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PROBLEMS FOR JUNIORS

JP.616 Determine the largest positive value of the constant k such that:

1 1 1 1
—+ﬁ+—+ﬁ—42k(a+b+c+d—4)
for any positive real numbers a, b, ¢, d satisfying ab + bc + cd + da = 4
Proposed by Vasile Cirtoaje — Romania
Solution by proposer

Fora=c=x>0andb=d = i, the constraint is satisfied and the inequality becomes

1 1
x2+F—22k(x+;—2>, (x—1)2[(x—1)2+4—k] >0

For x — 1, we get the necessary condition k < 4. We claim that 4 is the largest positive

value of k. To show this, we need to prove that the inequality holds for k = 4, that is

1 1 1 1
_+ﬁ+c_2+ﬁ+12 >4(a+b+c+d).
Let
a+c b+d
T YT T
By the AM-GM inequality, we have
1 1 2 8 2
2z + Z > ac = @to? =z
Similarly,
1 1 2
@y

So, it suffices to show that

1 1 1, 1
P+}7+624(x+y), Ztx +624<x+;),

1\2 1 1 2
(x+—> +424(x+—>, (x+——2) > 0.
X X X

If kK = 4, then the equality occurswhena=b=c=d = 1.
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JP.617 Let a, b, ¢, d be nonnegative real numbers such that

a>b>c>dand (a+ d)(b + c) = 4. Prove that:

1_|_1_|_1_|_1>
a+3 b+3 c¢c+3 d+3

Proposed by Vasile Cirtoaje — Romania

1.

Solution by proposer

Denoting
a+d b+ c
=T YT
we have xy = 1. By the AM-HM inequality, we get
1 1 2

+ > .
b+3 c¢c+3 y+3
So, it suffices to show that

1_|_1_|_2>
a+3 d+3 y+3—

1,

1 N 1 >y+1 2(x+ 3) >y+1
a+3 d+3 y+3’ ad +6x+9  y+3

From (y—a)(y —d) < 0,wegetad < 2xy — y?> = 2 — y%, hence

2(x+3) - 2(x+3) . 2Qy+1)
ad+6x+9~ (2—y2)+6x+9 —-y3+11y+6

So, it suffices to show that

23y +1) >y+1
-y3+11y+6  y+3

which is equivalent to

y(y3+y?—-5y+3) >0, yy+3)(y—1)2>0.

The equality occursfora =b =c=d = 1.
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JP.618 Let x4, X5, ..., X;, > 0, where m > 2, and use the cyclic convention

Xm+1 = X1. Ifa > 1and 4 = 1, prove that

m

m
x((a — Dxg + 2%x541) 42 (X = Xp1)? -
§ 2 5 .2 2, .2 =M
AXj + Xieyq Xie T X1

k=1 k=1

and determine all equality cases.
Proposed by Mihaly Bencze — Romania

Solution by proposer
The inequality follows from a termwise estimate. Fix an index k and write
X = Xk Y = Xk+1-
Since x, y > 0, all denominators below are positive. First observe the following exact
identity:

x((@—Dx+2y) (x—y)? _ (a—-1Dx*(x—y)?
ax? + y? x2+y2 (ax?+y?)(x% +y?)

Indeed, after putting the left-hand side over the common denominator
(ax? + y*)(x? + y?), its numerator is
x((a— Dx +2y)(x% + y2) + (x — y)?(ax? + y?)
—(ax? + yH)(x* + y*) = (a — Dx*(x — y)*.
We now restore the coefficient A. Splitting A = 1 + (4 — 1) in the second fraction give

x((@a—Dx+2y) (x-y? = (a—Dx*(x—y)? N2
ax? + y? X2 +y? _(ax2+y2)(x2+y2)+(a_ )m_
(x—y)? (- 1Dx?
= W(’l -1t W)

The last expression is nonnegative because A —1 >0, -1 > 0,and x,y > 0.

Consequently, foreveryk =1,..,m

x (@ — Dy + 2x441) 42 (X — Xp41)?

>1
2, .2 2, .2 =
X} + Xes Xie T X1

Adding these m inequalities proves the required lower bound m.
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Equality

Because @ > 1 and x,y > 0, the coefficient

A-1 —(a; 1)xzz
ax-+y
is strictly positive. Hence equality in the k — th term occurs if and only if
Xk = Xk+1-

Equality in the sum therefore holds if and only if is true for every index k. With x,,,, 1 = x4,
this is equivalent to

X1 =Xy ==X, > 0.
Conversely, if all the variables are equal, each first fraction is 1 and every squared-
difference fraction is 0, so the left-hand side is exactly m. Thus the displayed family gives

all equality cases.

JP.619 Let a4, a,, ..., a,, be nonzero real numbers such that

a, + a, + a, = 1. Find the minimum value of

n 3

ay
Z a: +aza,., + a*
k=1 k k%k+1 k+1

where the subscripts are taken modulo n.
Proposed by José Luis Diaz — Barrero — Spain

Solution 1 by proposer

. 1 . 1 .
First observe thatwhena; = a, =--- = a,, = ;the given sum equals o So, we conjecture
that

n

a; 1
).z 23
= aj + A ayyg + Ayyq 3
Indeed, on account of the constrain, instead of the preceding we will prove the stronger

inequality

n

Z a; Jmtat-ta,
p z = -
aj + apQy,1ag,4 3

k=1
To do it, we consider the identity
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ai —a; a; — a3 a; — aj

a?+aja, +a2  di+a,az+ai ai+aya,+a
=(a;—az) + (@ —az) +-+(a, —ay) =0,
from which it follows

a:i + ag +...+ a‘?l
a?+aa,+a: a:+a,a;+ a az + a,a, + a?
1 1942 2 2 2U3 3 n n*“1 1
a3 a; - aj
== 2 2 2 2

a1+a1a2 a2+a2a3+a3 an+ana1+a1

Now, we have

ai + a4 4ot @n
ai + a;a, + a5 as+ aaz + a3 az + a,a, + a2

a + a3 a + a3 ad + a3
T taa,+ad ad+aa;+ai | ai+a,a;+a’
1 1942 2 2 2U43 3 n n“1 1
2 2 2 2
_(ag + a,)(a? — aja; + a?) - (a, + a;)(a? — aya, +a?)
a +aja, + a3 ai + aya; + aj

1 2
> 2[(@a+ @) + (@ + ag) + -+ (@n + @)l = 5 (@1 + @y + -+ ay)

The last inequality is true on account that
2 2
Aj — ApQyyq + Ap g

1
2 7 =32
ap +agagq +ag,,; 3
as can be easily checked. Then, we have:

n

D e T
2 2 =
e aj + ap g + Ay g 3

with equality whena; = a, =---=a, = %, and the conjecture is proven.
Finally, we may conclude that the minimum value of the given expression is %, and we are
done.
Solution 2 by Marin Chirciu-Romania
x3 2x-y 2 .
> — > :
Using pE—— 7 © (x y)4(x + y) 0 we obtain:
n
p— z Zak ak+1 1 1
D XA
Equality holds |f and onlyifa, =a, =---=a, ~
We deduce that min P = ;for a,=a;, =-=a, = %

Remark: The problem can be developed.
faqa,,..,a, >0Y}_,a; = 1and/1 > 0 then find min of

ak
a’ + Aaga,., + a?
=1k kY k+1 k+1

7 42-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Marin Chirciu

Solution:
x3 > 2x-y

X2 +Axy+y? T A+2
n

Using & (x —y)?(Ax + y) = 0 we obtain:

n

p Z a; Z 2ay, — Qyiq 1 zn: 1 X 1
= = = a, =———- = —
a; + A tag,, & A+2 A+24 k= 2+2 A+2

k=1
Equality holds ifand onlyif a; = a, = =a,, = %

. 1 1

We deduce that min P = mfor QG =a; =" =0, ="

Note: For A = 1 we obtain Problem JP.619 from RMM Number 42 — Autumn 2026.
JP.619.1f a4, ay, ..., a, = 0,X}_; a; = 1 then find min of
n

3
ag
a+a.a,.+a:
e aj + apayg + ayyq

Jose Luis Diaz — Barrero - Spain

JP.620 Determine the number of positive integers a such that a|12! but 18
does not divide a.
Proposed by José Luis Diaz — Barrero — Spain

Solution by proposer

The prime factorization of 12! involves all prime numbers less than or equal to 12, which

are {2,3,5,7,11}. Using Legendre’s formula, the exponents are

Forp=2: |2 +|2|+|2]=6+3+1=10=21
Forp=3: |2 +|Z|=4+1=5=3°

Forp = 5: % =2>052

Forp=7: |Z|=1=71

[ 7 |
Forp =11: | 2| =1 111,

and 12! =210.35.52.71.111

Next, the prime factorization of 18 is 18 = 21 - 32, Any divisor a of 12! takes the general
form a = 2 .3% .5% .7 .11°1

where the exponents are bounded by:
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e 0<e, <10

e 0<e3<5

e 0<e;<2

e 0<e; <1

e 0<e; <1
The condition states that 18 does not divide a(18 { a). Since 18 = 21 - 32, for 18 to
divide a, we would need to have at least one factor of 2 and at least two factors of 3.
Therefore, 18 does divide a if and only if e, > 1 and e3; = 2. Consequently, 18 does not
divide a if and only if this condition fails, meaning

e; =0 or e3<?2

To find the number of valid integers q, it is easier to find the total number of divisors of
12! and subtract the ones that are divisible by 18. We have
1. Total divisors of 12!:
Total=(10+1)G+1D2+1DA+1)(1+1)=11X6Xx3x2x2=792
2. Divisors of 12! That are divisible by 18: For 18|a, the exponents must satisfy 1 < e, <
10 and 2 < e3 < 5 (while e5, e;, e11 have their normal ranges).

e Choices for e,: 10 choices (1 to 10)

e Choices for e3: 4 choices (2 to 5)

e Choices for e5: 3 choices (0 to 2)

e Choices for e;: 2 choices (0 to 1)

e Choices for e1: 2 choices (0 to 1)
Divisors divisibleby 18 = 10 X4 X3 x 2 X 2 = 480
Finally, subtracting the invalid divisors from the total yields

Valid divisors = 792 — 480 = 312

JP.621 Determine all prime numbers p, g, r such that:
p*+q*—r(p+q) =108

Proposed by José Luis Diaz — Barrero — Spain
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Solution by proposer

Considering the equation modulo 2, we get

P +q*—r(p—q) =108 (mod 2)
Since x2 = x (mod 2) and 108 = 0 (mod 2), this simplifies to

P+q)—-r(p—q)=0 (mod2)
If one of the primes is 2 (let’s say p = 2 and q is an odd prime), then p — q and p + q are
both odd. The equation becomes:
0dd —r(0dd)= 0 (mod 2)

This requires 1 to be an odd prime.
Next, we analyze the cases where one of the variables is a small prime. We distinguish the
following cases:
1. p = 2 and q is an odd prime. Substituting p = 2 into the original equation yields
22 + q* — r(2 — q) = 108 from which we get

104 — ¢? 100
= = — 2 -
r 7—2 (g+2)+ q—2
For r to be an integer, g — 2 must be a positive divisor of 100.
The divisors of 100 are 1,2,4,5,10,20,25,50,100.

Testing ¢ — 2 = 5, which gives ¢ = 7 (a prime number)

100
r:_(7+2)+T:_9+20:11

Since 11 is a prime number, this yields a valid solution: (p,q,r) = (2,7,11)
2. Explicit check of other divisors. For completeness, we test the remaining positive
divisors of 100 for g — 2, we have

e gq—2=1=q=3,r=-5+100 = 95 (Not prime)

e gq—2=2>=q=4(Notprime)

e q—2=4=q = 6(Notprime)

e q—2=10 = q =12 (Not prime)

e q—2=20=q =22 (Not prime)
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e q—2=25= q =27 (Notprime)

e q—2=50=q=52(Not prime)
e q—2=100= g =102 (Not prime)
3. Checking g = 2 with p as an Odd Prime. If we swap roles and set g = 2, the formula for

r becomes

(p42y_ 100
r=\p p—Z

Testing the divisors of 100 for p — 2 yields
e p—2=1=>p=3,r=5-100 = —95 (Negative, invalid)
e p—2=5=>p=71r=9-20=—-11(Negative, invalid)
e All other divisors yields either non-prime values for p or negative values for r.
4. Checking p = q. If p = q, the term r(p — q) vanishes:
p? +p? =108 = 2p? =108 = p? = 54
Since 54 is not a square, no solutions exist in this case.
Thus, the only set of prime numbers (p, g, r) satisfying the equation is
(p.q1)=(2711)
JP.622 Let a, b, ¢ be positive reals such that a + b + ¢ = 3. Find the minimum

value of

a’?—ab+b* b: —bc+c%: c%-ca+ a?
+ +
b+ c c+a a+b

Proposed by José Luis Diaz — Barrero — Spain
Solution 1 by proposer
Since the given expression equals to ; when a = b = ¢ = 1 then we conjecture that

a’—ab+b* b —bc+c* c%-ca+ a?
+ +
b+c c+a a+b

3
> —.

