
 
JP.616 Determine the largest positive value of the constant 𝒌 such that: 

𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
+

𝟏

𝒅𝟐
− 𝟒 ≥ 𝒌(𝒂 + 𝒃 + 𝒄 + 𝒅 − 𝟒) 

for any positive real numbers 𝒂, 𝒃, 𝒄, 𝒅 satisfying 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟒 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer  

For 𝒂 = 𝒄 = 𝒙 > 𝟎 and 𝒃 = 𝒅 =
𝟏

𝒙
, the constraint is satisfied and the inequality becomes 

𝒙𝟐 +
𝟏

𝒙𝟐
− 𝟐 ≥ 𝒌(𝒙 +

𝟏

𝒙
− 𝟐) , (𝒙 − 𝟏)𝟐[(𝒙 − 𝟏)𝟐 + 𝟒 − 𝒌] ≥ 𝟎. 

For 𝒙 → 𝟏, we get the necessary condition 𝒌 ≤ 𝟒. We claim that 𝟒 is the largest positive 

value of 𝒌. To show this, we need to prove that the inequality holds for 𝒌 = 𝟒, that is 

𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
+

𝟏

𝒅𝟐
+ 𝟏𝟐 ≥ 𝟒(𝒂 + 𝒃 + 𝒄 + 𝒅). 

Let 

𝒙 =
𝒂 + 𝒄

𝟐
, 𝒚 =

𝒃 + 𝒅

𝟐
, 𝒙𝒚 = 𝟏. 

By the AM-GM inequality, we have 

𝟏

𝒂𝟐
+

𝟏

𝒄𝟐
≥

𝟐

𝒂𝒄
≥

𝟖

(𝒂 + 𝒄)𝟐
=

𝟐

𝒙𝟐
. 

Similarly, 

𝟏

𝒃𝟐
+

𝟏

𝒅𝟐
≥

𝟐

𝒚𝟐
. 

So, it suffices to show that 

𝟏

𝒙𝟐
+

𝟏

𝒚𝟐
+ 𝟔 ≥ 𝟒(𝒙 + 𝒚),

𝟏

𝒙𝟐
+ 𝒙𝟐 + 𝟔 ≥ 𝟒(𝒙 +

𝟏

𝒙
), 

(𝒙 +
𝟏

𝒙
)
𝟐

+ 𝟒 ≥ 𝟒(𝒙 +
𝟏

𝒙
) , (𝒙 +

𝟏

𝒙
− 𝟐)

𝟐

≥ 𝟎. 

If 𝒌 = 𝟒, then the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏. 


