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Abstract

We begin with an elementary quadrilateral problem proposed by Jafar Nikpour. Four centroids
associated with a fixed point and the consecutive sides of a quadrilateral form a parallelogram whose
sides are parallel to the diagonals of the original quadrilateral, and the two areas occur in the ratio
2:9. We give a self-contained proof of the original result and place it in a wider affine framework.
The ordinary centroids are replaced by weighted barycenters, the four vertices are allowed to be
noncoplanar, and the planar area identity is replaced by a vector-area identity. We also establish
a higher-dimensional Gram-determinant formula, characterize the unequal-weight case, extend the
construction to cyclic n-gons, and derive applications to tetrahedral sections, projected areas, and
pyramid volumes.

2020 Mathematics Subject Classification. Primary 51MO04; Secondary 51M25, 51N20.

Keywords. centroid; weighted barycenter; quadrilateral; parallelogram; vector area; skew quadrilat-
eral; Gram determinant; tetrahedron.

1 Introduction

Centroid constructions are especially well suited to vector and affine methods: a barycenter is an affine
combination, and differences of affine combinations often reveal hidden parallelisms. Classical examples
include the Varignon parallelogram and related midpoint and centroid configurations; see, for example,
[3, 4, 6]. General background on affine and Euclidean vector methods may be found in |2, 5.

One should distinguish the centroid of a finite system of vertices from the laminar centroid of the
polygonal region. These notions agree for every triangle but not for a general quadrilateral; a use-
ful discussion of this distinction appears in [1]. The present paper concerns centroids and weighted
barycenters of finite point systems.

Our starting point is the problem reproduced in Figure 1, whose source diagram attributes it to Jafar
Nikpour [7]. No publication data accompanied the supplied diagram. The purpose of this note is
to give the original problem a complete vector proof and then derive systematic planar, spatial, and
higher-dimensional extensions.

The principal observations are the following. Equal weights on two consecutive vertices cause the
common terms to cancel, leaving the two diagonal vectors of the original quadrilateral. This remains



true in every affine dimension. In three-dimensional space, even a skew quadrilateral therefore produces
a planar parallelogram. Its area is controlled by a cross product, while in R¢ the corresponding formula
is expressed by a Gram determinant. We also show that equality of the two consecutive weights is
necessary for the construction to work for every quadrilateral.

2 The original problem of Jafar Nikpour

Problem 1 (Nikpour). Let P, Ay, A, A3, A4 be points in a plane, with A3 A3 A3A, a simple quadri-
lateral. Let G1, Ga,Gs, G4 be the centroids of

APAAsg, APAyAs, APA3Ay, APA4A;,
respectively. Prove that
G1G2 || G3Gy || A1 As,
G2G3 || G4G || A2Ay,

and

2 Area(A1 A2A3A,) = 9 Area(G1G2G3GY).

Let P,A,,A, Ay A, are any points on a
plane and G, G,, Gy, G, are the centrods
of PA, A, PA, A, PA A, and PA A,
respectively. A,

1} gyasllaye a4,
# aelleelaa,
8) 8[A,A;A.A,]=9[CG,C,GG,]

Figure 1: The supplied formulation of the original problem, attributed in the diagram to Jafar Nikpour.

Proof. Let p,a;,g; denote the position vectors of P, A;, G;, respectively, and read indices cyclically.
Since G; is the centroid of APA;A; 1,

_Ptajt+a
=
3
Consequently,

— 1 1l——
G1Ga =gy —g1 = g(a:a —a)) = §A1A3,
R 1 11—
GaGs3 =g3 — g2 = 5(34 —ag) = §A2A4,

— 1—— — 1——
GsGy = —§A1A3, GGy = —§A2A4.



These vector identities prove both parallelism assertions and show that G1G2G3Gy is a parallelogram.

Put
u=az—aj, vV =a4 — as.

For planar vectors, let det(u, v) denote their oriented determinant. The shoelace formula, or a direct
expansion, gives
2 Area(A1A2A3Ay) = |det(u, v)|.

