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Abstract

We prove a sharp half-angle estimate in an arbitrary triangle,

i { 2 —sin(4/2) 2 —sin(B/2) 2 —sin(C/2) } <5
cos(A/2) 7 cos(B/2) 7 cos(C/2) - 3’

where s and r denote the semiperimeter and the inradius. Several corollaries involving the
sides, exradii, inradius, and circumradius are then obtained by multiplying this sharp estimate
by standard positive geometric factors. Ambiguous cyclic statements are written below in their
corrected sharp form.
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1 Introduction

Triangle inequalities involving s,r, R and the exradii r,, 7, 7. form a classical part of Euclidean
geometry; see, for instance, [1, 2]. The purpose of this paper is to give a compact proof of a sharp

estimate for
2 —sin(A/2)

cos(A/2)
and to derive a family of consequences that are useful in olympiad-style and journal problem settings
such as [3, 4].

Throughout the paper ABC' is a triangle with side lengths a, b, ¢, semiperimeter s = (a + b+ ¢)/2,
area A, inradius 7, circumradius R, and exradii rq, 7y, 7.. We use the cyclic notation

Y f(A,B,C) = f(A,B,C) + f(B,C,A) + f(C, A, B).
cyc
For brevity put

A
pa =2 —sin —, CA = COS —, Xp=—,
2 2 cA

and define pp, cp, Xp and pc, co, Xo cyclically.



Remark 1.1. If a displayed symbol > is read literally in the first product group of the scanned
manuscript, the first two inequalities are false for the equilateral triangle. The sharp statements are

the individual cyclic-term estimates in Corollary 4.1; true cyclic-sum consequences are also recorded
there.

2 Auxiliary formulae

Lemma 2.1. The following standard identities hold:

CACBCC = é, (1)
§Sin2§:2};;’ ;CZ‘:M;;T» 2
> ch= W S = (4R + r>33—2 §§2(2R i) 5
eye cyc
> ra=4R+r, S e = 52, ZZ—W- "
o e cyc

Proof. We use the half-angle formulae

. oA (s=Db)(s—c) A s(s—a)
24 _ 24 _
sin” 3 . , cos” 3 e

together with Heron’s formula A2 = s(s — a)(s — b)(s — ¢), A = rs, and abc = 4RA. For example,

CACBCC = \/8(8—&) S(S_b) S(S_C) sA s

be ca ab  abe AR’

The two identities in (2) follow by summing the half-angle formulae.

Let ug = ci, ug = c2B, uc = c%. A direct calculation from the same formulae gives

n n 4R+
u u uc =
A B C R ’
_ (AR+71)*+ s
UAUB + upuc + ucus = 62 ,
82

Newton’s identities therefore yield the fourth- and sixth-power formulae in (3).

Finally, set t =s—a,y=s—b, z=s—c. Thens=x+4+y+z,a=y+z2z, b=z+zx,c=z+y,
and A% = sxyz. Since r, = A/z and cyclically,

1 1 1 1 1 1

E ra:A<++>, g T‘bTC:A2<++>=82.
r oy oz yz  zx Ty

cyc cyc

The identity
(x+y)(y+2)(z+2) +2yz = s(xy + yz + 2x)



gives D . . Ta = 4R + 1. Also,

A A N s '

a zy+z2)t+ylz+z)+2(x+ 2(xy +yz + zx 2(4R +r
Zra:(y)y( )t+zx+y)  2(@y+y ) 2 )

cyc

3 The main estimate

Theorem 3.1. In every triangle ABC,
max { X4, Xp, Xc} < *38 :
r

Equivalently,

A B C

2—siné 2—sin§ 2—sin% s
max < 3—
cos 5 cos 5 COS 5 r

Equality holds if and only if ABC' is equilateral.

Proof. It is enough to prove X4 < s/(3r). Let
A B
2’ 2
Then x +y + z = w/2. Since tan(A4/2) =r/(s — a),

xTr =

S A B C
— = cot — + cot — + cot — = cotx + coty + cot z.
r 2 2 2

The function ¢ — cot ¢ is convex on (0,7/2), hence

y+z (7r x)
t t 2 > 2cot =2cot|(———=).
coty +cotz > 2co 5 co 1 5

Set u = tan(z/2). Since 0 < u < 1, a direct simplification gives

T x
tx+2 t(———)—3
cotx + 2co 1 5

(WP —du+1)?
©2u(l —u)(1 +u) 2 0.

2 —sinx
Ccos T

Thus

»

2 —sin(A/2)
cos(A/2)

and so X4 < s/(3r). The equality conditions are y = z and u? — 4u + 1 = 0. The admissible root
is u = 2 — /3, which gives 2 = 7/6 and hence A = B = C' = 60°. O

<

In the sequel put

M=—.
3r

Theorem 3.1 says that 0 < X4, Xp, X¢ < M.



