's assume thata > b > c¢c =
1

1S1S and12121
Tre Vo e e Ve VR

a’>b*>c? =
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+lP M
1 T, Owﬂ‘;\eanl +_ z
B 2 = 2
cyc cyc
1
2 . 2
> (a ) < 3 Z<a> Z(

Vha
cyc ra cyc cyc >

—3Z(Z)Z<J—> z<a2\/%>

cyc cyc cyc

RN

cyc cyc

Equality holds if and only if the trlangle is equilateral.

C hebyshev

4105. In AABC the following relationship holds:

z - = Z -
Ty h,
cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Jenish Rijal-Nepal

WLOG let's assume thata>b >¢c = Va=>Vb>Jc =
1 <1 <1 d1 >1 >1
L Trp re an h _hb c

:‘

shopl
Chebyshev ““h,

Y(ar) 2 gY@ () F

a cyc cyc
Chebyshev 1 )

s520@ 26 T L0

cyc

e

cyc cyc

Equality holds if and only if the triangle is equilateral.

cyc

@

4106. In any A ABC the following relationship holds :
sin? B + sin? C .
(sin AsinB)(sin Asin C + sin?B) —
C

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

CBS

sin? B + sin? C AM-GM
LHS > Z >
e (sin A sin B) (\/(sin2 A + sin? B)(sin? B + sin? C))
3 AM-GM 3 27R2 Mitrinovic
5 = — > =—— > 4VAABC
(VsinAsinBsin C) (chc sin A) S
" =""iff A ABC is equilateral (QED)
4107. In AABC the following relationship holds:
s |2
re2 AT
cyc
Proposed by Marin Chirciu-Romania
Solution by Jenish Rijal-Nepal
1 1
Letr, = ;,rb = ; andr, = —.
. . . 1 1 1
Using the ldentltyZ— =—,wehavex+y+2z=—.
Tq T r
cyc
1 ﬁ ,
T x
Substituting these into the LHS: LHS = Z b\/; = Z # =) —
Tq = Yz
cyc cyc ¥ cyc
x2 BERGSTROM (5 4 5 4 )2
Ly Leye YNz

Again by Cauchy's Inequality,

2 2
<Zﬁ\/ﬁ> =<Zyﬁ> <S@x+y+2)(xy+yz+zx) =
cyc

cyc

Zyﬁs\/(x+y+z)(xy+yz+zx)

cyc

Substituting this bound back into (1):

x2

- (x+y+2)? | (x+y+2)3
Cycyﬁ_J(x+y+z)(xy+yz+zx) (xy +yz + zx)

RMM-TRIANGLE MARATHON 4101-4200
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Since (a+ b + ¢)? > 3(ab + bc + ac), it follows that:
hy/h x? x+y+z)3 1
Z b\/z_c=z > (xty+2) >/3x+y+z)= [3-=

h, yVz (xy +yz+ zx) r
cyc cyc

Tb\/r_ 3
Dr=aba

Tq
cyc

Equality holds if and only if the triangle is equilateral.

4108. In AABC the following relationship holds:

Z(r_la_l_r_lb)(\/r_a_l_\/r_b)ZSlZR

r
cyc
Proposed by Marin Chirciu-Romania

1

1 1
WLOG:a<b<c;;r,<ry,<r, Jro<.rp<.r.;,—=—=>=>—
a b c a b c r T T,

1 1 5 Chebyshev 1 1 1 )
) () B -
;(ra T (Vra+ 1) 3 Li\rg Ty (Vra+ )

=_.2

g g g

Euler

(4R+71)+ (4R +71)) =
cyc

cyc

4 9 12R

<——.2=—

3r 2 r
Equality holds for: a=b=c

In any A ABC the following relationship holds :
2 +r1,+
(B fey o)y Tat ot
ra

, I r

Proposed by Marin Chirciu-Romania

RMM-TRIANGLE MARATHON 4101-4200
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Solution by Soumava Chakraborty-Kolkata-India

2
(Z g) 7 x:lz <3xyz + Z(xy(x + y))) =3+ z
cyc

cyc cyc

=3+) 2t Z—+z 3+z

cyc cyc cyc cyc cyc
AM-GM 1 y AM- GM
o Y (T S S S T e Y
3
cyc cyc cyc cyc cyc cyc

X y X .
.°.ZF+Z;ZZ§+3=>@Istrue

cyc cyc cyc

(z;)z i <3xyz+z(xy<x+y>>> i (z ) <z xy> andwith

cyc cyc cyc cyc

X=E1h,VETGLZET, (r—b+E+E>2> ! Zr er
B A U Y A 0 o8 @ a’b

cyc cyc

1 r,+r,+r n, r. r,\2 r,+nr+r
= Zr“ _Sz:afbcandsol(_%r_u,_a) STa Tl ¥l

s’r r, Iy, T r
cyc

v A ABC,"” =" iff A ABC is equilateral (QED)

4110. In AABC the following relationship holds:

27y cos? g + cos? % 27 R2
oo ysiretd,
s sinA

4rs
cyc
Proposed by Marin Chirciu-Romania

Solution by Jenish Rijal-Nepal

, B 5 C s(s—b) s(s—oc)
zcos 2+(:032: ac T ab B
sinA 2rs
cyc cyc bc
_Zs(s—b)-b+s(s—c)-c_zb(s—b)+c(s—c)
B 2ars B 2ar
cyc cyc
B Zb(a+c—b)+c(a+b—c) _
B 4ar B

cyc

8 RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
_zab+ca+2bc—(b2+c2) _z:a(b+c)—(b—c)2 3

4ar 4ar
cyc cyc
b N2 PRY 2
=z( +tc) (b-o) _5_ (b—oc) <S (b—oc) >0
4r 4ar T 4ar T 4ar
cyc cyc cyc

Z cos? g + coszg _ 5 _ (2s)? M (3V3R)" 27R?
-_ r - T -

sinA 4rs - 4rs 4rs

cyc

B C B C
2 Db 2L am-6m D A
Zcos 2+cos 2 = z:Zcoszcos2=
sinA - sinA
cyc cyc

B C am—em 2A 2B . 2C
_ZZCOSZCOSZ g 33 8cos 7 C0S"5C0S"5

cye 2 sin% cos% - 811 (sin%4 cos %)
33 tA tB tc—33 tA+ tB+ tC ]egen
cot- coto cot; =3 |cot +coto +coty >
A B C
3 >t5+5 3\/* 27
2 22
> 3 |cot| 2—2—%2|=3/(3V3=3V/3=—
( 3 ) 3V3

zcoszg+coszg 27 1 Murimovie 4. 27r
p = =27 —— > 27— =——
sinA 33 33 s

271 B Z coszg+ coszg 27R2

cyc

- <
sinA 4rs

S
cyc

Equality holds if and only if the triangle is equilateral.

4111. In any A ABC the following relationship holds :
(&+E+E>Z _Bathy +h
h, h, h r

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
2

Zx > 1 3 +Z( +y)) —3+Zery
v | = ayz| 32 xy(x+y)) | = ~

cyc cyc cyc

9 | RMM-TRIANGLE MARATHON 4101-4200
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_3+zy+z Z‘*Z 3+Z

cyc cyc cyc cyc cyc
AM-GM 1 y AM GM
o Y 52 3(TE) M e Y e Y Y a3
cyc cyc cyc cyc cyc cyc
X X
.-.Z—2+Zzzz—+3 = (1) is true
y X y
cyc cyc cyc
2
Zx >t 3 +Z((+)) 1 Z Z d with
- = — XVZ XVy(x = — X X and wi
y XYVZ y y y XVZ y
cyc cyc cyc cyc

=h,y=hg,z=h (h"+h +h°)2> 1 Zh Zhh
X = b’y_ arZ— c ha h hb _hahbhc a a''b

cyc cyc

1 h, + hy, + h, hb h, hp\? h,+h, +h,
= — h, |.s2=-" < —+ —) >
S2r Z al-S eSO th, "hy ' hg r
cyc
v AABC," =" iff A ABC is equilateral (QED)

4112.

In any A ABC the following relationship holds

s 2R—-r I, + lc
-+ (2 + E >
r r h

cyc

(na + ny + nc)z

s(h, + hy + hy) — (h,.\/2rzh, + hy./2r,hy + he./2rch,)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

s(hg + hy + h) — (hg./2r,h, + hy./2r,hy + he.\/2rch,)

10 RMM-TRIANGLE MARATHON 4101-4200
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_ z a(s — 2r, ha) Bogdan Fustei Bergstrom (na +ny, + nc)z

2r,h 2r
cye ara Yno 4R cos%sin%

S
r + chc

A. B . C
4Rcos§sm§smi

n, +n, + n.)? v /
= ( 4 b c) > S(ha + hy + hc) - (ha-\/ 2rgh, + hy./21,hy + he. Zl‘chc)
. 5 A

@ (ng +ny +n,)? I, + lc 1 1
> (ng b ) and again, b = z l, (— + —)
A h h, h.

s [4R .
p+ 7 (Zoesing) we T
B Z 2bc A (b + c> B 4Rrs Z COS Z
= b_I_C.cosz. 1S =0 nA cosec

cye oyc 4R cos si cyc

s 2R—r l,+lc\@s 2R-r A
=>-4+ |2 +z =—-4 |2 +Zcosec—
r r h, r r 2

cyc cyc

Now,(1) and (2)

N S+ 2 2R—r+zlb+lc S(ha+hb+hc)_ >
r h, (hg.\/21,h, + hy. /21,hy + he.\/21h,)

cyc

/ n, + n, + n.)? \ s 2R-r A\

(0 + np +10) -+ |2 +Zcosec— = (n, + n, + n.)?
\s 4R : A/ r r o 2

£ T (Zeesing) g

2R—-r A\ 4R[ 2R - r
o2 + Z cosec | =— Z cosec— - true
2 r 4R

cyc cyc

s 2R-r l, +lc
Sy fp(BRor, Y],
r r h,

cyc
(n, + 0, + ny)?

s(hg + hy + h) — (hg./2r,h, + hy./2r,hy + he.\/2r:h,)

v AABC,"”" =" iff A ABC is equilateral (QED)

11 RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
4113. In any A ABC the following relationship holds :

R—r> 3abc
2R—r ab+bc+ca

Proposed by Dang Ngoc Minh-Vietnam

max{a,b,c} > 2s. > min{a, b, ¢}

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x7x,

R-r
c=x+y&s=x+y+zand furthermore, for proving max{a,b, c} > 2s. R —1’
we assume WLOG a = max{a,b,c} ~a>b,c=>a>b,co>y+z>z+x,x+y

R-—r

?
=>ly,z> d then: ,b,c} = 2s.
and then : max{a,b,c} > 2s T

oS v+ ;(x+Y+Z)((y+z)(z+x)(x+y)—4xyz)
Y= (y+2)(z+x)(x+y) — 2xyz

& (x%yz — x3y) + (x%yz — x32) + (xy?z — x%y?) + (xyz? — x222) > 0

o x2y(z —x) + x22(y — x) + xy%(z — x) + x2%(y —x) > 0 > true ~ y,z > x

R-r d ¢ . 3abc ; in{a b, c}
>R — | @nd now, for proving ab+bc+ca_mm a,b,c},

~ |max{a,b,c} > 2s.

we assume WLOG a = min{a,b,c} ~a<b,c>y+z<z+x,x+y

3abc ?

< > mi
= and then T min{a, b, c}

3(y+2)(z+x)(x+y) ? )
@(y+Z)(Z+x)+(z+x)(x+y)+(x+y)(y+z)2Y+Z=’2x22y2+z2

3abc

- 0> 1
ab +bc+ca ™ min{a, b, c}

?
S x-y?)+(x?—-z2)>0->true - x>y,z .

3abc Gerretsen 12Rrs ? R—r

—_ < —— < 2s.
ab + bc + ca 20Rr — 4r? 2R—r

AR R_2 ? 0 R Euler 2 2 R—r 3abc
_ — > > . >
& ( r)( r) = 0 - true = TS R _r= ab +bc+ ca

and finally,

and so,

R—r> 3abc
2R—r ab +bc+ca

" =" iff A ABC is equilateral (QED)

max{a,b, c} > 2s. > min{a,b,c} VA ABC,

12 | RMM-TRIANGLE MARATHON 4101-4200
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4114. In any A ABC the following relationship holds :

h, h,, h, 2R? + r?
+ + <
r,+rn rn+r. r.+r, RR+T)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ha hb hc
I,+r, I,tTI. rc+ra_

1 Z 2rs. (4R cos? %) (4R cos? g) _

i [eye (4R cos? %) gc 4R (cos2 %) (tan %)

b(s—b z
_ 4RS2 .z<2rarbrc_s (s )>= iiszz(b(s_a)(s_b))=

64R3. ooy o\ ¢ abe e
2 x=s—ay=s—b,z=s—candthen:
(y+z)(z+x)(x+y)';(xy(z+x))( a=y+zb=z+x,c=x+y )
2 +2)%(z + x)*(x + y)?
2 2R? + r? zzriz"' 1 _ rin E(ixzyziz( & +1
“R(R+r) R_2_|_B (y+z)2(z+x)2(x+y)2+(y+z)(z+x)(x+y)
r2 ' r 16x2y2z?2 4xyz

?
& xyz Z x3+ Z x’y* + xyz Z xy? > 3xyzz x’y

cyc cyc cyc () cyc
Now, m? + n? + p?2 > mn + np + pm and choosing m = xy?,n = yz?2,p = zx?,

) 2.4 2 . ) 3 o AM_GM 2
we get : x“y* > xyz ) x“y and since : x> + xy > 2 x°y

cyc cyc cyc cyc cyc

~ LHS of (%) > 2xyzz x%y + xyzz x%y = (%) is true
cyc cyc
h, hy, h.  2R?+r?
+ + < vV A ABC,
rg+r n+r. r.+r,  R(R+r)
" =" iff A ABC is equilateral (QED)

4115. In any A ABC the following relationship holds :

R-—r - 3abc
2R—r  ab +bc+ ca
Proposed by Dang Ngoc Minh-Vietnam

max{a,b,c} > 2s. > min{a, b, c}

13 | RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

R-r
c=x+y&s=x+Yy+zand furthermore, for proving max{a, b, c} > 2s. R—1’
we assume WLOG a = max{a,b,c} ~a>b,c=>a>b,co>y+z>z+x,x+y

? R-—r
> : = 2s.
=>and then : max{a,b, c} > 2s R
» (x+y+2)((y+2)(z+x)(x+y) — 4xyz)
eoy+tz=
y+z)(z+x)(x+y) —2xyz

& (x%yz — x3y) + (x%yz — x32) + (xy?z — x%y?) + (xyz? — x222) > 0

o x2y(z —x) + x22(y — x) + xy%(z — x) + x22(y —x) > 0 > true ~ y,z > x

R-r d ¢ . 3abc ; inf{ab,c}
and now, for proving —.———— > mini{a, b, c},

~ |max{a,b,c} > 2s.

