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NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(V)
By Bogdan Fustei - Romania

We consider a nondegenerate Euclidean triangle ABC. We use the usual notation: a, b, c are the side lengths; s is the
semiperimeter; A is the area; r and R are the inradius and the circumradius; h,, hy,, h. are the altitudes; r,, 1y, , ¢
are the exradii; and n,, ny, n. are the Nagel cevians; 1, I, 1. are angle bisectors of a triangle.

We put:
Qa=+v(b-02+4r2, q,=+(c—a)2+4rz,  q.=.(a—b)2+4r
For an integer m, we consider the inequality:

3(nZ+nZ+n?) n, np n. \™R
) + R (1)
r Na—qa np—qp N¢—qc 2r

The problem is to determine the least integer exponent m for which (1) is true for every nondegenerate triangle.

THEOREM.

The least possible integer exponent is:

=7
For m = 2, equality holds only for the equilateral triangle.
PROOF.

We use the following Nagel-cevian identity [1]:

2o @)

r Na—(q,

and the identity:

|s2 =n?2 + 2r,h, |, (3)

together with their cyclic analogues.
From (2), since rf > 0and n, > 0, we obtain n, — q, >0. Therefore, all the denominators in (1) are strictly positive.
From (2), after cyclic summation, we obtain:
n, _ Iytrptre
chc Ma—Ga r (4)

To calculate the sum of the exradii, we put:

X=s—a  y=s—b, Z =S — C. X+y+z=s

Then:
A A A )

fa =% l‘b—§. re=-, A* = sxyz.

Also:
(x+y)(y +2)(z + x) = abc = 4Rrs,
but:
x+y)(y+2)(Z+x) =s(xy+yz+zx) — xyz
and:
and xyz = r?s. Therefore

Therefore:

Xy + yz + zx = 4Rr + r?,

Consequently:
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1 1 1 Xy +yz + zx
r,+rp+re =A(;+§+E> =Ax—yz=4R+r.
Using this result in (4), we obtain:
Seye == (5)
Now, from (3), after cyclic summation, we have:
nZ+nf+n2=3s2-2%.r,h, (6)
We calculate the last sum exactly. We shall use the elementary identities:
r,+r,+r.=4R+r, (7)
I,Tp + Il + I.I, = 2, (8)
I,TpTe = rs?, (9)
Indeed, for (8) we have:
.2 1 1y x+y+z
raly + Iplc +rery = A (E+ﬁ+;) = sxyzx—yz— s,
and, for (9):
A3
ralple = —— As = rs?.
We also know that:
h, = o) (10)
because both sides are equal to %; the analogous relations hold cyclically.
We put:
Si=r,+r, +rg, S, =11 + rpre + rery, Sz = rarpre.

From (10), after cyclic summation, we obtain:

1
chc r,h, =28; chc .

o (11)
The reciprocal sum can be written in the form:

1 siis,

chc Si—Ta  $15-S3’ (12)

Indeed, its numerator is:
(rb + rc)(rc + ra) + (rc + ra)(ra + rb) + (ra + I‘b)(rb + rc) = S% +S,,
and its denominator is:
(ra + rb)(rb + rc)(rc + ra) = 5,5, —Ss.
Using (7), (8) and (9) in (11) and (12), we obtain:

Y. rh, = 2rs2 (4R+1)2+s2 _ r((4R+r)2+sz).
cyc a’"a (4R+1)s2-rs2 2R

(13)

From (6) and (13) we obtain the exact identity:

s2(3R-r)-r(4R+r)?2
B a—

n2 +nf +n? = (14)

For m = 2, using (5) and (14), inequality (1) becomes:

3 s2(3BR—r1) —r(4R +1)? - (4R+1)? R

r2 R - r2 2r
After multiplication by the positive quantity 2Rr3, we obtain the equivalent inequality:
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6r(3R —r)s? < (4R + r)?(R? + 6r2).
Since R = 2r, we have 3R—r = 5r > 0. Thus, it is sufficient to prove:

§2 < (4R+1)%(R%+612)

6r(3R-r) (15)

We now use the upper Blundon inequality:

s2 < 2R% + 10Rr — r? + 2(R — 2r)/R(R — 2r). (16)

Therefore, it remains to show that the right-hand side of (16) is not greater than the right-hand side of (15). We put:

R 2 R—2r
X=—22, t= |[1—-—= R 0<t<1.

Then:
X=—
1—t2
We consider the difference:

PR = 2R J;rr();gR_z :) o) _ [2R2 + 10Rr — 1% + 2(R - 2r)JR(R — 21) |

After direct simplification, we obtain:

2r2t2(3-9)2 (1263 +9t2—6t+1)

FR 1) = 3(1-03(1403(t2+5) (17)
Finally:
123 +9t2 —6t+1=(1-3t)2+12t3 > 0. (18)

All the other factors in (17) are nonnegative, and the denominator is positive for 0 <t <1. Hence F(R,r) = 0. From
(16), we obtain (15), and consequently inequality (1) is true for m = 2.

