ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES - II

DANIEL SITARU - ROMANIA

0L. If A, B € My(R); A2 — G g) . B2025 _ (; g) then find:

M =det A+ det B
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

2027 _ (2 D 2027y _ |2 O
A —(1 3>:>det(A )—’1 3’

(det A)?27" =2.3 —1-5= (det A)**" =1 =det A=1

1 2 1 2
2025 __ 2025\ __
B = (2 3> = det(B*""°) = ‘2 3‘ =

= (det B)*** =1.3-2-2= (det B)***® = —1 = det B = —1
M=detA+detB=1—-1=0

02. If A, B € My(R); A2 — AB = 8I,; B> — BA = I, then find:
M = det A+ det B
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
A? — AB =8I, = A(A — B) = 81 = det(A(A — B)) = det(815)
det A-det(A—B)=64#0= (I)A~!
A? —AB =8I, = A™1(A? - AB) =847,
AT'A? —AT'AB=8A"'=A-B=8A"'=A=DB+847!
B> - BA=1,=B*-B(B+8A7 ') =1,
B*-B?-8BA'=I1,= -8BA ' =1, =8BA'A=1,-A
= 8B, =A= A= -8B
B?-BA=1,=B?>-B(-8B)=1,=>9B*=1,

B = é]z = det(B?) = det(%b) — (et B)? = & = det B = é

81
A= -8B = det A= det(—8B) = det A = (—8)?det B
1 6
det A=64- - = —
¢ 99
64 1 65
M=detA+detB=— 4 - = —
crAtde 997
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03. If a,b,¢ > 0;abc = 1 then:

(@+2)?2 (b+2)?2 (c+2)?
a3 * b3 * c3

Proposed by Nguyen Hung Cuong - Vietnam

> 27

Solution by Daniel Sitaru - Romania

2 2 2 AM-GM
(@+2)”  (b+2? | (c+2)? A

a3 + b3 3 -
> 3§/((a u 2)%;52(% 2L @ r DB DT D)

Remains to prove:
33/ ((a+2)(b+2)(c+2)2>27T e J/((a+2)(b+2)(c+2))2>9
((a+2)(b+2)(c+2)2>9(a+2)(b+2)(c+2) >3
abc + 2(ab+bc+ca) +4(a+b+c)+8 > 27
2(ab+bc+ca)+4(a+b+c) > 18

ab+bc+ca+2(a+b+c)>9 (to prove)

AM-GM
ab+bc+ca+2(a+b+e¢) > 9Vab-be-ca-a? b2 =9 (abc)t =9-1=9
Equality holds for a =b=c=1.

04. In acute AABC the following relationship holds:

abc
>
HA-HB-HC — 3V3
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
abc 2Rsin A-2Rsin B - 2Rsin C
> >
HA-HB-HC — V3 & 2RcosA-2RcosB-2RcosC — 3V3
sinA sinB sinC
. . >
cosA cosB cosC — 3V3
tanA-tan B -tanC > 3v3

tan A + tan B + tan C > 3v/3 (to prove)

JENSEN A+ B
tanA +tan B +tanC > Stan(—'_i—'_c) zgtan(ﬁ) =33
3 3
Equality holds for A =B = C.

05. In acute ABC the following relationship holds:

HA HB HC
>
acos A + bcos B + ccosC — 2v3

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
HA HB HC HA
acosA bcos B ccosC acosA

2R cos A
Z acosA QRC%;E - %; 2RsinA -

JENSEN3 1 3 3 6
=G © % () = s ETG

cyc

Equality holds for a = b = c.

06. In acute AABC the following relationship holds:
HA HB HC
+—+—>V3
a b
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

HA HB HC HA 2R cos A b2 + 2 — a2 b + 2 — a?
Ty 7_2 Z2RsmA_ 2besin A _Z AF -
cyc cyc cyc
_ 1 2 2 21 _ 1 2
S DIUED WEES o) RS w
cyc cyc cyc cyc

1 IONESCU-WEITZENBOCK ]_
= 5@ +0° +c?) > 4V3F =3

Equality holds for a = b = c.

07. If A,B € M,(R); AB+9A +4B = O,, then:

det*(A + 41,,) + det*(B + 91,,) > 72

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
(A+45,)(B+91,) = AB+9A+ 4B + 361, = 361,
det((A +41,)(B +91,,)) = det(361,)
det(A + 41,,) - det(B + 91,,) = 367
| det(A +41,,)| - | det(B + 91,,)| = 362

AM-GM
det> (A +41,) + det*(B +91,,) >  24/|det(A + 4L,)| - det(B + 91,,)| =

= 2¢/|det(A +41,)| - | det(B + 9I,,)| = 2V/362 = 72
Equality holds for: |det(A + 41,)| = | det(B + 91,,)|.