2
Indeed, for any real numbers x and y, we have the identity

3 1 1
x? — xy + y? :Z(x—y)2+z(x+y)2 Zz(x+y)2
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Applying this bound to each numerator in the given expression gives

2 _ 2 2 2 2
za ab+b >1<(a+b) (b+c) +(c+a)>

b+c =4\ b+c c+a a+b

By the Cauchy — Schwarz inequality, we have

(@a+b)? _ ((@+b)+(B+0)+(c+a)’ (2a+2b+2c)?
> =
b+c = (b+c)+(c+a)+(a+b) 2(a+b+0)

cyc

=2(a+b+c)

Substituting this back into our inequality yields

Z:az—ab+bZ 1 2@+ b+ )_a+b+c
b+c g @ ¢ 2

cyc

Since a + b + ¢ = 3, then it follows that

zaz—ab+b2>3
b+c —2

cyc

Solution 2 by Marin Chirciu-Romania

a? — ab + b? sos a2+ b2 cs1 Ca)?+Cb)? 12¢Ga)? 1 3
P= Z b+c = 2(b+c)2§ Y(b+c) 2 2)Ya :Zza

Equality holdsifandonlyifa=b =c = 1.
We deduce that min P = ;for (a,b,c) =(1,1,1).

Remark: The problem can be developed.

Ifa,b,c > 0,) a = 3and A < 2 then find min of

Zaz—lab+b2
b+c

Marin Chirciu
Solution:

a? —Aab+b?sos~\o(2—-A)(@*+b*)es2—-12 Ca)?+ (Eb)?
P=) e 2 ). 2+0 — 2 Yb+o

2-22C0a)? 2-2 3
72 2Ya 2 'Z“:E(Z_D'

Equality holdsifandonlyifa=b =c = 1.
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We deduce that min P = %(2 —A)for(a,b,c) =(1,1,1).

Note: For A = 1 we obtain Problem JP.622 from RMM Number 42 — Autumn 2026.
JP.622.If a,b,c > 0,), a = 3 then find min of

Z:az—ab+b2
b+c

JP.623 Find all values of n in the range 1 < n < 10 for which the sum

Jose Luis Diaz — Barrero — Spain

=n2+n\/—
s ;[ k|

is a prime number. Here | x| represents the integer part of x.
Proposed by José Luis Diaz — Barrero — Spain

Solution by proposer
Let M = n? + n. We evaluate the sum by grouping terms according to the value of j =
[\/E] The condition [\/EJ = j is equivalent to

JP<k<(+1)?
Since M = n? + n satisfies n? < n? + n < (n + 1)?, the maximum integer value for j is
n. For each j from 1 to n — 1, the number of termsis (j + 1)2 — j2 = 2j + 1.Forj = n,

the terms run from n? to n? + n, giving a total of (n? + n) —n? + 1 = n + 1 terms. Thus,

the sum can be expressed as

n-1 n-1
S=) jj+1D)+nn+1)= ) 2j*+j) +n(n+1)

_2<(n—1)n(2n—1)>+(n—1)n+n(n+1)

N 6 2

from which we get the closed form polynomial.

n(4n? +3n+5)
S = 3

Substituting integers n from 1 to 10 into the expression yields
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2

Forn =1: w =2 (Prime)

2(4(2)2+3(2)+5) _

Forn = 2: — e = 9 (Composite)
2

Forn = 3: w 25 (Composite)

4(4(9)%+3(4)+5) _

Forn = 4: — e = 54 (Composite)
2

Forn = 5: w = 100 (Composite)
2

Forn = 6: M =167 (Prime)
2

Forn=7: M = 259 (Composite)
2

Forn = 8: w = 380 (Composite)
2

Forn =09: w = 534 (Composite)

2
Forn = 10: 10(4(10)°43(10+5) _ = 725 (Composite)

6

Finally, we conclude that the values of n in the range 1 < n < 10 for which the sum s a

prime numberaren = 1andn = 6.
JP.624Ifa, b,c >0,a+b+c=3and0 < A < 2 then:

1 N 1 N 1 A 1
b2 ¢ abc™
Proposed by Marin Chirciu — Romania

Solution by proposer

l2+b_12 c_Z_@ SZaZ 32 a+:l;+C:
IR m(Z%—Z%)”%’"
D R XS IR

e
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1 1
=§(9—6)+0-Z?+0= 1.
Equality holdsifand onlyifa =b =c=1and 4 = 2.
JP.625Ifa,b,c > 0,a+ b+ c=2and A1 > 1 then:

Z b+c 4
a? + /1 VA+1
Proposed by Marin Chirciu — Romania

Solution by proposer

We prove: Lemma: If 0 < x < 2 and 4 > 1 then:

2—x - 2—x
x2+21 JV1=21

—-X

z
Proof: We have > m

©x2-x)(x—1)(x>—x+1—1) > 0, which follows

from A > 1 with equality for x € {0, 1, 2}. Let’s get back to the main problem:

Using the Lemma we obtain:

LHS = Z b+c Z —aLemmaz —3 2 1 Z
. J— a=
a’ + \/,1+ Vi+1 Va+1

2 1
=3. - .2 =
VAi+1 VJa+1 Vi+1
JP.6261Ifa,b,c > 0,a™ + b™ + ¢c™ = 3 and n € N* then:

= RHS

a
Z a2n+1 + bZn + CZn—l = 1

Proposed by Marin Chirciu — Romania

Solution by proposer

We prove: Lemma: Ifa,b,c > 0,a™ + b™ + c" = 3 then:

a 14+a+ac
a2n+1 + b2n + C2n—1 = 9

Using CBS inequality we obtain:
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1
(@®"+1 + b?" + 1) (E +1+ c) 2@ +b"+c")’ =9
a 1+a+ac
A a2n+1 + bZn + cZn—l S 9 '

Let’s get back to the main problem. Using the Lemma, we obtain:

a Lemma 1+a+ac )
LHS=Za2"+1+bZ"+czn‘1 < Z 9 3+Za+2ac <

1
S—(3+3+3)=1=RHS,

where (1) © Y ac < 3, which follows from . bc < - (Z a)2 (3)2 =3,
where (2) © Y a < 3, which follows from Holder’s inequality:

Holder a)® Holder a)®
Za" > (3271—_)1,Za"=3:>3 > (En)l :Z <3

Equality holdsifandonlyifa=b =c = 1.
JP.627Ifa,b,c > 0 and A > 0 then:

Z\/a2 + (b + Ac)? __61+9
b+ Ac A+ 1DV5
Proposed by Marin Chirciu — Romania
Solution by proposer

We prove: Lemma: If a,b,c > 0 and A > 0 then:

Jaz+ (b +21c)? 1 a
>—(2+ )
b+ Ac V5 c
Solution:
@@ _ S—C 2
b+ic (b+,1 )2 =VtZ +1 = = (t+2), where (1) © Vi* + 1 (t +2) e

e 5(*+1) > (t+2)? & (2t — 1) > 0, obviously with equality for t =

NIH

@l biic=2
P = - =
b+ic 2 c=ca

Let’s get back to the main problem. Using the Lemma, we obtain:
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Jaz + (b + Ac)? Lemma a \ Nesbitt
-3 =Y L) e Yy
b+ Ac \/_ b + Ac V5 b+ Ac

1 3 \_ 1/6A+9\ 6i+9
—ﬁ<6+z+—1>_ﬁ(1+1>_(,1+1)\/§

Equality holdsifandonlyifa=b =c =41 = 1.

= RHS

JP.628 How many ways are there to put 15 balls into four bins so that the
first two bins have between 2 and 6 balls, the third bin has at least 5 balls
and the last bin has an odd number of balls?

Proposed by José Luis Diaz — Barrero — Spain

Solution by proposer

To solve the problem of finding the number of ways to distribute 15 identical balls into
four bins subject to the given constraints, we model it as finding the number of integer
solutions (x4, x5, X3, X4) to the equation
X1+ X +x3+x4 =15
subject to the constraints
1. 2<x,<6
2. 2<x;<6
3. x3=5
4. x4, > 1andx,isodd
To convert these inequalities into non-negative integer variables, let
yi=x1-2=>0<y;<4
Yo =%x,—2=20<y,<4
Y3 =x3—-5=y3=20
X4 =2y, +1 =1y, = 0 (since x4 is an odd positive integer)
Substituting these into the original equation yields
1+2)+ (@2 +2)+(y3+5)+ 2y, +1) =15
ory; +y, +y3 + 2y, = 5. Since y, is a non-negative integer, 2y, can take the values

0,2 or 4 (corresponding to y, = 0, 1, 2). We consider the following cases:
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1. y, =02y, = 0).The equation becomes

y1+y2+y3=5
with0 <y, <4and0 <y, <4.
e Without upper bounds, the total number of non-negative integer solutions is
(C3210)=-()=-=
e We subtract invalid solutions where y; = 5ory, > 5
1. If y; = 5, the only solutionis (y; = 5,y, = 0,y3 = 0) (1 solution)
2. Ify, = 5, the only solutionis (y; = 0,y, = 5,y3 = 0) (1 solution)
Number of valid solutions for Case 1:
21-1-1=19
2. y, =1 (2y, = 2). The equation becomes
Y1+y2+y3=3
with 0 < y; < 4and 0 < y, < 4. All solutions naturally satisfy the upper bounds since
the maximum value is 3.
((3211)=(G)=10
3. y4 =2 (2y,4 = 4). The equation becomes

yity:+ys=1
with 0 < y; < 4and 0 < y, < 4. All solutions naturally satisfy the upper bounds.

(3237)-6)-

Finally, summing the valid solutions from all three cases, we obtain

Totalways =19+ 10+ 3 = 32

JP.629 The numbers 1, 2, ..., 1000 are written on the board. Two numbers
are erased and replaced by the remainder of their sum when divided by 19.
This operation is repeated until one number is left. What is the number?

Proposed by José Luis Diaz — Barrero — Spain
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Solution by proposer

To find the final remaining number when the numbers 1,2, ..., 1000 are repeatedly
replaced by the reminder of their sum when divided by 19, we can use the concept of an
invariant.
When two numbers, a and b, are erased and replaced by (a + b)(mod 19), the change in
the total sum of all numbers on the board is

New Sum =Old Sum —a — b + (a + b) (mod 19))
Because (a + b) (mod 19) is congruent to (a + b) modulo 19, the sum of all numbers
on the board modulo 19 remains invariant at every single step. No matter which pairs are
chosen or in what order, the final remaining single number will be congruent modulo 19
to the sum of the initial numbers.

The initial numbers form an arithmetic progression from 1 to 1000 which sum is

n(n+1) _ 1000x1001

Sum = =500 x 1001 = 500,500

Now, we compute 500,500 (mod 19) and we get 500,500 = 19 x 26,342 + 2
Thus, the remainder when the total sum is divided by 19 is 2 and the final remaining

number on the board is 2.

JP.630 In Imaginaryland there are 2027 towns. Every pair of towns is either
connected by a single road, or is not connected. If we consider any subset of
2025 towns, the total number of roads connecting these towns to each other
is a constant. If there are R roads in Imaginaryland, then find all possible
values of R.

Proposed by José Luis Diaz — Barrero — Spain

Solution by proposer

We consider the general case with n towns. Let K denote the constant number of roads

connecting any subset of n — 2 towns and let ¢;; € {0, 1} denote the number roads
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connecting town i and town j. Finally, for i = 1, 2, ..., n let d; denote the total number of

roads connected to town i. Note that

Re(3)="

Clearly,
iz1d; =2R and X c; =R,
Where the latter sum is over all 2 — element subsets {i, j} of {1, 2, ..., n}. The number of
roads connected to at least one of the towns with number i or j is equal to d; + d; — ¢;;.
Thus, for any 2 — element subsets {i,j} c {1, 2, ..., n}, we have
K=R-d;—d;+c;
Adding all these equations for every 2 — element subset {i, j} yields

(’Z‘)Kz (’Z')R—z(n—1)R+R

which may be written as

nn-1)K=m-2)(n—-3)R
Note that both n(n — 1) and (n — 2)(n — 3) are divisible by 2 and that the only integer
k > 2 which divides both n(n — 1) and (n — 2)(n — 3) is 3, this latter case occurring if

and only if n is divisible by 3. Since 3 does not divide 2027, in the situation of the given

n(n-1) (n-2)(n-3) n(n-1) n(n-1)

and are coprime. Hence, R is a multiple of — AsR < —

problem

n(n-1)
7

with equality when all the pairs of towns a are connected the only possibility is R =

Therefore, the total number of roads is

R=2027 x 1013 =2053351
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PROBLEMS FOR SENIORS

SP.616 Let a, b, ¢, d be nonnegative real numbers such that at most one of the
is less than 1 and ab + ac + ad + bc + bd + cd = 6. Prove that:
(2a% + 1)(2b* + 1)(2¢* + 1)(2d* + 1) = 81.
Proposed by Vasile Cirtoaje — Romania

Solution by proposer

The equality constraint implies the known inequality
a+b+c+d=4.
Consider
a = min{a,b,c,d} < 1, bc>1, d = max{a,b,c,d} > 1,
and write the required inequality as E > 0, where
E=In(2a? +1) +In(2b?> +1) +In(2c? + 1) +In(2d?> + 1) — 41n 3.
For fixed c and d, assume that a and E are functions of b. We have
(b+c+d)a"+a+c+d=0and

