
 

UP.615  Prove that 
𝟖

𝟓
 is the smallest positive value of the constant 𝒌 such that 

𝟏

(𝒂 + 𝒃)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒄 + 𝒂)𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
 

for all side lengths 𝒂, 𝒃, 𝒄 of a triangle with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 
Proposed by Vasile Cîrtoaje – Romania  

Solution 1 by proposer 

For 
𝒂

𝟐
= 𝒃 = 𝒄 = √

𝟑

𝟓
, the constraint is satisfied and the inequality becomes 

𝟏𝟎

𝟐𝟕 + 𝟓𝒌
+

𝟓

𝟏𝟐 + 𝟓𝒌
≤

𝟑

𝟒 + 𝒌
, 

that is 𝒌 ≥
𝟖

𝟓
. To show that 

𝟖

𝟓
 is the smallest positive value of 𝒌, we need to prove that 𝑬 ≤

𝟎 for 𝒌 =
𝟖

𝟓
, where  

𝑬 =
𝟏

(𝒂 + 𝒃)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒄 + 𝒂)𝟐 + 𝒌
−

𝟑

𝟒 + 𝒌
. 

Assume 𝒂 ≥ 𝒃 ≥ 𝒄 and denote 
𝑿 = (𝒂 + 𝒃)𝟐 + 𝒌, 𝒀 = (𝒂 + 𝒄)𝟐 + 𝒌, 𝒁 = (𝒃 + 𝒄)𝟐 + 𝒌. 

For fixed 𝒂, assume that 𝒄 and 𝑬 are functions of 𝒃. By differentiating the equality 
constraint, we get 

(𝒂 + 𝒃)𝒄′ + 𝒂 + 𝒄 = 𝟎. 
Therefore  

𝑬′(𝒃)

𝟐
= −

𝒂 + 𝒃

𝑿𝟐
−

𝒃 + 𝒄

𝒁𝟐
− [

𝒂 + 𝒄

𝒀𝟐
+

𝒃 + 𝒄

𝒁𝟐
] 𝒄′ 

= −
𝒂 + 𝒃

𝑿𝟐
+

𝒃 + 𝒄

𝒁𝟐
+ [

𝒂 + 𝒄

𝒀𝟐
+

𝒃 + 𝒄

𝒁𝟐
]

𝒂 + 𝒄

𝒂 + 𝒃
 

= −
𝒂 + 𝒃

𝑿𝟐
+

(𝒂 + 𝒄)𝟐

(𝒂 + 𝒃)𝒀𝟐
−

(𝒃 − 𝒄)(𝒃 + 𝒄)

(𝒂 + 𝒃)𝒁𝟐
. 

We will show that 𝑬′(𝒃) ≤ 𝟎, that is 
(𝒃 − 𝒄)(𝒃 + 𝒄)

𝒁𝟐
≥

(𝒂 + 𝒄)𝟐

𝒀𝟐
−

(𝒂 + 𝒃)𝟐

𝑿𝟐
,

(𝒃 − 𝒄)(𝒃 + 𝒄)

𝒁𝟐
≥

𝑨𝑩

𝑿𝟐𝒀𝟐
, 

where 
𝑨 = (𝒂 + 𝒄)𝑿 − (𝒂 + 𝒃)𝒀, 𝑩 = (𝒂 + 𝒄)𝑿 + (𝒂 + 𝒃)𝒀. 

Since 
𝑨 = (𝒂 + 𝒃)(𝒂 + 𝒄)(𝒃 − 𝒄) − 𝒌(𝒃 − 𝒄) = (𝒃 − 𝒄)(𝒂𝟐 + 𝟑 − 𝒌), 

𝑩 = (𝒂 + 𝒃)(𝒂 + 𝒄)(𝟐𝒂 + 𝒃 + 𝒄) + 𝒌(𝟐𝒂 + 𝒃 + 𝒄) = (𝟐𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝟑 + 𝒌), 
and  

𝑿𝒀 ≥ [(𝒂 + 𝒃)(𝒂 + 𝒄) + 𝟐]𝟐 = (𝒂𝟐 + 𝟑 + 𝒌)𝟐, 
it suffices to show that 

𝒃 + 𝒄

𝒁𝟐
≥

(𝟐𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝟑 − 𝒌)

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
, 

which is equivalent to  



 

𝒇(𝒙) =
𝒂𝟐 + 𝟑 − 𝒌

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
, 

where  

𝒇(𝒙) =
𝒙

(𝒙𝟐 + 𝒌)𝟐(𝟐𝒂 + 𝒙)
, 𝒙 = 𝒃 + 𝒄. 