08. If A,B € My(R): A’B = <31 g) :B%2A = (; 2) then find:
M = det A + det B.
Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

e (1 2 2y |—1 2
AB<3 5>édet(AB)‘3 5‘¢
1
(det A)” - de 546 = de ot A2
2 1 2 5 1 2 )
B“A = 9 6 :det(BA):2 Gé(detB) cdet A—=6-1—-2.2—=6-4—=2
! detA=2= ! =2=detA= !
(det A)4 ¢ - (det A)3 - (§] = \3/5
1 3
det B= ——— =4
¢ (det A)? V4
M—detA—l—detB—L_i_\S/zI—i
V2 72

09. Solve for real numbers:
Vidr+vV1—z=2(1-2%

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Denote: V1+z=a>0;V/1—-2=b>0=P=ab>0;S=a+b

\/1+x:a:>1+x:a2:>a
Vi—-z=b=1-2=10

Vitz+vV1—z=2(1-2)1+2)=a+b=2ab
S =2P% = (2P%)? - 2P =2
4P* 2P -2=0=2P*-P-1=0
2P 2P+ P-1=0=2P(P - 1)+(P-1)=0

P+ =2=5"-2P=2

2P(P-1)(P*+P+1)+(P-1)=0
(P—-1)(2P? +2P* +2P +1) =0
P>0=2P34+2P?+2P+1+#0

P-1=0=P=1=S5S=2=a=0b=1
Vitrz=1=14+z=1=2=0

10. If a,b,¢ > 0,ab + bc + ca = 1 then:

(ab+1)? (be + 1)? (ca +1)? S 8
a?+4ab+0b2 b2 +4bc+c?2 2 +4ca+a? T 3

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

A+ +E>ab+bec+ca=1

(1) 2+ 4+ >1
(ab+1)? (be + 1)2 (ca+1)* Z (ab+1)2 BERGS>TR0M
a2 +4ab+ b2 B2 +4bc+ 2 2 +4ca+a? a2 + 4ab + b2 =

cyc

(ab+1+bc+1+ca+1)* (1+3)? B
= 2(a + b2+ ) +4(ab+bc+ca)  2(a®+b2+c2)+4
B 16 N 8 W s s
2@+ )44 T a2 42 +2 T 1+2 3

Equality holds for a =b=c= %.
11. In acute AABC the following relationship holds:

a b c
>
HAsin A + HBsin B + HCsinC — 6
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a L b N c _ZL_
HAsinA HBsinB HCsinC’_cyC HAsin A

_y 2Rsind s~ 1 smgen, 1 3 3
o 2RcosA-sinA cosA T cos (M) T cosZ L
cye cyc 3 2

Equality holds for a = b = c.

12. In AABC the following relationship holds:
raryre > 2713

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
F F F F3 B
s—a s—b s—c (s—a)(s—b)(s—c)

TaTbTe =

F3s F3s MITRINOVIC
= = =Fs=rss=rs > (3v/3r)? = r27r? = 2773
(s —a)(s—b)(s —0) 72 $=7r1ss=rs > r(f?“) 7277 r

Equality holds for a = b = c.

13. In acute AABC the following relationship holds:
HAsinA HBsinB HCsinC 3
+ + <z
a b c 2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

HAsinA HBsinB HCsinC
- + =

a b c
HAsin A 2R cos Asin A JENSEN A+B+C T
Z Z SRsn A Zcos < 3cos(f) = 3 cos 3

cyc cyc

Equality holds for a = b = c.

14. In AABC the following relationship holds:
GA? GB?  GC?
a? + b2 + c? =

Proposed by Nguyen Hung Cuong - Vietnam

N w

Solution by Daniel Sitaru - Romania

GA2+GB2+GC2:ZGA2_QZm2

a? b2 c2 a2 3 a?
cyc cyc
220 +c*)—a® 1 20 2¢2 1« a?
D e DGR R D B
cyc cyc cyc

2 b2 a2 2 b? a® 2 1 1 1 6 1 1 3
= (s+= )+ =+5 )+ 5+ ) |-23> -(2+242 =2 =_
(G )G+ )bz o) = $-f -a) -3

Equality holds for a = b = c.

