
 
SP.601 What is the largest positive value of the power 𝒌 such that 

𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 ≤ 𝟑 

for all nonnegative real numbers 𝒂, 𝒃, 𝒄, 𝒅 with 𝒂 ≤ 𝒃 ≤ 𝒄 ≤ 𝒅 and 𝒂𝒃 +

𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟒? 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

For 𝒂 = 𝟎 and 𝒃 = 𝒄 = 𝒅 = √𝟐, the constraints are satisfied and the inequality becomes  

𝟐 ⋅ 𝟐
𝒌
𝟐 ≤ 𝟑, 

that is 

𝒌 ≤ 𝒎 =
𝐥𝐧 𝟗

𝐥𝐧 𝟐
− 𝟐 ≈ 𝟏. 𝟏𝟕,     𝟐

𝒎
𝟐 =

𝟑

𝟐
. 

To show that 𝒎 is the largest positive 𝒌, we need to prove the required inequality for  

𝒌 = 𝒎. Let’s write it in the homogeneous form 

(
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂

𝟒
)

𝒎
𝟐

≥
𝒂𝒎 + 𝒃𝒎 + 𝒄𝒎

𝟑
. 

Since 𝒅 ≥ 𝒄, it suffices to prove the inequality for 𝒅 = 𝒄. For fixed 𝒃 and 𝒄, we need to 

prove that 𝒇(𝒂) ≥ 𝟎, where  

𝒇(𝒂) = (
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐

𝟒
)

𝒎
𝟐

−
𝒂𝒎 + 𝒃𝒎 + 𝒄𝒎

𝟑
,    𝒂 ∈ [𝟎, 𝒃], 

with  

𝟏

𝒎
𝒇′(𝒂) =

𝒃 + 𝒄

𝟖
(

𝟒

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐
)

𝟏−
𝒎
𝟐

−
𝟏

𝟑
𝒂𝒎−𝟏. 

Since 𝒇′(𝒂) is decreasing, 𝒇(𝒂) is concave. So, it suffices to prove that 𝒇(𝒂) ≥ 𝟎 for 𝒂 = 𝟎 

and 𝒂 = 𝒃. 

Case 1: 𝒂 = 𝟎. We need to show that 

(
𝒃𝒄 + 𝒄𝟐

𝟒
)

𝒎
𝟐

≥
𝒃𝒎 + 𝒄𝒎

𝟑
. 



 
Due to homogeneity, we may set 𝒄 = 𝟏. So, we need to prove that 

(
𝒃 + 𝟏

𝟒
)

𝒎
𝟐

≥
𝒃𝒎 + 𝟏

𝟑
 

for 𝟎 ≤ 𝒃 ≤ 𝟏. Since 𝒃𝒎 ≤ 𝒃, it suffices to show that 

(
𝒃 + 𝟏

𝟒
)

𝒎
𝟐

≥
𝒃 + 𝟏

𝟑
, 

which is true if  

𝟑 ≥ 𝟐𝒎(𝒃 + 𝟏)𝟏−
𝒎
𝟐 . 

We have 

𝟑 − 𝟐𝒎(𝒃 + 𝟏)𝟏−
𝒎
𝟐 ≥ 𝟑 − 𝟐𝒎 ⋅ 𝟐𝟏−

𝒎
𝟐 = 𝟑 − 𝟐 ⋅ 𝟐

𝒎
𝟐 = 𝟑 − 𝟐 ⋅

𝟑

𝟐
= 𝟎. 

Case 2: 𝒂 = 𝒃. We need to show that 

(
𝒃 + 𝒄

𝟐
)

𝒎

≥
𝟐𝒃𝒎 + 𝒄𝒎

𝟑
. 

Due to homogeneity, we may set 𝒄 = 𝟏. So, we need to prove that 

(
𝒃 + 𝟏

𝟐
)

𝒎

≥
𝟐𝒃𝒎 + 𝟏

𝟑
 

for 𝟎 ≤ 𝒃 ≤ 𝟏. Since 𝒃𝒎 ≤ 𝒃, it suffices to show that 

(
𝒃 + 𝟏

𝟐
)

𝒎

≥
𝟐𝒃 + 𝟏

𝟑
. 

By Bernoulli’s inequality, we have 

(
𝒃 + 𝟏

𝟐
)

𝒎

= (𝟏 −
𝟏 − 𝒃

𝟐
)

𝒎

≥ 𝟏 −
𝒎

𝟐
(𝟏 − 𝒃) ≥ 𝟏 −

𝟐

𝟑
(𝟏 − 𝒃) =

𝟐𝒃 + 𝟏

𝟑
. 

The proof is completed. If 𝒌 = 𝒎, then the equality occurs for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏, as well 

as for 𝒂 = 𝟎 and 𝒃 = 𝒄 = 𝒅 = √𝟐. 