2R—r
we assume WLOG a = min{a,b,c} ~a<b,c>y+z<z+x,x+y
3abc ?
< f— > mi
= and then S boton min{a, b, c}
3(y+z)(z+x)(x+y) ? ?

>y+z o 2x2 >y? + 72

CHrEr 0 Er0EIY F X+ YT +2)

? 3abc
2 _ 2 2 _,2)> - o o
X -y )+x*—z*)>0->truevx>y,z —ab+bc+ca_mln{a,b,c}
d finall 3abc Gerrétsen 12Rrs ; ) R—r
aneimaty b +bc+tca - 20Rr—4r? - “S2R-r
Euler R—-—r 3abc

?
S (4R-r)(R-2r)=>0->true~R > 2r |2 and so,

S. =
2R—r  ab +bc+ca

R—r - 3abc > min{a,b,c} v A ABC
2R—r_ab+bc+ca_mma' ¢ ’

" =" iff A ABC is equilateral (QED)

max{a,b, c} > 2s.

4116. In any A ABC the following relationship holds :

r(s? + 4Rr + r?)
J4R2 — 7r2 i
max{rg,, 1y, rc} = V4R? — 7r% > <2 — 8Rr + 12 > min{r,, i, rc}

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=1z+x,

?
c=x+y&s=x+y+ z; furthermore, for proving max{r,, r,, r.} = v4R? — 7r?,
we assume WLOG r, = max{r,, r,, r.} -~ r, =1, r. = a=b,c

14 RMM-TRIANGLE MARATHON 4101-4200
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=y+z2z+xx+y=[yz=x|and hence,we can assign :

?
y=x+mandz=x+ n(m,n > 0) and then : max{r,, r,, r.} = 4R% — 7r?2

2 2 2 2 2 2

S ? 4R xX+y+z)-? +z)(z+ x)“(x +
< JART L Sty +a)T o)tz 0 (x+y)”
(s—a)2  rz x2 4x2y2z2
©4(x+m)?(x+n)?’Bx+m+n)? +28x*(x + m)?(x + n)? —
?
(Bx+m+n)?2x+m)?2(x+n)2>0

& 3m*n? + 4m*nx + 6m3n3 + 32m3n?x + 32m3nx? + 3m?n* + 32m?n3x +

124m?n%x + 128m?nx3 + 20m?x* + 4mn*x + 32mn3x? + 128mn?x3 +

7

?
136mnx* + 24mx® 4+ 20n%x* + 24nx®> >0 -> true* - m,n > 0

r(s?2 + 4Rr +r?) 7
~ |max{r,, 1y, r.} = +4R? — 7r? | and now, for proving 2 _ 8Rr 7 12 > min{r,, ry, r.},

we assume WLOG r, = min{r,, r,,r} -~ r, <r,r.=a<b,c

r(s? +_4Rr+r2) ?
=>y+z<z+xx+y=][yz<x|andthen: S 8Rr 7 12 > min{r,, ry,, r.}

r ((chcx)z +(y+2)Z+x)(x+y)+ xyz) 2 r(x+y+2)
o >

> >

(chcx) —2(y+z2)(z+x)(x+y) + xyz X

& 2x3(y + z) + 2x2(y% + 2% + 2yz) — x(y3 + z3 + y?z + yz?) —
y* —zt — 2y%z%2 — 2y3z — 2yz3 > 0
e 2y(x3 —2z3) +2z(x3 —y3) + y?(x? —y?) + z2(x? — z%) +
?

2yz(x? —yz) + x*(y+2)? —x(y +2)(y* +z%) >0

e 2y(x3 —2z3) + 2z(x3 — y3) + y?2(x? —y?) + z%(x? — z%) + 2yz(x? —yz) +

x(y+ z)(y(x —y)+z(x— z)) >0-true~ x>y,z

I'(S2 + 4Rr + 1'2) . . l‘(S2 + 4Rr + rz) Gerretsen
- > min{r,, r,,r.}| and finally, <

s2 — 8Rr + r? s2 — 8Rr + r?
r(4R? + 8Rr + 4r?) ? ) R
( T T )SM@15t4—20t3—30t2+24t—820(t:;)

Euler

?
& (t—-2)(15t3+10t2-10t+4)>0—>true~t > 2
r(s? + 4Rr +r?)

4R2%2 — 7r2 > 2 _8Rr £ 12 and so,
r(s? + 4Rr + r?
max{r,, 1y, r.} > 4R? — 7r2 > (SZ ~ 8Rr + 12 ) > min{r,, r,, r.} V A ABC,

" =" iff A ABC is equilateral (QED)
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4117. In any A ABC the following relationship holds :

3R—r
5r a

\V daMg =

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,
y+z VZ
c=x+yands = x+y+ zand furthermore, we denote : T:mand an

and then, we have the following set ’S"’ of relations : y? + z? = x*(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y®> + 2% =« (m((m2 —2n)% + n? — nmz)),y6 +z% = x6((m3 — 3nn)? — 2n3),

? I13R—r via Bogdan Fustei

and now, /g, m, < =—hq PN
((S —a)?+ 4(s —a)(s —b)(s - c)) <S(S D+ (b ;c)2> :

a
3 (y+2)Z+x)(x+y) 1\ 16(x +y + z)%x2y?z?
<§' 4xyz a §> (y+z2)*
—72)2\ ?
e (x%(y +z) + 4xyz) <4x(x Ty :) -2 > <

By+2)Z+x)(x+y) —4xyz)? 16(x +y +2z)?
400 " (y+z2)3
& 36x°(y +2)% + 144x>(y3 + z3) + 336x5.yz(y + z) + 116x*(y* + z%) +
248x*.yz(y? + z2) + 328x*.y%z?% + 44x3(y® + z5) — 252x3.yz(y® + z3) —
944x3.y?z%(y + z) + 11x%(y® + z°) — 114x%. yz(y* + z*) — 647x%.y?z%(y? + z?)
—~1044x2.y3z3 — 8x.yz(y® + z%) + 236x.y22%(y® + z%) + 848x.y3z3(y + z) +

?
36y°z*(y +2)*2| >|0 and via set of relations ”S", in order to prove D,
®

o1

suffices to prove, via simplification : (36m* + 376m3 — 92m? + 32m + 64) n? —
[ p)

(28m°5 + 180m* + 472m3 + 216m?2 + 96m) n +

03

?
(11m° + 44m5 + 116m* + 144m3 + 36m?) + 0

©)
Now, discriminant of : 376m? — 92m + 32 = (92)% — (128)(376) < 0
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= 376m> —92m? + 32m > 0 = o, > 0 and ~ LHS of (2) is a quadratic
polynomial in 'n” with discriminant,[§] = 6% — 46,05 =
—800m*(m + 1)2(m* + 14m?3 — 4m? — 8m — 128), ~. (2) is trivially true if :
m* + 14m3 — 4m? — 8m — 128 > 0 (making 8§ < 0) and when :

) _
m* + 14m® — 4m? — 8m — 128 < 0/(8 > 0), then, in order to prove (2),

? AM-GM m?
it suffices to prove : 26,.n < 6, — V8 &sincen < = it suffices to prove :

m?2 ? ?
0.~ < 6z = V8 & —2m(m + 1)(9m* + 71m3 — 184m? — 44m — 48)

@1l

/—800m*(m + 1)2(m* + 14m3 — 4m? — 8m — 128)
Now, m* + 14m3 — 4m? — 8m — 128 < 0 (we are considering) =
1( 3 65m? 521m 4177> 4825
—(m

2 T 16 T er ) (AmM— 9+ <0

256
3 65m? 521m 4177 4825
m° + Am-9)<—<0=>4m—-9<0 - (s

2 16 T ea 256
We have : 9m* + 71m3 — 184m? — 44m — 48 =
4m —9 ; , 365m? 341m 253\ 10011via(» 10011
(4><9m+ 4 +16+64>_ B

64 < 64

(**)
= (—-2m(m+ 1)(9m* + 71m3 — 184m? —44m —48) > 0
» (¥) and (x*) = in order to prove (3), it suffices to prove :
?

4m?(m + 1)2(9m* + 71m3 — 184m? — 44m — 48)? >
—-800m*(m + 1)?(m* + 14m3 — 4m? — 8m — 128)

?
& |12m?(m + 1)?(m — 2)?(9m + 4)(3m°® + 58m* + 271m? — 64m? + 28m + 48) > 0

- true ~ discriminant of : 271m? — 64m + 28 = (64)% — (112)(271) <0
= 271m3 — 64m? + 28m > 0 = 3m°® + 58m* + 271m? — 64m? + 28m + 48 > 0

3BR—r
:>@:>@:>@istrue:.,/gamas/ 5 -Na VA ABC,

"="iffb=candb +c=2a="="iff AABCis equilateral (QED)

4118. In any A ABC the following relationship holds :

/R
JWom, < . 1-h,

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

Z yZ
=mand—2=n
X

c=x+yands = x+y + zand furthermore, we denote : y o
and then, we have the following set 'S" of relations :
y? +z? = x*(m? — 2n),y3 + z3 = x3(m® — 3nn),
y* +z* = x*((m? — 2n)? — 2n?),y® + 2% = x° (m((m2 —-2n)? +n? - nmz)),
Vs? — 11r2
4r e
(Reference : Inequality in Triangle by Dang Ngoc Minh — 77;) ; (R

R 1\n2
published at www. ssmrmh. ro ~\r 1) h

1 2166-a)s-b)s- (G +DE+D(x+y) - axyz)’

y® + 2% = x6((m3 — 3nn)? — 2n3), and now,w,m, < w,

=4

cos2 B ; c~ (s3 —11(s—a)(s—b)(s — c)). 16x%y2z2
y+2)2z+x)(x+y) ? ((y +z)(z+x)(x+y) — 4xyz)2
2x+y+2z2)?yz ~ ((x+y+z)2—11xyz).xyz

& 3x0(y +2)% +8x°(y3 + z3) — 8x°.yz(y + z) + 7x*(y* + z*) + 14x*.y?z?% —
18x*. yz(y? + z2) + 2x3(y® + 2%) — 6x3.yz(y® + z3) + 4x%.y22%(y + z) —
x?.yz(y* +z*) — 5x2.y%2%(y? + 22) — 8x2.y%z3 + x.yz(y® + 25) +

x.y2z22(y3 +23) — 2x.y323(y + 2) + y2z%(y + z)40 and via
®

set of relations ”’S”, to prove (1), it suffices to prove, following simplification :
04 Q;

(m* —4m3 —m? + 32m + 64) n?> + (m> — m* — 16m3 — 46m?2 — 32m) n +
Q3

?
(2m> + 7m* + 8m3 + 3m2)0
@

(m? —4m)? + (m? — 9)? + 64m + 47 m>0
Now, Q; = > > 0 and furthermore,

we observe that, if : Q, > 0, then @ is trivially true and so,we now focus on :
Q, < 0 and then : Q, = (m* + 5m3 + 14m? + 38m + 196)(m — 6) + 1176 < 0
= (m* + 5m3 + 14m? + 38m + 196)(m — 6) < —1176 < 0 = — (%);
also LHS of (2) is a quadratic polynomial in "n” with discriminant, § =
0% —40,.9; = m?(m + 1)?(m® — 12m® — 4m* + 48m?® + 80m? + 256)
and so,when : m® — 12m® — 4m* + 48m3 + 80m?2 + 256 < 0,then : § <0
and @ is trivially true and so,we now focuson : P =
m® — 12m® — 4m* + 48m3 + 80m? + 256 > 0 (8§ > 0)
= (m® - 9m* — 31m® — 45m? — 55m — 165)(m — 3) > 239 > 0 > ()
m® —9m* — 31m3 — 45m? — 55m — 165 =
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via (*)  via ()

a L]
m*(m—6—3)—31m3 - 45m? - 55m—-165 < 0 = [m <3]- ()
Now, in order to prove (2), it suffices to prove : 2Q;.n <—Q,—V8and -

AM-GM m? ?
n < 7z it suffices to prove : m?Q; <— 2Q, — 28

e 2\/€_Sm(—m5 +2m* + 3m® + 28m + 64) and now,
®

-m® +2m* 4+ 3m?3 + 28m + 64 =
m*(8-m) m3(12 -m?) m(112-m?*) N 256 — m° m<3,;ia (+%) 0
4 4 4 4
~ in order to prove @ it suffices to prove :

? 6 _ 5 _ 4
m?(-m°® + 2m* + 3m® + 28m + 64)2 > 4m?(m + 1)? (m 312m 24m +)
48m° + 80m~ + 256

m2(m + 2)2(m — 2)2(2m3(10 — m2) + 2m?(30 — m3) + m® + 2m* + m? + 96m + 192) > 0

_ R
- true v m < 3,via (x*) 2 3) = 2) = (D is true ~ ,/w,m, < ;—1.ha

v A ABC,"” =" iff A ABC is equilateral (QED)

4119. In the figure below ,the point H is the orthocenter of the triangle ABC

,whose sides fulfill the condition :

ac B V2 .That said , show that [HBAC] _ 8
AB  AC [ABC] 7
H
B C

Proposed by Rachid lksi-Morocco
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Solution by Mirsadix Muzefferov-Azerbaijan

B C

B
BC?  BC(?
In AABC 1 me: cosg = ABZHAC —BC gt 5 BC

n aw cosine : cos 6 = >AB - AC = ;. “BC BC
N

AB—AC AC—BC AB—BC

V2’ V2’ 2

1+2-4V2 2

cosf = =——

1 sinasinfg 1 sinasinf
S(ABC) =-BC? - ———=_-BC* —
( ) 2 sinfla+p) 2 sin 6
. T . T
) sin(z — B)sin(z —a) 1 , Cosa - cosf
S(HBC) = —BC - == ——
sin(m — (a + B)) 2 sin 0
1 COoS a - COS 1 sin a sin
S(HBAC) _ 7362 T B ngZ ~—sing B _cos(a+pB) cos 6
S(ABC) 1p2sinasing ~ sinasinf  sinasing
2 sin 0
BC AC BC sin @ . sin 0

=2 = sina =

In AABC law sine : sind _ sina _ AC _ sina

AC AB AC sina sina sin 0
sina_smﬁ AB sinﬁ_\/_:’smﬁ_ N
S(HBAC) cos 0 cos 0 —Q 8
S(ABC) _ sin@ sin8 V2" Stg = _Z‘E'T427
Z 2 8
sin?0 = 1 — cos?*0 = 1——=z
16 8
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4120. In any A ABC the following relationship holds :

(

zga w/(b—c)2+r2—r

cyc

IS
5=
Q

s
~_

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

? r » 2abc cos%
Triangle inequality = g, < Al+r <[, & m +r< W
2
A
? 8Rrs cos 5 1 ? a+b+c
o +r< A AS At 1< — A
siny 4R(b + ¢) sin; cos5  siny (b+0¢) sin
? a ?
= +1< + o (b+o)sinz<a
sin (b+c¢) siné siné 2
2 2 2
B—-C £ A~ . A A B-C~?
S 4RcosEcos smi < 4Rsmicosi & — <l->true-l,>g,~ @
A Al r(b+c) 2R.r(b+c¢)
gain, Z A A= z—
cyc l cyc Sini. ZbC COS & 2 cyc abc
2Rr Z b+ 8Rrs 2 s Al _> @
= . = = —_—= e
4Rrs ( ©) 4Rrs l,
cyc cyc

N z /(b_c)z_|_r2_|_r_gaBogda;Fusteizna_A]_i_r_ga
w, =

cyc cyc la
(Reference : Inequality in Triangle by Bogdan Fustei — 103;)
published at www. ssmrmh.ro

Triangle inequality n,—Al+r—Al—-r n, ZAI v1a@ 4
> = — —_—
=), » 20

cyc cyc cyc cyc
b—c2+r2+r— n, +1,
= NN
cyc cyc cyc a
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via (1) and analogs Bogdan Fustei (2019)
S z n,+ 9., g 2m, L)
l, l,
cyc cyc
A 2
2m, Lascu (b+€)cosz  (b+c)2 m,[D[[1[ |b c
Also, 7 > A = opc O L > ANPE + b = o? (say)
a 2bc cos o ¢ a ¢
b+c
Fustei
Bea?\db S(3S +a) s(s—a)
n ]l a _ 2 _ _—— _ 2
( (2 )2 ——(b—-0) > <s(s a) 2s—a)? (b—oc) )
? (b—0c)* s(s—a)(b-c)?
<m 2
< s’(s—a)? + T + > =
1 s2(3s+a)(s—a) b s(s—a)a((s—a)(16s +4sa) + a )
16 + (4s% — a?)? (b—)*+ 2(4s% — a?)?