From  

𝟏𝟐 − 𝟑(𝒃 + 𝒄)𝟐 = 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑(𝒃 + 𝒄)𝟐 ≥ 𝟒(𝒃𝟐 + 𝟐𝒃𝒄) − 𝟑(𝒃 + 𝒄)𝟐 
= 𝒃𝟐 + 𝟐𝒃𝒄 − 𝟑𝒄𝟐 ≥ 𝟎, 

we get 𝒃 + 𝒄 ≤ 𝟐, hence 𝒙 ∈ [𝒂, 𝟐] with 𝒂 ≥ 𝟏. We have 

𝒇′(𝒙) =
−𝑨

(𝒙𝟐 + 𝒌)𝟑(𝟐𝒂 + 𝒙)𝟐
,   𝑨 = 𝟒𝒙𝟑 + 𝟔𝒂𝒙𝟐 − 𝟐𝒌𝒂. 

Since 𝑨 ≥ 𝟒𝒂𝟑 + 𝟔𝒂𝟑 − 𝟐𝒌𝒂 = 𝟐𝒂(𝟓𝒂𝟐 − 𝒌) > 0, we have 𝒇′(𝒙) < 0, 𝑓(𝒙) is decreasing, 
hence 

𝒇(𝒙) ≥ 𝒇(𝟐) =
𝟏

(𝟒 + 𝒌)𝟐(𝒂 + 𝟏)
. 

From (𝟐𝒂 − 𝟑)𝟐 ≥ 𝟎, we get 

𝟏𝟐𝒂 ≤ 𝟒𝒂𝟐 + 𝟗, 𝒂 + 𝟏 ≤
𝟒𝒂𝟐 + 𝟐𝟏

𝟏𝟐
,

𝟏

𝒂 + 𝟏
≥

𝟏𝟐

𝟒𝒂𝟐 + 𝟐𝟏
, 

hence  

𝒇(𝒙) ≥
𝟏𝟐

(𝟒 + 𝒌)𝟐(𝟒𝒂𝟐 + 𝟐𝟏)
. 

So, it suffices to show that 
𝟏𝟐

(𝟒 + 𝒌)𝟐(𝟒𝒂𝟐 + 𝟐𝟏)
≥

𝒂𝟐 + 𝟑 − 𝒌

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
. 

Denoting 𝒕 = 𝒂𝟐 ≥ 𝟏, the inequality is equivalent to 𝒈(𝒕) ≥ 𝟎, where  

𝒈(𝒕) = 𝟏𝟐(𝒕 + 𝟑 + 𝒌)𝟑 − (𝟒 + 𝒌)𝟐(𝟒𝒕 + 𝟐𝟏)(𝒕 + 𝟑 − 𝒌). 
We have 

𝒈′(𝒕) = 𝟑𝟔(𝒕 + 𝟑 + 𝒌)𝟐 − (𝟒 + 𝒌)𝟐(𝟖𝒕 + 𝟑𝟑 − 𝟒𝒌),   𝒈′′(𝒕)

= 𝟕𝟐(𝒕 + 𝟑 + 𝒌) − 𝟖(𝟒 + 𝒌)𝟐. 
Since 

𝒈′′(𝒕) ≥ 𝟕𝟐(𝟒 + 𝒌) − 𝟖(𝟒 + 𝒌)𝟐 = 𝟖(𝟒 + 𝒌)(𝟓 − 𝒌) > 0, 
𝒈′(𝒕) is increasing, hence 

𝒈′(𝒕) ≥ 𝒈′(𝟏) = 𝟑𝟔(𝟒 + 𝒌)𝟐 − (𝟒 + 𝒌)𝟐(𝟒𝟏 − 𝟒𝒌) = (𝟒 + 𝒌)𝟐(𝟒𝒌 − 𝟓) > 0, 
therefore 𝒈(𝒕) is increasing and 

𝒈(𝒕) ≥ 𝒈(𝟏) = 𝟏𝟐(𝟒 + 𝒌)𝟑 − 𝟐𝟓(𝟒 + 𝒌)𝟐(𝟒 − 𝒌) = (𝟒 + 𝒌)𝟐(𝟑𝟕𝒌 − 𝟓𝟐) > 0. 
Since 𝑬′(𝒃) ≤ 𝟎, then 𝑬(𝒃) is decreasing and has the maximum value when 𝒃 is minimum, 
hence when 𝒃 = 𝐦𝐚𝐱{𝒄, 𝒂 − 𝒄}. So, it suffices to consider the following two cases: 𝒃 = 𝒄 
and 𝒃 = 𝒂 − 𝒄. 