E'(b) b N aa’ b ala+c+d)
4  2b2+1 2a%+1 2b2+1 a2+1)(b+c+d)
We claim that E’'(b) > 0. Write this inequality as follows:

b+c+d>a(2b2+1)b+c+d_ >a(2b2+1)_

at+c+d bQRa%2+1)’'a+c+d ~ b(az+1) ’

b—a >(b—a)(2ab—1)
at+c+d- bQRa%2+1) '’
We need to showthata+ b + ¢+ d > 2ab(c + d).Sincea+ b+ c+d =>4 and

(b—a)la+b+c+d-2ab(c+d)] =0.

ab < a + b — 1, it suffices to showthat 2 > (a + b — 1)(c + d), that is
2+c+d=(a+b)(c+d), 2+c+d=>6-a—cd, ab+cd>4—-c—d.
Since 4 — c—< a + b, it suffices to show that ab + cd > a + b. Indeed,

ab+cd—a—-b=ab—-1)+cd—b=>cd—b>d—-b=>0.
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From E'(b) > 0, it follows that E(b) is increasing and has the minimum value when b is

minimum, hence when b = 1. So, it suffices to prove the inequality E > 0 for b = 1.
Similarly, it suffices to prove the inequality E > 0 for c = 1, hencefor b = ¢ = 1. We
need to show that ad + 2(a + d) = 5 implies F > 0, where F = (2a? +1)(2d?> + 1) —
9. We have
F =4a?d? + 2(a + d)?> — 4ad - 8,

hence

2F = 8a*d? + (5 —ad)? —8ad — 16 = 9(ad — 1)? > 0.
So, the proof is finished. Equality occurs for (a,b,c,d) = (1,1,1,1).
SP.617 Let a, b, ¢, d be positive real numberssuchthata>b >1>c>d

and ab + ac + ad + bc + bd + cd = 6. Prove that:

1 1 1 1
—+—-—+—-—+=+8>3(a+b+c+d)
a b ¢ d

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Write the inequality as E = 0, where
1 1 1 1
E=—+4+—-+—-+-4+8-3(a+b+c+d).
a b ¢ d

For fixed a and b, we may consider that ¢ and E are functions of d. By differentiating the
equality constraint, weget (a + b+ d)c' + a+ b + ¢ = 0. So,

E’(d)—( 1 >, 1 3_(1_|_3)a+b+c 1 3
“\¢ ¢ = atb+d d?

We will show that E'(d) < 0, that is

1 1
a+b+c<ﬁ+3 a+b+c <ﬁ+3 c—d (c—d)(c+d)
a+b+d—l+3'a+b+d ‘1+3 ‘'a+b+d~ (3cz+1)d?
c? c?
We need to show that
1 c+d

< :
a+b+d~ (3c2+ 1)d?
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It is true because

1 1 1
< <=
a+b+d 1+1+d 2
and
c+d 2d 1 1
> =—2>—
(3c2+1)d? —4d? 2d 2

Since E'(d) < 0, E(d) is decreasing and has the minimum value when d is maximum,
hence when d = c. Therefore, it suffices to consider this case, when we need to show that

F>0fora>b>1>candab + 2ac + 2bc + c? = 6, where

1 1 2
F=—+-+4+—-+8-3(a+b+ 20).
a b c
For fixed a, assume that c and F are functions of b. We have2(a+ b+ c)c’ +a+2c =0
and
F’(b)—( 2 6) 1 3_(1 3) a+ 2c 1 3
\ ¢? b2 B a+b+c b?

We will show that F'(b) > 0, that is

c2

1 1
C_2+3>a+b+c zt3 1>a+b+c (b—c)(b+c)>b—c
i+3_ a+2c 'l+3 T a+2c " (3Bb2+1)c2 T a+2c
b2 b2

We need to show that (b + ¢)(a + 2¢) > (3b? + 1)c?. Since
(b+c)a+2c)—3Bb?2+1)c2>(b+c)?>—(3b%>+1)c? =b(b+2c—3bc?) =
= b%(1 — c?) + 2bc(1 — bo),
it suffices to show that bc < 1. Indeed, from
6 =a(b+2c) +2bc+ c? = b(b + 2¢) + 2bc + ¢* = b? + ¢ + 4bc > 6bc,
we obtain bc < 1. Since F'(b) > 0, F(b) is increasing and has the minimum value when b
is minimum, hence when b = 1. Therefore, it is enough to consider b = 1, when we need

to show that

1 2
—+——3>3(a+2c-3)
a c
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6—2c—c?

fora>1>canda+ 2ac + 2c + ¢ = 6.Since a = et

the inequality is equivalent

to

(c—1)?%(c+4) 3(c—1)2
>
c(6—2c—c%2) — 2c+1’

(c—1?*(c®+4c*+3c+4) >0.
The proof is finished. The equality occursfora=b=c=d = 1.

17 . ..
SP.618 Prove that SIS the smallest positive value of the constant k such that

1 1 1 1 _ 4
a+k+b+k+c+k+d+k_1+k

foranya,b,c,dzl%with ab + ac + ad + bc + bd + cd = 6.

Proposed by Vasile Cirtoaje — Romania
Solution by proposer

4 1 . . e . e
Fora=b=c= 3 and d = o the constraints are satisfied and the inequality implies k >

17 17 . -
3 To show that S is the smallest positive value of k, we need to prove that E < 0, where

1 1 1 1
" 3a+17 @ 3b+17 = 3c+17 = 3d+17

_1
-
For fixed c and d, the expression E has the maximum value when

1 4 1
3a+17 3b+17

is maximum. Assuming a = b and denoting

F(a,b) =

a, =c+d, b, =6 —cd,
we have a; > 0,b; > 0 and ab + a;(a + b) = b;. By Lemma below, the expression
F(a, b) has the maximum value when b = %or a = b. So, it suffices to prove that E < 0
for these two cases. Similarly, applying Lemma for any two of the numbers a, b, ¢, d with

ab,cd?> %, it suffices to prove that E < O for

1
(@, b,c,d) = (1,1,1,1), (a b, c,d) = (x, X%, E)'
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(a,b,c,d) = (y,y,%,%), and (a,b,c,d) = (z 11 1), where x = g,y

_\219-2
6’6’6 B

~ 2.1331

(with 36y% + 24y — 215 = 0),and z = %. In the first two cases, we have E = 0. In the

third case, we have

E(y) = 2 3
Y =3y+17 35
. 17
Sincey > 3’ we get
E()<E<17>—16 3_ -1 <0
y 8) 187 35 6545
In the last case, we have
1 1 2 1 -1
E(z) = <0.

3z+17 35 105 35 105
The proofiis finished.fa>b >c>d > %, then the equality occurs for

(a,b,c,d) =(1,1,1,1) and (a,b,c,d) = (4 44 1).

3’3’3’6

Lemma. Let a4, b; and m be positive real constants, and let a > b > m such that
ab + a,(a+ b) = b,.

For k > 0, the expression

E_1+1
" a+k b+k

has extreme values fora = b or b = m.

Proof. Denoting s = aTer, the equality constraint becomes ab + 2a;s = b;. From

b, = ab + 2a,s < s* + 2a,s,
it follows that s is minimum when ab = s%, hence when a = b. From 0 < (a — m)(b —
m) (with equality for b = m), we get 0 < ab — 2ms + m? — b, — 2a,s — 2ms + m?,

hence

by +m? . . . .
< 2(‘11 +m); so, s is maximum when b = m. As a consequence, it suffices to show that the
1

expression

2(s+ k)

E = 2tk—aps+ 12
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has extreme values when s is minimum or maximum. From

2(2ka1 + bl - kZ)
[by + 2(k — ay)s + k?]%

it follows that E(s) is increasing for 2ka,; + b; — k* > 0, and decreasing for

E'(s) =

2ka, + b; — k? < 0. In both cases, E(s) has extreme values when s is extreme, hence
whena =borb =m.

SP.619 Let a, b, ¢, d, e be positive real numberssuchthata>b >c>d > e

and abcde = 1. Prove that:

1 1 1 1 1 -
3ab+2+3bc+2+3cd+2+3de+2+3ea+2_

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Write the inequality as E > 0, where

E = 1 + 1 + 1 + 1 + 1 1
" 3ab+2 3bc+2 3cd+2 3de+2 3ea+?2

For fixed a, d and e, we may consider that b and E are functions of c. Since

bc = i = fixed, we have cb’ + b = 0 and

E'(c) —ab’ d ab d
3  (Bab+2)? (3cd+2)? c(Bab+2)? (Bcd+2)?
_ (ab— cd)(4 — 9abcd) -
c(3ab + 2)2(3cd + 2)2 —

So, E(c) is decreasing and has the minimum value when c is maximum, hence when

c = b. Therefore, it suffices to prove the required inequality for c = b, when we need to

show that

1 N 1 N 1 4 1 4 1 -1
3ab+2 3b2+2 3bd+2 3de+2 3ae+2

fora > b > d = e such that ab>de = 1. Denote x = de and y = bd. Since ab = iand

1 . .
ae = by the inequality becomes
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bx N 1 N 1 N 1 N by -1
2bx+3 3b%2+2 3y+2 3x+2 2by+3 "’
that is

1
f(x)+f(J’)+m21,

bt 1

where f(t) - 2bt+3  3t+2

Casel: b > %. By Lemma below, we have f(x) > %and fy) = % So, the required
inequality is true.

Case2:1<b < %. By Lemma, we have

2vVb 2vVb
fz——, fO)z——
2vVb+3 2vVb +3
So, it suffices to show that
4/b

1.

+ >
2Vb+3 3b%2+2
Denoting z = Vb > 1, the inequality becomes
4z 3z +1
= )
2z+3  3z%+2
Case3: 0 < b < 1.Since x = de < b? and y = bd < b?, by Lemma below we have

2z°—-3z*+2z—-12>0, (z—-1)?Q2z3+2z*-1) > 0.

) > b3 N 1 (y) = b3 N 1
IO =23ty T 3tz
So, it suffices to show that
2b3 N -
2b3+3 3b%2+2

which is equivalent to

1

2b3 3p%2 -1
> )
2b3 +3 3b%2+2

Thus, the proof is completed. The equality occursfora=b=c=d =e = 1.

2b3 -3b*+1 >0, (b—1)2(2b+1) = 0.

Lemma. Let

bt 1

=53 312
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(a) Forb >2 o we have f(t) >

NIH

(b) Fori<b <> 2 Wehave f(t) = f %) 2«2/5‘/?3'

(c) ForO < b <1andO0 <t < b? wehave f(t) > f(b?) =

N

b3 1
353 | 3p2ez
2b>+3  3b“+2

Proof.
We have
f@® b 1 [VbBt+2)—2bt—3|[Vb(3t+2) + 2bt + 3]
3  (2bt+3)2 (Bt+2)2 (2bt + 3)2(3t + 2)2

(3 2vVb)(Vb -t — 1)[Vb(3t + 2) + 2bt + 3]
(2bt + 3)%2(3t + 2)?

(a) We have

bt 3t t(4b -9)

1
f(t)_2=2bt+3_2(3t+2)=2(bt+3)(3t+2)20'

(b) Since f'(t) < 0for0 <t < —and f'(t) = 0fort > —, f(t) is decreasing on

> \/_,
[0, \/_] and increasing on [\/_ ) hence f(t) > f( )
(c) Sincet < b% < ﬁ' we have f'(t) < 0, f(t) is decreasing on [0, b?], hence

f@® = ).
Remark. Note that g is the largest positive value of k such that

1 N 1 N 1 N 1 N 1 - 5
ab+k bc+k cd+k de+k ea+k 1+k

for any positive numbers a, b,c,d,ewitha > b > c > d = e and abcde = 1. For

1 . . L .
a=b=c=d:=xande = . where x > 1, the constraints are satisfied, while the

inequality becomes

3 N 2x3 - 5
x2+k kx3+1 1+k

W_IN

For x — oo, we get the necessary condition k <
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SP.620 Let a, b, c be nonnegative real numbers such that at most one of them

is larger than 1 and ab + bc + ca = 3. Prove that:

8(\/1+3a2+\/1+3a2+ 1+3a2)S21+3(a+b+c)2.

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Assume that a > 1 > b > c and write the inequality as E < 0, where

E=8(V1+3a+1+3b2 +1+3c2)—21-3(a+b+0)?
Ifa=cthena=b=c=1andE = 0. Assume further a > c and denotep = a + b + c.
For fixed p, consider that a, c and E are functions of b. By differentiating the equality
constraintsa + b + ¢ = p and ab + bc + ca = 3, we get

a+c+1=0, p—1a"+(p—-c)c’'+p—-b=0,

hence a’(h) = —2=2 ¢/(p) = =42,

a—c ’ a-c

Since a’(b) < 0 and ¢’(b) < 0, the functions a(b) and c(b) are decreasing. We have

E'(b) aa’ cc’ b

24 Vii3a Vit3e Vii3bpr
therefore
—(a—c)E'(b) (b-c)a (a—-b)c (a-c)b

24 Vit3aZ Vi+t3Z Vit3b?

= (b -0of(a) +(a—b)f(c) — (a—c)f(b),
where f(x) = \/ﬁ Since f'(x) = (1;::2); <0,

f(x) is concave on [0, ). By Jensen’s inequality, we have

(b—o)f(a)+(a—-b)f(c)<[(b—c)+ (a— b)]f<(b —oa+(a- b)c>

(b—c)+ (a—Db)
= (a—o)f(b),
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hence E’'(b) = 0. So, E(b) is increasing and has the maximum value when b is maximum

(or a or ¢ are minimum), hence when b = 1 or ¢ = 0. Thus, it suffices to consider these
cases.