15. In acute AABC the following relationship holds:

acosA bcosB ccosC 33
+ + <
HA HB HC 2

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

acos A . bcos B . ccosC Z acos A
HA HB HC N

2RsinA-cos A IENSEN A+ B+C
—Z R cos A Zsm < 351n<7

cyc

Equahty holds for a = b =c.

16. Solve for real numbers:
Vi+z+V1—az=+v1—-2a2+1

Proposed by Nguyen Hung Cuong - Vietnam

3

2
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Solution by Daniel Sitaru - Romania
JVitz=a=1+2=d>
= a®+b° =2

N—z=b=>1—z=0
Denote: S =a+b; P = ab.
Mre+V1—z=Y0-z)(1+2)+1
a+b=ab+1=5=P+1
A4+ =2=5-35P=2= (P+1)*-3P(P+1)=2
P34+3P?4+3P+4+1-3P?>-3P =2
PP4+1=2=P=1=>P=1
S=2%P=1=a=b=1

Vi+zrz=1=142=1=2=0

17. In AABC the following relationship holds:
GA® + GB®* + GC? < 3R?
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
2 2 4
2 2 2 _ 2 _ — = — 2 =
GA* +GB* 4+ GC* = g GA® = g <3ma) 9§ycma

cyce cyc
4 3 1 1 GERRETSEN
= (a®+ "+ ) =2(a®+ b+ ) == -2(s* —r? —4Rr) <
9 4 3 3
2
< §(4R2 +3r2 +4Rr — 1?2 — 4Rr) =
= 3R?

2 2 R? 2 18R%? 18R?
= —(4R? 22:7(432 R _
AR +2%) = S(4R® + 4) == -

Equality holds for a = b = c.

18. In AABC the following relationship holds:
ha by he  6r
re ™ T R
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
hae hy  he Z ha Z %1
PR Te - Tq - T

Ta T cyc cyc s—a
s—a 1 a
Yt ea(sx v
cyc cyc cyc
ab + be + ca s+ 124+ 4Rr
:2( .743):2( ~773):
5 abe y 4Rrs
5 (32 + 72 4+4Rr — 12Rr) GERR;ITSEN
o 4Rr -
16Rr —5r? +r® —8Rr _ 8Rr —4r? _ AR —2r BULBR 4-2r —2r _ 6r
~ 2Rr R = R R

> 2
- 4Rr
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Equality holds for a = b = c.

19. In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

ha T | he
T cyc S— cyc
AM-GM — — — — _
>237@am Ws@_¢$ a)(s —b)(s—c) _
s-4RF
5] F2 N . s \/7
4sRF 43R 4sR 4
1
>(= > >
4R (R) @47]%2@47' < R>2r

Equality holds for a = b = c.

20. In AABC the following relationship holds:
hohy  hyhe  hehg 1212
+ + >

TaTb TuTe Tela  R2

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

hohy  hohe  hohe AM-GM _ [ 7hoTuhion?
by Dble >3 ( b )

TaTb TvTc TcTa

s—b s—c
S e )

Y =) =) 2 ) () 2 ()

33-4233-43-(%)4
>

TaTbTc

1 (r
16 R
=b=c.

v

)4 Lo L R> 9 (Buler)
52 R > 2r (Euler
Equality holds for a

21. If a,b > 0;a + b = 2 then:
a* +b* + 6ab > 8
Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
Denote: S=a+0b; P =ab

AM-GM
S=a+b=22=a+b > 2Vab=2VP

2>2/P=VP<1=>P<1=P-1<0
=P-4<-3<0
P-1<0;P-4<0=(P-1)(P—-4)>0
P?-5P+4>0=2P?—-10P+8>0
16 + 4P%2 — 16P — 2P%2 + 6P > 8
(4—2P)* —2P? + 6P > 8
(82 —2P)?2 —2P%2 4+ 6P >8
a* +b* +6ab>8

Equality holds for a = b = 1.

22. In AABC the following relationship holds:
2

ha hb hbhc hcha T
> 12—
+ + r2 T R?

