
 
JP.623  Find all values of 𝒏 in the range 𝟏 ≤ 𝒏 ≤ 𝟏𝟎 for which the sum 

𝑺 = ∑ ⌊√𝒌⌋

𝒏𝟐+𝒏

𝒌=𝟏

 

is a prime number. Here ⌊𝒙⌋ represents the integer part of 𝒙. 

Proposed by José Luis Díaz – Barrero – Spain  

Solution by proposer 

Let 𝑴 = 𝒏𝟐 + 𝒏. We evaluate the sum by grouping terms according to the value of 𝒋 =

⌊√𝒌⌋. The condition ⌊√𝒌⌋ = 𝒋 is equivalent to 

𝒋𝟐 ≤ 𝒌 < (𝒋 + 𝟏)𝟐 

Since 𝑴 = 𝒏𝟐 + 𝒏 satisfies 𝒏𝟐 ≤ 𝒏𝟐 + 𝒏 < (𝒏 + 𝟏)𝟐, the maximum integer value for 𝒋 is 

𝒏. For each 𝒋 from 𝟏 to 𝒏 − 𝟏, the number of terms is (𝒋 + 𝟏)𝟐 − 𝒋𝟐 = 𝟐𝒋 + 𝟏. For 𝒋 = 𝒏, 

the terms run from 𝒏𝟐 to 𝒏𝟐 + 𝒏, giving a total of (𝒏𝟐 + 𝒏) − 𝒏𝟐 + 𝟏 = 𝒏 + 𝟏 terms. Thus, 

the sum can be expressed as 

𝑺 = ∑ 𝒋(𝟐𝒋 + 𝟏)

𝒏−𝟏

𝒋=𝟏

+ 𝒏(𝒏 + 𝟏) = ∑(𝟐𝒋𝟐 + 𝒋) + 𝒏(𝒏 + 𝟏)

𝒏−𝟏

𝒋=𝟏

 

= 𝟐 (
(𝒏 − 𝟏)𝒏(𝟐𝒏 − 𝟏)

𝟔
) +

(𝒏 − 𝟏)𝒏

𝟐
+ 𝒏(𝒏 + 𝟏) 

from which we get the closed form polynomial. 

𝑺 =
𝒏(𝟒𝒏𝟐 + 𝟑𝒏 + 𝟓)

𝟔
 

Substituting integers 𝒏 from 𝟏 to 𝟏𝟎 into the expression yields 

For 𝒏 = 𝟏:
𝟏(𝟒(𝟏)𝟐+𝟑(𝟏)+𝟓)

𝟔
= 𝟐   (Prime) 

For 𝒏 = 𝟐:
𝟐(𝟒(𝟐)𝟐+𝟑(𝟐)+𝟓)

𝟔
= 𝟗   (Composite) 

For 𝒏 = 𝟑:
𝟑(𝟒(𝟑)𝟐+𝟑(𝟑)+𝟓)

𝟔
= 𝟐𝟓  (Composite) 

For 𝒏 = 𝟒:
𝟒(𝟒(𝟒)𝟐+𝟑(𝟒)+𝟓)

𝟔
= 𝟓𝟒   (Composite) 

For 𝒏 = 𝟓:
𝟓(𝟒(𝟓)𝟐+𝟑(𝟓)+𝟓)

𝟔
= 𝟏𝟎𝟎   (Composite) 

For 𝒏 = 𝟔:
𝟔(𝟒(𝟔)𝟐+𝟑(𝟔)+𝟓)

𝟔
= 𝟏𝟔𝟕   (Prime) 



 

For 𝒏 = 𝟕:
𝟕(𝟒(𝟕)𝟐+𝟑(𝟕)+𝟓)

𝟔
= 𝟐𝟓𝟗  (Composite) 

For 𝒏 = 𝟖:
𝟖(𝟒(𝟖)𝟐+𝟑(𝟖)+𝟓)

𝟔
= 𝟑𝟖𝟎   (Composite) 

For 𝒏 = 𝟗:
𝟗(𝟒(𝟗)𝟐+𝟑(𝟗)+𝟓)

𝟔
= 𝟓𝟑𝟒    (Composite) 

For 𝒏 = 𝟏𝟎:
𝟏𝟎(𝟒(𝟏𝟎)𝟐+𝟑(𝟏𝟎+𝟓)

𝟔
= 𝟕𝟐𝟓  (Composite) 

Finally, we conclude that the values of 𝒏 in the range 𝟏 ≤ 𝒏 ≤ 𝟏𝟎 for which the sum is a 

prime number are 𝒏 = 𝟏 and 𝒏 = 𝟔. 