The adjacent sides of G1G2G3G4 are u/3 and v/3, and hence
Area(G1G2G3Gy) = é |det(u, v)]|.
Eliminating the determinant yields
9 Area(G1G2G3G4) = 2 Area(A1 Ay AsAy),
which completes the proof. O

Remark 2.1. The vector equalities remain valid without any convexity assumption and even in de-
generate cases. For a self-intersecting ordered quadrilateral, the area statement should be interpreted
using oriented area.

3 The spatial generalized problem

Let P, Ay, Ay, A3, A4 be arbitrary points of R3. The four points Ay, Ao, A3, A4 are not assumed to be
coplanar. Choose real numbers «, § such that

s=a+28 #0, c:g.

Read subscripts cyclically, so A5 = Aj, and define

__ap+ fBa; + Ba;

;=
S

i=1,2,3,4. (1)

Thus Gj is the weighted barycenter of P, A;, A; 11, with respective weights «, 5,8. When o = g =1,
it is the ordinary centroid of APA;A;41.

Define the two diagonal direction vectors

u=asz—aj, vV =ay — as. (2)
Spatial theorem
The points G1, Go, G3, G4 satisfy
G1G2 = cu, G2G3 = CV, (3)
G3G4 = —cCu, G4G1 = —CV.

Consequently:



1. G1G2G3Gy is a planar parallelogram, possibly degenerate, even when Ay A3 A3Ay is skew.
2. Whenever the relevant segments are nonzero, its sides are parallel to the two spatial diagonals:

G1Gs | G3Gy || A1As, G2Gs || G4Gy || A2Ay.

3. Its scalar area is

2
Area(G1G2G3Gy) = ¢ |lu x v|| = b 2 l(ag —a1) x (a4 — a2)|| . (4)

(v + 20

Proof of the side relations and coplanarity

Subtracting two consecutive formulas in (1) makes the common term ap cancel. For example,

ap + faz + faz — (ap + fa; + faz)
s

g2 — 81 =

= g(ag —aj) = cu.

Similarly,
g3 — 82 = c(as — az) = cv,
84 — 83 = c(a —a3) = —cu,
g1 — g4 = c(ag —ay) = —cv.
This proves (3). In particular,
g1+ 83 =82+ 84, (5)

so the two diagonals of G1G2G3Gy4 have the same midpoint. Equation (5) is valid in R3, and therefore
the four G;’s form a parallelogram and are automatically coplanar.

If ¢ # 0 and u x v # 0, the plane of this parallelogram has normal vector
n=uxv

and has the explicit equation

’n-(x—gl):().‘ (6)

Finally, the area of a parallelogram generated by the adjacent vectors cu and cv is

I(cw) x (ev)]| = ¢ [lux v]|,
which proves (4).
4 The correct notion of area for a skew quadrilateral

A skew quadrilateral does not bound a planar region, so it has no ordinary planar area. The appropriate
invariant is its vector area. For an ordered spatial polygon X1 X5 -+ X,,, define

1 n
A(Xl"'Xn):gzxi X Xjt1, Xnt1 = X1. (7)
i—1

4



This vector is independent of the choice of origin. Its component in a unit direction e is the oriented
area of the orthogonal projection of the polygon onto the plane perpendicular to e.

For the ordered quadrilateral A; As A3Ay, expansion gives

2A(A1A2A3A4) =aj; Xag+agyXag+agXas+a xXa
= (a3 — al) X (a4 — a2) (8)
=u X V.

Because G1G2G3Gy is a parallelogram, its vector area is the cross product of two adjacent side vectors:

A(G1G2G3Gy) = (g2 — 1) X (84 — 1)
2 o

= (cu) X (cv) = c*u x v.