THE EQUALITY CASE.

In (17), the factor in (18) is strictly positive for t > 0, and 3—t > 0. Therefore, equality is possible only for t =0, that
is:

t=0s R=2r.
By Euler’s inequality, R = 2r holds only for the equilateral triangle.
Conversely, in the equilateral triangle:

R = 2Zr, n, =ny, = n. = 3r, a =qp = qc = 2r.

Therefore:
3(n2 + nZ + n?
( a 2b C) =81,
r
and:
n n n 2R
( P 4 >—=92=81.
Ny —qa np — (gp Ne — (¢ 2r

Thus, equality holds exactly for the equilateral triangle.

THE OPTIMALITY OF THE EXPONENT.

For an equilateral triangle, inequality (1) with an arbitrary integer exponent m would require:
81 < 9™

But, for every integer m < 1:

9™ <9 < 81.
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Consequently, no integer exponent m <1 can satisfy (1) for all nondegenerate triangles. Since m = 2 has already

been proved, we obtain:
P=7)

FINAL RESULT.

For every nondegenerate Euclidean triangle, we have:

3(n2 + nf +n?) - ( n, N ny, N n, )2 R
r? na—J—0%+4rZ ny,—+/(c—a)+4r2 n.—./(a—b)?+4r2) 2r

The exponent 2 is the least possible integer exponent, and equality holds only for the equilateral triangle.

A SHARP MAX-DIFFERENCE CONSEQUENCE.

For arbitrary real numbers x,y, z, define
M = max{(x — y)? (y — 2)% (z — 0)%}.
The following sharp algebraic inequality holds:
3(x2+y2+z2)2(x+y+z)2+;M. (19)
Indeed,
3(x2+y?+2)) - (x+y+2)l=E-y)?+({—-2)?*+ (z—x)%
Assume, without loss of generality, that M = (x — y)2. Sincex —y = (x — z) + (z — y), we have

(=2 + 2= y)? 25 ((~D) + 2=y = 5 = Y2
Therefore, the preceding identity gives the stated inequality.
For the Nagel cevians, define
My = max{(n, — ny)?, (n, — nc)? (nc — n,)?}. (20)

Applying the sharp algebraic inequality to x = n,, y = ny, and z = n., we obtain

3(n2+n%+n?)>(n,+n,+n)?+ %MN. (21)
Combining this estimate with the proved case m = 2 of inequality (1), we obtain
(na+nb+nc)2+gMN 3 Yeyen? n, \ZR
r2 = r2 = ( na—qa) 2r (22)

Equality throughout this chain holds only for the equilateral triangle.
From (22) :
n,+np+ne 5 n,

r = 2r2 Na—(qa (23)
From (23):
n, +n, +ng < \/%(ra+rb+rc) (24)

From (24) and (7):
n, +n, +n; < \/25:(4-R+r) (25)

From [2]'(18):\/25: > lu:h—\/jrm; and (24) after summation: \/Zij(ra +r1p+re+hy+hy+h) =n, +ny +n.+ sv3

and multiplication:
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R svV3(ny+np+n,)
2r = (ra+rp+re) (hy+hy+he) (27)

From [2].(29): \/: o and (24) after summation:\/g> TaTh e la b e (28)

m,+my+m, 2r T mut+mp+metry+ry+re

and multiplication: Z > M (29)

m,+my+mg

From (28) and f >_*® _ . tter summation: \/ZE > ST i Iy 4Tt b4 (30)

~ ha+hy+h, r — h,+hy+he+m,+my+me+r,+ry+re

From [2]. (26): \/7 (and analogous) after summation:

atlp+le
\f(h +h,+hy) =1, +1b+1->\f_ha:h';:h (31)

R . R Ly +lp+
From (31) and \/; > fa'h¥e Strer summation: \/2: L LAL AL LALRAT (32)

m,+my+mg r = hat+hy+he+my+my+m,

R Ia+rp+re+l+Hlp+lc+n,+np+n
From (24) and (32) after summation: > b craTbTc T bl
2 h,+hy+h +my+mpy+me+ry+ry+re

(33)

sV3+ly+ly+lc+2(g +np +nc+r, +rp+r0)
2(h,+hp+he+my+my+me+r,+ryp+re)

From (30) and (33) after summation: \/% =

(34)

hy+hp+h+my+mpy+me+ry+rp+re

2R > sV3+ly+lp+lc+2(ny +np+n41, +rp+1C)
/ =

sV3

—_— W in:
Z hthpthe e obta

We know that : sv3 > m, + I, + 1. (and analogous)[3]( §11.26(a), p. 221)and \/7

5 my+lp+1¢
\/7 > I thy th, (and analogous) (35)