Case 1: b = 1. We need to show that a + ¢ + ac = 3 implies

8(vV1+3a2+y1+3c2)<5+3(1+a+c)?
Letx = aTH From 3 = 2x + ac < 2x + x%, we get x > 1. By squaring, the required

inequality becomes

8 (6x2 —3ac+1++/9a%c? — 6ac + 12x2 + 1) < (3x% +3x+2)?,

32y3x%2 —6x + 4 < 9x* + 18x3 — 27x% — 36x + 68.
Since
9x* + 18x3 —27x2 —36x +68 =9(x — 1)?(x®> + 4x — 4) + 8(9x% — 18x + 13) >
> 8(9x% — 18x + 13),

it suffices to show that

4/3x%2 — 6x +4 < 9x* — 18x + 13.
Squaring again, the inequality becomes
(9x% — 18x + 13)? > 16(3x* — 6x + 4),
27x* —108x3 + 170x% — 124x + 35 > 0,
(x —1)%(27x* — 54x + 35) > 0.
It is true because 27x% — 54x + 35 > 27x* — 54x + 27 = 27(x — 1)2 > 0.

Case 2: ¢ = 0. We need to show that ab = 3 implies

8(\/1+ 3a2 ++/1+3b%) <20 + 3(a+ b)>.

Replacing a and b with av/3 and b+/3, respectively, we need to show that ab = 1 implies

8(J1+9a2 ++v/1+9b%) <20+ 9(a + b)>.

Since

J1+9a2 +/1+9b2 </2(1+9a% + 1+ 9b?),

it suffices to show that
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8./2 + 18a? + 18b% < 20 + 9(a + b)?

. b . .
Denoting x = %, the inequality becomes

2/72x% — 34 < 9x%2 + 5, 4(72x?% — 34) < (922 + 5)?,
81x* —198x% + 161 > 0.
We have: 81x* — 198x% + 161 > 81x* — 198x2 + 121 = (9x2 — 11)%2 > 0.

The proof is finished. The equality occurs fora = b = c = 1.

SP.621 Prove that Z is the least positive value of the power k such that the

inequality (ab)* + (ac)* + (ad)* + (bo)* + (bd)* + (cd)* > 6
holds for any nonnegative real numbers a,b,c,dwitha>b>c>1>d
and ab + bc + cd + da = 4.

Proposed by Vasile Cirtoaje — Romania

Solution by proposer
Fora = band c = 1, we have (a + 1)(a + d) = 4, and the inequality becomes E > 0,
where
E=a*+2ad*(1+d*)+d*-6
Assume that a and E are functionsof d. If d = 1, then a = 1. We have
2a+d+1)a +a+1=0, a’(1)=_71,
a+d+ 1a" +2(a)?+2a =0, a’'(1) = %

E'(d
,(( )_ 2[a®* 1 + ak1(1+d¥)]a’ +2a*d*1 +d*1,  E'(1) =0,
E"(d
,E ) 2[a®*1 + ak1(1 + d¥)]a” + 2[(2k — Da?*2 + (k— Da*2%(1 + d¥)](a")?
+4ka*1a’ +2(k — Dakd*2 + (k- 1)d*2,

hence
E'(1) 3 8k-6 3(4k — 5)
=2t 2k+2k-D+k-1=—T7—
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Since E(1) = E'(1) = 0, the condition E"' (1) > 0 is necessary to have E(d) > 0 for

d € [0,1]. This condition implies k > Z. So, it suffices to prove the required inequality for

k= %‘ Replacing a, b, ¢, d with a*, b%, ¢*, d*, respectively, we need to show that F > 0 for
(@*+cHb*+d) =4, a=>b=>c=1>d>0,
where
F(ab)® + (ac)® + (ad)® + (bc)® + (bd)® + (cd)® — 6.
For fixed a and b, assume that d and F are functions of c. Since
d3(a* + cHd' + A (b* +d*) =0,
we have

F'(c)
5

= c*(a® + b5 + d°) + d*(a’ + b® + c®)d’ = c*(a® + b® + d°) -
cd(a® + b® + ¢)(b* + d*)
a* +ct '
We will show that F'(c) = 0, which is equivalent to G > 0, where

G =c(a® + b5 + d%)(a* + c*) — d(a® + b® + ¢°) (b* + d*).

For fixed b, c and d, we have
G(a) = a’[c(a* + c*) — d(b* + d)] + (b° + d°)c(a* + ¢*) — (b + c®)d(b* + d*).

Since c(a* + ¢*) — d(b* + d*) > 0, G(a) is increasing and

G(a) = G(b) = b%[c(b* + ¢*) —d(b* + d*)] +

+(b% + d®)c(b* + ¢*) — (b5 + c%)d(b* + d*)

= 2(2b° + d°)c(b* + c*) — (2b° + c%)d(b* + d*) = b*4,

where

A =2b5(c — d) + 2b(c5 — d®) — cd(c* — d*).
Since

A>2b(c® —d®) —cd(c* —d*) = c(c® — d®) —cd(c* —d*) = c®(c—d) = 0,

we have G(a) = 0, hence F'(c) = 0, F(c) is increasing and has the minimum value when
c is minimum, hence when ¢ = 1. So, it suffices to consider the case ¢ = 1. We need to

show that H > 0 fora > b > 1 > d such that (a* + 1)(b* + d*) = 4, where
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H = (ab)® + (bd)® + (da)® + a® + b° + d° — 6.

From 4 = (a* + 1)(b* + d*) > a*b* > b8, we b < 2. For fixed d, assume that b and H
are functions of a. Since

b3(a* + 1)b' + a®*(b* + d*) = 0,
we have

H'(a)
5

=a*(b5+d°+1)+b*(a® +d*>+1)b' = a*(b° +d° +1) -

_a®b(a® +d° +1)(b* +d*)
a* +1 '
We will show that H'(a) > 0, which is equivalent to K > 0, where
K =a(a*+1)(b%+d°+1) — b(b* +d*)(a® +d° + 1)
= (d®* +1—-bd*)a® + (b® + d° + 1)a — b(b* + d*)(d° + 1).
Since
d>+1—bd*>d®+1—bd* >2d* - bd* =d*(2—-b) =0,
we have
K > (d°+1—bd*)b5 + (b° +d° + 1)b — b(b* +d*)(d° + 1) =
=b(b®+d°>+1)(1—d*) > 0.
So, H'(a) = 0, H(a) is increasing and has the minimum value when a is minimum, hence
when a = b. Thus, it suffices to consider the case a = b, when we need to show that
(b* + 1)(b* + d*) = 4 implies b1 + 2(d> + 1)b° + d° > 6.

6—2b5—p10

. - . 5>
Write this inequality as d> > TS

Consider the nontrivial case when 6 — 2b> — b1® > 0, hence when

6—2b5—b1°)4
)

1 < b® <7 — 1 < /3. The inequality is true if (d*)° > ( =

that is
4

4 — p* — b® 5> 6 — 2b5 — b10
1+ b* - 1+ 2b5 '

We will show that
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4 — b* — p8\° _ (101 + 185 — 44b1° 5> 6 — 2b5 — p1o0\*
1+ b* - 25(1 + 2b5) - 1+ 2b>

The left inequality is true if

4 —b*—b® 101+ 18b° — 44b1°
> )
1+b* 25(1 + 2b3)

which is equivalent to
44p'™ — 50b13 + 44b'° — 68b° — 25b% + 182b°> — 126b* — 1 > 0,

b —1)? (44b11 +82b'° + 114b° + 140b® + 204b7 + 238b° + 217b° + 141b* +)
+10b° + 6b* + 3b + 1

= 0.

Denoting t = b° € [1, \/5), the right inequality becomes

101 + 18t — 44t?
25

5
) > (1+28)(6 — 2t — t2)*.

Since 101 + 18t — 44t* > 0, itis true if g(t) > 0, where
g(t) =5In(101 + 18t — 44t*>) — 5In 25 — In(1 + 2t) — 41In(6 — 2t — t?).
From
g’ B 5(9 — 44t) 1 N 41 +1¢t)
2 101+ 18t—44t2 1+2t 6-—2t—t?
B 4(11t* + 139¢3 — 294¢2 + 127t + 17)
(101 + 18t — 44t2)(1 + 2t)(6 — 2t — t2)

B 4(t —1)2(11¢% + 161t + 17) -
(101 + 18t —44t2)(1 + 20)(6 — 2t — t2) ~

it follows that g(t) is increasing, hence g(t) = g(1) = 0.

0,

Fork = z, the equality occurswhena=b =c=d = 1.
SP.622 Compute the value of the integral:

Y3

4 cost
I=| ——adt

_11'

zmt + 1

Proposed by José Luis Diaz — Barrero — Spain
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Solution 1 by proposer

To compute the value of the integral, we can use the substitution property for definite

integrals (King’s Property):

fbf(t)dt=jbf(a+b—t)dt

For our integral, a = — ; and b = E, so a + b = 0. Substituting t with —t gives
&) i cost
i cos 4 cos
I = j PO () = j 05 ar
"z m- t+1 amt+1

1
. 1 1 . . . pe
Since m ¢ = -, the denominator simplifies as follows
mt

mt+1 mt+1
Thus, the integral can be rewritten as

m 1
2 cost-mt
x 1

2z mwt+1

Adding our original expression for I and this new expression together yields

3 3 1 3
4 cost 4 cost-mt 4
21 = dt + —dt = costdt
r 1 x 1 1r
zmt +1 2z mwt+1 I

Now, we evaluate this straightforward integral to obtain

21 = smt]4 =V2=1=

-z 2
Solution 2 by Angel Plaza-Spain
Let f(t) = <=5 Then
nt+1
) :
cost cos(—t 1 Tt
fO+f(-t) =—F—+—F—=cost| —+ ;| =cost
mt+1 mwt +1 nt+1 14+ mt
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T
n n
3 vz
I= costdt =sint| =—.
0 2
0

Solution 3 by Marin Chirciu — Romania

n -n T T
7 cost t-—1 [ 4 cos(—t) 4 cost z cost
I= Tdt = — (=dt) = —dt = dt =
-1 = T il -1 _x -1 1
2 1+mt 7 1+mn-t 2 1+mt 21+
Tt
mo 1
%2 mwt cost
= )n 1
2 14+ mt
We obtain:
b4 T 1 1 T n
7 cost 7 mtcost Z(l"'”t)COSt Z e
I+I=f 1dt+f 1dt=f 1 dt=f costdt =sint
-1 et kb [ = -1 - -1
7 1+ mt 7 1+ mt 'y 1+ mt T ‘4_”

-7 T ﬁ\/f

— - n - _2 - _2 —_
= sin sin =2sin = > =

4
From 21 = V2 = I = Y2 We deduce that I = [R5l de = 2,
2 4 14mt 2
Remark: The problem can be developed.
Let be 4 > 0 fixed. Compute the value of the integral
T
B fZ cost
=], i
2 1+ At
Marin Chirciu
Solution
n ¢ m (=0) n ¢ n ¢
14 cos -t [% cos(— cos 1 cos
= dt "= | 2t (—dt) = —dt = dt =
- 1 - 1 - -1 - 1
Z 1+ A=t 2 1+2t 21+
At

21+ At
1

n —_
2 At cost
= I dt.

[

2 1+ At

36 42-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

We obtain :
z T3 m (142t )cost m i
z cost 7 At cost 2 cos 2 ]
I+I=j 1dt+j 1dt+f I dt=f costdt =sint
-1 = bab [ = -1 - -1
1+ At =z 1+ At T 1+ At x -4_n
b4 -1 T V2
= sin— — sin— = 2sin— = 2 - — = /2.
4 4
From 21=\/E:I=\/Z—E.Wededucethatl=f; Cosidtzg.
4 1+AT

Note: For A = ™ we obtain Problem SP.622. from RMM Number 42 — Autumn 2026

SP.622. Compute the value of the integral

T
4 cost
_dt
a1

2 1+mt
Jose Luis Diaz — Barrero — Spain.