?
>0->truews>a=pyl, <m?>

: f mordertoprove: % =
(o) ) e ) e ) e

e HERHE A HED R

127
ma 128 ? 85 127 ? 85 42 ?
> 064 and via (x+), it suffices to prove : 664 > ¢g64 & 064 > 1 > true

C | AM-GM summation & (*),(**x*) /(b — C)Z +r24r-— 9a
— + \/% > 1 = 7+ Z I >

W

cyc

(“D e E) I)‘*l(f+f>43:),

v AABC,"”" =" iff A ABC is equilateral (QED)
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4121. In any AABC prove that the following relationship holds:

A B C ng+ny+n.—s—Y b—0c)2 1 12
tan+tan_ +tan_ > atMp+Nn rcyc\/( )

Proposed by Bogdan Fustei-Romania

Solution by Jenish Rijal-Nepal

Let I be the incenter, D be the projection of I on BC, and T, be the A-excircle tangency
pointon BC.Then: ID =1r,BD =s—b,BT, =s —c,and AT, = n,.

Since DT, = |(s —¢) — (s — b)| = |b — c|, Pythagoras on A IDT, yields:

IT, =12+ (b — c)?

By the triangle inequality on A AIT,, we have:

Ng<AI+IT,=n,—+/(b—c)?2 +1r2 <Al

Summing cyclically for all three vertices, we have:

®©

Z"“_Z‘/m < ZAI

cyc cyc cyc

A
&s=r E cot— and we also
. 2
sin 7 cyc
subtract s from both sides of (1) & divide by r:

chcna_S_chc\/(b_C)z-l'rZ<Z 1 A
r =

Via Al =

—cot—

. A
Cyc Sln 7 2
. . . A A
Via half — angle identity — cotE = tanZ,we have:

sins
2

Ng+np+n,—5—Yeyer/(b— )2 + 12
T

B
< tan-—+ tan—+4 tan—
4 4 4

Equality holds if and only if the triangle is equilateral.
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4122. In any A ABC the following relationship holds :

3| (F ) FE) g

cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

? r ? Zabccos%

Triangle inequality = <Al+r<l, ©o—+r<——*=
g q y ga a Siné a(b _|_ C)

2

A
r ? 8Rrs cos 5 1 ? a+b+c

< <
+r< = A+1_

. . A A . . A
siny 4R(b + ¢) sin; cos5  siny (b+0¢) siny

=4

? a ?
.A+1S .A+ : A@(b+c)sm;£a
siny (b+0¢) siny  siny

A B-C A~ A A B-C~
<:>4RcosEcos s1n§S4RsmEcos—®T<1—>true.'-l Zga—>@

Al r(b+c) 2R. r(b +c)
Again, Z A Z —_—

=4

A

cye l cye smf 2bccos5 7 oc

2Rr 8Rrs Al
" 4Rrs Z( =2 1, =2-Q@

cyc cyc
/(b _ C)Z +r24r-— 9a Bogdan Fustei n, — Al +r— Jda

Now,z = Z
l l,

cyc cyc

(Reference : Inequality in Triangle by Bogdan Fustei — 103;)
published at www. ssmrmh.ro

Triangle inequality n,—Al+r—Al—-r n, ZA] v1a@ 4
> = — —_— _
> ) > 2
cyc cyc cyc cyc
b—c2+r2+r— n, +1,
B S
cyc cyc cyc a

= I > I = A
cyc a cyc a cyc 2bc cos 7

b+c

via D) and analogs Z n, + 9a Bogdan Fustei (2019) zma Lascu (b + C) COS%
=) &
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(b+c)2 Z (b—c)2+r2+r—ga (b + ¢)?
B 2bc l, 2bc

cyc cyc cyc

We shall now prove that : ( * )2 7 (\/’ f) (\/Eﬂ[%)
1
@(x”?”)é(x%)-“/%(x%)( -}

(x? +1)8 ? (x? +1)4 x2+1
16x8 — x4

S (x—1)2£0—>true (b2-|t-)§)2 ? (f f) %(J:+f> and analogs
N 3 (bz-ll-)(c:)z (;) ) (f f) 4 1(\[ I) | and so, (*) and (x*) =
oy T e z'(f ) e f)

cyc cyc

:,7>Czyc|<f I>1<I I)”chga (b—C)2+r2—r

v AABC," =" iff A ABCis equllateral (QED)

& (x? +1)3>8x & x? +1>2x

4123. In any A ABC the following relationship holds :

V9aWaly < /pPam,
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3

(pamo)? = (s(s — @) +5 (b - )2)
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Reference : Inequality in Triangle by Dang Ngoc Minh — 324;
( published at www. ssmrmh.ro )
s(s—a)(b—c)* .

b —c)®
p3m3253(s—a)3+—( 27) +si(s—a)?(b—c)? + 3 ©)

Again, n,zlg?lwg Bogda;Fustei
s(s—a) —
— )2 _
b= ) (SZ(SS _ ::))z'- (b - c)2>
_ s(s—a) —
) (SZ(S‘ @2 + 56— )b - - 2D (- c)4> s(s — @) 2
a m (b — C)
—s(s—a) (b — ¢)*
| W-(b‘“)2+(b‘C)z‘m_\| z
b-0* (b-0° =
a? a’(2s — a)? /
— )6 ~ 4
s}s—a)’ + u 27C) +s%(s—a)*(b—c)? + s a)3(b LR
s?(s — a)? 1 s2(s—a)? s2(s—a)? s(s—a)
(b_C)6<az(zs_a)Z_ﬁ>_(b_‘:)4<(2$—a)2 e T3 >_

3 _ 3 ?
(%— s?(s—a)? + s%(s — a)2> (b—c)2<0

s—a

(s(s —a)+ 2 (b — c)z) (s(s —a) —

=s3(s—a)3 +s%(s — a)?

o1

& (27s* — 54s3a + 23s2a? + 4sa3 — a*) (b — ¢)* —

02

9s(s — a)(12s* — 24s3a + 22s%2a2 — 10sa3 + a*) (b — ¢)? — 27a?s3(s — a)3EO
()

(~ (b—c)? = 0) and it’s trivially trueif : 6; < 0
( + 12s* — 24s3a + 22s%a® — 10sa3 + a* = ) dwhen : . > 0
(s — a)(12s%(s — a) + 10sa?) + a* > O as (s — @) > 0) FPEWEN 01~ 0
then, since § = 03 + 406,03 =
(s — @)2(2s — @) ((s — a)?(108s3(s — a) + 180s2%a? + 44a*) +> >0
44a5(s — a) + 3a®
-~ in order to prove (*), it suffices to prove :

? ?

261. (b — ©)%|< |02 + V8 AND 205. (b — ©)?| = |6, — V8
&

)
?
Now, 264.(b—¢)? — 6, < 204.a% — 0, < |201. a? — 02| <8

o3

?
© 8§ > (204.a% — 0,)?
< 3645t1° — 18225t% + 376118 — 41094t7 + 25155t° — 8181t° +
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? S
965t* + 212t% — 105t + 17t - 12 0 (t = E)
27t* — 54¢3 +> (135t3(t -1) +) ?
= t—1 t—1 +13)|+1]=20-t
(23t2+4-t—1 ( I\ (¢ ) 63t% + 13 - e
vt>1land oy > 0 = 264.(b — ¢)2 — 0, < V8 = (i) is true (strict inequality)

and finally,264,.(b— ¢)2 + V86 > V8 = /G% + 406,03 > /c% =0

(0, > 0as 12s* — 24s3a + 22s%a? — 10sa® + a* > 0; demonstrated earlier)
= (ii) is true (strict inequality) .. both (i) and (ii) are true = () is true

b-¢)° s(s —a)(b — ¢)* vie®
~nggaws < s*(s—a)® +%+ s’(s—a)*(b—c)? + ( )3( ) <
p‘31m131 = i/gawana < \/pama v AABC,"” =" iff b= c (QED)

4124. In any A ABC the following relationship holds :

2
mg,g, = harbrc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? Bogdan Fustei
m2g? > hZ%.s2(s — a)? o

2
(s(s —a)+ b - C)2> <s(s —a)— (s—a)b- c)2> >
4 a
s(s—a)(b—-0)?) ,
S

s(s—a) — e (s — a)?
— )2 2 (h — )4 V2 (h — 2\ -
& (s(s —a) + ® 4c) )(sz(s —a)® + (s a)agb O _2s(s al ®-9 > >
3(c_ 13
s3(s—a)3 —y. (b — ¢)?
s(s—a)(b—c)? 2s’(s—a) s? (b-0c)* sb-c¢)? s3(s—a) 2 0
< a? B a 4 4a2  2a + a? -
(~(b-0c)?=0)
4 2 _ 2 )
=3 (b-c) +zs Ssa.(b—c)2+s— (4s(s—a) —8a(s—a) +a?) =0

4q? 2a? 4a?’ ,
s b-0)*+2(b-c)2s(2s—3a)+s2(2s—3a)2=>0
2 7
= ((b —c)? +s(2s— 3a)) > 0 - true . m,g2 > h,r,r. V A ABC,
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4125. In any A ABC the following relationship holds :

Vs2 — 4Rr + 17r2
2

min{m, my, m_} < < /s2 — 7Rr — 4r? < max{m,, m,, m_}

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,
c=x+yands = x +y+ z and furthermore, for proving

?
max{m,, m,, m.} > /s2 — 7Rr — 4r2, we assume WLOG m, = max{m,, m;, m_}
smg2mpm > asbcesy+z<z+xx+y=[x2y7

Now,m2 >s? — 7Rr — 4r? &
2
4x(x+y+1z)+ (y—1z)? ; Z 7y+z)(z+x)(x+y) 4xyz
4 - x 4(x+y+1z) x+y+z

cyc
& x2y 4+ 22z + 4xyz > y3 + 23 + 2y2z + 2yz?
e yx? —y?) +z(x? —z22) + 2yz((x —y) + (x — 7)) >0-true v x> vy,z

?
» ||max{m,, m,, m.} > v/s% — 7Rr — 4r2||and now, for proving min{m,, m;,, m.} <

Vs2 —4Rr + 17r2 _
,we assume WLOG m, = min{m,, my, m.} -~ m, < my, m,

2
? s2 —4Rr + 17r?
=ax=bc>y+z2z+xx+y=[yz=x|and then, m2 <

4
4x(x+y+z)+(y—z)2 P (x+y+z2)>3—-(y+z2)Z+x)(x+y)+17xyz
4 4(x+y+1z)

?
© y?z +yz? + 5xyz > x3 + 2x%y + 2x%z + xy? + xz?
?
eyi(z—x)+2%y—x) + x(yz — x%) + 2x(y(z — x) + z(y — x)) = 0 > true

Vs2 — 4Rr + 17r2
2

“y,Z=x . |[min{m, my, m.} < and finally,

?
s2 — 7Rr — 4r? & s2 > 8Rr + 11r2

Vs2 — 4Rr + 17r2 ?
<v

2
Gerretsen

?
& (s?—-16Rr+5r?) +8r(R—2r) >0 > true~s? > 16Rr—5r?and

Eul Vs2 — 4Rr + 17r2
uiler S \/Sz

R > 2r. > — 7Rr — 4r?||and so,
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vs? - 41? 17 </s? — 7Rr — 4r? < max{m,, m;,, m_}

v A ABC,"” =" iff A ABC is equilateral (QED)

min{m,, my,, m.} <

4126. In any A ABC the following relationship holds :

min{w,, wy, w.} < 3r < +/s2 — 9Rr < max{w,, w,, w.}

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,
c=x+yands = x +y+ z and furthermore, for proving

?
max{w,, wy, W.} = +/s? — 9Rr, we assume WLOG w, = max{w,, w;,, w.}

LW 2Wp,WeDasbceoy+z<z+xx+y=[x 2y 7
?
Now,w? > s? — 9Rr
2

4(z+x)(x+y) ? I(y+z)(z+x)(x+y)
< (2x+y+2z)? X Z" = Zx B 4(x+y+1z)

cyc cyc

© 20xty + 20x*z + 20x3y? + 56x3yz + 20x3z2 + 23x%y?z + 23x%yz?
15x%y3 + 15x%z3 + 19xy* + 19xz* + 10xy?z? + 24xy3z + 24xyz3 +
4y5 + 475 + 11y*z + 11yz* + 13y3z? + 13y?z3
& 15x%y(x% — y?) + 15x%z(x? — z2) + 4y(x* — y*) + 4z(x* — z%) +
19xy?(x? — y?) + 19x22(x? — 2%) + 23xy?z(x —y) + 23xyz?(x — z) +
(xy? + xz%)(x? — yz) + 8xyz(x? — yz) + 13yz(x3 — y2z) + 13yz(x3 — yz?) +
?

