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UP.606 If f:IR — (1,) and g: R — R are continuous functions, and y,, =
Yn!F,,n € N* — {1}, where (F,,),»0 is Fibonacci sequence, find:

. Vo1 (f(x B yn))g(}’n+1—x)
1m — —
n—oo Y (f(yn+1 o x))g(x Yn) + (f(x o yn))g(}’n+1 x)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

dx

Solution by proposers

Lemmal.If f: R - (1,0), g: R — R are continuous, and (y,,),,1 is an increasing

sequence, and

(f(x _ yn))g()’nn—x)

Yn+1
= '[ 9(x=yn) SO 4% = 2
i (fGnsr — 1)) +(F(x—y)
then
1
lim I, = 2 1im (yui1 = ya).
Proof.

g(b—x)
fabeRa<bandl= fa e ))(5((: “?))(f( ST dx,
X + —-a

x=u(t)=a+b-tu(t) =—-1,u(a) = b,u(b) = a, we obtain that

a _ )9
= f (Z(E)lix) 2 e 9%
b (fx—@)™" "+ (f(b - x)

g(x—a) g(b—x)
= :(f(b x))g(b x)+(f( “))g(x Sdx = f dx=b—-a>1= —(b a). So,
(fx=a))™" "+ (f(b-2))
9OYn+1—%)
Yn+1 (f(x _ yn)) +1
= 9(x=yn) IWn+1— x) (}’n+1 Yn), Vn = 2.
o (fner =) +(Fx—yw)
Hence: lim I,, = 1yim Vns1 — Yn)-
n—-oo 2 n-oo
Lemma 2.
n—ooo

(L)psor Lo =2,Ly =1,L,,» = L,,4 + L,,Vn € N is Lucas sequence.

Proof.
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Ln+2 Ln+1 Ln+2 Ln+1 Ln+1

" " " Ln Ln Ln+1 Ln Ln
=
L L L
=>11m< w2 n+1—1)=0=>x2—x—1=0,
now\Lpyq Ly L,

x = lim 221, g0 x = 120

n-co Lp 2
Since 21 > 0, x = lim 221 = Vs

Ly n-co Ln 2
I yn!'L, lim " n'L, I n+1'L,,; n" I Ln+1( n )"
m-—-=1m = 11m . = 11m _ = —
noo M noo | M* noe (m+ 1)1 nlL, noo L, \n+1 e
(1) "V(m+ DLy — 0L, =Yn'L,(u,— 1) =
="n'L U, — 1 1 _
=3n'L, Ina, nu, =
_ Wnlly up-1 n M D)L,
e Inuj,vn > 2, where u,, = L,
n+l,—=\177 —
limu, = lim( (n+1)!L"“-n z n—ﬂ) =2.2.1=1,s0lim= L 1;
n-oo n-oo n+1 n'Ly, n e «a n—oo Inuy,
. . 4+ 1) Ly 1 . Lniq n+1
lim u;; = lim ' e = lim T =
n—oo noo nlL, Vo+ DL, ™* Ln "/m+1)L,,,
e
=a-—=e
a
. n+1 n _a . _a _a _a

From (1):111L1£10( Vin+ DL, —/nlL,) =" 1-ln(rlll_)r£10u3) =—-lne=--1=-,

Analogously, lim (""y/(n + 1)! .1, — Y/n!'F,,) = %' where a = 1+2\/§'
n-oo

Bylemmal, lim I, = Xlim Vns1 — Vn) = le 2 where a = 15 and we taking
n—-oo 2 n->oo 2 e 2e 2

account by lemma 2, lim (y,,; — y,) = lim(""\/(n + D! F; — Yn'F,) =2
n—-oo n—oo

e



