
 
SP.602 Let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be nonnegative real numbers such that 

𝒂𝟏 + 𝒂𝟐 + ⋯ + 𝒂𝒏 = 𝒏. Prove that: 

∑ √
𝒏 − 𝒂𝒊

𝒏 − 𝟏 + 𝒂𝒊

𝒏

𝒊=𝟏

≥ √𝒏(𝒏 − 𝟏) 

Proposed by Vasile Cîrtoaje – Romania  
Solution 1 by proposer 
 
By Holder’s inequality, we have 

(∑ √
𝒏 − 𝒂𝒊

𝒏 − 𝟏 + 𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

∑(𝒏 − 𝒂𝒊)
𝟐(𝒏 − 𝟏 + 𝒂𝒊) ≥ (∑(𝒏 − 𝒂𝒊)

𝒏

𝒊=𝟏

)

𝟑𝒏

𝒊=𝟏

= 𝒏𝟑(𝒏 − 𝟏)𝟑. 

So, it suffices to show that 

𝒏𝟐(𝒏 − 𝟏)𝟐 ≥ ∑(𝒏 − 𝒂𝒊)
𝟐(𝒂𝒊 + 𝒏 − 𝟏),

𝒏

𝒊=𝟏

 

which is equivalent to 𝑬 ≥ 𝟎, where 

𝑬 = − ∑ 𝒂𝒊
𝟑

𝒏

𝒊=𝟏

+ (𝒏 + 𝟏) ∑ 𝒂𝒊
𝟐

𝒏

𝒊=𝟏

− 𝒏𝟐. 

For 𝒏 = 𝟐, we have 𝑬 = 𝟎, and for 𝒏 = 𝟑, the inequality 𝑬 ≥ 𝟎 reduces to the well-known 
inequality  

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)(𝒂𝟏𝒂𝟐 + 𝒂𝟐𝒂𝟑 + 𝒂𝟑𝒂𝟏) ≥ 𝟗𝒂𝟏𝒂𝟐𝒂𝟑. 
For 𝒏 ≥ 𝟒, assume 𝒂𝟏 = 𝐦𝐚𝐱{𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏} and consider two cases. 
Case 1: 𝒂𝟏 ≤ 𝒏 − 𝟏. We have 

𝑬 = ∑[−𝒂𝒊
𝟑 + (𝒏 + 𝟏)𝒂𝒊

𝟐 − 𝒏]

𝒏

𝒊=𝟏

= ∑[−𝒂𝒊
𝟑 + (𝒏 + 𝟏)𝒂𝒊

𝟐 − (𝟐𝒏 − 𝟏)𝒂𝒊 + 𝒏 − 𝟏]

𝒏

𝒊=𝟏

 

= ∑(𝟏 − 𝒂𝒊)
𝟐(𝒏 − 𝟏 − 𝒂𝒊)

𝒏

𝒊=𝟏

≥ 𝟎. 

Case 2: 𝒂𝟏 > 𝒏 − 𝟏. From 𝒂𝟏 + 𝒂𝟐 + ⋯ + 𝒂𝒏 = 𝒏, it follows that 𝒂𝟏 ∈ (𝒏 − 𝟏, 𝒏] and 
𝒂𝟐, … , 𝒂𝒏 < 𝟏. So, 

𝑬 ≥ −𝒂𝟏
𝟑 + (𝒏 + 𝟏)𝒂𝟏

𝟐 − 𝒏𝟐 + 𝒂𝟐
𝟐(𝟏 − 𝒂𝟐) + ⋯ + 𝒂𝒏

𝟐(𝟏 − 𝒂𝒏) 

≥ −𝒂𝟏
𝟑 + (𝒏 + 𝟏)𝒂𝟏

𝟐 − 𝒏𝟐 = (𝒏 − 𝒂𝟏)(𝒂𝟏
𝟐 − 𝒂𝟏 − 𝒏). 

Since 𝒂𝟏
𝟐 − 𝒂𝟏 − 𝒏 > (𝒏 − 𝟏)𝟐 − (𝒏 − 𝟏) − 𝒏 − 𝒏(𝒏 − 𝟒) + 𝟐 > 𝟎, we have 𝑬 ≥ 𝟎. 

The proof is completed. The equality occurs for 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏, and also for 𝒂𝟏 = 𝒏 
and  𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟎 (or any cyclic permutation). 
 