11yz(x3 — y3) + 11yz(x® — z3) + xy(x® — yz?2) + xz(x3 —y22) > 0
- true © x =y, z - || max{w,, w,, w.} = +/s? — 9Rr||and now, for proving

?
min{w,, w,, w.} < 3r,we assume WLOG w, = min{w,, w,, w.} - w, < Wy, W,
=a>bc>y+z>z+x,x+y=>|y z=>x|and hence, we can assign

?
y=x+mandz=x+n(m,n > 0) and then : min{w,, w,,w.} < 3r &

4(z+x)(x+y) ? 9xyz
NN
(2x+y+2z)? x+y+z

cyc

?
©9(x+m)(x+n)@dx+m+n)?>4@Bx+m+n)?2x+n)(2x +m)
< 5mn(m? + n?) + x(m3 + n?) + 10m?n? + 51mnx(m + n) + 17x*(m? + n?) +

?
142mnx? + 48x3(m +n) [>|0 - true * m,n > 0 .- |min{wa, Wp, W} < 3r|

and
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Gerretsen Euler
finally,s> —9Rr > 7Rr—5r? > 14r?—-5r?=9r?=||{/s2 —9Rr > 3r

and so, min{w,, wy, w.} < 3r < +/s? — 9Rr < max{w,, w,, w.} V A ABC,
" =" iff A ABC is equilateral (QED)

4127. In acute AABC the following relationship holds:

Jetg(d)  Jctg(B)  Jetg(©) V3R

a b c ~ 492

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

1

Z —VCtZ(A CéB (Z %)2 . (Z ctg (A)) Steigng

cyc cyc cyc

N =

pr

2R2 + 2 Euler 1 3R Mltrmomct 3R 4 3 R
2r' 2 |pr 3\/_r r
=cC

Equality holds for: a=

1 jp — 4Ry — r2 CerTEIsen 4 jzmz + 4Rr + 3r2 —4Rr — 1% _

4128. In AABC the following relationship holds:

(ra)b2+c2.(rb)a2+c2 (r )b2+a < (32R)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

18R?

Weighted AM—-GM
~

O L G e Y
- r.(b? + c?) + rp(a? + ¢?) + r.(b? + a?) 22
- 2(a? + b? + c?)
In AABC wlog: a<b<c, r,<r,<r,
- {b%* + % za® + ¢* = b* + a®

<
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1 ZZ]a2
C"e”g’w” <§ (rq+1p +71.).2(a% + b% + c2)>

2(a? + b?* + c?)

1 2Ya? Etﬂ\er 1 9R 23 a? Leirlz‘niz 3R 18R?
=(=(4R < (=.— < [—
<3( +r)> = (3 2) = (2)

Equality holds if a=b = c.

4129. In any acute A ABC the following relationship holds :

3V12R?
Z\/acos A<—— >

cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4Rrs

ZWCBS 3. Z(acosA)=\/ﬁ. ZstA V3R. BR%

cyc cyc cyc
Euler

and
6rs Mitrinovic (3R 3 3
= |— < —. R=—=. R=—=. 2
’ R < 7R 3v3 2 /2\/3 R 2 /\/12R

3.V12R? R _ _
Z acos A < — V acute A ABC," =" iff A ABC is equilateral (QED)

cyc

4130. In any A ABC the following relationship holds :

Z\/_+\/— zhz

cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

\/_+\/_7 (\/_+\/_)(b+c—a)2?
D Ee) e

cyc cyc cyc

<:>Z:((y+z)(y2+z2—x2)2 EZZxS (Va=x,vb=y,Vc=1z)

cyc cyc
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& Z xty + Z xy* > 2xyz (Z xy) - true Z xty + z xyt =

cyc cyc

cyc e ¥e
AM-GM
Z (zxt+yh) = 2 Z x'y’z = 2xyz Z i
- cye cyc
a++b a
Z \/_rz =2 Z h_\/z_ v AABC," =" iff A ABC is equilateral (QED)
C

cyc cyc h

4131. In AABC the following relationship holds:

(rg +15)°. (1 + )% (rg + 1) < 3R)F

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
Weighted AM—-GM

~

(g + 1) (rp +T)% . (rg + 7o) 2

- 2
(rg+ry) +a%(ry,+r.) + b*(ry +1.) za
< <
(a? + b2 + c?)
In AABC wlog: a<b<c, Ta<Tp <71,
S {rg+ry<rg+r.<r,+r,

Y a?
Chebyshev <Z(ra + 1+ rc).%(a2 +b% + c2)>

- (a? + b? + c?)

Y a? Euler S a? Leibniz
2 tler 2 9R b .
== 2 (2= 2 18R
<3 (4R+r)> 2 55) 2 6B
Equality holds if a=b=c
4132. In acute AABC the following relationship holds:

abc -
HA-HB-HC
Proposed by Nguyen Hung Cuong — Vietnam

3V3

Solution by Daniel Sitaru — Romania

abc > 33 2RsinA:-2RsinB - 2RsinC
HA-HB -HC —

>
< 2RcosA-2RcosB-2RcosC — 3V3
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sin4d sinB sinC

3V3

cosA cosB cosC

tanA-tanB-tanC > 33
tan A + tan B + tan C > 3v/3 (to prove)

JENSEN A+B+C 14
tand+tanB+tanC > 3tan (—) = 3tan (E) =3v3

Equality holds for A = B = C.
4133. In acute AABC the following relationship holds:

HA N HB N HC > 23
acosA bcosB ccosC

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

HA HB HC
acosA bcosB ccosC acosA
cyc
_ Z 2R cos A Z Z
N acosA 2Rsind
cyc cyc cyc
1 JENSEN 1 3 3 6 6V3
:ZsinA = 3 A+B+C\ FZT:\/__:TZZ@
cyc sin (T) Sln§ 73 3

Equality holds fora = b = c.
4134. In AABC the following relationship holds:

Z sin B sin C b%h, + c*h,, - 24712
sinA h,h,sinB + h,h.sinC~ R

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution by Jenish Rijal-Nepal

ZsinBsinC b%h. + c*h, B
sinA  hyh,sinB + h,h.sinC

cyc
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b ¢ 2,24, 5 2A
=zﬁ 2R bty
@ ‘28 28 b 24 28 c
cye 2R a b 2R a c¢ 2R
b b2+cz 1 1 AM-GM
_N% c"b _ — (b3 +c3)=— (a3 3,.03) S
_Za A 28 = 4A(b +c)—2A(a +b°+c’) =

o g tg o
R? M“’:g’”” 6(2r)2 2412

- 1 3abc = 1
= ﬂ anc = 5 a_bc
4R
Equality holds if and only if the triangle is equilateral.

4135. Ifin AABC,= 80°,B = C = 50°, AB = AC = a,BC = b then:
3a?b = b3 + a3V3

Proposed by Adgozel Adgozalov-Azerbaijan

Solution by Tapas Das-India
b a b a
= = =
sin80° sin50° sin80° sin(90° — 40°)
b a
= = b = 2asin40°

= 25in40°cos40°  cos 40°

3a’b = 3a? x 2asin40° = 6a3sin40°
b3 + a3v3 = 8a3sin3 40° + a3V3
We need to show :
6a3sin40° = 8a3 sin3 40° + a3+/3or, 65in40° — 8 sin> 40° = /3

L.H.S = 65in40° — 8 sin> 40° = 2(3sin40° — 4 sin340°) =
=2sin3.40° = 2sin120° = 2 ><7= V3

4136. In AABC the following relationship holds:
2R —1r —2/R(R — 2r) < min{r,r, r.} < min{h,, hy, h.}

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Jenish Rijal-Nepal

W.L.0.G. let's assume that a < b < c. Then we have:
min{r,,r,,r.} =r, and min{h, hy, h.} = h,

A 2A
S_
s—a ¢

Hereea<bhsc<bhb+c—a=sc<2s—2a&

S r, < h. ~min{r,r,r.} <min{h, hy, h .}

1 1\ AMZHM
Now, (rp + 1) (— + —) > 4
rp, T¢
. .01 1 1 1 .
Via identities —+—+—=— and r,+ 1, +r. = 4R + r,we substitute:

Tq L) r.
1 1
(4R+r—ra)(;—r—>24@(4R+r—ra)(ra—r)24rra
a

©1r:2-2QR-1)r ,+r(4R+1) <0
& (re-2R+7+2/RR—-27)(r,—2R+71-2/RR-21)) <0
~“2R—r—2R(R—2r)<r,<2R—-1r+2,/R(R—-2r)
Extracting the lower bound gives:
2R—1r—2/R(R—2r) <r, =min{r,r,,r.}
Therefore, 2R—1r—2/R(R — 2r) < min{r,ry,r.} < min{h, hy, h}
Equality holds if and only if the triangle is equilateral.

4137.In any A ABC the following relationship holds :

Bz ("_a) Ga ) (&) la
r Pa ly Iy 9a

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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) r 7 2abc cos%
Triangle inequality = g, < Al+r <[, © A o
2

A
r ? 8Rrs cos 1 ? a+b+c
= +r< = +1<——
sin% 4R(b + ¢) sin%cos% sin% (b+0¢) siné—\

? a 1 A
+1<< + < (b+c)sin-<a
sin; (b+0¢) siné siné 2
2 2 2
A B-C A~ . A A B-C?~ .
S 4RcosEcos smE < 4Rs1nEcosE@ T <l-true-l,>g,~ i)

Fustei

and
? b — ¢)? Ajiba b — ¢)2 b — 0)2\
Now,m,n, > p2 + ®-9 & (s(s —a)+ ( 4c) > <s(s —a)+ %) >

18
: )+s(3s+a)(b—c)2 2 (b-o)t
sis—a (25 + a)? 324
(b — ¢)? ( " s(3s+ a)(b —c)?
9 sis—a (2s + a)?
_ 2 (S 1) s(b —¢)* ; s?2(3s+ a)?(b — ¢)*
e sts—a)b-o) (a+4 + 4a (2s + a)*
s(3s+a)(b—c)> (b-—c)* (b—c)? s(Bs+a)b-c)*
+ +s(s —a). +
(2s + a)? 324 9 9(2s + a)?
o s ) s+1 2s(3s+a)(b—c)? 1
MR P (2s + a)? 9
s s%?(3s+a)? 1 s(3s+a) 2 7
—_— — — — > o-o — 2 >
<4a @s+af 324 9@zstaz) P79 200 (®-0720)
s(s — a)(144s3 — 52s%a — 16sa? + 5a?)
=] +
36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s%a® + 37sa* — a®
324a(2s + a)*
s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
36a(2s + a)?
(s—a) ((s —a)(1296s3 + 1820s2%a + 1736sa? + 1700a3) + 1701a4)

324a(2s + a)*

=4

2s(s — a).

(b-0)2=>0

+

=4

.(b—-1c¢)?

? (b —c)?
> 0 - true (strict inequality) - m,n, > p2 + ———— > p2 = myn, > p2 - (1)

18
Bogdan Fustei
and Ng9a = mala - @ @'@ = (mana)(naga) = pg- mala
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l l
ng > P, /g—“=> t=Dp,. /g—
a a

2
2 2
S{E)( )+ B L)) L t ,_ ma+e
Pa L, I, Ya t r, I,
I'q-Pa- g_
a

via (i)

and
r2 + n2 via Bogdan Fustei s2 tan? % + s —2r,h, 2s? secZ% 2R
—l + 2 < rh + 2= ﬁ = T
f I o2 goc2B
r,. h,. g_(:l atla R-S2.sec?5

2R l
N P (r—“> Ga (&) “e ) wAABC,” =" iff b = ¢ (QED)
r Pa la ro/\ |9a

4138. In any A ABC with a < b < ¢, the following relationships holds :

V3 V3

TGSngprTC; andeSTnga

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

c=x+yands=x+y+zandalsoa<b<c>y+z<z+x<x+y
via Bogdan Fustei 3 4xyz

3 7 !
:andnow,ZaZSglz, < Z(Y'*‘Z)ZSYZ'*‘Z_H‘C

?
& xy? + 10xyz + y?z > 3xz? + 6yz? + 3z3

V3

?
o6yz(x—z)+3xz(y—z)+z(xy—z?)>0->true~ x>y >z TaSgb

via Bogdan Fustei

and
Mohamed Amine Ajiba s(3s+b)(c— a)Z 7 3

2 _ <-
c =S s(s—b) + 25 1 b)? < 4c

Bx+y+z)+z+x)(z—x)?%\ 2 3
Qx+y+z)+z+x)? >S1(x+Y)2

2

? 3
Also,p? < 1

<:>(x+y+z)<y+

?

& 11x* + 26x3y + 54x3z + 15x2%y? + 64x%yz + 59x%z2 >
4xy3 + 18xy?z + 26xyz? + 4y* + 28y3z + 69y?z? + 64yz3 + 16z*
© 18xyz(x —y) + 28yz(x? — y?) + 18xyz(x — z) + 59z%(x? —y?) +
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54z(x3 — yz?) + 8xy(x? — z2) + 4xy(x? — y?) + 4y(x3 — y3) + 10y(x3 — yz?) +

10y(x2y —z3) + 11(x* —z*) + 5(x?y2 —zH) > 0 > true “ x >y >z

- V3
. <—¢
Pv 2
via Bogdan Fustei
A (3s+c)(a— b
7 3 Mohamed Amine Ajiba s(3s+c¢c)(a — 7 3

Furthermore, p? < —b? o s(s—c¢) + < —b?

Pe=7 ( ) (2s + ¢)? 4

Bx+y+z)+x+y)(x—y)?
2(x+y+z)+x+y)?

