
 
UP.612 If 𝒇: ℝ+

∗ → ℝ+
∗  is a continuous function and (𝒂𝒏)𝒏≥𝟏 is defined by 𝒂𝟏 =

𝒂𝟐 = 𝟏, 

𝒂𝒏+𝟏 = ∑
𝒂𝒌

𝒌

𝒏
𝒌=𝟏 , ∀𝒏 ≥ 𝟐 and (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑

𝟏

𝒂𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫

𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by proposer 

If 𝒂, 𝒃 ∈ ℝ+
∗ 𝒂 < 𝒃, then 𝑰 = ∫

𝒇(𝒙−𝒂)

𝒇(𝒃−𝒙)+𝒇(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 =

𝒃−𝒂

𝟐
. 

So, 𝑰𝒏 = ∫
𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 =

𝒆𝒙𝒏+𝟏−𝒆𝒙𝒏

𝟐
= 

=
𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒆𝒙𝒏+𝟏−𝒙𝒏 − 𝟏) =

𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒆

𝟏

𝒂𝒏+𝟏 − 𝟏) =
𝟏

𝟐
⋅

𝒆𝒙𝒏

𝒂𝒏+𝟏
⋅

𝒆

𝟏
𝒂𝒏+𝟏−𝟏

𝟏

𝒂𝒏+𝟏

,  (2). 

By induction we obtain 𝒂𝒏 =
𝒏

𝟐
, ∀𝒏 ≥ 𝟐, so 𝒙𝒏 = 𝟐 ⋅ ∑

𝟏

𝒌
− 𝟏𝒏

𝒌=𝟏 , then by (2) 

𝟏

𝒏
𝑰𝒏 =

𝟏

𝟐
⋅

𝒆𝒙𝒏

𝒏𝟐
⋅ (𝒆

𝟏
𝒂𝒏 − 𝟏) ⋅ 𝒏 =

𝟏

𝟐
⋅

𝒆𝒙𝒏

𝒏𝟐
⋅ (𝒆

𝟐
𝒏+𝟏 − 𝟏) ⋅ 𝒏 = 

=
𝟏

𝟐
𝒆𝒙𝒏−𝟐 𝐥𝐧 𝒏 ⋅ (𝒆

𝟏
𝒏+𝟏 + 𝟏) (𝒆

𝟏
𝒏+𝟏 − 𝟏) ⋅ 𝒏 = 

=
𝟏

𝟐
⋅ (𝒆

𝟏

𝒏+𝟏 + 𝟏) ⋅ 𝒆𝟐 ∑
𝟏

𝒌
−𝟐 𝐥𝐧 𝒏−𝟏𝒏

𝒌=𝟏 ⋅
𝒆

𝟏
𝒏+𝟏

𝟏

𝒏+𝟏

⋅
𝒏

𝒏+𝟏
=

𝟏

𝟐
(𝒆

𝟏

𝒏+𝟏 + 𝟏) ⋅ 𝒆𝟐𝜸𝒏−𝟏 ⋅
𝒆

𝟏
𝒏+𝟏−𝟏

𝟏

𝒏+𝟏

⋅
𝒏

𝒏+𝟏
   (3) 

Since 𝜸𝒏 = − 𝐥𝐧 𝒏 + ∑
𝟏

𝒌

𝒏
𝒌=𝟏  and 𝐥𝐢𝐦

𝒏→∞
𝜸𝒏 = 𝜸 – Euler- Mascheroni constant and 

𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏

𝒏+𝟏−𝟏
𝟏

𝒏+𝟏

= 𝟏, hence 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
𝑰𝒏 =

𝟏

𝟐
⋅ (𝟏 + 𝟏) ⋅ 𝒆𝟐𝜸−𝟏 ⋅ 𝟏 ⋅ 𝟏 = 𝒆𝟐𝜸−𝟏. 

Solution 2 by Omkumar Rao-India 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟏) 

 
(𝒙 → 𝒆𝒙𝒏 + 𝒆𝒙𝒏+𝟏 − 𝒙): 

 

𝑰𝒏 = ∫
𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒇(𝒙 − 𝒆𝒙𝒏) + 𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟐) 



 
 

𝟐𝑰𝒏 = ∫ 𝟏

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙, 𝑰𝒏 =
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏)

𝟐
, 𝑳 = 𝐥𝐢𝐦

𝒏⟶∞

𝟏

𝟐𝒏
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏) 

 

𝒂𝒏+𝟏 = ∑
𝒂𝒌

𝒌

𝒏

𝒌=𝟏

= (∑
𝒂𝒌

𝒌

𝒏−𝟏

𝒌=𝟏

) +
𝒂𝒏

𝒏
= 𝒂𝒏 +

𝒂𝒏

𝒏
 

𝒂𝒏 =
𝒏

𝟐
 

𝒙𝒏 = ∑
𝟏

𝒂𝒌

𝒏

𝒌=𝟏

=
𝟏

𝒂𝟏
+ ∑

𝟐

𝒌

𝒏

𝒌=𝟐

, 𝒙𝒏 = 𝟏 + 𝟐(𝑯𝒏 − 𝟏) = 𝟐𝑯𝒏 − 𝟏 

 

𝑯𝒏 = 𝜸 + 𝐥𝐧 𝒏 +
𝟏

𝟐𝒏
+ 𝑶 (

𝟏

𝒏𝟐
) 

 

𝒙𝒏 = 𝟐𝜸 + 𝟐 𝐥𝐧 𝒏 +
𝟏

𝒏
+ 𝟐𝑶 (

𝟏

𝒏𝟐
) − 𝟏 

 

𝒆𝒙𝒏 = 𝒆
(𝟐𝜸−𝟏)+𝟐𝑶(

𝟏

𝒏𝟐)+𝐥𝐧 𝒏𝟐

= 𝒏𝟐𝒆𝟐𝜸−𝟏𝒆
𝟐𝑶(

𝟏

𝒏𝟐)
 

 

𝒆
𝟐𝑶(

𝟏

𝒏𝟐)
= 𝟏 + 𝟐𝑶 (

𝟏

𝒏𝟐
) ≈ 𝟏,    𝒆𝒙𝒏 = 𝒏𝟐𝒆𝟐𝜸−𝟏 

 

𝒙𝒏+𝟏 = 𝒙𝒏 +
𝟏

𝒂𝒏+𝟏
 

 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝒙𝒏 (𝒆
𝟐

𝒏+𝟏 − 𝟏)

𝟐𝒏
, 𝑳 = 𝐥𝐢𝐦

𝒏→∞

𝒏𝟐𝒆𝟐𝜸−𝟏(𝟐)

𝟐𝒏(𝒏 + 𝟏)
 

 

𝑳 = 𝒆𝟐𝜸−𝟏 
 
 
 
 
 
 
 
 
 