Case 1: 𝒃 = 𝒄 ≥
𝒂

𝟐
. For 𝒃 = 𝒄 ≔ 𝒛 ≥

𝒂

𝟐
, the equality constraint becomes 𝟐𝒂𝒛 + 𝒛𝟐 = 𝟑, and 

from 𝟑 = 𝟐𝒂𝒛 + 𝒛𝟐 ≤ 𝟒𝒛𝟐 + 𝒛𝟐 = 𝟓𝒛𝟐, we get 𝟓𝒛𝟐 − 𝟑 ≥ 𝟎. The inequality becomes 
𝟐

(𝒂 + 𝒛)𝟐 + 𝒌
+

𝟏

𝟒𝒛𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
, 



 
which is equivalent to 

𝟑𝟐𝒛𝟐

𝟓𝒛𝟒 + 𝟔𝟐𝒛𝟐 + 𝟒𝟓
+

𝟏

𝟓𝒛𝟐 + 𝟐
≤

𝟑

𝟔
, 

𝟓𝒛𝟔 − 𝟏𝟑𝒛𝟒 + 𝟏𝟏𝒛𝟐 − 𝟑 ≥ 𝟎, (𝒛𝟐 − 𝟏)𝟐(𝟓𝒛𝟐 − 𝟑) ≥ 𝟎. 
The last inequality is clearly true. 

Case 2: 𝒂 = 𝒃 + 𝒄. We need to show that (𝒃 + 𝒄)𝟐 + 𝒃𝒄 = 𝟑 implies 
𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝟐𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝟐𝒄)𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
. 

Let 𝒙 = 𝒃 + 𝒄. We have 

𝒃𝒄 = 𝟑 − 𝒙𝟐, 
and from 𝒙𝟐 ≥ 𝟒𝒃𝒄 = 𝟒(𝟑 − 𝒙𝟐), we get 

𝒙𝟐 ≥
𝟏𝟐

𝟓
. 

Since  
𝟏

(𝟐𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝟐𝒄)𝟐 + 𝒌
=

𝟓(𝒃 + 𝒄)𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

[(𝟐𝒃 + 𝒄)𝟐 + 𝒌][(𝒃 + 𝟐𝒄)𝟐 + 𝒌]
≤ 

≤
𝟓(𝒃 + 𝒄)𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

[(𝟐𝒃 + 𝒄)(𝒃 + 𝟐𝒄) + 𝒌]𝟐
 

=
𝟓𝒙𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

(𝟐𝒙𝟐 + 𝒃𝒄 + 𝒌)𝟐
=

𝟕𝒙𝟐 − 𝟔 + 𝟐𝒌

(𝒙𝟐 + 𝟑 + 𝒌)𝟐
, 

it suffices to show that 
𝟏

𝒙𝟐 + 𝒌
+

𝟕𝒙𝟐 − 𝟔 + 𝟐𝒌

(𝒙𝟐 + 𝟑 + 𝒌)𝟐
≤

𝟑

𝟒 + 𝒌
, 

i.e. 
𝟏

𝟓𝒙𝟐 + 𝟖
+

𝟑𝟓𝒙𝟐 − 𝟏𝟒

(𝟓𝒙 + 𝟐𝟑)𝟐
≤

𝟑

𝟐𝟖
. 

Substituting  

𝟓𝒙𝟐 = 𝟏𝟐𝒕, 𝒕 ≥ 𝟏, 
the inequality becomes as follows: 

𝟏

𝟒(𝟑𝒕 + 𝟐)
+

𝟏𝟒(𝟔𝒕 − 𝟏)

(𝟏𝟐𝒕 + 𝟐𝟑)𝟐
≤

𝟑

𝟐𝟖
, 

𝟒𝟑𝟐𝒕𝟑 − 𝟕𝟒𝟒𝒕𝟐 + 𝟐𝟐𝟕𝒕 + 𝟖𝟓 ≥ 𝟎, (𝒕 − 𝟏)(𝟒𝟑𝟐𝒕𝟐 − 𝟑𝟏𝟐𝒕 − 𝟖𝟓) ≥ 𝟎. 
Since 𝒕 ≥ 𝟏, the last inequality is clearly true. 

The proof is completed. For 𝒌 =
𝟖

𝟓
, the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝟏, and also 

when 
𝒂

𝟐
= 𝒃 = 𝒄 = √

𝟑

𝟓
  (or any cyclic permutation). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

For 𝑎 = 𝑏 = 𝑥 ∈ (0, √3) and 𝑐

=
𝟑 − 𝒙𝟐

𝟐𝒙
, 𝐭𝐡𝐞 𝐜𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐭𝐬 𝐚𝐫𝐞 𝐬𝐚𝐭𝐢𝐬𝐟𝐢𝐞𝐝 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 



 
𝟏

𝟒𝒙𝟐 + 𝒌
+

𝟐

(𝒙 +
𝟑 − 𝒙𝟐

𝟐𝒙 )
𝟐

+ 𝒌

≤
𝟑

𝟒 + 𝒌
. 