7 3
@(x+y+z)<z+ >SZ(z+x)2
& 11x* + 26x3z 4 54x3y + 15x%22% + 64x%yz + 59x2y? >
4xz3 + 18xyz? + 26xy?z + 4z* + 28yz3 + 69y?z2? + 64y3z + 16y*
& 64yz(x? —y?) + 26xz(x? — y?) + 59y?(x? — z2) + 28y(x3 —z3) +
18xy(x? — z2) + 10z%(x? — y?) + 8y(x3 — y3) + 8(x* — y*) + 42%2(x* — 22) +

? V3
x2?2(x—z)+3x(x3-z3)>0->truev x>y >z |p. < Tb and again,
3 ? via Bogdan Fustei 3 ? 4_xyz

_bz < 2 o _ 2 < 2
2P =9 4(z+x) <x +y+z

& x%y 4+ 10xyz + x2z > 3yz2 + 6xz2 + 323

?
o6xz(y—z)+3yz(x—z)+z(xy—z?)>0->true~ x>y >z
via Bogdan Fustei

and

\/§ ? Mohamed Amine Ajiba
“| 7P < 9a| and finally, g2 < p? &
(s—b)(c—a)? s(3s +b)(c — a)? ]
— — < —
s(s—b) b <s(s—b)+ 25 1 b)? — evidently true

V3 V3 V3
vs>h - andso,TaSgb < pp STC;andpc S7b <g.
v A ABC,"” =" iff A ABCis equilateral (QED)

4139. In any A ABC the following relationship holds :

2R —r — 2/R(R — 2r) < min{r,, 1y, r.} < min{h,, hy, h.}
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

I. I. r(b +c
p rp_rb+o

p—a’ p — (p —» semi — perimeter)

r,+r=
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— B-C

@
T, + 1 = 4Rsc (c = CcOos

A. B.C 2
4Rcosfsmismi

®
and again, 2R — 2,/R(R — 2r) = 2R — 2R./1 — 4sc + 4s2
?
Now,(D) and 2) = r, > 2R —r — 2,/R(R — 2r)
? ?
& 4Rsc > 2R — 2R.y/1 — 4sc + 4s2 @\/1—4sc+4521—25candif

()
1—2sc< 0,then : (%) i lS trivially true and when : 1 — Zsc > 0,then:

(*) © 1 — 4sc + 4s? > 4s2c? —4sc+1 © 4s%(1 - c?) > 0 - true

B C .
+ ¢? = cos? > < 1= (%) istrue Vv A ABC

o Tq = 2R —r — 2{/R(R — 2r) and similarly r,, r. = 2R —r — 2,/R(R — 2r)

and so,||min{r,, r,,r.} = 2R —r — 2,/R(R — 2r) || and now,

we seggregate into the following cases :
a < b < cand then : min{r,, r,, r.} ; min{h,, h,, h.} ©r, é h,
(:)b+c—a£c<:)b£a—>true
a < ¢ < b and then : min{r,, ry, r.} ; min{h,, hy, h.} © r, é h,
<:>b+c—a£b<:>c£a—>true
[Case 3]b < ¢ < a and then : min{r,, r,, r.} ; min{h,, hy,h.} © r, é h,
@c+a—b£a@c£b—>true
[Case 4]b < a < c and then : min{r,, ,, r.} ; min{h,, hy,h.} ©r, é h,
<:>c+a—b£c<:>a£b—>true
¢ < a < b and then : min{r,, ry, r.} ; min{h,, hy,h .} © r, ; h,
®a+b—c£b@a£c—>true
¢ < b < aand then : min{r,, r, r.} ; min{h,, hy,h .} ©r, S h,
? ?

©a+b—-c>as b>c- true . combining all cases,

|min{ra, Iy, I} < min{h,, hb,hc}| and so,

2R —r — 2,/R(R — 2r) < min{r,, r,, r.} < min{h,, hy,h.} Vv A ABC,
" =""iff A ABC is isosceles (QED)

,S = sin

A
2

2
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4140. In any A ABC the following relationship holds :

max{ng ny, n.} < max{r,,n, r.} < 2R—-r + 2,/R(R — 2r)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

r. r. r(b+c

= (p — semi — perimeter)
p—a p p—a
4Rsin%singsin%.4Rcos%cosB;C ©)
— B C & T, +1 = 4Rsc
4R cos 5 Sin siny
B—-C A
(where C = cos

> ,s=sin5) and again,
@

2R+ 2 R(R—ZI‘)=2R+2R.\/1—4‘SC+4-S2

Now,(D) and @) = r, < 2R—r + 2,/R(R — 2r)

& 4Rsc < 2R + 2R.\/1 — 4sc + 452 & 2s¢c — 1\/1 — 4sc + 4s? and if
()

2sc — 1 < 0,then : (x) is trivially true and when : 2sc — 1 > 0 and then
?

(x) © 4s?2c2 —4sc+1<1—4sc +4s?2 © 4s2(c2 — 1) < 0 - true

+ ¢? = cos? < 1= (%) istrue Vv A ABC

Ty < 2R—r+ 2{/R(R — 2r) and similarly
Iy, I'e < 2R —r+ 2,/R(R — 2r) and so,

max{r, r, r.} <2R—r+ 2,/R(R — 2r)
r

Bogdan Fustei

and now, n? =

A B
s2 — E.sz.sec2 2" if a < b, then, as seczi < seczi,hence nZ>n2-©Q
and we seggregate into the following cases :
?
a < b < cand then : max{n,, n,, n.} < max{r,, r, r.}

Bogdan Fustei

via O ?
2 =2
& ni<r?

S ? s(s—a)(s—b)(s—c¢)
o s(s—a)+E(b—c)ZS 02
2 — 2
@géx+(};+zz) (x=s—ay=s—bz=s-c)

?
<:>(y—z)(xy+z2+z(x—y))20—>true'.'a£b£c:>x2y2z

? via@ ?
[Case 2]a < ¢ < b and then : max{n,, ny, n.} < max{r, r,,r.} < n2<r?
?
S (z—y)(xz+y2+y(x—z))2O—>true'.'a£c£b:>x2z2y

40 |
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via (D) ?
[Case 3]b < ¢ < a and then : max{n,, n,,n.} < max{r, r,, 1.} © ni<r?

:)(z—x)(yz+x +x(y—z))>O—>true°-°b<c<a=’y>z>x

via (D) ?
[Case 4]b < a < c and then : max{na, ny,, n.} < max{r, 1, 1.} © ni<r?

@(x—z)(xy+z +z(y—x))>O—>true'-'b<a<c=>y>x>z

via (D) ?
¢ < a < b and then : max{n,, n,,n.} < max{r, r,, 1.} © n?<r?

@(x—y)(zx+y +y(z—x))20—>true'-°cSaSb=>z2x2y

? via (1) ?
¢ < b < aand then : max{n, ny,n.} < max{r,, r,r.} © n?<r?

<:>(y—x)(yz+x2+x(z—y))20—>true°-°chSa=>z2y2x

. combining all cases, |max{na, ny, n.} < max{r,, rb,rc}| and so,

max{n, ny, n.} < max{ry, rn, r.} < 2R—-r+ 2,/R(R— 2r) V A ABC,
" =""iff A ABC is isosceles (QED)

4141. In AABC the following relationship holds:
2R—1r—2/R(R —2r) <min{r,r,r.} < min{h, hy, h .}
Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Bardiya-Nepal
W.L.0.G. let's assume that a < b < c. Then we have:
min{r,,r,,r.} =r, and min{h, h,, h.} = h,

A 2A
S_
s—a ¢

Hereea<b&Sc<b+c—-ae=c<2s—-2a&

or,<h, ~min{r,r,r.} < min{h, h,, h.}

AM-HM
~

1 1
Now, — 4+ — > 4
ow (rp +7.) (Tb + Tc>

1 1
Via identities o + o + =7 and r, +r, +1. = 4R + r,we substitute:
a b

1 1
(4R+r—ra)(;—r—>24(:(4R+r—ra)(ra—r)24rra

a

©12-2QR-1)r ,+r(4R+1) <0
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& (r,—2R+7+2/RR-27)(r,— 2R+ 71— 2/RR—21)) < 0
#~2R-1—2/RR-2r) <1, <2R-71+2/R(R-2r1)
Extracting the lower bound gives:
2R—r—2,/R(R—2r) <r, =min{r,r,r.}
Therefore, 2R —r —2,/R(R—2r) < min{r,r,r.} <min{h, hy, h.}
Equality holds if and only if the triangle is equilateral.

4142. In AABC the following relationship holds:

1
min{m, m,,m.,} < E\/Sz — 4Rt + 1712 < /5% — 7Rr — 412 < max{m,,m,, m_}

Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Bardiya--Nepal
W.L.0.G. let's assume that a < b < c.Then we have: m, > m;, > m,
min{m,, m,, m.} = m, and max{m,, m,, m } = m,
Also let (a,b,c) = (y+2z,z+ x,x + y) which gives x > y > zwith x,y,z > 0.
Gerretsen+Euler
Here, (s> — 16Rr + 51%) + 8r(R — 21) > 0 & s?—8Rr—111r2>0
1
S 4(s?—7Rr—41%) — (s’ —4Rr +17r)) 2 0 & Z(s2 — 4Rr + 177%)

< s2 —7Rr — 4r?

1
E\/SZ — 4Rr 4+ 1712 < +/s? — TRr — 412

, , , 1
i.) Let's prove that: min{m,, my,, m.,} = m, < E\/sz —4Rr + 1712

S ; <1\/2—4R 2 ; ; 2 _ o2 .2 _EZ i .
quaring m; < 2 s r + 17r% and substituting m; = s* —r“ — 4Rr 4c yields:

a’+b%+c?
2

s2—4Rr = +r

~

s2—ARr —7r’ < ¢ s a’?+ b%* —c* <12r?

szx+y+z2)?<xyx+y+7z) = x—-2)(y—-2)(x+y+72z) +4z*[(x — z) +
(y — 2)] = 0 which is true because x > z.
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ii.) Let's prove that: /s? — 7Rr — 4r2 < max{m,, m,, m.} = m,

; 2 2 PR 2 2 _ .2 3 2.
Squaring \/s — 7Rr — 4% < m, and substituting m; = s* —r“ — 4Rr — Za yields:

3
s2—7Rr—4r2SsZ—r2—4Rr—Za2 &  a’? <4Rr +4r?

+ + +x)+4 4
(x+y)(y+2)(z+x) X2 2 3z

—— >y? + yz + z%. Also,
xt+y+z y+z

e (y+2)? <

dxyz -2 , 4y’z ] ] ,  4y’z
= y“+ .Thus it suffices to prove that: y° +
y+z y+z y+z

>y? +yz + z*

x% +

4y*z

y+22yz+zz & 4y? > (y+z)? © y > zwhich is true because y > z.

=

1
min{m, m,,m.} < E\/sz — 4Rt + 1712 < /5% — 7Rr — 412 < max{m,, m,, m.}

Equality holds if and only if the triangle is equilateral.

4143. In AABC the following relationship holds:

2
mfl—wﬁs\/;—,ﬂbz—cﬂ

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

1 s(s—a)
2 _ “(h— )2 w2 — _ _ — )2
m; = s(s a)+4(b c)*,wi:=s(s—a) (b+c)2(b c)
. (b—c)z((b+c)2+4s(s—a)) (b—¢)2(2(b + )% — a?)
Ma = Wa = 4(b + c)? - 4(b + c)?
2(2x2% _ a2
letx=b+c,y=|b—c|then|b2—c2|=xy, mﬁ—W?z:%
Y(,_a
mi—wi _y2x*—a?) x\"75%7) t2-u?) i 12—t
MW 2| T 4 4 4 - &
y |b—| a
t=== ,u=——andclearly,0 <t<u<1las|lb—c|<a
X b+c b+c
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2
let f(t) = tz - t)th f(t)_2 "()___

nowf(t)—0=>t—\/V&f”(t)att—\/r ——\/i<Oso
Be-3
fMax=T=\[;

aZ

Y(p_a
mgzl_wczz _y(ZxZ—aZ) _x<2 xz) B t(2 —u?) tZu t(2-1t?) = £(0) S\[%

|b2 — 2| 4x3 N 4 N 4 = 4

ms —wa_(|b2—c|

Equality holds for an equilateral triangle.

4144. In any A ABC the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x,

A Z
c=x+yands = x+Yy + zand furthermore, we denote : = m and % =n

x
and then, we have the following set 'S" of relations : y? + z? = x*(m? — 2n),
y3 + z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),

? 2R
y®> +2z°% =« (m((m2 —2n)%? +n? — nmz)) ,and now, ,/w,n, < /T —3.h,

Bogdan Fustei 4.pc S ?
- _ _ _ —_ )2
b+ OF s(s—a) (s(s a) + pt (b—o¢) ) <

((y +2)Ez+x0)(x+y) 3)2 16s2(s — a)?(s — b)%(s — ¢)?

2XyZ a*

?
o (+2@+x)(x+y) —6xyz)’ 2x+y+2)? >
x(y+2)Pz+x)(x+y)(x(y +2) + (y— 2)?)
© 4x%(y +2)? + 12x5(y3 + z3) — 12x°.yz(y + z) + 12x*(y* + z*) —
40x*. yz(y? + z%) + 40x*. y?z% + 4x3(y5 + z%) — 20«3, yz(y® + z3) +
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16x3.y%2z%(y + z) + x%.yz(y* + z*) — 4x2.y?22(y? + z%) — 10x%.y3z3 +

xyz(y® + z%) + x.y?z2(y® + z%) — 2x.y3z3(y + z) + y?z%(y + z)40 & via set of
©)

relations "’S”, in order to prove (1), it suffices to prove, following simplification

01 Q;

(m* — 4m3 — 8m? + 96m + 144) n? + (m> + m* — 40m3 — 88m? — 48m) n +
Q3

?
(4m° + 12m* + 12m3 + 4m2)0;We have : m* — 4m3 — 8m? + 96m + 144 =
@

(2m-9)?22m+5)? 168m? +816m + 339
16 + 16
m® + m* — 40m? — 88m? — 48m > 0 & when : m® + m* — 40m?® — 88m? — 48m
< 0,then: (m—7)(m3+ 8m? + 16m + 24) + 120 < 0
>m-7)(m3®+8m?2+16m+24)<-120<0=>m<7 - (m) and -
LHS of (2) is a quadratic polynomial in "'n” with discriminant,
[8] = 0% — 40,09; = m*(m + 1)2(m* — 16m3 — 32m? + 96m + 192) - if § < 0,
then : (2) is trivially true and when : § > 0, then :
m* —16m3 —32m? + 96m + 192 > 0 =
(m3-13m? - 7Im-117)(m-3)-159>0 >

(m3-13m? - 71Im-117)(m—-3) > 159 > 0and * m® — 13m? — 71m — 117 =

> 0 -~ (2)is trivially true when :

via (m)
m’(m—-7)—6m? —71m—-117 < 0-m<3- (n)
AM-GM m?
Now,sincen < T ~ in order to prove @ it suffices to prove :
2,

m ?
Q. <-9Q, - Vo o —20, - Qm? > 28
?
& m(-m® + 2m* + 6m?® — 16m? + 32m + 96)2\/5
®

We have : m® — 2m* — 6m3 + 16m? — 32m — 96 =
via (n)

m‘m-3)+m*(m-3-3)+16m(m-3)+16(m—-3-3) < 0
= m(-m°® + 2m* + 6m*® — 16m? + 32m + 96) > 0 and so,
in order to prove (3), it suffices to prove :
?
m?(—m® + 2m* + 6m® — 16m? + 32m + 96)” >
4m*(m + 1)?(m* — 16m3? — 32m? + 96m + 192)

/(2 P ((4m2 — 18m)? + 232m? — 600m + 1317) +\
m
m2(m + 2)2(m — 2)? 64
13236m + 3939
64
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2

> 0 - true ~ m > 0 and - discriminant of 232m? — 600m + 1317 < 0

. 2R
:@:}@:@mtrue S Weg < T—3.haVAABC,

" =""iff A ABC is equilateral (QED)

