
 
UP.603 Find all positive real values of the constant 𝒌 such that 

𝟗(𝒂𝟐 + 𝒌)(𝒃𝟐 + 𝒌)(𝒄𝟐 + 𝒌) ≤ (𝟏 + 𝒌)𝟑(𝒂 + 𝒃 + 𝒄)𝟐 

for any nonnegative real numbers 𝒂, 𝒃, 𝒄 with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

For 𝒂 = 𝟎 and 𝒃 = 𝒄 = √𝟑, the equality constraint is satisfied and the inequality becomes 

𝒇(𝒌) ≥ 𝟎, where  

𝒇(𝒌) = 𝒌𝟑 − 𝟔𝒌𝟐 − 𝟏𝟓𝒌 + 𝟒 

So, 

𝒌 ∈ 𝕀 = (𝟎, 𝒌𝟏] ∪ [𝒌𝟐,∞), 

where 𝒌𝟏 ≈ 𝟎.𝟐𝟒𝟑𝟖 and 𝒌𝟐 ≈ 𝟕. 𝟖𝟒𝟔𝟕 are the positive roots of the equation 𝒇(𝒌) = 𝟎. To 

show that the range of values of 𝒌 is 𝕀, we need to prove the required inequality for 𝒌 ∈ 𝕀, 

that is for 𝒌 > 𝟎 such that 𝒇(𝒌) ≥ 𝟎. Denote 𝒑 = 𝒂 + 𝒃 + 𝒄 and 𝒓 = 𝒂𝒃𝒄. For fixed 𝒑, we 

write the inequality as 𝑭(𝒓) ≥ 𝟎, where 

𝑭(𝒓) = −𝒓𝟐 + 𝟐𝒌𝒑𝒓 + 𝑪(𝒑). 

Since 𝑭(𝒓) is a quadratic concave function, it suffices to consider the cases when 𝒓 has the 

minimum and maximum values. As it is known, the minimum and maximum values of 𝒓 

for fixed 𝒑 and 𝒒 are achieved when one of 𝒂, 𝒃, 𝒄 is 𝟎 or two of 𝒂, 𝒃, 𝒄 are equal. So, it 

suffices to consider these cases. 

Case 1: 𝒂 = 𝟎. We need to prove that 𝒃𝒄 = 𝟑 implies 𝑮 ≥ 𝟎, where  

𝑮 = (𝟏 + 𝒌)𝟑(𝒃 + 𝒄)𝟐 − 𝟗𝒌(𝒃𝟐 + 𝒌)(𝒄𝟐 + 𝒌). 

Denoting 𝑺 = 𝒃 + 𝒄, we have 𝑺𝟐 ≥ 𝟒𝒃𝒄 = 𝟏𝟐 and  

𝑮 = (𝟏 + 𝒌)𝟑𝑺𝟐 − 𝟗𝒌(𝒌𝑺𝟐 + 𝒌𝟐 − 𝟔𝒌 + 𝟗) = 𝑨𝑺𝟐 − 𝟗𝒌(𝒌𝟐 − 𝟔𝒌 + 𝟗), 

where 𝑨 = 𝒌𝟑 − 𝟔𝒌𝟐 + 𝟑𝒌 = 𝟏. Since 

𝟒𝑨 − 𝒇(𝒌) = 𝟒(𝒌𝟑 − 𝟔𝒌𝟐 + 𝟑𝒌 + 𝟏) − (𝒌𝟑 − 𝟔𝒌𝟐 − 𝟏𝟓𝒌 + 𝟒) = 𝟑𝒌(𝒌− 𝟑)𝟐 > 𝟎, 

we have 𝟒𝑨 > 𝒇(𝒌) ≥ 𝟎 and  

𝑮 ≥ 𝟏𝟐𝑨 − 𝟗𝒌(𝒌𝟐 − 𝟔𝒌+ 𝟗) = 𝟑𝒇(𝒌) ≥ 𝟎. 

Case 2: 𝒃 = 𝒄. Denote 𝒃 = 𝒄 ≔ 𝒙. From the equality constraint, we get 𝟐𝒂𝒙 + 𝒙𝟐 = 𝟑, 

with 𝒙𝟐 ∈ (𝟎, 𝟑]. The required inequality becomes as follows: 



 
[(𝟑 − 𝒙𝟐)𝟐 + 𝟒𝒌𝒙𝟐](𝒙𝟐 + 𝒌)𝟐 ≤ (𝟏 + 𝒌)𝟑(𝒙𝟐 + 𝟏)𝟐, 

(𝒙𝟐 − 𝟏)𝟐[𝒙𝟒 + (𝟔𝒌 − 𝟒)𝒙𝟐 − 𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌 − 𝟏] ≤ 𝟎 

Let 𝒕 = 𝒙𝟐, 𝒕 ∈ (𝟎, 𝟑]. The inequality is true if 𝒒(𝒕) < 𝟎, where 

𝒈(𝒕) = 𝒕𝟐 + (𝟔𝒌 − 𝟒)𝒕 − 𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌 − 𝟏. 

Since 𝒈(𝒕) is a quadratic convex function, it suffices to show that 𝒈(𝟎) ≤ 𝟎 and 𝒈(𝟑) ≤ 𝟎. 

Indeed, 𝒈(𝟎) = −𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌− 𝟏 = −𝑨 < 𝟎 (see Case 1), and 𝒈(𝟑) = −𝒇(𝒌) ≤ 𝟎. 

For 𝒌 ∈ (𝟎, 𝒌𝟏] ∪ [𝒌𝟐,∞), the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝟏. For 𝒌 = 𝒌𝟏 and 𝒌 =

𝒌𝟐, the equality also occurs when 𝒂 = 𝟎 and 𝒃 = 𝒄 = √𝟑 (or any cyclic permutation). 

 


