
 
UP.607 Calculate the integral: 

∫
𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 𝑨 = ∫
𝒙 𝐥𝐧 𝒙

(𝒙+𝟏)(𝒙𝟐+𝟏)

𝟏

𝟎
𝒅𝒙 

We have, successively: 

𝑨 = ∫
(𝟏 − 𝒙)𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 = ∫
𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 − ∫
𝒙𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 

𝑨 = ∫ ∑ 𝒙𝟒𝒏+𝟏

∞

𝒏=𝟎

𝟏

𝟎

𝐥𝐧 𝒙 𝒅𝒙 − ∫ ∑ 𝒙𝟒𝒏+𝟐

∞

𝒏=𝟎

𝟏

𝟎

𝐥𝐧 𝒙 𝒅𝒙 = 

= ∑ (∫ 𝒙𝟒𝒏+𝟏 𝐥𝐧 𝒙 𝒅𝒙
𝟏

𝟎

− ∫ 𝒙𝟒𝒏+𝟐
𝟏

𝟎

𝐥𝐧 𝒙 𝒅𝒙)

∞

𝒏=𝟎

 

We will use the following relationship: 

∫ 𝒙𝒂𝟏

𝟎
𝐥𝐧 𝒙 𝒅𝒙 = −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ, 𝒂 ≥ 𝟎 

We obtain: 

𝑨 = ∑ [
𝟏

(𝟒𝒏 + 𝟑)𝟐
−

𝟏

(𝟒𝒏 + 𝟐)𝟐
]

∞

𝒏=𝟎

= ∑ [

𝟏
𝟏𝟔

(𝒏 +
𝟑
𝟒

)
𝟐 −

𝟏
𝟏𝟔

(𝒏 +
𝟐
𝟒

)
𝟐 ]

∞

𝒏=𝟎

 

We now use the following relationship 

𝚿𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

where 𝚿𝟏(𝒙) is the trigamma function. 
We obtained the value of the integral 𝑨: 

𝑨 =
𝟏

𝟏𝟔
[𝚿𝟏 (

𝟑

𝟒
) − 𝚿𝟏 (

𝟏

𝟐
)] 

The following special value is known: 

𝚿𝟏 (
𝟏

𝟐
) =

𝝅𝟐

𝟐
 

Result: 

𝑨 =
𝟏

𝟏𝟔
[𝚿𝟏 (

𝟑

𝟒
) −

𝝅𝟐

𝟐
] 

Thus, the problem is solved. 
 
 
 
 



 
Solution 2 by Omkumar Rao-India 
 

𝑰 =
𝟏

𝟐
∫ (

− 𝐥𝐧 𝒙

𝒙 + 𝟏
+

𝐥𝐧 𝒙

𝒙𝟐 + 𝟏
+

𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏
) 𝒅𝒙

𝟏

𝟎

 

 

𝑨 = ∫
𝐥𝐧 𝒙

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙, 𝑩 = ∫
𝐥𝐧 𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙  

𝑪 = ∫
𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

𝑰 =
𝟏

𝟐
(−𝑨 + 𝑩 + 𝑪) 

 

𝑨 = ∑(−𝟏)𝒏

∞

𝒏=𝟎

∫ 𝒙𝒏 𝐥𝐧 𝒙 𝒅𝒙

𝟏

𝟎

 

𝑨 = − ∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟐
= −

𝟏

𝟐

∞

𝒏=𝟎

𝜻(𝟐) = −
𝝅𝟐

𝟏𝟐
 

 

𝑩 = ∑(−𝟏)𝒓 ∫ 𝒙𝟐𝒓 𝐥𝐧 𝒙 𝒅𝒙

𝟏

𝟎

∞

𝒓=𝟎

= − ∑
(−𝟏)𝒓

(𝟐𝒓 + 𝟏)𝟐
= −𝑮

∞

𝒓=𝟎

 

𝒘𝒉𝒆𝒓𝒆 𝑮 𝒅𝒆𝒏𝒐𝒕𝒆𝒔 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 
 

𝑪 = ∫
𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 ⟹ (𝒙 ⟶ 𝒙𝟐) 

𝑪 =
𝟏

𝟒
∫

𝐥𝐧 𝒙

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟒

𝟏

𝟎

𝑨 = −
𝝅𝟐

𝟒𝟖
 

 

𝑰 =
𝟏

𝟐
(

𝝅𝟐

𝟏𝟐
− 𝑮 −  

𝝅𝟐

𝟒𝟖
) 

 

𝑰 =
𝝅𝟐

𝟑𝟐
−  

𝑮

𝟐
 

 
 
 
 