Proposed by Nguyen Hung Cuong - Vietnam

2 2
re Ta

Solution by Daniel Sitaru - Romania

2
hahb + hbhc + hcha > 3 3 (hahbh(;> _

2 -
72 r2 Ty 7T e

Bl D=y gy () =
s-4RF

(
() =3y () =3y = () e () = ()

1 4 1
— > %) ®§Z%¢>R22T (Euler)
Equality holds for

23. In acute AABC the following relationship holds:
Z cot A Sin2 A
cot B " sin? B

cyc

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

_a>b—e>q—
WLOG:a<b<cw {0 @2b-cza=c
cot A < cot B <cotC

CEBYSHEV 1
Z(b—a)cotA > - (b—a)-ZcotA:O

cyc 3 cyc cyc
Z(b—a)cotAZO
cyc
Z(b+a)(b—a)cotA20:>Z(b2—az)cotAzO
cyc cyc
b+ —a?
2 _ 2 2 2v;2 2 2
=Y (¥ —a ) —F— 20 S 07— a®)(B + ¢ —a?) >0
cyc cyce
>t + b — b*a® — @’ — a’? +at) > 0
cyc
Z(a2(b2 +c2—a®) =+ -1%)>0
cyc

b2-‘r 2 _ 2 b2
YaramI

a?
cyc cyc
cot A sin? A
Y2
cot B sin“ B
cyc cyc

Equality holds for a = b = c.

24. In AABC the following relationship holds:

sin A +sin B n sin B +sinC n sinC +sin A
C A B >
cos 5 cos 4 cos 5

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

Z sin A + sin B Z 2gin A8 cog A=E

2 2 _
COS ¢ COS ¢
cyc 2 cyc 2
. w—C A-B c A-B
B Sin B} COS B} B COS B) COS 3
=2y T2 7 2 oy T2 T 2
COS = COS =
cyc 2 cyc 2
A _ B JENSEN A;B n B;C n CEA
:2E cos < 2-3-cos =
2 3
cyc

0
= 6005(5) =6cos0=6-1=6
Equality holds for A =B =C.
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25. In AABC the following relatinship holds:
at+b* b+t N t+at

73 + 03 hg > 32r

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

at+vt v+t A +at a* + vt
= >
R R CE
cyc
AM-GM Z a?b? AM-GM 5/ (abe)? 6abc 2
. = aoc =
a cyc he B (hahohe)? hahyhe

2
_ 6abc - YIRF — 6(abe) ViRrs >

2F 2F 2F ]F3
a b c

EULER G- 16R2F?2 MITRINOVIC 19
> %vg, 8r2s > R v/ 8r2 - 3v/3r =

8F3
12R? 24+/3 R? MITRINOVIC 24 R? EULER
= - 2V3r = 24372 > L_MR > 16-2r = 32r
rs s S\fR

Equality holds for a = b = c.

26. In AABC the following relationship holds:
Vasin A+ Vbsin B + v/esinC < ;\/4 27R?

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

CBS
Vasin A+ Vbsin B+ v/esinC <

2 _ p2 _ 4Ry GERRETSEN
- <

) ) ) S
S\/(a+b+c)(51n A+ sin® B 4 sin C’):\/25~ SR

TR - (4R2+27'2) S

< \/32£(4RZ+2 If) \/32\]/39];2 \/ \/2732

Equality holds for a = b = c.

MITRINOVIC 1 EULER
\/R2 (4R? + 4Rr + 312 — 12 — 4Rr) < \/3\f

27. Solve for real numbers:
(x +1)(z +2)*(z + 3) = 56
Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
(z+1)(z+3)(z+2)* =56

(2® + 47+ 3)(2® + 42 +4) =56 =0
Denote: y = z2 + 4z
(y+3)(y+4)—56=0
V4 Ty —44=0
A =49 —179 = 225

—7—-15 —7+15
2 y Y2 9

P tdr=-11=24+4x+11=0;A<0

Y1 =

P Hdr=4=2>4+4x—-4=0
—44+4/16+16 —4+4v2
: +0_ e V2_ 5i0ve

T1,2 =

28. In AABC the following relationship holds:

\/asm A—l—\/bsm B+\/cs1n < —— Q\fR

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

\/asin3A+ \/bsin3B+ \/csin3C: Z\/asin?’ =

cyc

fZ\/QRsm A= \/ﬁZsm A= \/ﬁz4R2:

cyc cyc cyc

2 _ 2_ .2
4R2 Z 4R2 -2(s* —r°—4Rr) <

cyc

GERRETSEN /2R
<

(A4R? +4Rr +3r* —r?> —4Rr) =

- 2R?
V2R EULER /2R R?\ V2R 18R?> 9V2R
= (4R* +2r%) < (432 +2- —) = : _ V2R
2R? 2R? 4 2R? 4 4

Equality holds for a = b = c.