4 Consequences

Corollary 4.1 (product estimates). For each cyclic choice of (A, B,C),
&
12Rr’
3

P —

PAPBCC > 36RT2’
4

<« 5

PAPBPC < {5g75"

pacgce <

Consequently,

82
E < =
PACBCC > ART’

cyc
3

S
< —.
ZPAPBCC = 1oR72

cyc

Proof. Using pa = Xaca and (1),

2

S S
= X < M* = .
pACBCC ACACBCC > AR 12Rr
Similarly,
XX < M2 s°
= CACBC — = —
pPAPBCC AABCACBCC > AR 36Rr2’
and
— XuXpX. <SS
PAPBPC = XaXpXgcacpeo < iR 108R3"

The two displayed cyclic-sum estimates follow by summing the first two individual estimates.

Corollary 4.2 (upper cyclic estimates). In every triangle,

Z’r’ XA < $(4R+7’)

- 3r
cyc
s(2R—r) .o C _s(2R—r)
< -2 X — <
D_Xasin® 5 < =2, D_Xasin® 3 < ==,
cyc cyc

s(4R+)
< =~ 7
S paca < SURET),

s((4R +7)2 — 82)
D_pach < 2R

s((A4R+7)3 —3s*(2R+r
S pads, < SURF 1 =32 CR 4 1)
96 R°r

cyc




Proof. From X4 < M and Lemma 2.1,

ZTaXA < MZTG = 8(4}?%):_ T).

cyc cyc

Furthermore,

.-, B .o B s 2R—r s(2R—r)
X 2" <M 22 _ 2. _
> Xasin 9 = D _sin 2~ 3 9R 6Rr

cyc cyc

and the same proof gives the version with C' in place of B. Finally,

> paca=) Xach, > pach =) Xach, Y pach=> Xac.

cyc cyc cyc cyc cyc cyc
Applying X4 < M and the identities (2)—(3) gives (12), (13), and (14). O

Corollary 4.3 (reciprocal estimates). In every triangle,

9
A= (15)
cipa s
1872(4R 36 Rr?
>t WAL, W T
oye PAPB S S
Proof. Since X4 < M, we have 1/X4 > 1/M = 3r/s. Hence
ZLA:ZXLZ?,.?’L":%
cyc pA cyc A s s
Also,
cc co S i co
papp  XaXpcacg — M2%cacp
By (1) and (2),
5 o _ Leye® _ HE_24R+1)
e CACB CACBCC iR s
Therefore
Z cc 9r2 2(4R+7r) 18r2(4R + 1)
SC PAPB 8 s s
The last inequality follows from 4R + r > 2R. 0



Corollary 4.4 (more reciprocal estimates). In every triangle,

Z raCA 3r(4R+r) (17)
el LU s ’
Yo DA S 3, (18)
oye pPA
Z ﬁ S 3r(4R+r) (19)
o DA 2sR ’
Z é - 3r((4R +1)? — %) (20)
- 2 9y
e PA 8sR
Z ch S 3r((4R+1)* — 3s*(2R + 1)) ' (21)
Sopa 32sR3

Proof. Each estimate follows from 1/X4 > 3r/s. Indeed,

ZTGCA _27 > 7274&: 37”(45"‘7“)7

cyc cyc cyc

and

Z TbTecA Z Tbrc TpTe = 38T
= . = 3sr.

cyc cyc cyc

The remaining estimates are

ST Tocri To-Td
Xa’ pA Xa’

cyc cyc cyc cyc cyc cyc
combined with (2)-(3). O

Corollary 4.5 (side-weighted estimates). In every triangle,

2
Z apA 23i (22)
o ca r
ST 6 (23)
oye pa
Z apa _ 2(4R+r) (24)
£s TaCA 3r
acy _ 6r(4R+r)
> " )
o aPA

Proof. Since a+ b+ ¢ = 2s,

22
Z%:ZQXAgMZazi-Qs:%,

cyc cyc cyc



and

aca _ Xi > 3" S a=6r
cyc pa cyc A cyc
Using (4),
apA s 204R+r) 24R+r)
X <M — = — =
Z T4CA Z A czy(; Ta S 3r ’
and

5 Equality cases

The main theorem is sharp, with equality only in the equilateral triangle. All estimates above that
are obtained by replacing every X 4 by the common upper bound M are sharp when the triangle is
equilateral. In Corollary 4.3, the strengthened first lower bound in (16) is sharp in this sense; the
weaker displayed consequence 36 Rr?/s? is included because it is a simpler bound.
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