Combining (8) and (9) yields the spatial area identity

(o +2B)2A(G1G2G3GYy) = 26%A(A1 A A3 Ay). (10)

If the A;’s are coplanar and listed around a simple quadrilateral, then ||A(A;A3A3A,)|| is its ordinary
area. Thus (10) reduces to

(Oz + 25)2 Area(G1G2G3G4) = 252 Area(A1A2A3A4). (11)
For ordinary centroids, a = 8 =1, and (11) becomes exactly

9 Area(G1G2G3G4) =2 Area(A1A2A3A4).

5 Sharp geometric refinements

Assume in this section that ¢ # 0 and u x v # 0, so the new parallelogram is nondegenerate. Since
its adjacent side vectors are cu and cv, all of its metric properties can be read directly from the two
diagonal directions of the original spatial quadrilateral.

Lengths, angle, and area

G1Ga| = [¢] [[ull,
GaGs| = || v,

COS ZG2G1G4 = &, (12)
[[al[ fv]

Area(G1G2G3Gy) = ¢ |ul| ||v| sin 6,

where 6 is the angle between u and v.



Complete shape criteria

Shape of G1G2G3Gy ‘ Necessary and sufficient condition

rectangle u-v=20
rhombus Il = [|v] (13)
square u-v=0and |ul| =|v]
The construction degenerates to a segment or a point precisely when
=0 or uxv=0. (14)
Indeed, 8 = 0 gives G; = --- = G4 = P, while u x v = 0 means that the two side directions are

linearly dependent.

6 Why the two adjacent weights must be equal

The equal weights on A; and A;41 are not an accidental choice. Consider the more general cyclic affine
construction \ et
ap A T YA+1
, a+ B+ 0. 15
P B+ # (15)
A quadrilateral is a parallelogram exactly when its diagonals have the same midpoint, that is, h;+hg =
hy + hy. Direct calculation gives

h; =

B—

hi +hy —hy —hy =
1 3 2 4 Oé+ﬁ+'7

(a; —ag +az — ay). (16)

Therefore:

e For a fixed quadrilateral, the H;’s form a parallelogram exactly when
(B—7)(a1 —az +a3 —a4) =0.
e The construction works for every choice of the four vertices if and only if 8 = ~.

o If B £ ~, it still works when a; 4+ a3 = as + a4, namely when the original A-quadrilateral is itself
a parallelogram.

This proves that equal adjacent weights are the unique universal choice producing the spatial parallel-
ogram theorem.

7 Extension to every Euclidean dimension

The side-vector proof used only affine subtraction, so it remains valid in R? for every d > 2. Cross
products do not exist in general dimensions, but the area of the parallelogram generated by u, v € R?
is determined by the Gram determinant [8]:

Areas(u,v) = \/det (u now v) = \/Hu\|2 [v[* = (u-v)2. (17)

v-u V-V



Hence the complete R? area formula is

Areas(G1GaGaGa) = /Il [v]]? = (u- v)2. (18)

Formula (18) follows because both generating vectors are multiplied by ¢, so the 2-dimensional area is
multiplied by ¢?. For d = 3, the square root in (18) is [u x v/|.

8 Cyclic n-gon generalization

Let Aq,..., A, € RY, with cyclic indices, and let g € R? and ¢ € R be fixed. Define
giZQ+C(ai+ai+1), 1=1,...,n. (19)

The weighted-barycenter construction is the special case

o B

q:a+25p’ c:a+25'
For every 1,
- e
GiGi—H = c(ai+2 — ai) = CAZ‘AH_Q. (20)

Thus the sides of the derived n-gon are scaled copies of the second-neighbor chords of the original
n-gon. In particular,

Perimeter(G; - - - Gy,) = || Z |AiAital. (21)
i=1

In R3, its vector area can also be calculated exactly. Using (7), translation invariance, and (19),

n
C2

A(Gr--Gn) = D (ai+ai1) X (a1 + airo)
=1

2 n
C
:202A(A1An)—|—5 Elai X a;49.
1=

For n = 4, the last sum vanishes in opposite pairs:
a; Xxaz+az xXaj;+ag Xag+ay xay=0.

Therefore (22) reduces to the quadrilateral identity (10).