From (35) and \/g > 111—‘"* (and analogous):

R _ my+l +lp+l,
— > ————=(and analogous 36
2r = 2h,+hy+h ( gous) (36)

R mp+l+]1c E la R mp+215+1c
From \/7 > hothpih, and \/7 > h 2 obtain: \/7 > Thothyth, (and analogous)
(37)
From (37) and (24) :

R myp+21,+1c+n,+np+n,
—>_b—a ¢ a7 b <(a3nd analogous) (38)
2r 2h,+hy+he+ry+ry+re

From (36) and (24):

R my+l,+ly+Hlc+ny+np+ne
2r = 2ha+hp+hetdry4rptre

From (38) and (39):

(and analogous) (39)

2R > 2(na+ny+ng)+m,+my+31,+1p+ 21,
r 2h,+hp+he+ry+rp+re

(and analogous) (40)

From[5]: (28) : E = \/?%\/%(and analogous) and (24) we obtain:
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bt+c _ 2(ma+np+nc)h, [h,
> —_— —=
b —— /r (and analogous) (41)
From 2A= ah,=bh, = chc=2$r=(a+b+c)r$ =1+ —b+c - bte

char

From (41) and

b+c _h,+hp+h—3
y2res %cr (and analogous):

a

har o Matnytne a\/7(and analogous) (42)

2r T rptrptre 1

From (42) after summation ; 2ot *he=3r na+nb+n°2 ( (43)

2r T orptrptre

Ia+rp+re hy—

1 h, [h
From (42) : 2—‘; > m—“r\/; (and analogous) (44)

_ l 2_ n,+np+ng
From (43)andr, + 1, + 1. = 4R+ 15 +— > - TIwTS TR f (45)

. la 1 lc a C ha ha
From (44) after summation: +2‘;+ > Dot ?n Zﬁ\/; (46)

Ia+rp+re

_ L1 2R matnmptne e hy
From (46) andr, + 1, + 1. =4R+1:0+—> T Zha r\/7(47)

. 4R na+ny+ng h, ha na+nb+nc
From (45) and (47) after summation:1+ — > ———<-' 2 |24+ 2 2 ¢ 48
( ) ( ) r ha+hb+hc—3rzla r, ly+lp+le h,-r ( )

hahphe _ 2r
H —; Is well-known: —2b-c — Z e obtain:
IalpTc Ial'plc R’

na+nb+nc)3 hahphe
ra +rb+rc

From (44) 3 _(

3
6\/; 3| Llple Y/ (ha—r)(hy—r)(he—r) > n,+np+n, (49)

h,hyh, 2r Iy+rp+re

From [6].(1): n, = pa\/:}(and analogous) and (49):

6 R 3[ Llple 3/(ha—1)(hp—1)(h—1) “a+“b+“c+"af +"bf Pc\/; (50)
2r 4| hyhyh, r

ry+rp+re

1
Fromn, > pa\/g (and analogous) and n, + n, + n. < \/g(ra +r1p+ 1)

\/% (rp+r,+r) = pa\/g +ny, + n. (and analogous) (51)

From [5]. (32):2%\/%:\/?, n, +n,+n. < E(ra +r,+r.)andn, > pa\/g (and analogous):
- Na+np+nct+p, +Pb Pc
Z (ra r) \/r:a > \/7 \F \/; (52)

1, Ia+rp+re

From (5), (45), (47) and (48):

n, 2(ng+np+ng) why [hy

= — 53
Na—qa ha+hy+h=3r= 1, \/ ry ( )
n 2(ny+np+n;) h h
a Z a b C a Ha (54)
Na—qa L+l +1c h,-r4/ 1,
n, na+np+ne h, ha na+nb+nc
n,—q,  ha+hy+h=-3r= I, \/r, la+lb+l
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From [7]. :n g, = m,l, (and analogous) -n, > gala (and analogous) and (24) we obtain:

f (r 1y + 1) 2 22 4 “;":" ol (56)
From (24) and (56):

1. my,l 1,
2R n,,1+nb+nc+ma a,Tbb, Mcc

&R 2 8a gb 8c (57)

r ra+rp+re

From (57) and n, = pa\/;; (and analogous):

la Ic mala mblb mclc
’ +pb +Pc —. Tt
ZR 8| 8
- c b C (58)

ra+rb+rc

From [8]. (4): }ll—a “r +(b o (and analogous) and \/g > lll—a (and analogous):

\/7 _m (and analogous) (59)

From (59): \/g(ha —1) =2 n, —+/r? + (b — ¢)? (and analogous) after summation:
\/g(ha +hy, +h,—3r) >n, +n, +n,.—Y/rz + (b —c)? (60)
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