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UP.608 If f: R — (1,o0) and g: R — R are continuous functions, and (L,,) >0

is Lucas sequence, and y,, = '{/(Zn — DL, n € N* — {1}, find:

Vo1 . IYn+1-%)
1112?0 + (fg’(‘x_yny)n)) I¥n+1—%) dx
Yn (f(Yn+1 - x)) + (f(x - yn))

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by proposers
Lemmal.If f:R - (1,), g: R — R are continuous, and (y,),,>1 is an increasing

sequence, and

Yn+1 (f(x—yn))g(ynﬂ_x)
I (Fmar=0) " (amya) O

I, = dx,vn = 2, then:

1
lim I, =—llm(yn+1 Vn)-

n—oo

Proof.

g(b—x)
Ifa,bE]R,a<bandI=f: - (5((;,5)) 70— Ax,
(Fb-x)) +(f(x-a))

x=u(t)=a+b—tu(t)=—-1,u(a) = b,u(b) = a, we obtain that

[ ooy
(Fae—a)**™ + (F(b -

s 4%
x))

_ [l )
a g(b—x) g(x—a)
(fa-—@)™" “+(f(b-x)

[ :j‘ﬁ)’n+1 (f(x yn))g(}’n+1 x)
Yn (f(yn+1 )) g(x—yn) n (f(x yn))g(yn+1 x)

Hence: lim I,, = ;rlli_r)g(ynﬂ — V).

n—-oo

fdx—b a:>I——(b a). So,

(yn+1 Yn), VN > 2.

Lemma 3.

. n n 2 1+V5
rlg?o( N@n+ DI Fpyq =Y (2n-DIF,) ==, where a = +T’ and

(F,)ns0,Fo=0,F,=1,F,., = F,,., + F,,VYn € N is Fibonacci sequence,

Proof.
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Fop—Fp1—F,=0VneN o —=2_""1_j1-0o
F, F,
Fn+2.Fn+1_Fn+1_1_0

Fn+1 Fn Fn

(Fn+2.Fn+1_Fn+1_1)
Fni1 Fn Fn

“‘a

1+
=0 x?—-—x— 1—0wherex—llm —ntl sox =

n—oo n

= lim

n—->oo

F V5+1
Since I’;”>0 x = lim =22 =2""—

n n-owo Fp 2

o V@ DIF, G- DUF, (20 DU nn ~
neh n et nn Tate (n+ D™ (2n- DUF,

. 2n+1 F, ./, n \" 1 2«a
= lim . ( ) =2-a-
nbon+1 F, \n+1

) "V@n+ DUF, - Y2n-DI'F,=%/2n-DIF,(u, - 1) =

N u, — 1 Y@2n-1D"F, u,—1
=v/2n-1DI'F, - ——-Inu, = ( My tn
Inu, n Inu,

Y@+ DUF,,

T G DIF,

‘lnul},vn = 2,

n+1
. s J@nt+1)IFpyq n .n+1> 2a e uy—1
1111—>12) Un = 1111—{2)( n+1 ",/(Zn—l)!!Fn n T e 2a ‘1= 1 S0 1l[l—>lg nu, 1'
2n+ 1! Fn+1 1
lim u}} = lim 7 =
n—co noeo (2n—DUF, ™\[(2n+ DIF,,
. 2n+1 F, 4 n+1
= lim . .

noe nt+ 1 Fp " 2n+ DIF,,,

=2 -a- = = e.Therefore:
2a

n n 2a . 2a
1132( V@n+ DIF,, - Y@n-DIF,) = —1 ln(llm ug) == Ine=

n—-0co

2a 2a
-1

e e’

Analogously, lim (""3/(2n + D' L,y — Y @n-DIL,) = 27"‘
n—->oo

Solution.
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2a a
e

By lemma1:lim I,, = %lim Vn41 — VYn) = % == = 15
n—>oo n—>oo

5 where taking account by

, A
e

2a
"

lemma 3: lim (y,,1 — y,,) = lim("/2n+ D)L, , — Y/2n—-DI'L,) ==
n—oo n—oo