9 Applications

9.1 A midpoint section of a tetrahedron

Let Ay, Ao, A3, A4 be the vertices of a nondegenerate tetrahedron, and let M; be the midpoint of the
cyclic edge A;A;41. This is (1) with a = 0, f = 1, and ¢ = 1/2. Hence the four edge midpoints are



coplanar and form a parallelogram:

1
MMy = A1 As,
2 (23)
MMz = §A2A4.
Its area and plane are
11— —
Area(M1M2M3M4) = Z HAlAg X A2A4 s (24)
(A1 A5 x AyAy) - (x - ‘5"‘2) — 0. (25)

This parallelogram is the intersection of the tetrahedron with the plane through those four midpoints.

9.2 The ordinary-centroid construction in space

Taking a = § = 1 gives ¢ = 1/3. Therefore, even for a skew quadrilateral,

1 1
G1Gy = ;A1 A3, GaoG3 = Az Ay,
il)) _— — ’ (26)
Area(G1G2GaGh) = ¢ HA1A3 x Ay Al

. 9A(G) = 2A(A).

Taking the dot product of the last identity with any unit vector e shows that the oriented projected
areas satisfy the same ratio 2 : 9 in every viewing direction. This is useful when only orthogonal
projections of a spatial polygon are available.

9.3 Volume of the pyramid with apex P

Assume that G1G2G3Gy is nondegenerate and use it as the base of a pyramid with apex P. Since

81— b=~ p{an+a — 2p) = clan +a; — 20).

and its oriented base-area vector is
(cu) x (ev) = Z(u x v),

the scalar triple-product formula gives

3
VOI(P — G1G2G3G4) = |63| |(a1 +as — 2p) . (u X V)‘ . (27)

As a useful special case, let P = A;, and let Vi = Vol(A;43A3A,). Put
b=a;—a;, d=a3—a;, e=ay—a.

Then u=d, v=e—b, and

(a2 — 1) - (a3 — &) x (au — a2)]| = [b-[d x (e — b)]|
—b-(dxo)
=6Vr.



Therefore,

VO](Al — G1G2G3G4) = 2‘C|3VT.

(28)

For the midpoint section ¢ = 1/2, this volume is V7 /4. For the ordinary-centroid construction ¢ = 1/3,

it is 2Vp/27.

10 A fully calculated spatial example

Take
P=(1,-1,2), A;=(0,0,0), As = (2,0,1),

A3 - (17370)7 A4 == <_17 174)7 o = 27 /3 =
Here s = 4 and ¢ = 1/4. Formula (1) gives

_2P+A1+A2_ 15
GI—T— 17 571 )
G 2Pt At Ay (515
2 — 4 - 47474 3

2P + As + Ay 11

= — - = 772
GB 4 <2727 >7

2P A+ A (11
Gy= A (1 2).

The two original diagonal vectors are

u:A3—A1:(1,3,0), V:A4—A2:(—3,1,3).

Direct subtraction confirms

13 1
G2_Gl - <4a470) - ZU,

313 1
Gz —Gg = <—47474> :Zva

1 1
G4_G3:—Zu, GI_G4:_ZV.

Thus the four computed points do form a parallelogram.

Moreover,
u-v=(1)(=3)+ (3)(1) + (0)(3) =0,

so the parallelogram is a rectangle. It is not a square because
[l =v10,  [Jv][=V19.

Its normal vector and area are

1
uxv=_(9-3,10), Area(G) = EVQQ +(=3)2+102 =

(31)



Using G1 = (1,—1/2,5/4), equation (6) becomes

(9,-3,10) <(x,y,z) - (122)) o,

|92 — 3y + 10z = 23], (32)

or, after simplification,

Substitution of each point in (29) verifies that all four lie in this plane.

11 Summary of the main formulas

With 5
= =A3— A =As— A
c a+ 26) u 3 1, v 4 2,
the entire construction is governed by
J— ——
G1G2 = cu, G2G3 = CV,
Area(G) = |lu x v||, A(G) = 22 A(A),
plane normal = u x v, square condition : u-v =0, |[ul| = ||v].

These formulas show that the original planar theorem is an affine and metric shadow of a more general
spatial phenomenon: equal weights on consecutive vertices convert the two diagonal directions of any
ordered spatial quadrilateral into the two side directions of a planar parallelogram.
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