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SP.603 Prove that g is the largest positive value of the power k such that

11 1 1
—+—+—+—==>a*+b*+ c*+dk
a b ¢ d

for all positive real numbers a, b, ¢, d with at most one of them smaller than
1and ab + ac + ad + bc + bd + cd = 6.
Proposed by Vasile Cirtoaje — Romania

Solution by proposer
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Fora € [1, ;) ,b=c=1andd = the constraints are satisfied and the inequality

becomes E(a) > 0, where

B =102 (S—Za)k
=45 -2a a+2)°
We have
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Since E(1) = E'(1) = 0, the condition E"' (1) = 0 is necessary to have E(a) > 0 for

aeE [1, g) From

2(5-3k)(1+k) >0

4 2k
E(1)—2+§—k(k—1)—?—k(k—1)— 3 20,

wegetk < g To show that g is the largest value of k, we need to prove that F > 0 for

a=>b>=c>=1=>=dsuchthatab + ac + ad + bc + bd + cd = 6, where
1 1 1 1 5 5 5 5

= —4—4+——a3—-—b3—-c3—-d3
Fa+b+c+da b c d3.

For fixed a and b, assume that d and F are functions of c. We have
(a+b+c)d +a+b+d=0

and
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F’( )__ —Z_E %—<d_2+5d§)d’—— —Z_E §+(d—2+5d%)w
©o=-c 3¢ 3 -3¢ 3 )a+b+c
We claim that F'(c) > 0, thatis
2 2
3d-2+5d§>a+b+c 3d=% + 5d3 >a+b+c
~“a+b+d “a+b+d ’
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From:6 = ab + ac + ad + bc + bd + c¢d > 6\/abcd > 6Vc3d,

we have c3d < 1, hence
8 5
&2 (3 + 5c§> —8cd = —3d(c — d) — 5cd (1 _ c§d) <o0.

8
Since cd < 1, d? (3 + 5c§) < 8cd and a + b > 2c, it suffices to prove the homogeneous
inequality
272 2
3(c? — d?) — 5(cd)3 (c3 - d3> c—d

> g
8cd ~2c+d

For c = x3 > 1 and d = 1, the inequality becomes

3(x6—-1)-5x2(x2-1) x2-1
= )
8x3 2x3+1

(x—1)(A-B) =0,

where
A=(2x* +1)(3x° +3x* —2x° —2x2 +3x+3), B=8x3(x® + x + 1).
Since: A— B =6x8 4+ 6x7 —4x% —9x> + x* —4x3 —2x2+3x+ 3 =
= (x—1)(6x7 +12x° + 8x° —x* —4x2 —6x—3) > 0,
we have F'(c) = 0, F(c) is increasing and has the minimum value when c is minimum,
hence when ¢ = 1. So, it suffices to consider this case, when we need to show that G > 0

fora>=b>=1>=dsuchthatab + bd + da+a + b +d = 6, where
1 1 1 5 bE dE
=—4+—4+——a3—-b3—-d3
G a+b+d a .

For fixed a, assume that d and G are functions of b. We have
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(a+b+1)d +a+d+1=0

and
G'(b)=—l—5b§—(l+5d§)d'=—1—5b§+(l+5d§)Lm.
bz 3 d> 3 bz 3 d> 3 a+b+1
We claim that G'(b) > 0, that is
3d-2+5d§>a+b+1 3d-2+5d§_ >a+b+1_
sp-245ps CTATL gpa gy 0 atd+l 7

2 2
307 - d?) - 5b%2 (b3 - i) p_g
= .
Ta+d+1

8
dz (3 + 5b§)

From: 6 =ab+ bd +da+a+ b +d > 6Jabd > 6Vb2d,

we get b%d < 1, hence

8 5
d? (3 + 5b§) —8bd = —3d(b — d) — 5hd (1 _ bid) <o,

and from
6=ab+bd+da+a+b+d=>b*+2bd+2b+d=
=b+d)?*+2(b+d)—d*—-d=>b+d)?*+2(b+d) -2,
we get
b+d)?+2(b+d)—8<0, b+d <2,
hence
a+d+12b+d=12b+d+b;d=3(b2+d).

Sincedel,d2(3+5bg)S8bdanda+d+12b+d+12b+d+?=@,it

suffices to prove the homogeneous inequality

2 2 2
3(b? — d?) — 5(bd)3 (b§ - d§) 2(b —d)
8bd “3(b+d)

For b = x3 > 1 and d = 1, the inequality becomes

3(x6—1) —-5x2(x2-1) 2(x*-1)

o3 237 (- DE-D=zo
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where
C=3*+1)(3x°+3x*—2x°-2x?+3x+3), D=16x°(x*+x+1).

Since

C—D=9x8+9x7 — 6x° —13x> + 2x* —13x3 — 6x* +9x + 9

= (x — 1)2(9x° + 27x5 + 39x* + 38x% + 39x% + 27x + 9) > 0,
we have G'(b) = 0,G(b)is increasing and has the minimum value when b is minimum,
hence when b = 1. So, it suffices to consider this case, when we need to show that H > 0
fora >1 > d suchthatad + 2(a + d) = 5, where

1 1 5 5

G=—+—-—a3—ds.
a+d a

We have
d_5—2a <5
“a+2'%°72

Assume that d and G are function of a, and show that G'(a) > 0. Then, G(a) is increasing

and G(a) > G(1) = 0 (because a = 1 implies d = 1). We have
(a+2)d +d+2=0

and
5 2 5 2 5 2 5 2\d+2
' ——g2_",3_(g-2 _§> ' — g2 _2 .3 (_2 _§) .
G'(a) a 3a (d +3d d a 3a+ d +3d P
Write the required inequality G'(a) > 0 as follows:
2 2
3d72+5d3 a+2 3d?%+5d3 a+?2
22012 A S
3a=% + 5a3 3a% + 5a3

2 2
3(a? — d?) — 5a2d? (a§ - d§> o d
= .
“d+2

8
a4z (3 + 5a§>
We will show that this inequality can be obtained by multiplying the inequality
8
8(d +2) > 3d? (3 + 5a3) (*)

2 2
and 3(a? - d?) - 5a2d? (a5 — ds) = 24D (+3)
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By Bernoulli’s inequality, we have

| &0

8(a*-1) 8a®+1 8 8(5a%+4)
9 = 9 3+5a3 < — 9

So, to prove the inequality (*), it suffices to show that: 3(d + 2) > d?(5a® + 4),

S+ (@-DP <1+

w)|

a

which is equivalent to

3(5—2a) - (5 -2a)%(5a® +4)
atz 1 °F (a +2)? '

—20a® + 100a* — 125a3 — 16a® + 107a— 46 >0, (a—1)24 >0,
where
A =—-20a3 + 60a? + 15a — 46.
The inequality (*) is true because
A>-20a3+ 60a? + 15a — 55 = (a — 1)(—20a? + 40a + 55)
> (a—1)(—20a? + 40a + 25) = 5(a—1)(2a + 1)(5 — 2a) > 0.

From5=ad+2(a+d)2ad+4Vadand5=ad+2(a+d)S@+2(a+d),we

getad < 1anda +d = 2. So, to prove (**), it suffices to prove the homogeneous
inequality

4(a—d)(a+d)
3 )

202 2
3(a? — d?) — 5(ad)3 (a3 - ds) >
which is equivalent to
202 2 2 2\3
a? — d? — 3(ad)3 (a3 - d3) >0, (a3 - d3) > 0.

The proof is finished. If k = g, then the equality occursfora=b =c=d = 1.



