
 
SP.607 Let be the function 𝒇: [𝟎, 𝟏] → ℝ integrable such that 𝒇(𝟏) = 𝟏 and 

∫ 𝒇(𝒕)
𝒚

𝒙

𝒅𝒕 =
𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏] 

Find: 

𝑰 = ∫ 𝒇(𝒙)

𝝅
𝟒

𝟎

⋅ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

∫ 𝒇(𝒕)
𝒚

𝒙
𝒅𝒕 =

𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏]     (*) 

If in (*) we take 𝒙 = 𝟎 and 𝒚 = 𝒙, we get ∫ 𝒇(𝒕)
𝒙

𝟎
𝒅𝒕 =

𝒙

𝟐
𝒇(𝒙). 

Let be 𝑭(𝒙) = ∫ 𝒇(𝒕)
𝒙

𝟎
𝒅𝒕, how 𝒇 is integrable function then 𝒇 is bounded function and  

𝑭(𝒙) =
𝒙

𝟐
𝒇(𝒙)    (1) 

From 𝑭′(𝒙) = 𝒇(𝒙) ⇒ 𝒙𝑭′(𝒙) = 𝟐𝑭(𝒙)   (2) 

On the other hand, (
𝑭(𝒙)

𝒙𝟐
)
′

=
𝒙𝑭′(𝒙)−𝟐𝑭(𝒙)

𝒙𝟑
=
(𝟐)

𝟎 ⇒ 𝑭(𝒙) = 𝜶𝒙𝟐, 𝜶 ∈ ℝ ⇒ 

𝒇(𝒙) = 𝜷(𝒙),𝜷 ∈ ℝ, 𝒙 ∈ (𝟎, 𝟏] and from 𝒇(𝟏) = 𝟏, we get 𝜷 = 𝟏 and hence 𝒇(𝒙) = 𝒙. 

Therefore, 

𝑰 = ∫ 𝒇(𝒙)

𝝅
𝟒

𝟎

⋅ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙 = ∫
𝒙(𝟏 − 𝐜𝐨𝐬𝟐 𝒙)

𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 = 

= ∫
𝒙

𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 − ∫ 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 = (𝒙𝐭𝐚𝐧 𝒙 −
𝝅

𝟐
)|

𝟎

𝝅
𝟒
−∫ 𝐭𝐚𝐧 𝒙𝒅𝒙

𝝅
𝟒

𝟎

=
𝝅

𝟒
−
𝝅𝟐

𝟑𝟐
−
𝟏

𝟐
𝐥𝐧𝟐. 

 

 


