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3. ...
UP.604 Prove that S 1 the smallest positive value of the power k such that

1 1 1
TRt a* + b* + c*
for all positive real numbers a, b, ¢ with at most one of them smaller than 1
and ab + bc + ca = 3.
Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Fora>1,b =1and c € (0,1] such that a + ¢ + ac = 3, the constraints are satisfied and

the inequality becomes E > 0, where

1 1
E=J+c—k—

2 2

a” —c”.

Assume that a and E are functions of c. For ¢ = 1, we have a = 1. By differentiating the
equality constraint, we get
1+ca+1+a=0, a(1)=-1,
1+ca"+2a’' =0, a’'(1)=1

Therefore,
k k
E(c)=—(ak+1+2a> c+1—2c, E'(1)=0

k k+1 k(k+1
E”(c)=—(ak+1+2a> +<% >( 0%+ (—+2) :

E'(1)=(k+2)2k-3)
Since E(1) = E'(1) = 0, the condition E'' (1) > 0 is necessary to have E(c) > 0 for

¢ € (0, 1]. From this condition, we get k > . To show that is the smallest positive value

of k, we need to provethat F > 0fora>b > 1 > cand ab + bc + ca = 3, where

_3 _3 3
F=a2+b2+c2-a*—-b%-_c2

For fixed c, assume that a and F are functions of b. We have
(b+c)a’+a+c=0

and
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5 5 5 5
F(b) = 3a 2 +2 , 3b 2 2p = 3a 2 +2 a+c 3b2 2b
= 2 aje - {72 Ybre 2 '
We claim that F'(b) > 0, that is
5 5
a+c 3bz2+4b a+c 3b2+4b
b+c = 5 ’ b+c = 5 -1
3a 2+ 4a 3a 2 +4a
_5 _5 5 5 55
a—b 3(b 2—aqa 2)—4(a—b) a—>b 3(a2—b2)—4a2b2(a—b)
te 3aZ + 4a te bz<4af+3>
1 1

Denoting x = az and y = bz, we need to show thatif x > y > 1, then

xz _ yz - 3(x5 _ ys) _ 4x5y5(x2 _ y2)

y2+c y5(4x7 + 3)
Itis true if
Xty 3(x*+ 3y + x2y? + xy® + yY) —4xSyS(x + y)
y:+c y°>(4x7 +3) '
Since

x+y x+y 2 S

1
= = — =
y24+c y24+1 yr+1 o yr o

1
F’

it suffices to show that

1> 3(x* + 3y + x2y? + xy3 + y*) —4x>yS(x + y)

4x7 + 3 '
thatis
4x7 +3 + 4x°yS(x + y) = 3(x* + x3y + x%y? + xy3 + y*).
Itis true if
4x7 +3 +4x5(x + 1) > 15x%,
that is

4x7 + 4x® + 4x5 —15x* + 3 > 0.
Indeed, we have
4x7 + 4x5 + 4x5 — 15x* + 3 > 4x6 + 4x5 + 4x* — 15x* + 3 = 8x° — 11x° + 3
=(x*-1)@B8x*-3x2-3)=>0
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From F'(b) = 0, it follows that F(b) is increasing and has the minimum value when b is
minimum, hence when b = 1. So, it suffices to consider the case b = 1, when we need to
show that

1 1
—+—>a%+c?
ava cJc

fora+c+ac=3.Denotingac=t,wehavea+c=3—t.From3—t=a+cZZ\/f,

we get t < 1. By squaring, the required inequality becomes as follows
2
(ava + cVc)” = adc3(a? + ¢?)2.
By Bernoulli’s inequality, we have

3(t—1) 3t-1
2 2
Sincea’?+c? =(a+c)>—2ac=(B-t)>?—-2t=9—8t+ t?>and

N| W

3 3
z=1+(t-1)]z2=>1+ 2t

>3t—-1.

(ava + Cx/E)Z =(a+c)® —-3aca+c)+2acvac>3-t)3-3t(3—-t)+(3t—1)
=26 — 33t + 12¢* — 3,
it suffices to show that
26 — 33t + 12t* — t* > t3(9 — 8t + t*)?,
that is
1 -02f(t) =0, f(t) =26 + 19t + 24t* — 53¢3 + 14t* — t°.
It is true since

f(t) > 10+ 19t + 24t* — 53t3 = (1 — t)(10 + 29t + 53t%) > 0.

Ifk = ;, then the equality occursfora = b =c = 1.