𝐒𝐢𝐧𝐜𝐞 𝒂 + 𝒃 > 𝒄, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝟐𝒙 >
𝟑 − 𝒙𝟐

𝟐𝒙
, 𝐭𝐡𝐞𝐧 𝒙 > √

𝟑

𝟓
, 𝐚𝐧𝐝 𝐟𝐨𝐫 𝒙

→ √
𝟑

𝟓
, 𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐧𝐞𝐜𝐞𝐬𝐬𝐚𝐫𝐲 

𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 
𝟏

𝟏𝟐
𝟓 + 𝒌

+
𝟐

𝟐𝟕
𝟓 + 𝒌

≤
𝟑

𝟒 + 𝒌
, 𝐭𝐡𝐚𝐭 𝐢𝐬 𝒌 ≥  

𝟖

𝟓
. 

𝐓𝐨 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 
𝟖

𝟓
 𝐢𝐬 𝐭𝐡𝐞 𝐬𝐦𝐚𝐥𝐥𝐞𝐬𝐭 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝒌, 𝐰𝐞 𝐰𝐢𝐥𝐥 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 𝒌

=
𝟖

𝟓
. 

𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨: 
(𝒂 + 𝒃)𝟐

(𝒂 + 𝒃)𝟐 + 𝒌
+

(𝒃 + 𝒄)𝟐

(𝒃 + 𝒄)𝟐 + 𝒌
+

(𝒄 + 𝒂)𝟐

(𝒄 + 𝒂)𝟐 + 𝒌
≥

𝟏𝟐

𝟒 + 𝒌
. 

𝐋𝐞𝐭 𝟐𝒑 = 𝒂 + 𝒃 + 𝒄 ≥ √𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟑 𝐚𝐧𝐝 𝒓 = 𝒂𝒃𝒄. 
𝐁𝐲 𝐂𝐚𝐮𝐜𝐡𝐲 − 𝐒𝐜𝐡𝐰𝐚𝐫𝐳′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞: 

∑
(𝒃 + 𝒄)𝟐

(𝒃 + 𝒄)𝟐 + 𝒌
𝒄𝒚𝒄

≥
[∑ (𝒃 + 𝒄)(𝟓𝒔 + 𝟐𝒂)𝒄𝒚𝒄 ]

𝟐

∑ (𝟓𝒔 + 𝟐𝒂)𝟐((𝒃 + 𝒄)𝟐 + 𝒌)𝒄𝒚𝒄
 ≥⏞

?

 
𝟏𝟐

𝟒 + 𝒌
 

⟺ 𝟐𝟓𝟐 + 𝟑𝟑𝟑𝒑𝟐 − 𝟏𝟎𝟎𝒑𝟒 − 𝟑𝟑𝟎𝒑𝒓 ≥ 𝟎. 
𝐋𝐞𝐭 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚. 𝐒𝐢𝐧𝐜𝐞 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

= 𝟑 − 𝒑𝟐,  
𝐚𝐧𝐝 𝒓 = 𝒂𝒃𝒄 = (𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) − 𝒙𝒚𝒛

= 𝒑(𝟑 − 𝒑𝟐) − 𝒙𝒚𝒛, 𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 
𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑𝟐 + 𝟐𝟑𝟎𝒑𝟒 + 𝟑𝟑𝟎𝒑𝒙𝒚𝒛 ≥ 𝟎                                                      (∗) 

𝐈𝐟 𝒑𝟐 ≥
𝟏𝟐

𝟓
, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝑳𝑯𝑺(∗) ≥ 𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑𝟐 + 𝟐𝟑𝟎𝒑𝟒 = (𝟓𝒑𝟐 − 𝟏𝟐)(𝟒𝟔𝒑𝟐 − 𝟐𝟏) ≥ 𝟎. 

𝐈𝐟 
𝟗

𝟒
≤ 𝒑𝟐 ≤

𝟏𝟐

𝟓
. 𝐁𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫’𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟔𝒑𝒙𝒚𝒛 ≥ (𝒑𝟐 − ∑ 𝒚𝒛

𝒄𝒚𝒄

) (𝟒 ∑ 𝒚𝒛

𝒄𝒚𝒄

− 𝒑𝟐) = (𝟐𝒑𝟐 − 𝟑)(𝟏𝟐 − 𝟓𝒑𝟐) 

𝐓𝐡𝐞𝐧: 
𝑳𝑯𝑺(∗) ≥ 𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑𝟐 + 𝟐𝟑𝟎𝒑𝟒 + 𝟓𝟓(𝟐𝒑𝟐 − 𝟑)(𝟏𝟐 − 𝟓𝒑𝟐) = 𝟏𝟔(𝟏𝟐 − 𝟓𝒑𝟐)(𝟒𝒑𝟐 − 𝟗)

≥ 𝟎, 
𝐒𝐨, 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐝. 𝐓𝐡𝐞 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐬 𝐰𝐡𝐞𝐧 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 


