
 
UP.608 If 𝒇:ℝ → (𝟏,∞) and 𝒈:ℝ → ℝ are continuous functions, and (𝑳𝒏)𝒏≥𝟎 

is Lucas sequence, and 𝒚𝒏 = √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏

, 𝒏 ∈ ℕ∗ − {𝟏}, find: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

Lemma 1. If 𝒇: ℝ → (𝟏,∞), 𝒈:ℝ → ℝ are continuous, and (𝒚𝒏)𝒏≥𝟏 is an increasing 

sequence, and  

𝑰𝒏 = ∫
(𝒇(𝒙−𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏−𝒙))
𝒈(𝒙−𝒚𝒏)+(𝒇(𝒙−𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏
𝒅𝒙, ∀𝒏 ≥ 𝟐, then: 

𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Proof.  

If 𝒂, 𝒃 ∈ ℝ,𝒂 < 𝒃 and 𝑰 = ∫
(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

+(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

𝒃

𝒂
𝒅𝒙, 

𝒙 = 𝒖(𝒕) = 𝒂 + 𝒃 − 𝒕, 𝒖′(𝒕) = −𝟏,𝒖(𝒂) = 𝒃,𝒖(𝒃) = 𝒂, we obtain that 

𝑰 = ∫
(𝒇(𝒃 − 𝒙))

𝒈(𝒙−𝒂)

(𝒇(𝒙 − 𝒂))
𝒈(𝒃−𝒙)

+ (𝒇(𝒃 − 𝒙))
𝒈(𝒙−𝒂)

𝒂

𝒃

𝒅𝒙, 

𝟐𝑰 = ∫
(𝒇(𝒃−𝒙))

𝒈(𝒙−𝒂)
+(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

+(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 = ∫ 𝒅𝒙

𝒃

𝒂
= 𝒃 − 𝒂 ⇒ 𝑰 =

𝟏

𝟐
(𝒃 − 𝒂). So, 

𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙 =
𝟏

𝟐
(𝒚𝒏+𝟏 − 𝒚𝒏), ∀𝒏 ≥ 𝟐. 

Hence: 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Lemma 3.  

𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏 ) =

𝟐𝜶

𝒆
, where 𝜶 =

𝟏+√𝟓

𝟐
, and 

(𝑭𝒏)𝒏≥𝟎, 𝑭𝟎 = 𝟎,𝑭𝟏 = 𝟏, 𝑭𝒏+𝟐 = 𝑭𝒏+𝟏 + 𝑭𝒏, ∀𝒏 ∈ ℕ is Fibonacci sequence, 

Proof. 



 

𝑭𝒏+𝟐 − 𝑭𝒏+𝟏 − 𝑭𝒏 = 𝟎, ∀𝒏 ∈ ℕ∗ ⇔
𝑭𝒏+𝟐
𝑭𝒏

−
𝑭𝒏+𝟏
𝑭𝒏

− 𝟏 = 𝟎 ⇔ 

⇔
𝑭𝒏+𝟐
𝑭𝒏+𝟏

⋅
𝑭𝒏+𝟏
𝑭𝒏

−
𝑭𝒏+𝟏
𝑭𝒏

− 𝟏 = 𝟎 

⇒ 𝐥𝐢𝐦
𝒏→∞

(
𝑭𝒏+𝟐

𝑭𝒏+𝟏
⋅
𝑭𝒏+𝟏

𝑭𝒏
−

𝑭𝒏+𝟏

𝑭𝒏
− 𝟏) = 𝟎 ⇔ 𝒙𝟐 − 𝒙 − 𝟏 = 𝟎, where 𝒙 = 𝐥𝐢𝐦

𝒏→∞

𝑭𝒏+𝟏

𝑭𝒏
, so 𝒙 =

𝟏±√𝟓

𝟐
 

Since 
𝑭𝒏+𝟏

𝑭𝒏
> 𝟎, 𝒙 = 𝐥𝐢𝐦

𝒏→∞

𝑭𝒏+𝟏

𝑭𝒏
=

√𝟓+𝟏

𝟐
= 𝜶. 

𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

𝒏
= 𝐥𝐢𝐦

𝒏→∞
√
(𝟐𝒏 − 𝟏)‼𝑭𝒏

𝒏𝒏

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

⋅
𝒏𝒏

(𝟐𝒏 − 𝟏)‼𝑭𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
⋅
𝑭𝒏+𝟏
𝑭𝒏

(
𝒏

𝒏 + 𝟏
)
𝒏

= 𝟐 ⋅ 𝜶 ⋅
𝟏

𝒆
=
𝟐𝜶

𝒆
. 

(1)  √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏 = √(𝟐𝒏 − 𝟏)‼𝑭𝒏

𝒏 (𝒖𝒏 − 𝟏) = 

= √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

⋅
𝒖𝒏 − 𝟏

𝐥𝐧𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏 =

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

𝒏
⋅
𝒖𝒏 − 𝟏

𝐥𝐧𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟐, 

𝒖𝒏 =
√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝐥𝐢𝐦
𝒏→∞

(
√(𝟐𝒏+𝟏)‼𝑭𝒏+𝟏

𝒏+𝟏

𝒏+𝟏
⋅

𝒏

√(𝟐𝒏−𝟏)‼𝑭𝒏
𝒏 ⋅

𝒏+𝟏

𝒏
) =

𝟐𝜶

𝒆
⋅
𝒆

𝟐𝜶
⋅ 𝟏 = 𝟏, so 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏−𝟏

𝐥𝐧 𝒖𝒏
= 𝟏, 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
(𝟐𝒏 − 𝟏)‼𝑭𝒏

⋅
𝟏

√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
⋅
𝑭𝒏+𝟏
𝑭𝒏

⋅
𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

 

= 𝟐 ⋅ 𝜶 ⋅
𝒆

𝟐𝜶
= 𝒆. Therefore: 

𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

) =
𝟐𝜶

𝒆
⋅ 𝟏 ⋅ 𝐥𝐧 (𝐥𝐢𝐦

𝒏→∞
𝒖𝒏
𝒏) =

𝟐𝜶

𝒆
⋅ 𝐥𝐧 𝒆 = 

=
𝟐𝜶

𝒆
⋅ 𝟏 =

𝟐𝜶

𝒆
. 

Analogously, 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑳𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏 ) =

𝟐𝜶

𝒆
 

Solution.  



 

By lemma 1: 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) =
𝟏

𝟐
⋅
𝟐𝜶

𝒆
=

𝜶

𝒆
, 𝜶 =

𝟏+√𝟓

𝟐
 where taking account by 

lemma 3: 𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) = 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏 ) =

𝟐𝜶

𝒆
. 

 