4145. In any A ABC the following relationship holds :

7R 4

JGaNg < a—g.ha

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—candthen:a=y+zb=2z+x,
y+z yZ
c=x+yands=x+y+zandfurthermore,wedenote:?:mand ﬁzn

and then, we have the following set 'S" of relations : y? + z? = x*(m? — 2n),
y3 + z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),

? 7R 4

54,5 _ 5 2 _ 902 4 nZ — nm? sz
y>+z>=x (m((m 2n)* + n* — nm )),and now,./g.n, < or 3.ha
Bogdan Fustei 4s(s—a)(s—b)(s —c)(b —¢)? ?
I g G DEDG 0007
7 y+z2)zZ+x)(x+y) 4 % 16s%(s — @)%(s — b)%(s — c)2 o
6 4xyz 3/ a*
(y+2)2x(x+y+z)+4yz(y — z)? z (7(y+2)(z+ x)(x +y) — 32xyz)? x(x +y +2z).y?z?
(y +12)?2 - 36x2y2z?2 ' (y +2)*

© 49x5(y + 2)% + 147x*(y® + z3) — Txtyz(y + z) + 111x3(y* + z%) —
354x%.yz(y? + z2) + 94x3.y%2?% + 13x2(y5 + z°) — 187x2.yz(y® + z3) —
50x%.y%z%(y + z) — 46x.yz(y* + z*) — 7x.y?z*(y? + z?) + 78x.y3z3 +

?
49y?z2(y3 + z3)| > |0 and via set of relations ''S",
©)

in order to prove (1), it suffices to prove, following simplification :
Qq Q;

(49m3 + 177m?2 + 576m + 1024) n?> — (46m* + 252m3 + 798m?2 + 448m) n +

Q3
?
(13m5 + 111m* + 147m3 + 49m2)0
@
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Now, LHS of (2) is a quadratic polynomial in 'n”’ with discriminant,
[6] = 02 — 40,05 = 432m*(—m* — 18m3 — m? + 48m + 80) and when :
8 < 0,then: @ is trivially true and when : § > 0,
then: m* + 18m3 + m? —-48m -80< 0
R (729m3 + 14661m? + 31680m + 31888)(9m — 19) 80992

6561 < 6561 <

<_
= m 5 - (m)

AM-GM m?
Now,sincen < 7z in order to prove (2), it suffices to prove :

m?2 2 ?
91.7s92—\/5@292—91m2 > 28

< m(—49m* — 85m3 — 72m? + 572m + 896)2\/5
®

Now,49m* 4+ 85m3 + 72m? — 572m — 896 =
49(729m3 + 2754m? + 6984m + 5948)(9m — 19) +

6561
(2430m? + 288m + 44)(9m — 19) 5621 via (m)

6561 6561
= m(—49m* — 85m3 — 72m? + 572m + 896) > 0 and so,
in order to prove (3), it suffices to prove :

?
m?(—49m* — 85m3 — 72m? 4+ 572m + 896)? >
1728m*(—-m* — 18m3® — m? + 48m + 80) &
7m2(m + 1)(m — 2)? (343m5 +2219m* + 8944m?3 + 23644m? +) 2 0
36608m + 28672 -

7R 4
strue~m>0=>03) =2 = Qistrue . ./g,n, < o 3 MaVAABC

" =" iff A ABC is equilateral (QED)

4146. In any A ABC following relationship holds :

1
lmp, —m,| < E(s2 + 2Rr — 31r?)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—a,y=s—b,z=s—candthen:a=y+zb=1z+x,
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y+z VZ
c=x+yands = x+y+ zand furthermore, we denote : — - m and o n

and then, we have the following set 'S of relations : y? + z? = x*(m? — 2n),
y2 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),y> + z° =
x° (m((m2 —2n)? +n? - nmz)),y6 + 2% = x((m3 — 3nn)? — 2n3), and now,

s?2 4+ 2Rr — 31r? »

7 1
lmp, — m| < \/E (s2 + 2Rr — 31r2) © mj + m? —

2 <2m,m,
. . 5 , S?+2Rr-31r?
and it’s trivially true when : mj + mj, — > < 0 and now
, o S?+21Rr—31r? _ _
we focus on my + my, — > > 0 and then, it suffices to prove :
g s + 2Rr — 31r2\”
4mim? > (mlz, +m? — 5 >
2
1 ?
b Zx | 4y Zx +(z—-x)?% || 4z Zx +(x-y)?|=>
cyc cyc cyc
/ x|l 4y+2) Zx +(z—x)%+ (x —y)? —\
1 I cyc cyc I
16| - |
\ 2 Zx —r(y+z)+62xyz /
cyc cyé‘

© 4x% 4+ 16x5(y + z) — x*(y? + z2) + 134x*yz — 32x3(y% + z3) +
672x3.yz(y + z) — 10x2(y* + z*) + 366x2.yz(y? + z2) — 2844x%y?z% +
16x(y® + z5) — 112x.yz(y® + z%) — 48x.y?2%(y + 2) + 7(y® + 2% +

?
76yz(y* + z*) + 236y%z%(y? + z2) + 334y3z30 and via set of relations "'S",
®

in order to prove (1), it suffices to prove, following simplification :

Qq Q;
(5m — 58)(m — 62) n? — (34m* — 192m3 + 406m?2 + 768m + 136) n —
Q3
7
(m —1)2(7m* + 30m3 + 43m?2 + 24m + 4)0
@

Now, 2, = 34m* — 192m3 + 406m? + 768m + 136 =
(1088m? — 7504m + 12939)(4m? + 5m) + 37732m? + 33609m + 17408 -0

128
58
(-~ discriminant of (1088m? — 7504m + 12939) = —512 < 0) .. if = <m<62,

then : (2) is trivially true and so, we now consider the cases when :
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58 . = = = n_.r =
m € (O, ?) or m € (62,)|and now, LHS of (2) is a quadratic polynomial in "'n" with
discriminant,[§] = Q2 + 40,0,
— 144(m + 1)? (((sz —31)2 4+ 26m3 + 39m? + 656m + 480)(m — 1)? +) >0,
2256m + 48
AM-GM m?
< —— -~ in order to prove (2), it suffices to prove :
>|Q, — V8

hence, since n
m? ? ?

Q. —<Q, +V8 © 0,.m?% — 20, <
(m)

We note that (m) is trivially true if : Q;.m? — 2Q, < 0 and so, we now
focus on the case when : Q;.m? — 2Q, > 0 and then :
63m* — 16m> — 2784m? + 1536m + 272 < 0
= (m — 7)(63m3 + 425m? + 191m + 2873) + 20383 < 0
= (m — 7)(63m3 + 425m? + 191m + 2873) < —20383 < 0 = - (i)

2V8 AND Q,.2n| >
(n)

and now, ;. m? — 2Q, > 0 = in order to prove (m), it suffices to prove :
27
<

(—(63m4 — 16m3 — 2784m? + 1536m + 272))
2 _ 2 3 2
656m + 480
1215m*(m — 7) — 1449m* — 46984m3 —) 2

576(m + 1)? ((
11664m? — 4560m — 928

= (m—2)*((m—7) - 55) (
> true via (i) = [(m) is true|; Again, @,.2n + V& > V8 (> 0) = /ng + 49,0,
> ’Q% ( Q3 >0)=Q, (~ Q, >0,deduced earlier) = .. both

1
(m) and (n) are true = (2) = (1 is true . |m, — m,| < \/E (s? + 2Rr — 31r2)
"iff A ABC is equilateral (QED)

VAABC " =

4147. In AABC the following relationship holds:
3R

Z cos(4) Z sec’(4) | < —

cyc cyc
Proposed by Kostantinos Geronikolas-Greece

1 —

Solution by Mirsadix Muzefferov-Azerbaijan

Z cos(A) z sec’(A) | = z cos(A) Czyc: e (%4)

cyc cyc cyc
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=(1+%)<1+(4Rp#)2>s(1+%)<1+%>=
2

é)z +43 (é) +2

(0

_(1+r)<1+32R2+16Rr+2r2>=(1+T) 32(

R 27Rr R

R
Let S =X > 2 Then let's prove it

1\ /32x%2 +43x+ 2
(1+;> < 3x

27x
x+1 32x2+43x+2
. < 3x
X 27x

49x3 —75x%2 —45x—-2>0
(x—2)(49x%2 +23x+1)=>0
x—2>0-> x=>2 (Euler) (Proved)
Equality holds for: a=b=c

4148. In AABC the following relationship holds:

mg R (R? — Rr + 1r?
z /ha VTa = 2r< r

cyc

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

Panaitopol

Z%.E?JZ%JZ% 2" 3R Jaren -

cyc cyc cyc

R 4R+r R (R%? — Rr + 12
=3 |—. <3 |——
2r 3 2r T

4R+‘r<R2—Rr+r2
- r

Let's prove that :

3R> —7Rr +2r2 >0
(R—2r)(BR—1r)=0 —» R >=2r (Euler)
Equality holds for: a=b=c
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4149. In AABC the following relationship holds:

10813 < Z a’h, < 27R*r
cyc
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

Mitrinovici

2F -
Z a’h, = Z a2.7 = ZFZ a=4pF =4p*r < 27R%*r
cyc cyc cyc
Mitrinovici

Z a’h, = 4p*r = 4r.27r? = 108r3
cyc

Equality holds for: a=b=c

4150. In AABC the following relationship holds:
3 r., 1 1
Soyrai L
4r bc  r 2R
cyc
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

Ta p.tan (g) _ p.tan (g).sin(A) ~ sin (g).sin(A) B

bc Sirzlgq) 2pr 2r.cos (%)
_ 2sin? (g) .COS (%) _ sin® (g)
2r.cos (%) r
5 sin? (5) _ 1(2 <2 (ﬂ)) _ 1(1 - 1) - LT (rus)
r r 2 r 2R7 T 2R
Cye cyc

i NS TPRRE T PR P

Equality holds for: a=b=c

4151. In AABC the following relationship holds:

Z hbhc < rpr.
bc bc

cyc cyc
Proposed by Marin Chirciu-Romania
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Solution by Mirsadix Muzefferov-Azerbaijan

bTa ) Z 1
be  F Lbco-bp-0
cyc

hohe o 1
bc 4F z (bc)?

cyc cyc

Let's prove that RHS — LHS > 0

o2 1 1
s bc(p—-b)(p—c) (bc)?|

_ 42 bc— (p—-b)(p—rc) _ ap? bc —p? + pb+pc—bc _
- b?c2(p-b)(p—c) | b2’c2(p-b)(p—c)
cyc

_ pb+c)—p* r2p—a)—p* _
- 4F22b2c2(p —-b)(p-c) F? o b*c2(p—-b)(p—c)

B p(p—a)
- 4F2;b2c2<p—b>(p—c> 20

Equality holds for: a=b=c

cyc

4152. In AABC the following relationship holds:

th <h3 h3>

cyc
Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

s s 4F%  4F?

Y (i)~ 2 ) - | i ) -
n: h3 h3  hi 8F% = 8F3
cyc cyc cyc F C_3

R““""1 (2@+b+0)’ 1
> =—.2(a+b+
") = e s 2O

a+b+c Zp 2

F pr ;
Equality holds for: a=b=c

cyc
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4153. In AABC the following relationship holds:

9r h,.h, 9
—< < —
2R bc 4

cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

h..h 4'_F2 1 2 Bergstrom
bc bc bc
cyc cyc cyc
12 a+b+c\’
> 4F? —(ch “Be) = 4F? —( abe ) .
- ' 3 ' 3 "3(abc)?

16p2F2 pz Mitrigovici 27Rr
" 3.16F2R2 3R?2 ~  2.3R?2

hy. h, 12 a? + b? + 2 Leibniz 9R2 9
: =4-FZZ<—> =4F? ————— < 4F?>.———=— (RHS
bc bc a?.b?. c? 16F2R%? 4 ( )

cyc cyc
Equality holds for: a=b=c

9r
— (LHS
2R( )

4154. In AABC the following relationship holds:

, (A\ _27R?
27r§2ra.ctg (§>S ar

cyc
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

1 2 Mitrinovici 27 2

A p\? P . R
Dractg?(z)= Y ra(p) =0 ) =0 2 - (RES)
a a

cyc cyc cyc
2 Mitrinovici 2 2
"~

A
Z r,.ctg? (E) = pT > = 27r (LHS)

cyc

Equality holds for: a=b=c
4155. In AABC the following relationship holds:
Yl e
bc bc

cyc cyc
Proposed by Marin Chirciu-Romania
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Solution by Mirsadix Muzefferov-Azerbaijan

LHS = z Z _Z 6F _ 6F _ 3
bc bc Ziabc abc 4RF 2R

cyc cyc cyc

RHS __a r r_AM;GM s[roryr. 33 p2r _
bc ac b - (abc)? 16F2R?
33 l‘ 3 LHS
— > - =
16p2R2r2 161‘R2 - 8R3 2R

So, RHS > LHS (Proved)
Equality holds if : a=b=c

4156. In AABC the following relationship holds:

tan? (4 tan? (4
o) s
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

In AABC wlog a<b<c; hy=>h, > h_;

an(3) <1 3) < an(§) 5.
an > an > an 2) i S
tan (A Chebyshev

Z ha = 32 Z an (g) Ztan2<g> (1)

cyc

cyc cyc cyc
t an Chebyshev A
U TETLS LY e (§)- £ e () 2
ra 2
cyc cyc cyc cyc

From (1) and (2) we obtain..
1 A
LHS > 52 tan? (E) > RHS (Proved)

cyc

Equality holds iff: a=b=c
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4157. In any A ABC the following relationship holds :

Z a? + b2 Z
cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
Letvs—a=x,Vvs—b=y,vVs—c=z(v(s—a),(s—b),(s—c)>0)

andthen:s—a=x2,s—b=y2,s—c=z2=>35—25=Zx2andso,

cyc

2+c2 ?
a=y2+z2,b=z2+x2,c=x2+y2-'-z Z

cyc cyc

Z x((Z% +x2)%2 + (%2 + y2)2) ? (y? + zz)z.\/Z(y2 +z )
Vrs Vrs

cyc cyc

=3 Z (y2 + z2)2./2(y? + z2) Z x((z +x2)% + (x% + yz)z))
cyc ) cyc
Now, Z (y? +22)%.{2(y?% + z2 Z ((y2 +z2)%(y + z))
= (y? cillf z2)2(y+z) + (2% + x?)?%*(z + ;cy)c+ (x? +y*)?%(x+y)
= x((z* +x1)% + (x* + y)B) +y((* +y2)? + (y* +29)) +
z((y? +z%)?% + (z% + x?)?) = Z (x((z2 +x2)% + (x% + yz)z)) = (%) is true

cyc

d Za2+b2<zz o " iff A ABC is equilateral (QED)
ana so, s , =1 1S equliatera
NCRE N

cyc cyc

Solution 2 by Jenish Rijal-Nepal

. " 1 1(1+1)P°W%Me“"1<1+1>@1+1<z
ere,we know: —= |[=|—+ — > — <
Jhe 2\1p T 2\\/r, Jr Jry  Jre Jhg
a? + b?
Now,we have: Z Z —+— _z
cyc cyc cyc Cyc

Equality holds if and only if the triangle is equilateral.
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4158. In acute AABC the following relationship holds:

HA HB HC
+—+—2>3
a b c

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

HA+HB+HC_ZHA_ZZRCOSA_ b2+c2—a2_zb2+cz—a2_
a b c a Z.2RsinA 2bcsinA AF -

cyc cyc cyc cyc

1 1
_ 2 2 R 2 _
_4F<Zb +Zc Z“) 4an
cyc cyc cyc cyc
1 IONESCU-WEITZENBOCK 1
=E(a2+b2+c2) > E-M/?_»F:\/g

Equality holds fora = b = c.
4159. In acute AABC the following relationship holds:

a N b N c -6
HAsinA HBsinB HCsinC
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a N b N c _z a _
HAsinA HBsinB HCsinC /Z.HAsinA

cyc

3 . = =}

= > =6
. si = A+B+C rn
o~ cosA -sinA o cos A cos (T) cosg

_Z 2Rsin A 1 JENSEN 1 3
 LJu2R

N =] W

Equality holds fora = b = c.
4160. In AABC the following relationship holds:
T rpre = 2713

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

F F F _ F3 _
s—a s—b s—c (-a)(s—b)(—-c)

rogrpre =

F3s F3s F MITRINOVIC
= = =Fs=1rs-s=rs =
s(s—a)(s—b)(s—c) F?