SP.623 Compute the following limit:
. = (2Kk? + 3n?
im — —
n—+oco M2 —~ 3k2 + 2n?
Proposed by José Luis Diaz — Barrero — Spain

Solution 1 by proposer
To compute the limit, we can transform the sum into a Riemann sum and evaluate it using

definite integral. Since
s 2() +3 1
n? 3k?+2n?2 \n 3(%)2+2 n
then
oy 26) +3 1
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2x2+3

This expression is precisely the Riemann sum for the function f(x) = x - s

on the
interval [0, 1] with step size Ax = %

Taking the limit as n — +oo converts the sum into the integral of f(x) on [0, 1], and we

have
kZ
_ n +3 1 To2x%+43
lim zz ~———f;———-—— =.f X oo —dx
n-+o k Zn 0 3xc+ 2
n
Since
fo +2d 1 +51(3 +2)+C
X3 =30+ ghGx*
then
fl 2x° +3d —[ 2+51(3 +2)+C] = +51 (5)
AT Lol e T L ~3718"\2
and

i 1ik 2K? +3n%\ 1 51(5)
oo 12 32 +2n2) 3 18 "\2

Solution 2 by Marin Chirciu-Romania
) 1ik 2k? + 3n? Zk 2 z+3 _fl 2% +3
non? £\ 3K + 2m? gl o ~ ), 32
_f 2x3 +3xd
~ ), 3xz+2 ™
_1j‘16x3+9xd _1f1(2 .5« )d 1 flz 4 +f1 5 \_
~3), 3x2+2 T3, T2/ T3\, YT ) 3242 T

—1f12d+5f1 O ax)=2(x2+ 2 +2)| (1+51 5)
T3\, T T e, 3z 2 %) T3\ Mot 62

S 2k%43n%\ _ 1 5,5
We deduce that rlanc}o — i k (—) =3 (1 +21n 2).

3k2+2n2

Remark: The problem can be developed. Compute the following limit:

38 42-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1' 12“11( A2 + (A + 1)n? 150
n‘i?onzk A+ DK%+ An2 )’ '

Marin Chirciu

Solution:

n n k2

12 Ak? + (A + 1)n? IO k| ApztAt1
(A + 1)k? + An?

lim 5 im
mrent e noenen (/1+1)ﬁ+/1

_jl Ax2+2+1 ~
A+ D2+ T

1 2x3 +(A+1)x 1 Jll(l+1)x3+(/1+1)2x
)y AL +2 T A+1 A+ 1DxZ+2

~ 1f111+(2“1)x 4 fld+1(211+1)xd _
a1\ ATz +a) M T ,1+1 o A+Dxz+2%) 7

2A+1 1 2+ Dx >_

A+1<f Mdxtoa+ D), Groe+a™

1 Ax21+2/1+1l ((/1+1)2+/1)|1 1 (,1+ 24+1 2,1+1)
“2+1\2z |, 2@+ " * o) A+1\27 2+ ¢ 4
. 1o AK2+(A+1)n? _ 1 (2 23+1 22+1
We deduce that ,llLTonzzkﬂk((Aﬂ)kzunZ) T A+ (z 2(a+1)ln 2 )

Note: For A = 2 we obtain Problem SP.623 from RMM Number 42 — Autumn 2026.
TP I o 2k?+3n?
SP.623. Compute the following limit rlll_l)lolo —= Y1k (—3k2+2n2).

Jose Luis Diaz — Barrero — Spain
SP.624 Let ABC be a triangle. Prove that:
1 1 1 ., A ., B ., C
(sin2 A * sin’ B * sin? C) (sm 2 sin 2 sin E) =3

Proposed by José Luis Diaz — Barrero — Spain

Solution 1 by proposer

In what follows, we find a lower bound for each term in the LHS.

1. The sum of the inverse squares of sines is bounded below by
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1 1 1
>4

" + — + — =
sin?2A4 sin?B sin2C

Indeed, using the fundamental Pythagorean trigonometric identity

1 . .
csc?0 =1 + cot? 6 (where cscO = m), we can rewrite each term in the sum as

- =1+cot?4
sinZ A
———=1+cot?B
sin? B

=1+ cot?’C
sin2 C

Summing these three equations together gives

R S
sin2A4 sin?B sin?C

= 3 + (cot? A + cot? B + cot? C)

It is a well-known geometric and algebraic identity for the angles of any triangle that the
sum of the squared cotangents satisfies

cot? A+ cot?B +cot’C>1
Equality holds if and only if cot A = cot B = cot C = \/%, which corresponds to an
equilateral triangle where A = B = C = 60°.

Thus, we have

1 1
>3+1=4
sinZ A +sinzB+sin2 [ +

2. The second factor of the LHS satisfies
A B

C

s 2 £ 2 : 2

sin“ — + sin“ — + sin“ — >
2 2 2

W

Indeed,
1. For any triangle ABC with interior angles A, B, C, the sum of half — angles satisfies

the well-known trigonometric identity
sin? = + sin? B + sin? c_ 1-2 sinA sin B sin ¢
2 2 2 272772

2. Itis also known the geometric property for triangle half-angles that the product of

their sines is bounded above by %. That is,
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A B C_1
SanSanSan_B

(Equality holds precisely when 2 = g = g = 30°, that is when AABC is equilateral
triangle).
3. Substituting this upper bound into our identity, since we are subtracting the

product, the maximum product yields the minimum possible value for the sum

1 2(1)_1 1_3
8= =

An alternative way to obtain the same bound is:

1. Using the half-angle power — reducing identity sin? g = l_czos 9, we rewrite the sum
for all three angles:
. 2A+ . ZB+ ., C 1—cosA+1—cosB+1—cosC
sin“ — 4+ sin“ — + sin“ = =
2 2 2 2 2 2

2. Combining the terms gives:

3 —(cosA+ cosB + cosC)
2

3. For any triangle, the sum of the cosines of its interior angles has a maximum value

of ;-That is,

3
cosA+cosB +cosC < 2
4. To find the minimum value of the fraction, we substitute the maximum possible

value for the subtracted term (;) and we get

3 3

3-2 3-3_3
2 2 4
Multiplying our lower bounds together gives
1 1 1 . LA . ,B ., C 3
(sinZA Tsin?B ' sin? C) (sm z Psmg s E) Z4xy=3

Equality case occurs when A = B = C = 60°. That is, when AABC is equilateral.
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Solution 2 by Marin Chirciu-Romania

31 _ p*(p*+2r%-8Rr)+1%(4R+7)? Gerr;tse"

4.
sinZ A 4p2r2 -
Euler
r 3
2.Ysin’>=1—-— > =
2R 4

LHS—Z ! Z'2A>43—3—RHS
T Lsinzal 2= T T
Equality if and only if the triangle is equilateral.

Remark: The problem can be developed and strengthened.

In AABC holds:
3R A R/R 1
Y=t ()
2r sinZ A 2" r 2

Solution

2R 1 ﬁ 1 p*(p?+2r?-8Rr)+r?(4R+1)?

L. r <X sinZ A = r2’ see . sin4 4p2r2

16Rr — 512 < p? < 4R? + 4Rr + 312,
Euler
2.¥sin24=1-- "> 2
2 2R 4

Right hand inequality.

Z ,A R21 r)_R<R 1)
sin2 A sin® 2R/ r\r 2/

Equality holds if and only if the triangle is equilateral.

Z Z >2R 3_3R
sin2 A sin 25 r 4 2r

Equality holds if and only if the triangle is equilateral.

Right hand inequality.

Marin Chirciu

and the Gerretsen’s inequality

Remark: Left hand inequality strengthen Problem SP.624 from RMM Number 42 — Autumn

2026. We can write the inequalities.

In AABC holds
3R A R 1
D DR
2r sinZ A 2~ 2
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SP.625 If n > 3 is an integer, then prove that Vvn + 2 + Vn — 2 is an

irrational number.
Proposed by José Luis Diaz — Barrero — Spain

Solution by proposer

We argue by contradiction. Suppose that

\/n+2+\/n—2=§, (@ =1.

Inverting the relation gives

q_ 1 _Vn+2-+Vn-2
P vn+2+Vn—-2 4
Hence we get the system of equations
Vnt2+vn-2=L,
q
4
nt2z-vn-2=—2
p
4qZ+p2

Adding these equations and dividing by 2 gives vn + 2 = 2pq "

Squaring and rearranging terms, we get 4np?q? = 16q* + p*. Suppose now that n, p and
q are all positive integers with p and q realtively prime. The relationship

Anp?q* = 16q* + p* shows that p*, and hence p, is divisible by 2. Letting p = 2r we

2 2
obtain nr?q? = q* + r* from which we obtain n = (Z—Z) + (;—2) and this occurs only when

g = 41 and n = +2 and this contradicts that n > 3.

Alternatively, from 4np?q? = 16q* + p* we get p* = q?>(4np? — 164?>) and

2

2
(p;) = 4np? — 16q* and q divides p? which is not possible because g > 1. This

contradicts the assumption that p and q are coprime. Thus, the numbervn + 2 +vVn — 2

is irrational.
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SP.626 If a,b,c > 0,a+ b +c=1and A = 1 then:

a++Vvbc 1+ 34 1
< V
Z a+1 - 4 +,1+1z be

Proposed by Marin Chirciu — Romania

Solution 1 by proposer

We have:
a+\/E 1+32 a++vbc 1 1+ 34
<
za+/1 =g A+1Z‘/_‘:’Z< A+1‘/E>— 4
which follows from:
Z a+x/l%_ 1 Jhe) = (A+1)a+(1—a)\/EAGSM
a+i 2A1+1 2(a+1)
A+ Da+(1-a)2re
< =
—Z 2(a+1)
_ZZ(A+1)a+(1—a)(b+c)_ZZ(A+1)a+(1—a)(1—a)
B 4(a+ 2) B 4(a+ 2)
a’?+2la+1
4(a+ 1)
_Za2+2/1a+12+1—12_Za2+21a+12+ 1-22 B
B 4(a + 2) B 4(a+ A) 4(a+2)
(a+);)2 1- 22
4(a+A) 4(a+l)
_za+l+ 1— 22 _Za+31+ 1-— 22 B
B 4 4(a+2) 4 4(a+2)

_1+3/1Jr 1— A2 A§11+3/1
T4 4(a+1) - 4

Equality holds ifand onlyifa = b = ¢ = %and A=1.
Note: For A = 1 we obtain Cyclic Inequality proposed by Phan Ngoc Chau in RMM 2/2022.
Ifa,b,c>0,a+ b+ c = 1then:

44 42-RMM AUTUMN EDITION 2026-SOLUTIONS



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
a+ Vbc 1
S 1 13 b
a+1 2

Solution 2 by Jose Luis Diaz Barrero-Spain

Phan Ngoc Chau — Vietnam

Let S = Y., Vbc.Since1 —a = b + c, then so

a+\/E_ a +\/E+ Vbe(b + ¢)
a+2 a+2 A2+1 (a+DA+1)

Multiplying by v bc the inequality

11 N 1-—a
a+i 241 (a+ADA+1)

yields
Vbe _ Vbc N Vbe(1—a)
a+i2 A+1 (a+A)@A+1)
Using the constrainta+ b +c=1,0or1l —a = b + c, we have

Vbec _ bc Vbe(b + ¢)
a+A_A+1+(a+A)(A+ 1)

Adding ﬁ to both sides, we get

a+Vbc a \/E a +\/E+ Vbe(b + ¢)
a+ i a+A a+ld a+1 A+1 (a+2)A+1)

which is the desired identity.

Summing cyclically,

the right-hand side of the claim. Thus it suffices to prove

2

\/_(b+) 1+32
L e : (1)

Y€ g1 A+1 4

By AM-GM, Vb c < e %, hence Vbc(b + ¢) <! ) , SO it is enough to show

(1-a)?

————— Combining over a common
2(2+1)(a+A)’ g

chc g(a) < 1+TM' where g(a) = — -|-

denominator, the numerator simplifies to

20+Da+(1—-a)?=a*+2da+1=(a+1)?+(1-2%),
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SO

a+ 1 N 1-2
20+1) 2(a+ )

Summing and usinga + b + ¢ = 1, we obtain

Z (@ = 1+31+1—/1 1
IW=50+1D " 2 a+a
cyc

g(a) =

cyc

Since A > 1, we have 1 — A1 < 0 while chc ~>0,s0

14324
Zg(a) =2+ 1)

cyc
MoreoverA>1=>2(A+1)>4,and1+ 341> 0, so

1+ 34 1+ 321
<
20+1)~ 4

Combining the last two displays gives chc g(a) < 1;3'1, which proves (1) and hence the
claim. Equality holdsiff A= 1anda=b=c ==

SP.627 Solve for reals:

VaA+02+Y@-02=V1+x+V1—x
Proposed by Nguyen Hung Cuong — Vietnam

Solution 1 by Daniel Sitaru — Romania

_ 3y
Denote:{a_31+x:>a3+b3=2
b=3V1-x
(S=a+b {53—3.S'P=2
Denote.{ P=ab = §2_op—g
s2—-8§

2P=S2-S=>P= 2

§2—§
§3-3§- =2=>28-353+352=4

—-534+352-4=0=>53-352+4=0
S34+852-458244=0=>5%(5+1)-4(s2-1)=0
SZ8+1)-46-1DE+1D)=0=>(5+1)(S%2-45+4)=0

46 42-RMM AUTUMN EDITION 2026-SOLUTIONS



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
$S+1=0=>8S=-1=2P=1=22>-85Sz2+P=0=>2>+z+1=0;A<0

$2-45+4=0=>(5§-2)2=0=>5=2=>P=1

sa=b=1=2V1-x=V1+x=1=2x=0
Solution 2 by Marin Chirciu— Romania
a’+b3=2
a’+b>*=a+b

3 —
{s ~35P=2
s2-2p=S

With the substitution (i/l +x, Y1 - x) =(a,b) = {

s2-5 o L2 -5 o
-2 | p->-5 -T2
2

(§-2)’(s+1)=0
o

sZ—§
$3-35sp=2 (53—35- =2 §$3-352-4=0
L= { [—3

s2-s e 6Pe{2D (-1}
2

1L.6P=2Des@bh=1L1)e({1T+xV¥V1-x)=(1,1) ©x=0.
2.5P)=(-1,1)ea’-Sa+P=0oa*+a+1=0A=-3<0,a¢R

We deduce that x = 0 is the unique solution of the equation.