 
 



 
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 

∑ 𝒇(𝒂𝒊)

𝒏

𝒊=𝟏

≥ 𝒏𝒇(𝒔), 𝒔 =
𝒂𝟏 + 𝒂𝟐 + ⋯ + 𝒂𝒏

𝒏
= 𝟏, 

𝐖𝐡𝐞𝐫𝐞 

𝒇(𝒙) = √
𝒏 − 𝒙

𝒏 − 𝟏 + 𝒙
,   𝒙 ∈ [𝟎, 𝒏]. 

𝐅𝐨𝐫 𝒙 ∈ [𝟎, 𝟏], 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇′′(𝒙) =
(𝟐𝒏 − 𝟏)(𝟐𝒏 + 𝟏 − 𝟒𝒙)

𝟒√(𝒏 − 𝒙)𝟑(𝒏 − 𝟏 + 𝒙)𝟓
≥ 𝟎, 

𝐓𝐡𝐞𝐧, 𝐟 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱 𝐨𝐧 [𝟎, 𝒔]. 𝐁𝐲 𝐭𝐡𝐞  𝐋𝐇𝐂𝐅 − 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 [𝟏], 𝐢𝐭  𝐬𝐮𝐟𝐟𝐢𝐜𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝒇(𝒙) + (𝒏 − 𝟏)𝒇(𝒚) ≥ 𝒏𝒇(𝟏) 

𝐟𝐨𝐫 𝒙 ≥ 𝟏 ≥ 𝒚 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒙 + (𝒏 − 𝟏)𝒚
= 𝒏. 𝐓𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 

√
𝒏 − 𝒙

𝒏 − 𝟏 + 𝒙
+ (𝒏 − 𝟏)√

𝒏 − 𝒚

𝒏 − 𝟏 + 𝒚
≥ √𝒏(𝒏 − 𝟏) 

⟺ √
(𝒏 − 𝟏)𝒚

𝟐𝒏 − 𝟏 − (𝒏 − 𝟏)𝒚
+ (𝒏 − 𝟏)√

𝒏 − 𝒚

𝒏 − 𝟏 + 𝒚
≥ √𝒏(𝒏 − 𝟏). 

𝐋𝐞𝐭 𝒕 = √
𝒏𝒚

𝟐𝒏 − 𝟏 − (𝒏 − 𝟏)𝒚
∈ [𝟎, 𝟏], 𝐭𝐡𝐞𝐧 𝒚 =

(𝟐𝒏 − 𝟏)𝒕𝟐

𝒏 + (𝒏 − 𝟏)𝒕𝟐
. 

𝐓𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
(𝒏 − 𝟏)[𝒏𝟐 + (𝒏𝟐 − 𝟑𝒏 + 𝟏)𝒕𝟐]

𝒏 − 𝟏 + 𝒏𝒕𝟐
≥ 𝒏 − 𝒕 

𝐁𝐲 𝐬𝐪𝐮𝐚𝐫𝐢𝐧𝐠, 𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐨𝐛𝐯𝐢𝐨𝐮𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 
𝒏𝒕(𝟏 − 𝒕)𝟐[𝟐(𝒏 − 𝟏) − 𝒕] ≥ 𝟎, 

𝐓𝐡𝐞 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐟𝐨𝐫 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏, 𝐚𝐧𝐝 𝐟𝐨𝐫 𝒂𝟏 = 𝒏, 𝒂𝟐 = ⋯ = 𝒂𝒏

= 𝟎, 𝐨𝐫 𝐚𝐧𝐲 𝐜𝐲𝐜𝐥𝐢𝐜 
𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
[𝟏] 𝐕. 𝐂î𝐫𝐭𝐨𝐚𝐣𝐞,  𝑴𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔

− 𝑽𝒐𝒍𝒖𝒎𝒆 𝟒: 𝑬𝒙𝒕𝒆𝒏𝒔𝒊𝒐𝒏𝒔 𝒂𝒏𝒅 𝑹𝒆𝒇𝒊𝒏𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 
𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝐋𝐀𝐏 𝐋𝐀𝐌𝐁𝐄𝐑𝐓 𝐀𝐜𝐚𝐝𝐞𝐦𝐢𝐜 𝐏𝐮𝐛𝐥𝐢𝐬𝐡𝐢𝐧𝐠 / 𝐄𝐝𝐢𝐭𝐮𝐫𝐚 𝐔𝐧𝐢𝐯𝐞𝐫𝐬𝐢𝐭𝐚𝐭𝐢𝐢 𝐏𝐞𝐭𝐫𝐨𝐥

− 𝐆𝐚𝐳𝐞 𝐝𝐢𝐧  
𝐏𝐥𝐨𝐢𝐞𝐬𝐭𝐢, 𝟐𝟎𝟐𝟏, 𝐩. 𝟒. 
 
 
 

 