>7r-(3V3r) =1 27r% = 271

Equality holds fora = b = c.
4161. In acute AABC the following relationship holds:
HAsin A N HBsinB HCsinC -

N 3
a b c 2
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

HAsinA_I_HBsinB +HCsinC _ ZHAsinA _ ZZRcosAsinA _

a b c N a 2Rsin A

cyc cyc

JENSEN A+B+C T 3
=ZcosA < 3COS(T)=3COS§=E

cyc
Equality holds fora = b = c.
4162. In AABC the following relationship holds:
GA*? GB? GC?
a? * b2 * c?

Proposed by Nguyen Hung Cuong — Vietnam

3
2_
2

Solution by Daniel Sitaru — Romania

GA® GB® GC*_ GAZ_zzmg_
a? b? cz a? 3L.a>
cyc cyc
_222(b2+cz)—a2_1z 2b2+2C2 1a?
3 4q? 6 a2  a? 6/.a
cyc cyc cyc
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2 b2+a2 N c2+b2 N a2+cz 1 3>
~ 6\\az b2 bz ¢? ¢z a? =

6
1 6 1_, 1_3
2

—(2+2+2)—— 3 :

w

Equality holds fora = b = c.

4163. In acute AABC the following relationship holds:

acosA bcosB ccosC 3V3
+ + <
HA HB HC 2

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

acosA bcosB ccosC acosA 2RsinA - cos A . JENSEN
+ + = = Z = Z sindA <
HA HB HC HA 2Rcos A
cyc cyc cyc
< 3si (A+B+C)_3_1t_3\/§ 3v3
< 3sin 3 =3sing = > =3

Equality holds fora = b = c.

4164. In AABC the following relationship holds:
GA* + GB* + GC* < 3R?
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

GA2+GBZ+GCZ=ZGA2=Z( ma) QZmaz

cyc cyc cyc
1 1 GERRETSEN
(a2+b2+cz)=—(a2+b2+cz)=§-2(sz—r2—4Rr) <

|
O
B w

2 2 R?
= +3r2+4Rr —1r* — 4Rr) = = + 2r +2-—
3(4R2 3 4R 4Rr) (4R2 2r’) =—(4R*> +2- 2
2 18R%? 18R?
—_ = :3R2
3 4 6
Equality holds fora = b = c.
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4165. In AABC the following relationship holds:

ha hy he_6r

r. T, T, R
Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

R ) D) S SO SLIE

cyc cyc g — cyc cyc cyc

ab + bc + ca s2 + 1%+ 4Rr

abc 4Rrs

s2 + 1% + 4Rr — 12Rr GERRETSEN
>
4Rr -
- 16Rr—5r2+r2—8Rr_8Rr—4r2 _4R—2rEU£ER4-2r—2r_ 6r
- 4Rr - 2Rr R - R "R
Equality holds fora = b = c.
4166. In AABC the following relationship holds:

h, h, h, 6r
—t—4—>—
r, T. T, R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

ha hb hc

Trp re rq

_Zzs—

e _p cyc

>
- abc s -4RF

63 F2 63 F 63[rs 63/1” >6r
= = = —_—— _— —
4sRF 4sR 4sR 4R — R

3

@r>(r) o= >r oR2>4r2oR>2
— > (= — r r
4R~ \R 4~ R?

anam Sil(s —a)(s—b)(s—) _ 63\/5(5 ~a)(s—b)(s—0) _
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Equality holds fora = b = c.

4167. In AABC the following relationship holds:

h,h, hyh, h:h 1272
a’b n b'*c n c'ta > >
Talp Tpre 71T R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

mm+mm+mMMgm;(mmmf
rarb rbrc rcra

2F 2F 2F \? 2
4 S _33 8(s—a)(s—b)(s—0) _
= F F F - abc a

s—as—-b s—c
3 8S(S—a)(s—b)(s—c)2_ 3|/ gF? z_
=3 < sabc ) =3 <S'4RF> =
- 37(g>2 = 37(%; = 33\/4 (%)2 > 12 (%)2 27 4(%)2 > 123. (%)6

4 4
33-4233-43-(1) ,iz(i) ol>To R>2r (Euler)
R 16 R 2 R

raTpTe

w

Equality holds fora = b = c.
4168. In AABC the following relationship holds:

h, h hyh, h.h r?
a2b+ bzc_l_ cza212—2
re rg L R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

mm+mm+mm2;(mmmf

r2 r2 r? TTpT e
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. 2F 2F 2F \? 2
., ( 2F 2F 2F ) =33\[<8(s—a)(s—b)(s—c)> _
F F F abc

s—a s—b s—c

_33 8s(s—a)(s—b)(s—0¢) 2_ 3| 8F2 2_
- ( sabc ) - <s-4RF> B

3| /2F\2 er rz
=3 (RS> _3 RS =3 4(z) z12( ‘o
27-4() > 123 (;)6@33 4>33. (R %z(r) si>loR>2r

Equality holds fora = b = c.
4169. In acute AABC the following relationship holds:

cotA sin? A
yo. 5
cotB sin? B

cyc cyc

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

b—a>b—-—c>a-c
cot4A < cotB <cotC

CEBYSHEV 1
Z(b—a) cotA > Z(b a) - ZcotA O@Z(b a)cotA=>0

cyc cyc cyc cyc

WLOG:aSbSc:{

Z(b +a)(b—a)cotA>0=> Z:(b2 —a?)cotd >0

cyc cyc

b% + c¢* — a?
:>Z(b2—az)-TZO=Z(b2—a2)(b2+c2—a2)20

cyc cyc
z:(b4 + b%c? — b%a? — a’b? —a*c* +a*) >0
cyc

Z (az(b2 +c% —a?) — b*(a® + c? - bz)) >0

cyc
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Z +c%2 — a? Z Z cotA sin? A
a? +c%2 —b% — cotB sinZ B

cyc cyc cyc cyc

Equality holds fora = b = c.
4170. In AABC the following relationship holds:

sinAdA+sinB sinB+sinC sinC +sind
c " a " B
coss cos5 cos 5

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

. A+B___A-B
sinA+sinB " 2SIn—5—C0s—
Z—c ) c

cyc COSi cyc COSi
- B
sm cos5 cos A — B JENSEN
=2 Z =2 Z =2 Z cos 2 <
cyc cos cyc cos cyc
A—-B B-C C-A

2 T2 t 3 0

<2-:-3-cos 3 =6cos(§)=6c050=6-1=6

Equality holds for A = B = C.
4171. In AABC the following relationship holds:
a*+b* b*+c* c*+at

+ + > 32
h3 h3 n} '

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a4+b4_|_b4+c4_|_c4+a4 a‘*+b4>
h3 h3 h; h3 =

cyc

AM—-GM a’b? am-em 3| (abc)* 6abc ,
> [ — > . — =
2 22 2 23ﬁmmmﬁ hahyh, P
cyc
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6abc 6(abc)?
“2F 2F 2P VTS g TS
a b ¢
EULER 6 - 16 R2F> MITRINOVIC 12R? 3
> ——38rzs > —— |8r2-3\3r=
8F3 F
12R? 24+/3R? mITRINOVIC 24+/3 - R? EULER
= - 24/3r = > ———=16R > 16-2r =32r

3V3
5 R

Equality holds fora = b = c.
4172. In AABC the following relationship holds:

3
JasinA + Vbsin B + Vcsin € < 54\/27122

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

CBS
VasinA++VbsinB ++csinC < \/(a+ b+ c)(sin2 A + sin? B + sin? C) =

S
2R < \/ﬁ (4R%? + 4Rr + 312 —r%2 — 4RT) <

3v3_ 1 EULER |3+/3 R2 3v3 9R2
< |S5R--(4R?+2r2) < |5 (4R? 42> = /_._:
—jz gr (4RE+2r7) < \/2R< * 4) 2R 2

3 3
=3 /3\/§R =_Y27R?

2
Equality holds fora = b = c.

4173. In AABC the following relationship holds:

\/ s2 — r2 — ARr GERRETSEN MITRINOVIC
= |25

9V2R
4

Proposed by Nguyen Hung Cuong — Vietnam

Jasin3 A ++/bsin3 B ++/csin3 C <

Solution by Daniel Sitaru — Romania

\/asin3A+\/bsin3B+\/csin3C=z\/asin3 =

cyc

63 | RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
a
= D J2ZRsin"A=VIR ) sin?A=VIR ) i =

cyc cyc cyc
_ V2R , V2R .
= .Za = o7 2(s* — 2 —4Rr) <
cyc
GERRETSEN ZR
< (4R?> + 4Rr + 3r*> — 1%  — 4Rr) =
2R?
\/2 (4R? + 212 EUéER 2R AR? 4 2 R? 3 V2R 18R? 3 9v2R
= 2R? )= SRz 4 2RZ 4 ~ a

Equality holds fora = b = c.
4174. In AABC the following relationship holds:

A b B+ C 3V6R
acos2 cos> ccosz_ >

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

A B C CBS ]ENSEN
acosi bcosi+ ccos—< Z Zcos— <

cyc cyc

A+B+C P f V3 /
S\/Zs-Scos(T>= 6s-cosg= 6s-7= 3V3s

Remains to prove:

3v/3s < 3“_ o 3V3s < 2R 23V3s<27R e s < T os< iR (MITRINOVIC)

Equality holds fora = b = c.
4175. In AABC the following relationship holds:

A B ¢ 3V12R?
asmE+ bsmE+ csin-<——

2 2

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

A B C cBs AIENSEN A+B+C
\/asini+\jbsm2+\/csm— < \/Z Zsm— jzs.gsin(T)=

cyc cyc

’ L 1
= 6s-smg— 6S'E—\/§S

Remains to prove:

Ao p2
V3s<?3 ;2R®3SS912R <:>4s<3x/12RZ<:>s<32ﬂz s<3’f$

(MITRINOVIC). Equality holds fora = b = c.
4176. In AABC the following relationship holds:

3V6R
2

Proposed by Nguyen Hung Cuong — Vietnam

VasinA +VbsinB + Vcsin € <

Solution by Daniel Sitaru — Romania

VasinA4 +VbsinB ++csinC = Z\/asin =

cyc

=2 o 267 Zv—v—f

cyc

Remains to prove:

sﬁ< 3V6R  2s? - 9.6R

JR- 2 °R="a

2
8s2 < 54R? & s* < 274 s< ﬂ (MITRINOVIC)

Equality holds fora = b = c.
4177. In AABC the following relationship holds:

y B C < si A B C
cos A cos B cos _smzsmzsm2

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

We use:
Acos B cos C s’ — (2R +1)? A_ B _ C r
cosAcosBcosC = ARZ , smzsmzsm2 iR
We must prove:
2 2
s*—(2R+71)
< — Z— (2R 2<R
k2 Sag S T(ZRATI<Rr

s2 <4R?> +4Rr + 1?2+ Rr = 4R? + 5Rr + 1?

GERRETSEN
s2 < 4R? + 4Rr + 312 < 4R?>+5Rr+1r’ o

& 31r’ <Rr +1* © Rr > 2r? © R > 2r (Euler)
Equality holds fora = b = c.
4178. In AABC the following relationship holds:

A B C

sinAsin BsinC < cosicosfcosi

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

- . . sTr S
We use: sinA4sinBsinC = —; cos cos cos— = —
2R 4R

We must prove that:

ST s r 1
S <> o-—<—o2r<R (Euler)
2R 4R 2R 4R

Equality holds for A = B = C.
4179. In AABC the following relationship holds:

sind sinB sinC /3
bt <o
T, Tp T 2r

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

sin4 sinB sinC smA
+ + z ZR

rq ry re
cyc cyc S —

66 RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

=%Zu(s—a)=%<52a—2az>=

cyc cyc cyc
1 2r(r + 4R)
m(s 2s — 2s% + 2r? 8Rr)=T=
R 1 9
=r(r+4-R) =r+4-R EUéER7+4R =7+4MITRI<N0VIC Z _ 3 =ﬁ
Rrs Rs - Rs s - 3V3r 2V3r 2r

Equality holds fora = b = c.
4180. In AABC the following relationship holds:

sind sinB sinC 3
+ + > —
Tp T Ta R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

Ty T, Tq

33 a b c (s—a)(s—b)(s—c) 3 F? 3abc
2R 2R 2R F3 be m = SF
_ 3 3|4RF _ 3 3/4R 3 s_3 2 V3
" 2R || sF 3\/— s 2R V3 R

Equality holds fora = b = ¢

4181. In AABC the following relationship holds:

A B C V3
—t—+—=—=
a b c 3R
Proposed by Pavlos Trifon-Greece

Solution by Mirsadix Muzefferov-Azerbaijan

sin4A sinB sinC 3(sin 4 sin B sin C
+ + =3
Tal'pTc

sind sinB sinC < (3\/5)3

It is known that in AABC holds: <
B c 21
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A B CAM;GM33A-B'C_33 1 (211)3_3 1 2m n\/_
b - a-b-c ~J@R3 \3v3/ ~° 2R 3v3 3R

Equality holdsif a=b =c

4182. In any A ABC the following relationship holds :

ah, bh, ch, 12v3r?
+ + >

I, r, n, R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

AM-GM 3 |abc.h, hyh 3 [4Rrs. 2r?s? Mitrinovic 61/3. 12
LHS > 3. |—2Pc_3 [ > —63rzs >

e Rrs? r
Euler 2 ah bh ch l‘2
> —12\/_—andso b 4+ %>12V3.— VAABC,
[ I'q Iy R

= ""iff A ABC is equilateral (QED)

4183. In any A ABC the following relationship holds :

a+h, b+h, c+h,
b ——+ >(6+4\/—)—
rC ra

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

AM-GM 3| abc 3|h hbh 4-Rrs 3|2r2g2 M1tr1nov1c
LHS = 3. + 3.
I, Il ryIple Rrs?