SP.628Ifa,b,c > 0;(a+ b + c) (1+1+1) = 17 then:
a b c
1 1 1
(a2+b2+c2)< 3zt ) 73
Proposed by Daniel Sitaru — Romania

Solution by proposer

a b c b c a
Denote:u=—-+-+—;v=—-+-+-
b c a a b c

1 1 1 a b c b a c
17=(a+b+0)(—+—+—>=(—+—+—)+<—+—+—)+3=u+v+3
a b c b ¢ a a ¢ b

>17=u+v+3>ut+tv=14

, g (1 1 1 a’? b? ? b? a? c?
(@>+b +c)( b2+—>= ptatg)t\gtaty +3=
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u? v?
=3+(u2—2v)+(v2—2u)=3+<T+T>—2(u+v)2
BERGSTROM (u + v)? 142
= —2(u+v)=3+T—2-14=3+98—28=73

1+1
Equality holds for:

a+
b a

SP.629If a,b > 0;:a + b < 2 then:

+

b ¢ b
_ _ =7
a

a+c
c b

(2+a+1—2b>(2+3a+1—6b) 64
1+a 1+2b/\1+3a 1+ 6b 105

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
2+a+1—2b_( 1 +1)+( 2 1)_
1+a 1+2b \1+a 1+2b B

1 N 2 2 N 2
"14a 1+2b 2+4+2a 1+2b

_ ( 1 1 ) BERGSTROM 2< (1+1)2 > _

=2 2+2a+1+2b 2+2a+1+2b

4 8 8 8
3+4b 3+2(a+b) 3+2-2 7
2+a . 1-2b
1+a | 142b = (1)

2+3a+1—6b_< 1 +1>+< 2 1)_
1+3a 1+6b \1+3a 1+ 6b N

_ 1 N 2 2 ( 1 )
“1+3a 1+6b 2+6a 1+6b 2+6a 1+6b
BERGSTROM (1+1)2 8 8

‘2+6a+1+6b 3+6(a+b)_3+6-2 15
2+43a 1—2b>8

= (2)

1+a 1+2b — 15

By multiplying (1);(2):

2+a+1—2b> 2+3a+1—2b> 8 8 64
(1+a 1+2b (1+a 1+2b) 7 15 105
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Solution 2 by Jose Luis Diaz Barrero-Spain

Ifa,b > 0anda+ b < 2, then prove that

(2+a+1—2b)(2+3a+1—6b)> 64
1+a 1+2b/\1+3a 1+6b/ 105
2+a_ 1 1-2b 2

=1 =
1+a +1+a’ 1+2b +1+2b’

the first bracket becomes

2+a+1—2b_ 1 N 2
1+a 1+2b 1+4+a 1+2b

Likewise,

2+3a+1—6b_ 1 N 2
1+3a 1+6b 1+3a 1+6b

So it suffices to prove, fora,b > Owitha + b < 2,

F(b)'—<1+ 2 )( 1 4 2 )>64
e =1+a " 1+20/\1¥3a " 1+6b) =105

Fix a > 0. Each bracket of F(a, b) is a positive constant plus a decreasing function of b,

hence each bracket is a positive, decreasing function of b. A product of two positive
decreasing functions is decreasing, so b — F(a, b) is decreasing.

Since the constraint gives 0 < b < 2 — a, decreasingness yields

F(a,b) > F(a,2 — a) for all admissible a, b.

So it suffices to prove F(a,2 — a) > %for ac(0,2).

Set b = 2 — a. Combine each bracket into a single fraction

1 2 (5-2a)+2(1+a) 7
1+ta 5-2a UA+a)B-2a)  A+a)G-2a)

since (5 — 2a) + 2(1 + a) = 7 identically. Similarly,

1 N 2 (13-6a)+2(1+3a) _ 15
1+3a 13-6a (1+3a)(13—-6a) (1+3a)(13-6a)
7-15 105
F(a,2 —a) =

1+a)(5-2a)(1+3a)(13 - 6a) A(a)B(a)
where

A(a) =1+ a)(5—-2a), B(a)=(1+3a)(13 —6a).
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Both A(a),B(a) > O0fora € (0,2), since A > 0 on ( 1, )and B > 0on (—% 16—3)

Next, we bound A(a) and B(a) via AM-GM:
e Bounding A: Note 2(1 + a) + (5 — 2a) = 7 is constant. By AM-GM,

2

2(1+a)+ (5 - 2a)>2 ~ (7)2 49 49

> —=>A(a)_8

21+ a)(5—-2a) < ( )

with equality when 2(1+ a) =5 — 2a,i.e.a = Z.

e Bounding B: Note 2(1 + 3a) + (13 — 6a) = 15 is constant. By AM-GM,

2
21+ 3a)+ (13 —6a 15 225 225
2(1+3a)(13 — 6a) < ( )+ ( ) = (—) =——=B(a) < —-,
2 2 4 8
with equality when 2(1 + 3a) = 13 — 6a,i.e.a = %
Since A(a), B(a) > 0, multiplying the two bounds gives
A@)B(a) < 4-9 225 11025 _ 1052
VPV ="g "3 64 64
105 105 105 - 64 64
F(a,2 —a) = =

> = = .
A(a)B(a) — 11025 1052 105
64
Combining with the preceding, yields
F(a,b) > F(a,2 —a) > - foralla,b>0,a+b <2
This is precisely the desired inequality. The two AM-GM steps attain equality at a = %and

a= % respectively, which cannot hold simultaneously, so the bound % is never actually
attained. The true minimum of the left-hand side is slightly larger (numerically about
0.6132, attained neara ~ 0.86,b =~ 1.14). Thus % is a clean, provable, though not

sharp, lower bound.

SP.630 In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong — Vietnam
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Solution 1 by Daniel Sitaru — Romania

a? N b? N c? S 3 (abc)?
hls; hg hg B (hahbhc)3

3 3 EULER 3 3
- L3/ 2 > . o 1s)2 —
hohoh (4Rrs)? > IF 2F 2F V@& 2r-rs)
a b ¢
3abc 3 MITRINOVIC 3 - 4RF 3\[
= 2 > 2 6 —
gp V@r? = 8F3 (8r2-3V3r) = 2F2 V64271
_ 3R 4.3 2_9-2-RMITRI>N0VIC 18R_72_8
= 21252 TETs =  27R? " 27R 3R
4

Equality holds fora = b = c.

2 3| 2R5 Mitrinovic
=3 >
2 ript

Solution 2 by Marin Chirciu— Romania

LHS — a? AM GM 3 a? 3| a?b?c?
h3 hghghg B

4 (27R2>2 " 3r

Euler 8
We have used above — Tl R* > 1671%, see R > 2r, (Euler).

Equality holds if and only if the triangle is equilateral.

Remark: The problem can be developed. In AABC holds:

hn+1 —T' neN

32R
Marin Chirciu

Solution:

a" AM GM 3 am 3 a*b"cn
LHS = Zh" > v = 3 [ T

2rip
(*7%)
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33 2n-1R2n+1 yitrinovic 3 2n-1p2n+1 1 3(22n+1Rn-1 gyjer 2nt1 S
=3 | =7 = 3 =5 > = RHS.
rn+2pn+2 . <3R\/§>n+2 372_1 T""'Z 3%R
T 2

1 3[22n+1gn-1 Euler gn+1 2 2
We have used above — — > < R™% > (2r)"*%, see R > 2r, (Euler).

n n
32 32

Equality holds if and only if the triangle is equilateral.
Note: For n = 2 we obtain Problem SP.630 from RMM Number 42 — Autumn 2026.

SP.630. In AABC holds:
Z a? 8
—_— 2 —_—
h; — 3R

Solution 3 by José Luis Diaz — Barrero — Spain

Nguyen Hung Cuong — Vietnam

By the Law of Sines, we have a = 2RsinA,b = 2R sinB,c = 2R sin C. Since
S = %ac sinB and h;, = %, substituting gives

h, =2RsinBsinC, h, = 2RsinAsinC, h,=2RsinAsinB
Then,

a? B 1 b? B 1 c? B 1
h}  2RsinAsin3C’'h}  2Rsin® AsinB’h}  2Rsin3 BsinC

Writing x = sin A4,y = sin B, z = sin C, the inequality is equivalent to
1 N 1 N 1 - 16
xz3 x3y y3z— 3

On account of AM-GM inequality, we have

1
1 N 1 N 1 >( 1 1 1 >§ 3

3 3 3, = 3 33+ v3 = e
xz3 x3y y3z xz3 x3y y3z (xyz)3

Since f(t) = In(sin t) is concave on (0, ), Jensen’s inequality gives

)_ _3n_3\/§
= sin 3= g

A+B+C

sin 4 sin B sin C < sin3 ( 3

SO
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4
4 <3x/§>3_32_9 3 3 16

(xyz)3 < ==1¢> i

83

Finally, combining the preceding, yields

a’? b* c? 1(1 1 1)>1 16 8

R ThiThi 2R\xz "y yiz) 2R 3 3R

Equality holdsifandonlyif A =B = C = g That is, when AABC is equilateral.

UNDERGRADUATE PROBLEMS

UP.616 Calculate the following integral:

(0]

Inx d
o (x+1)(x*+x%2+1) x

Proposed by Vasile Mircea Popa — Romania

Solution 1 by proposer

Let us denote:

[ @ Inx d
), Groatr2+ ™
1 In x l1-x)Inx
as o= [
o x+ 1D+ +x%24+1) o 1—x°
@ Inx “1-x)Inx
B = dxzf _—
; G+ +x%24+1) 1 1— x°

We consider the integral A.
A fl Inx p fl xInx p

2 _fl Inx p

We have:

We will calculate:
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1
We make the variable change: x® = y; x = ys.

We obtain:

5
1 (ly@lny

Ay = —
1736), 1-y

dy

We will use the following known relationship:

fl z%Inz

0 15 dz=-%¥(@a+1),aeR\{-1,-2,..}, where ¥, (x) is the trigamma function

We obtain:

We will calculate:

Proceeding similarly, we obtain:

We obtained the value of the integral A:

1 1 2
A=A41—4 =%[“"1(€)+“’(a)]
1
t

We consider the integral B. We make the variable change: x =
We obtain:

1 3
t—1t°Int
B——f—( )6

By proceeding similarly to the integral A, we obtain:
p=ge["(5) " (6
361 '\6 \6

I=A+B

e

We use the reflection formula:

Result:
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2

Y, W (1 %) = ——
1) 1 * ~ sin2(mx)
We obtain:
w5+ () - g
"6 "\6/ " sinz X "
6
lp(2)_“1, (4)_ 2 _41t2
6 "6/ &inz®~ 3
3
Result:
/- 1 A 2+4n2 /- 2m?
36| " T3 727

Solution 2 by Jose Luis Diaz Barrero-Spain

Puttingx=%,wehavedx=—g,lnx=—lnt,(x+1)(x4+x2+1)=(1+t)(1t¢,
and
® t3Int d
= o E+D(*+t2+1) t
Define
Inx ® x3Inx

x =1,

A = d B = d )
,[;, (x+Dx*+x2+1) o (x+1Dx*+x%2+1) x
such that I = —B. Adding up the two representations, yields
® 1-x>)Inx
7y 5 dx
o (x+1D(x*+x2+1)
Using 1 — x3 = (1 — x)(1 + x + x?) and the factorization of x* + x% + 1, we have

A—-B=2I=

1-—x3 B 1-2&*+x+1)
(x+DX*+x24+1) x+DE2+x+1DO2-x+1)
1—x 1—x

:(x+1)(x2—x+1):x3+1'

“(1-x)Inx “ Inx “ xIlnx
S LI P (L IR (L
0 x>+1 0o X*+1 0o x> +1

Using the well — known standard integral

Therefore,

co s—1 T
f 1+xndx:W, O<s<n,
0 nsin(—
n
and computing its derivative respect to s yields
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s
fmxs‘l lnxd m? COS (W)
—dx = ————.
1+ xn n? ginz (*S
0 sin (n)
In particular, for Paran = 3,s = 1, we obtain
T 1
* Inx > COS(§) nt 3 2m?
1+ 9 oM~ 9 37 27
0 sin (i) i
Forn = 3,s = 2, we obtain
2n 1
f°° xInx m? COS(T) n? —3 2m?
X==—" = —— — = —
3
Then,
oy — 2m? 2m? B 42
27 27 ) 27
and

Inx 2T

’=f0 G+ e+ D T 27

UP.617 Calculate the integral:

1 x2 arccos(x)
-f_1 1— x°
Proposed by Vasile Mircea Popa — Romania
Solution 1 by proposer
Let us denote:

1 x% arccos(x) 1 x% arcsin(x)
o[ R arinG)
-1 1—x6 -1 1— x°
We have:
2

_—
A+B=—f dx
2J)_1vV1—x2

But:

1 x% arcsin(x)
—_—ax =
-1 V1 -—x®

because the function to be integrate is odd.

