
 
JP.621 Determine all prime numbers 𝒑, 𝒒, 𝒓 such that: 

𝒑𝟐 + 𝒒𝟐 − 𝒓(𝒑 + 𝒒) = 𝟏𝟎𝟖 

Proposed by José Luis Díaz – Barrero – Spain  

Solution by proposer 

Considering the equation modulo 𝟐, we get 

𝒑𝟐 + 𝒒𝟐 − 𝒓(𝒑 − 𝒒) ≡ 𝟏𝟎𝟖 (𝒎𝒐𝒅 𝟐) 

Since 𝒙𝟐 ≡ 𝒙  (𝒎𝒐𝒅 𝟐) and 𝟏𝟎𝟖 ≡ 𝟎  (𝒎𝒐𝒅 𝟐), this simplifies to  

(𝒑 + 𝒒) − 𝒓(𝒑 − 𝒒) ≡ 𝟎    (𝒎𝒐𝒅 𝟐) 

If one of the primes is 𝟐 (let’s say 𝒑 = 𝟐 and 𝒒 is an odd prime), then 𝒑 − 𝒒 and 𝒑 + 𝒒 are 

both odd. The equation becomes: 

Odd −𝒓(Odd)≡ 𝟎  (𝒎𝒐𝒅 𝟐) 

This requires 𝒓 to be an odd prime. 

Next, we analyze the cases where one of the variables is a small prime. We distinguish the 

following cases: 

1. 𝒑 = 𝟐 and 𝒒 is an odd prime. Substituting 𝒑 = 𝟐 into the original equation yields  

𝟐𝟐 + 𝒒𝟐 − 𝒓(𝟐 − 𝒒) = 𝟏𝟎𝟖  from which we get 

𝒓 =
𝟏𝟎𝟒 − 𝒒𝟐

𝒒 − 𝟐
= −(𝒒 + 𝟐) +

𝟏𝟎𝟎

𝒒 − 𝟐
 

For 𝒓 to be an integer, 𝒒 − 𝟐 must be a positive divisor of 𝟏𝟎𝟎. 

The divisors of 𝟏𝟎𝟎 are 𝟏, 𝟐, 𝟒, 𝟓, 𝟏𝟎, 𝟐𝟎, 𝟐𝟓, 𝟓𝟎, 𝟏𝟎𝟎. 

Testing 𝒒 − 𝟐 = 𝟓, which gives 𝒒 = 𝟕 (a prime number) 

𝒓 = −(𝟕 + 𝟐) +
𝟏𝟎𝟎

𝟓
= −𝟗 + 𝟐𝟎 = 𝟏𝟏 

Since 𝟏𝟏 is a prime number, this yields a valid solution: (𝒑, 𝒒, 𝒓) = (𝟐, 𝟕, 𝟏𝟏) 

2. Explicit check of other divisors. For completeness, we test the remaining positive 

divisors of 𝟏𝟎𝟎 for 𝒒 − 𝟐, we have 

 𝒒 − 𝟐 = 𝟏 ⇒ 𝒒 = 𝟑, 𝒓 = −𝟓 + 𝟏𝟎𝟎 = 𝟗𝟓 (Not prime) 

 𝒒 − 𝟐 = 𝟐 ⇒ 𝒒 = 𝟒 (Not prime) 



 
 𝒒 − 𝟐 = 𝟒 ⇒ 𝒒 = 𝟔 (Not prime) 

 𝒒 − 𝟐 = 𝟏𝟎 ⇒ 𝒒 = 𝟏𝟐 (Not prime) 

 𝒒 − 𝟐 = 𝟐𝟎 ⇒ 𝒒 = 𝟐𝟐 (Not prime) 

 𝒒 − 𝟐 = 𝟐𝟓 ⇒ 𝒒 = 𝟐𝟕 (Not prime) 

 𝒒 − 𝟐 = 𝟓𝟎 ⇒ 𝒒 = 𝟓𝟐 (Not prime) 

 𝒒 − 𝟐 = 𝟏𝟎𝟎 ⇒ 𝒒 = 𝟏𝟎𝟐 (Not prime) 

3. Checking 𝒒 = 𝟐 with 𝒑 as an Odd Prime. If we swap roles and set 𝒒 = 𝟐, the formula for 

𝒓 becomes 

𝒓 = (𝒑 + 𝟐) −
𝟏𝟎𝟎

𝒑 − 𝟐
 

Testing the divisors of 𝟏𝟎𝟎 for 𝒑 − 𝟐 yields 

 𝒑 − 𝟐 = 𝟏 ⇒ 𝒑 = 𝟑, 𝒓 = 𝟓 − 𝟏𝟎𝟎 = −𝟗𝟓 (Negative, invalid) 

 𝒑 − 𝟐 = 𝟓 ⇒ 𝒑 = 𝟕, 𝒓 = 𝟗 − 𝟐𝟎 = −𝟏𝟏 (Negative, invalid) 

 All other divisors yields either non-prime values for 𝒑 or negative values for 𝒓. 

4. Checking 𝒑 = 𝒒. If 𝒑 = 𝒒, the term 𝒓(𝒑 − 𝒒) vanishes: 

𝒑𝟐 + 𝒑𝟐 = 𝟏𝟎𝟖 ⇒ 𝟐𝒑𝟐 = 𝟏𝟎𝟖 ⇒ 𝒑𝟐 = 𝟓𝟒 

Since 𝟓𝟒 is not a square, no solutions exist in this case. 

Thus, the only set of prime numbers (𝒑, 𝒒, 𝒓) satisfying the equation is 

(𝒑, 𝒒, 𝒓) = (𝟐, 𝟕, 𝟏𝟏) 

 