3 3|4 2s 3 3| 8r3 Elier 6r 6r Euler 12r (6 4\/_)
43 o 2 —+— + (64
s 343 R. 4r2 v3.r R ~ V3R R

a+ hy b+hc+c+h

> (6 + 4V3). —VAABC
rc I, Iy

= ""iff A ABC is equilateral (QED)

and so,
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4184. In AABC the following relationship holds:

Ty, +T1p r.+71p Tyt 7, - 4+/3r

+ =
2 2 2 _ g2
\/r,zl + 1,y + 15 \/r% + 1.y + 18 VT +Tarc+TE  V3R?-8r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

3 Radon
Z Te+1 (ro+1p)2 &

cyc \/rﬁ +1rary +TE oy \[(rﬁ + 1Ty +12)(1g + 1)

3 3
- (2(rg + 1y +1))? - (20rg+ 1, +71))? _

, 1
Beyelri+mary +13) e+ 1)) <¥ R2.2(rg+1p + rc)>

22 4(4R + ) *Y" 4. 9r  4/3r 4/3r
= (ret+rp+r)= = =
3V3R
V2

~R<+{3R2-8r2-> R?<3R?>?-8r’-> R?>41r*>-> R >2r (True)
Equality holds for: a=b=c

N =

3V3R 3vV3R R ~ 3Rz —gr2

4185. In AABC the following relationship holds:
m, +m, m, +m, m, +m, - 4+/3r

2 2 R
\/mﬁ + mgmy, + m; \/m% + mmy, + mj Jm + mgme +m

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

3 Radon
Z m, +m, B (m, +m,)2 S
cyc \/mﬁ +mgm, +mi oy \/(mﬁ + mymy, + m2)(m, + my,)
3 3
(2(mg + my + m,))? - (2(m, + my, + m))? _
1= 1=
) 1 1
(Zeye(mi + mgmy, + m})(m, +my))? <¥R2. 2(m, + my + mc))2
2V2 (o + ) G‘"é"“" 4.9r 4\3r
=———(m,+my,+m,) = =
3V3R - ¢ ¢ 3V3R R
V2
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Leibniz 3 27

3
~mZ +mgm, + m; =Z(a2 +b2+c%) < Z.9R2 =TR2

Equality holds for: a=b=c

4186.

I(In any A ABC such that a # b # ¢, the following relationship holds :\I
{ a’r, b?r, c’r, 27R? $
|

<
@—b)a—0o b-ob-a (c—a)ic—b) = 4r
In any A ABC, the following relationship holds : abc > 24v3.r3 |

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

a’ry b’r, c’r, _

(a—b)(a—C)+(b—c)(b—a)+ (c—a)(c—b)
-rs

SR e T GRURCICRI ICR)

cyc

-1
= . (az(b —c)(—s? +sa+ bc)) =
(a—b)(b—c)(c—a)r Zyc:

1 l/_SZZ(az(b—c))+sZ(a3(b—c)) +\

cyc cyc

= . |
(a=b)(b-c)(c—a) abe > (alb - c))
\ 2. J
. a’r, b%r, c’r, B
“a-ba-o ®-ob-a -aic—b)

-1
(@a-b)(b-0(c—ar (‘SZZ (a*®-0)+ SZ (a3 - c))) O,
cyc cyc
NOW'Z (az(b - C)) =a%’(b—-c)+b%(c—a)+c?(a—b) =

cyc

a?(b—c)+bcb—c)—ab-c)b+¢c)=(b-rc) ((a2 — ab) — (ac—bc))
=—(-c(a-b)c—a) > —szz (a?(b- ) =s*(@a-b)b-)(c-a) > @

cyc
Again,Z (a3(b - c)) =a3(b-c)+b3(c—a)+c(a—b)
cyc

=a3( —-c) +bec(b—c)(b+c)—alb-c)b?+bc+c?)
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= (b — c¢)(a® + b%c + bc? — ab? — abc — ac?)
= (b—-c) (a(a—b)(a+b) —c2(a—b) —bc(a—b))
= (-c)(a—b) ((a2 —¢?) + (ab — bc)) = —(b-c)(a-b)(c—a)a+b+c)

= SZ (a3(b — c)) =-2s2(a—b)(b-c)(c—a) > B) ~ (1), and 3) =
cyc
a’r, N b?r, N c’r, 3
(a=b)(a—c) (b-c)(b—a) (c—a)c—b)
-1 s2 Mitrinovic 27R?
—<2(g — _ _ _> .
@B -9k ar (S@-Db-OC-a)= < S
equality doesn’t occur because a # b # c and so,
a’r, b?r, c’r, 2
+ + <
(a—b)a—c) (b-c)(b—a) (c—a)(c—Db) 4r
Mitrinovic

and
Euler

Also,abc = 4Rrs > 8r2.3V3.r = 24v/3.r3V A ABC,
" =""iff A ABC is equilateral (QED)

v A ABC (QED)

4187. In AABC ,let M € AC,K € BC,
N € AB where M is the midpoint of AC ,then:

6abc — ba® — bc?
64R

[MNK] min. —

Proposed by Adgozel Adgozalov-Azerbaijan
Solution by Tapas Das-India

7

¢
&

) bfa

7

@ o— Dt R ' 0 C

Let BN = KC =x&0 < x <min(a,c),
1/b . _cx
[AMN] = E(E) .(c—x)sinA = ” [ABC]as
1 . . 2
([ABC] = Ebc sinA thensinA = E[ABC])
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similarly, [CMK] = %.;xsinc = % [ABC]& [BNK] = %x(x — a)[ABC]
[MNK]
Now, [MNK] = [ABC] ~ [AMN] ~ [BNK] ~ [CMK]or, =0
- 1_C—x_x(a—x)_i —( x> —(a+c)x+ ac) (1)

2c ac 2a 2ac
letf(x) =2x*-(a+co)x+ac,f'(x)=4x—(a+c),f"x)=4>0,f (x)

. a+c a+c
=0 givesx = 2 andf’( )>0

4
(x)mini . _a+c& (a+c>_2(a+c)2 (a+c)2+
so f(x)minimum at x = 2 T )= 16 2 ac
6ac — a* — c?
B 8
From(1)we get
[MNK] _6ac—a2—c2 (ABC] _6ac—a —c? abc 6abc — ba? — bc?
min. < 8 x 2ac 8x2ac 4R 64R

4188. In any acute AABC the following relationship holds:

acota+bcotB+ccotC_ 5
ha hb hc a

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

acotA+bcotB+ccotC_ acotA cosA Z b2+c —a?
h, hy h, 4. h, ZF sind _ 2F “2bcsinA

cyc Y a cyc
11
" 2F AF

cyc

a?(b? + ¢* — a?) =

1
(2a?b? + 2b%*c? + 2c¢*a? —a* — b* — ¢*) = — - 16F? =

8F2 8F?

4189. In AABC the following relationship holds:

ab bc ca
+ Y + > 72r?

sin= snB_
3 smy

Proposed by Nguyen Hung Cuong — Vietnam

sin &
2
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Solution by Daniel Sitaru — Romania

ab bc ca ab CEBYSHEV 1 1 ]ENSEN
¢t At B=Z z Z

3 MITRINOVIC 2 2 1 EULER
— > . >
3(s + 1%+ 4Rr) - (A+B+C) > (27r* +r* + 4Rr) i
sin —6 6

1
>(28r24+4-2r-r)- T= 2(28r% + 8r2) =2 -361% = 72r?

2
Equality holds fora = b = c.

4190. In AABC the following relationship holds:

a N b N c .
h,sinA hpsinB h.sinC —

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b
hasinA+hbsinB+hcsinC_ h,sinA
cyc
~ a _R\__R, R _ZREURZ 2r_
_Zg_i_f T F T YT 5 T T
¢ g ‘2R cyc

Equality holds fora = b = c.
4191. In AABC the following relationship holds:

a b c
+ + CZ4\/§

. A . B i
h, sin hbsmf hcsmi

2
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b CEBYSEV
W BT CZ .A zZF. ZFZ

h, sin Vi h, sm > h, sm cyc hg sin cyc m— cyc S

73 RMM-TRIANGLE MARATHON 4101-4200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 JENSEN 1
> o
_ZF 32 Z - 6FZ i A+B+C) ZFE 1

cyc cyc Sln cyc 6 cyc 2

1 GERRETSEN 2 2(12Rr — 61
=r—s-2(s2—r2—4-Rr) > —(16Rr—5r — 12 —4Rr) = ( )

rs
_ 2(12R-6r) _ 12(2R-7)
S

> 4+/3 @<= 3(2R — 1) > sV/3 (to prove)

DOUCET
sV3 4R+r<3(2R-71), 4R+ r <6R—3r, R>2r (Euler)

Equality holds fora = b = c.
4192. In AABC the following relationship holds:
sin A - V3
h, R

cyc

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a
sin 4 2R
= ] b —
hy, 2F  4RF a
cyc cye °p cyc
MITRINOVIC 1
= ARTs . (SZ + 1"2 + 4-RT) > —3\/_ (SZ + rZ + 4-RT) >
4Rr
GERRETSEN 1 (16R 612 112 4 4R ) 1 208 \ 2)
r — or T Tr)= r—4r —
6\V3R2r 6vV3R2r
_ 2r(10R-2r) _ 10R-2r _ V3 B
= sy~ s 2 r ©10R-2r29R S R=2r (Euler)

Equality holds fora = b = c.
4193. In AABC the following relationship holds:

sind 3
2 —_—
h, - R

cyc

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

sinA 2 AR MITRINOVIC
- Thoc -r° - >
Z h, 4-RFZ (s> —r*—4Rr) =
cyc CJ’C a cyc
: (s> —1? —4Rr) = ! (s* —1r2 —4Rr) >
B 3\/_ 3R 3vV3R2r =
2Rr
GERRETSEN 1 6r(2R —r
= (16Rr — 51 — 12 — 4Rr) = ¥ —
3V3R?r 3vV3R2r
__2(2R-1) _ V3

=~ hr 2—@2(2R—r)>3r 4R —2r > 3R < R > 2r (Euler)

Equality holds fora = b = c.
4194. In AABC the following relationship holds:

ab bc ca
2
+ Y + B > 24+/3r

C
Cos5 COS3  COSH

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

ab ab CEBYSHEV 1 ]ENSEN
ct At g= g 2 gpab Y —
7 S

cos cos co oye cos oye oye cos
1 1 AM M 1 1 >
25. ab -3 - TTBTC > nzab_\/_ 33/(abc)? =

= 7= YRFy - V3 s ramre "R 23 @) =

MITRINOVIC

> zﬁ-J(SrZ-sﬁr) =2v3 1641627 =23 -4 -3 1% = 24V312

Equality holds fora = b = c.

4195. In AABC the following relationship holds:
asinA bsinB csinC
™ + h, -+ h >3
Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

asinA bsinB c¢sinC asinA

h, R, R, I,

cyc

a
a: -+ 1 AM-6M 1 3abc
— 2R — 3 > . 3/ 3 — —
Z 2F 4-RFZa ~ abc 3 (abc) abc 3
a

cyc T4 cyc
Equality holds fora = b = c.
4196. In AABC the following relationship holds:

ab N bc N
sinC sinA sinB

> 24+/372

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

ab N bc N ca Z ab B ab _ 2R ab AM;GM 2R 33 ab bc ca _
sinC sinA sinB ZAusinC 4L, € c c a b
cyc cyc 2R

EULER MITRINOVIC
— 6RYabc = 6RY4Rrs > 6R-¥Y4 2r rs=12Rr?s >
3 EULER 3 3
>12R [r?2-3V3r > 12-2r- /(r\/§) = 241 - V3r = 243712

Equality holds fora = b = c.
4197. In AABC the following relationship holds:

ab bc ca
—+—+—>6V3r
c a b

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

EULER
= Bi/abc = 3§/4Rrs >

ab bc caAam-6M 3|ab bc ca
—toty 2 3

c a b c

MITRINOVIC

3 3 3
>34 2r-rs > 3-2Jr2-3\/§r=6\[(r\/§) = 6V3r

Equality holds fora = b = c.
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4198. In acute AABC the following relationship holds:

a N b N c - 83
A B C— 3
h, cos? 7 hp cos? 5 ke cos? 5

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c AM—GM _, abc
+ + > 3 > =

A B
h, cos? 7 h;, cos? 2 h. cos? 2 h,hyh, (cos%4 cos g cos g)

=3

3 abc 3 33 (abc)? - 16R? B 16R?*F?% - 2R? B
E.E.E.(L)Z_ 8F%.-s? Fs?

3|32R%* EULER 3|32 -21r - R3 3 R\3 12R MITRINOVIC
=3 > 3 |———=3 (64 (—) = — >
Fs? rs3 s s

122
33~ 24 8 83

s 3V3 v3 3

Equality holds fora = b = c.

=

4199. In acute AABC the following relationship holds:

a b c 83

+ + >
A B C— 3
h, cos? 7 hp cos? 5 he cos? 5

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c AM—GM abc
o+ 5+ > 3 T o
h,cos?%  hjcos?5  hocos? h,hyh, (cos 5 €0S > €OS 7)
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_ g8 abc B (abc)? - 16R? S 16R?*F?% - 2R? B
- Z_F.Z_F.Z_F.(L)Z_ 8F.s? F3s?
a b ¢ \4R
3(32R% EULER 3|32 -2r-R3 3 R\?® 12R miTRINOVIC
=3 > 3 |——=3 64(—) =— =
Fs? rs3 s s
3v3. 24 8 83
s  3/3 v3 3
Equality holds fora = b = c.
4200. In acute AABC the following relationship holds:
a b
> 4+/3

T,C0SsA * T, COS B * r.cosC
Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania
We will use the next known result:

cosAcosBcosC S% (1)

a b c 3 abc
+ + >3 =
r,cC0sA r1,co0sB r.cosC T,TpTC0SAcos B cosC

o, abc 33\/8abc(s —a)(s—b)(s—0) B

3|8abc - F?2 3|4RF 3|4 R MITRINOVIC
=3 =6 =6 |— =
sF3 sF s

2 12V3
=6 —=—"=14+/3
V3 3

Equality holds fora = b = c.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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