B =
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Let us denote:

dx

1,2
c= f
_1V1 —x®
We have:

C = 2D, where: D = dx, because the function to be integrated is even.

o =
0 1—x6
We obtain: A = tD. We consider the integral D.

1,2
D = J dx
o V1 —x®
In the integral D we make the variable change x® = y

1 1
We obtain: D = %fol y 2 (1 —y) 2dy. Let us denote:

11 1
E=fy2ﬂ—y)wy
0

So:

We will use the Euler’s Beta function:

1

B(p,q) = fo tP~1(1-t)9'dt

Result:
1 1
E:B(g 1) E:F(i)r(i) o
2°2)’ r(1)
Where I'(«@) is the Euler’'s Gamma function
D= 1E = 1
"6 6"
A=mnD = mt
=1nD = 3
We obtained the value of the integral A:
2
A=—
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Solution 2 by Jose Luis Diaz Barrero-Spain

2

90 = ==

which is an even function on [—1, 1]. Split the integral and substitute x - —x in the piece

over [—1, 0], to obtain

1 1
I= f g(x) arccos(—x) dx + J g(x) arccos(x) dx =
0 0

1
= f g(x) [arccos(x) + arccos(—x)]dx.
0

Using the identity: arccos(x) + arccos(—x) = m, x € [—1, 1], this simplifies to

1 2
V1 — x6

Letu = x3,sodu = 3x%2dx. When x = 0,u = 0 and when x = 1,u = 1. Then

fl x? p 1f1 du 1[ in(w)]! 1n n
x == =—larcsin(W) o =55 =—
0o V1—x® 3Jp vi—uz 3 73 2 6

T
and I =m-—=—.
6 6

dx.

I=1t.l:g(x)dx=1tj;

UP.618 Find the curvilinear integral of the second kind:

j(y+z)dx+(x+z)dy+(x+y)dz
c

x(t)=t+1
Ciy(t)=t+2;te[0,1]
zt)=t+3

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
P(x(),y@®),z@t))=y() +z(t) =t+2+t+3=2t+5
Q(x(0),y@®),z®)) =x() +z() =t+1+t+3=2t+4
R(x(0),y@®),z))=x(®) +y{t) =t+1+t+2=2t+3
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j()’+Z)dx+(x+z)dy+(x+y)dz=
c

1
=f (2t+5)-1+2t+4)-1+(2t+3)-1)dt=
0

1 21!
=f (6t+13)dt=6-§ +12t[ =3+12=15
0 0

Solution 2 by Jose Luis Diaz Barrero-Spain
f(y+z)dx+ (x+2z)dy + (x+ y)dz
c

where C is given by the parametric equations:

x(t)=t+1
yt)=t+2 forte€[0,1]
zt)=t+3

1. Computing the differentials, we have dx = dy = dz = dt.

2. Substituting the parametric equations into the integral components, we get
y+z=(t+2)+({t+3)=2t+5
x+z=0(+1)+({t+3)=2t+4
x+y=0(+1)+({t+2)=2t+3

3. Summing the components and integrating from 0 to 1 yields

1
f(y+z)dx+(x+z)dy+(x+y)dz=f [(2t+5)+ 2t+4) + (2t + 3)] dt
c 0

1
= f (6t + 12)dt = [3t* + 12t]} = 15
0
UP.619 Find the curvilinear integral of the second kind:

jyzdx+xzdy+xydz
c

x(t) =t
C:{y(t) =2t;te[0,1]
z(t) = 3t

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

P(x(t); y(t);z(t)) = y(D)z(t) = 2t - 3t = 6t>
Q(x(1); y(1); z(1)) = x()z(t) = t - 3t = 3¢
R(x(t); y(); 2(t)) = x(O)y(t) = t - 2t = 2¢*

X)=1y'(t)=2;Z(t) =3
1
jyzdx+xzdy+xydz=J (6t -1 +3t*-2+2t*-3)dt =
c 0

1 t31
=18f t?dt =18 - —
0 3

Solution 2 by Jose Luis Diaz Barrero-Spain

1. Computing the differentials, we have dx = dt,dy = 2dt,dz = 3d¢t.
2. Substituting the parametric equations into the integral components, we get
yzdx = (2t)(3t)dt = 6tdt
xzdy = (t)(3t)(2dt) = 3t*(2dt) = 6t3dt
xydz = (t)(2t)(3dt) = 2t*(3dt) = 6t2dt
3. Adding up the components and integrating from 0 to 1 yields

1

fyzdx+xzdy+xydz=f (6t* + 6t* + 6t2) dt =
c 0

1

1 t3
=f 18t*dt = 18- —
0 3

0

UP.620 Find the curvilinear integral of the first kind:

x=tcost
Q= jzds;y:{yz tsint;¢ e [0, r]
14 z =3t

Proposed by Daniel Sitaru — Romania
Solution by proposer

x(t) =zcost > x'(t) =cost—tsint

y(t) =tsint = y'(t) = sint + tcost

60 42-RMM AUTUMN EDITION 2026-SOLUTIONS



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

z) =V3t=>2'(t) =3

2 2 2 2
(x@®) +(®) +(2(®)" = (cost —tsint)? + (sint + tcost)? + (V3) =
= cos?t + t?sin’t — 2tsintcost + sin®t + t> cos?t + 2tsintcost + 3 =

= (sin?t + cos?t) + t?(sin®’t + cos?t) + 3 =t* + 4
ds = \[ (x®)" +(y®) + (z(®) dt =/t + 4dt
T T 1
Q=fzds=f \/§t-\/t2+4dt=\/§J t-(t2 +4)2dt =
Y 0 0

371'
3(" 1 3 (t2+4)2
=£f (t2+2)’(t2+4)7dt=£-¥
2 J 2 %

0

- ?((nz +a)2— 4§) _ ?((nz +4)/m +4-8)

UP.621 Find the curvilinear integral of the first kind:

Q= f(x+zy+z) ds;y = [AB];  A(1,2,3);B(3,4,5)
Y

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

x_xA:y_yA:Z_ZA
Xp—Xa4 YB—Ya Zp—2Z,
x—-1 y—-2 z-3

‘3-1 4-2 5-3

AB:

AB =tte(0,1]

x—1=2t x=14+2t
AB:{y—2=2t=>AB:{y=Z+Zt
z—3 =2t z=3+ 3t
xt)=1+2t) =2
%ﬂﬂ=(z+%Y=
Z(t)=@3+2t) =2

ds = |(x (D) + y'(t) 2 4 (z®))’dt = V& + 4 + 4dt = 23dt
(@O +(©) + (2®)
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ﬂ=f(x+2y+z)ds=
1

1 1
=] (1+2t+2(2+2t)+3+2t)-2\/§dt=2\/§J (8 + 8t)dt =
0 0

21

t
=16V3 (tl}, +

)=16\/_;=24\/§

0
Solution 2 by Jose Luis Diaz Barrero-Spain
To parametrize the segment from point A(1, 2, 3) to point B(3,4,5), we use the vector
equation of a line
rt)=A+t(B—A), te[0,1]
or in coordinates
x(t)=1+@-1Dt=1+2t
yt)=2+@4-2)t=2+2t
zt)=3+(5-3)t=3+2t
Next, we find the derivatives of each coordinate with respect to £ and compute ds. We

have x'(t) = 2,y'(t) = 2,2'(t) = 2, and the arc length differential ds is given by
ds =[x (D12 + [y (D)% + [z (©)]2dt
ds = /22 + 22 4+ 22dt =4 + 4 + 4dt = V12dt = 2+/3dt

Substituting the parameterizations and ds into the integral over the interval t € [0, 1]

yields
1 1
nzf [(1+28) +2(2+2t) +(3+2t)]-2V3dt = 16\/§f (1+t)dt
0 0
Now, integrate with respect to t to obtain
t2]" 1 3
Q=16V3 t+—| = 16\/§(1+E> = 16\/_5: 24+/3
0

Thus,

Q=24V3
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UP.622 Find the surface integral of the first kind:

=ffz(x+y+z)dr

z ={(x,y,2) eR3|x=2u+3v,y=3u+2v,z=u+v;u,v € |0,1]}
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
x=¢@euv)=2u+3v;y=9vu,v) =3u+2v,z=x(uv) =u+v;
dp _ 0y Ax

w You Y1
Ap 11} dy
R iy
Adp\> oY% sax\?
E=(—(P> +(—¢> +(—X) =22+32+12=14
du du u
Adp\> YNt sax\?
G=(—(P> +(—¢> +(—X) =32+22+12=14
av av av

- (30 52+ (5) (Go) + o) ) =23 +3- 2+ 10113

dr = VEG — F2du dv = /14 - 14 — 132du dv = V27dudv

fx,y,z) =x+y+z
f((p(u,v),tp(u,v),)((u,v)) =2u+3v+3u+2v+u+v==6u+6v

:ffz(x+y+z)dt=ffl)(6u+6v)\/ﬁdudv=

1 1 1 1 1 1
=18\/§<f udu-f dv+f du-fvdv>:18\/§<§—1+1-§):18\/§
0 0 0 0

Solution 2 by Jose Luis Diaz Barrero-Spain
We compute this integral carrying out the following steps:
e First, we compute the partial derivatives with respect to u and v: Let the position

vector of the surface be r(u, v) = (2u + 3v,3u + 2v,u + v). Then,
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or
ru = £= (2;3)1)

or
ry, = % = (3;2)1)

e Second, we compute the cross product r,, X r,:
i j k
2 3 1
3 2 1

e Third, we calculate the surface element differential dS = |r,, X r,|dudv:
lry X1yl =12 +12 + (=5)2 =V1+1+ 25 =27 =33
Thus, dS = 3v/3du dv.

Ty XTy, = =1i+1j-5k=(1,1,-5)

e Fourth, we substitute the parametrization into the integrand x + y + z to obtain
x+y+z=Qu+3v)+Bu+2v)+ u+v) =6(u+v).

e Fifth, we evaluate the double integral over u, v € [0, 1] and we get

ffs(x“””)ds=f01fol(6u+6v)-3\/§dudv=

1 .1 1,2
:3\/§f f6(u+v)dudv:18\/§f [7+vu dv =
0o Jo 0

u=1
u

=0

1 uZ u=1 1 1
=18\/§f —+vu dv=18\/§f (—+v)dv=

1 v 1 1
=18V3|=v+—| = 18\/§(—+—)= 18V3
2 2, 2 2

UP.623Ifa,b,c > 0,a®> + b* + c2 =1and 1 > %then:

, 1 3
Sy s
Va2 +1 +V1+31

Proposed by Marin Chirciu — Romania

Solution by proposer

We prove: If a,b,c > 0,a? + b? + ¢ = 1 then:
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1
Zazb Sg(a+b+c)

Proof: We have:
(€))
3Ya’b <Ya’Ya=1-Ya=Ya,where(l) e 3Ya’h<Ya’Ya<
(:)Za(b—c)z >0

Lemma2: Ifa b,c > 0,a® + b?> + ¢? = 1and12§then

1 \? Ala+ b+ ¢)?
\/az + A 1+ 34
Proof: We have

D) €3y s (1Y) 1Y) €
a2+ i a?+1 A S Luat+2) 2\" Lia?z+1)

3( (a+b+c)2> 3<3_(a+b+c)2>

< — - " | ==
— 2 Y(a%z+2) A 1+32

Let’s get back to the main problem. Using the Lemmas, we obtain:

1 2Lemma1+21 3 a+b+c)2\ @
LHSZZ(ZaZbZ ) < §(a+b+C)2'—<3—¥>S

NP A 1+ 31
<-—_ = RHS?,
1+32
_ 2
1 2 3(q _ (atb+c)? g t=@tbte)q 3. ¢ 9
where (2) < (a+b+c) 2 (3 1+32 ) St & ot /1( 1+3,1) S oo

t(3+91—-1t) <272 t>?—-3@BA+1Dt+271>0< (t—3)(t—92) >0,
which follows fromt < 3and 41 > %,
(seet=(a+b+c)?<3(@*+b*+c*)=3-1=3).
. . e 1
Equality holds ifand onlyifa = b = ¢ = &
UP.624 Solve for reals:

V+rx+V1-x-V1-a2=1

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

Denote-{4“1+x=a.{5=a+b {a+b—ab=1 { S=1+P
‘Wi—x—bp P=ab>0" L a*+p*=2 ~ ((§*-2P)*-2P* =2

((1+P)2-2P)2-2P2 =2
(1+2P+ P?2-2P)>-2P%2=2
(P2+1)2-2P2=2=P*+2P2+1-2P%2=2
=>P*=1=P =1 (because P > 0)

a=1:>{‘{/1+x=1:>
b=1 W1-x=1

P=1:s=2:{ x=0

UP.625 Find:
Q0= jj(3x+ 2y)dx dy
D

D = Int (AAOB); 0(0,0); A(2,4); B(5,4)
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

x y 1
0O4:10 0 1|=0;,04:0+2y—-0-0—-4x—-0=0
2 4 1
y
OA:4x = Zy;OA:xzi
x y 1
OB:|0 0 1/|=0;0B:0+5y—-0-0—-4x—-0=0
5 4 1
5y
OB:5y=4-x;OB:x=T

4 5_y 4 25__'}’ 5
4 3x°|4 2y

Q=ff(3x+2y)dxdy=f f (3x+ 2y)dx dyzf —| +2yx|)} |dy=
D o \ /2 o\ 21y Z

Yy
2

473 (25y% y? 3y 173 48y?
_— Ja— _—— " —_— = —_— 2 =
_jL <2< 16 4>'F2y z})dy ﬁ,(sz 2yt )dy
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111t , 111 30 111 64
~32 ), P T3 3| T2 3

Yy
A
a —_—— =

=0}

=
NY SR
N mmmm -

Solution 2 by Jose Luis Diaz Barrero-Spain
Find:

.]-.];)(Bx+2y) dx dy

where D is the interior of triangle AOB with vertices: 0(0,0), A(2,4), B(5,4)
To evaluate the double integral

fL(Bx +2y)dx dy

where D is the interior of triangle AOB with vertices 0(0,0),A4(2,4), and B(5,4), we
first determine the boundaries of the region. The triangle is bounded by three lines:
e Line OA: Passes through (0,0) and (2,4). Equation: y = 2x = x = %
e Line OB: Passes through (0,0) and (5,4). Equation: y = %x =>x= %y
e Line AB: Horizontal line at y = 4. For a fixed y between 0 and 4, x ranges from the
left boundary x = %to the right boundary x = Zy.

The integral becomes

ff (Bx + 2y)dxdy

Integrating with respect to x yieds

5y 5y 2
4 3 4 3 /5y 5y 3 /y\2 y 111
_ 12,2 _2(22 AN _(2(2 LAY i)
f% (3x+2y)dx_[zx +2yx]% (2(4) +2y(4)> (2(2) +2y(2) 32 7
Now, integrating with respect to y, we obtain
4

4111
f _—

111 [y3]7 111 (64 _
0 a2 ytdy = E[?]o = 5(?) =74 and [ [ (3x+2y)dxdy = 74.
UP.626 Find:
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Q= f (2x + 3y) dxdy

D
D = Int(AAOB); 0(0,0); A(2,3); B(2,5)
Proposed by Daniel Sitaru — Romania
Solution 1 by proposer

x y 1
0A4:(0 0 1[=0;04:0+2y+0—-0—-3x—-0=0
2 31
3x
0A:2y=3x=>y=7
x vy 1
OB:|10 0 1{=0,0B:0+2y—0—-0—-5x—-0=0
2 51

5x
OB:2y=5x:>y=7

5x 5x

2l 2z 2 5x y2[2Z
Q:ff(2x+3y)dxdy:f f (2x + 3y)dy dx:f 2xy|2 +3 - = dx =

D 2 5

_fz ) (Sx 3x>+3 25x*  9x*\) | _fz gyt 43 16x*

S\ )T \(Te T )T\ T Ty )T

x| (23 03) 64
=gl _)==
0

2 3
=| 2x*+6x*)dx=8 —
fo(x+x)x 3 33 3
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Solution 2 by Jose Luis Diaz Barrero-Spain

To compute the integral

f f (2x + 3y)dxdy
D
where D is the interior of triangle AOB with vertices 0(0,0),A4(2,3), and B(2,5), we first
determine the boundaries of the region. The triangle is bounded by three lines:
e Line OA: Passes through (0,0) and (2, 3). Equation: y = ;x.
e Line OB: Passes through (0,0) and (2, 5). Equation: y = gx

e Line AB: Vertical Base AB: x = 2.
Thus,

)]

2 2%
ff(2x+3y)dxdy=f _]-3 (2x +3y)dydx
D 0

Ex
Integrating with respect to y yields
5 5
2~ 3 12"
f (2x+ 3y)dy = [ny + —yz] = 8x?
3 27 B
2% 2"
Now, integrate with respect to x, we get
[oran-afs] -a()-%
X X = _— = ==
0 3 0 3 3
and
64
ff (2x +3y)dxdy = —
D 3

UP.627 Find the surface integral of the second kind:

f f 2xdydz + ydzdx + 5zdxdy
))

2

2 2
where )] is the surface of the ellipsoid: E: x: +LX+Z =1

z
9 25

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

P(x,y,z) =2x,Q(x,y,z) =y,R(x,y,z) = 5z

P _ 5,90 _ 4 9R _ iy F =90 ,9¢ OR _ —
E_Z’ay_l’az_s' dWF_ax+ay+az_2+1+5_8
4mabc
Vol (E) = 3 sat =;b% =9;¢? =25
4w -2-3-5
=>a=2,b=3,c=5;Vol(E)=#=40n
dP 0Q OR
ﬂ 2xdxdy + ydzdx + 5zdxdy = Uf @+a—)dxdydz=

= H div F dxdydz = .Uj 8dxdydz = BU dxdydz = 8Vol (E) = 8 - 40 = 3207
Q Q h)

Solution 2 by Jose Luis Diaz Barrero-Spain

To find the surface integral we will use the Gauss’s Divergence Theorem. It relates a
surface integral over a closed, oriented surface S to a triple integral over the solid region V

enclosed by S. That is,

ff(dedz+dedx+Rdxdy)—J.J.J. 6P gg ZI:)dV

Here, our vector field components are P = 2x, Q = y and R = 5z. Next, we find the

divergence of the vector field F = (2x, y, 5z). That is:
P} a F)
V' F = E(Zx) +£(y) +£(5Z)

V-F=2+1+5=8

8f”Vdv

where [ [ [ dV is simply the volume of the ellipsoid V.

The surface integral now simplifies to

Now, we calculate the Volume of the Ellipsoid. The standard equation for an ellipsoid is

52 N y?2 N 42
a? c2

b =1
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From our given equation, the semi-axes are a = 2,b = 3,c = 5. It is well-known that the

formula for the volume of an ellipsoid is Volume = gnabc. Substituting the values of a, b
and cyields
Volume = 27(2)(3)(5) = 40m,

and the value of the surface integral is

ffodydz+ydzdx+52dxdy= 8 X (40m) = 3207
s

UP.628 Find the general solution for the system:

Y1=Y1+Y¥Y2+Y;3
Y2 =2y, + Y3
y3 = 3y3

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

Y1 1 1 1\ /M 1 1 1 1.0 0
yyl=(0 2 1|{y2], det[{0o 2 1|-2{0 1 o]]|=0
¥4 0 0 3/\y3 0 0 3 0 0 1

0 0 3—21 A =3
Fori=1
0 1 1\ /V1 0 vy + V3 0
0 1 1 vZ = O = 172+v3 = 0
0 0 2/ \v3 0 2v3 0
V1 (41 1
=0
:>{VZ;_17=30 >v;,=0> (172) = <0> = <O>—eigenvector
3 U3 0 0
Ford =2

-1 1 1\ /71 0 —Vq1 + V2 + V3 0
0 0 1)|V2]=10]=> V3 =|0
0 0 1/\v3 0 V3 0
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3 (2] (21 1
= { vy =0 >v,=v,=>|V2|=(v1]|=>|1]-eigenvector
-Vt vy +V3 1 z 01

VU3 0
ForA=3
-2 1 1 Uy 0 —2171 + U, + V3 0
0 -1 1 UV ]=(0]|> -V, + V3 =10
0 0 0/\V3 0 0 0
—21.71 + () + V3 = 0 —2171 = —sz _
:{ —v2+v3=0 = V3 =Dy 2V ="
L1 V1 1
=>|V2|=|V1]=>|1]-eigenvector
U3 V1 1
Solution:
y1(x) 1 1 1
y2(x) | =cy-el*[0 ) +cy-e?*[1 ) +cg-e3*( 1
y3(x) 0 0 1
y1(x) c1e* + c,e?* + cze3* y1(x) = c1€* + c,e** + cze3*
y2(x) | = c2e** + c3e?* = y2(x) = ce** + cze3*
y3(x) cze3* y3(x) = cze3*

Solution 2 by Jose Luis Diaz Barrero-Spain

First, we write the system in matrix form y’ = Ay as

Y1 1 1 1\ /Y1
vy l=(0 2 1]
A 0 0 3/\y;

Since A is an upper triangular matrix, its eigenvalues are the elements on the main
diagonal:
A'l = 1,),2 = 2,),3 = 3

The eigenvectors corresponding to each eigenvalue are

1
e For A; = 1:Solving (A — I)v,; = 0, we get the eigenvector v, = <0>
0

1
e For A, = 2: Solving (A — 2I)v, = 0, we get the eigenvector v, = <1>
0
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3
e For A3 = 3: Solving (A — 3I)v; = 0, we get the eigenvector v; = (2)
2

Combining the eigenvalues and eigenvectors, the general solutions is given by:

y1(8) 1 1 3
yz(t) = Clet (O) + CzeZt (1) + Cgegt (2)
y3(t) 0 0 2

or in component form

}’1(t) = Clet + CZBZt + 36333t
yz(t) = CzeZt + 26333t
y3(t) = 2C3e3

where C4, C5, C3 are arbitrary constants.

UP.629 Find the general solution:
y' —5y" + 4y = xe*
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
The homogenuous equation: y'' — 5y’ + 4y = 0
The characteristic equation: 7> — 51 + 4 = 0
Solutions: r; = 1; 7, = 4, S = {e*; e**} — the fundamental system of solutions
The general solution for homogenuous equation:
yu(x) = ¢ €* + ce?*
{ ci(x)e* + che** =0
ci(x)(€¥) + ch(e**) = xe*

ci(x)e* + c,(x)e** =0
cj(x)e* + 4c)(x)e* = xe*

X 4x
W(.X') — ex 4e4x — 4_e5x _ e5x — 3e5x
e
0 e4x
5x
X 4x —Xxe X
¢, (%) xe* 4e ==
w(x) 3ed>x 3
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e 0

’ e* xe* erx X xe—3x
) = — &
ci(x) = 3
X 1 1 x2 xz

x
c,(x) = 3 e 3%

X 1 X 1
c,(x) = fge‘“dx = _5_[ x(e™3¥) dx = —§e‘3x + EJ e 3dx =

x 1
— _Z53x _ _— ,-3x
9¢ = T27°¢
y (x) — _fex + (_Ee—Bx — ie—3x) et
P 3 3 27
X (x_l_ 1) .
= ——e — |- —Q]e
Yp= 73 3" 27
2x 1 x : i
yp = (_? _E) e* — a particular solution

The general solution:

2x 1
Y() = Yu() + 3p(0) = cre* + cpe — (St o) e

Solution 2 by Jose Luis Diaz Barrero-Spain

The associated homogeneous equation is
y'=5y' +4y =0,

and its characteristic equation is:

”-5r+4=0=>0-1Dr-4)=0
This gives roots r; = 1 and r, = 4, and the homogeneous solution is

yu(x) = C1€* + C,e**

To find the particular solution we will use the method of undetermined coefficients: The
right-hand side is f(x) = xe*. Since r = 1 is a single root of the characteristic equation,
we will use the trial solution

¥, (x) = x(Ax + B)e* = (Ax* + Bx)e*
Next, we compute the derivatives of y,, (x):

yp = (2Ax 4+ B)e* + (Ax* + Bx)e* = [Ax* + (24 + B)x + Ble*
yy = (2Ax + 2A + B)e* + [Ax* + (2A + B)x + Ble*
= [Ax? + (4A + B)x + (2A + 2B)]e*
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Substituting into the original differential equation yields
y' =5y + 4y = xe*,

and factoring out e*, we get

[Ax* + (4A+ b)x + (2A + 2B)] — 5[Ax*> + (2A+ B)x + B] + 4[Ax*> + Bx] = x
Group the terms by powers of x:

e Forx?:A — 54+ 4A = 0 (matches correctly)

1

 Forx:(4A+B)—5(24+B)+4B=-6A=1>A=—

e Forthe constantterm: (24+2B) —5B=2A-3B=0=>3B =24>

B 2A !
= = — = ——
3 9

Thus, the particular solution is

1 1
= (413

and the general solution is

1 1
y(x) = yu,(x) + y,(x) = C1€* + Cre*™ — (—xz + —x) e*

6 9
ﬂ=.[.[x2dxdy
D

D={(x,y)|0<y<9-—x%-3<x<3}

UP.630 Find:

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

3 9-x? 3 9x?
szfxzdxdyzf f x*dy dxzf <x2y|0 )dxz
D -3\Jo -3

3 3
= f (x%(9 — x% — 0)dx) = f (9x2 —x*)dx =
-3 -3

} 1
= 3(3% — (-3)%) — 2 (35 - (-3)%) =
iy 5

3 5

5

_9x3
73

-3
_3.9.93 1 ). 35—2.81 2-243 810-486 324
N 5 N 5 5 5

Solution 2 by Jose Luis Diaz Barrero

To evaluate the double integral, we set it up as in iterated integral

75 42-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

3 ~9-x?
f f x*dydx
-3Jo

First, integrating with respect to y, we get
9—x? )
f x2dy = x2[y]g™ = x%(9 — x%) = 9x% — x*
0

Now, we integrate the resulting expression with respect to x, and we obtain

513

3 9x3 x53 X 324
2 _ .4 _ |1 3_2 | 24T
.[_3(9x X )dx—[ 3 5]_3 = [3x 5 =

5

-3
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