29. In AABC the following relationship holds:

\/acosAJr\/bcosBJr\/ccosC < 3VOR
2 2 2 2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

acos§+ 0055—1— CCOSE <
[ A JENSEN A+B+C
< Za-Zcos; < \/25~3c0s %):
cyc cyc
/ 3 /
= 68~COSE: 6s-£: 3v/3s
6 2
Remains to prove:

\/3V3s < SV o 3V8s < 2 8By < MR e s < ?/—1; & s5< 3—?1% (MITRINOVIC)

Equality holds for a = b = c.

30. In AABC the following relationship holds:

.A+\/b.B+\/ 7< 3vVI2R?
a sin 2 Sin 2 CSID 2 2

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

\/.A \/b.B\/ C cgs
asma—i— sm§—|— csm§ <

. A JENSEN . /A+B+C
< /Cyca~§sm§ > \/28'38111(6)
T 1
=1/65~s1ng= 65~§=\/§s
Remains to prove:

2 2 :
V35 < B VIRR? \/ﬁ 38§%@48§3@®3§%@3§3\/§R (MITRINOVIC)

Equality holds fora=b=c.

31. In AABC the following relationship holds:

Vasin A+ Vbsin B + VesinC <

3V6R
2

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

Vasin A+ Vbsin B+ VesinC = Z\/asin =

cyc

2s sx/i
_ZV 2R Z\/ﬁ V2R VR

cyc

Remains to prove:

2 .
5V2 < 3V6R  2s < 9-6R

VE- 2 YR>3



14 DANIEL SITARU - ROMANIA

2
2T 3\/2§R (MITRINOVIC)

852§54R2(:>52§T<:>5§

Equality holds for a = b = c.

32. Solve for real numbers:

JA+a2+Y1—22-Y1-a22=1
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
Denote: a = V1+z;b=v1—=z
AP =1l4z+1-z=2=0a>+b>=2
a2+ —ab=1
(a+b)(a*+b*—ab)=2=>a+b=2
A+ —ab=1=8>-2P-P=1
where: S =a+ b; P = ab.
4-3P=1=3P=3=P=1,5=2

S=a+b=2
}:>a:b:1

P=ab=1

Vi+z=1=14+z=1=2=0
Vi—-z=1=1l-z=1=2z=0

33. If —1 <z <1 then:

4+/1
- \/>0§3x+\/1—x2§\/170

5

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

Let be f: [-1,1] = R; f(z) =32 + V1 — a2
x

2
Ja)=3- = =3~
2v1 — 22 V1—2z?
fle) V1—a? V1—a?
2
S9=15e9-9%" =" 102" =9
— T
s 9 £3v10
Srt=— o=

10

10
3v/10 3v/10 9
M= — () 3.2V i
(ax f(@) f( 10 ) S0 TVt

9v/10 1 9v/10 /10
= —|— = —|— =V 10
10 v/10 10 10
—3v10 9
P— 1 P— —_— — pr— . 1 —_——
m= min () f( ) S0 10
~ —9V10 N V10 —8V10  —4V10
10 10 10 5
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—4v/10
5

—44/1
;/70§3x+\/1—x2§\/170

< f(z) <V10

34. If a,b > 0;a + b = 2 then:

4(ab+a+D)

5(a* +b*) + ——5—=
(a%+6%) + a?+024+1 —

14

15

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Denote: S=a+b;P=ab=5=2

AM-GM
2=S=a+b > 2/ab=2V/P=+VP<1
(1) =P<1=P-1<0

P<1=10P<10=10P-19<10—-19=-9<0
(2) = 10P - 19 < 0

3) By (1); (2) = (P—1)(10P - 19) >0

4(ab+a +)
iyl ST
AP+ S)
S2 2P +1
4(P+2)
5—-2P
4P + 8
5—-2P
4P + 8 2P +4

5P >
sp 5 325 5@

5(a® 4+ b%) +
= 5(8% - 2P) + —14>0

= 5(4—2P) + ~14>0

20 — 10P + —14>0

6 —10P >

(3—5P)(2P —5) < 2P +4 < 6P — 15— 10P> + 25P < 2P + 4

& —10P?4+31P—15—-2P —4<0
—10P? +29P —-19<0
10P2 —29P +19>0
(P —1)(10P — 19) > 0 which is true: (3)
Equality holds for a = b = 1.

35. Solve for real numbers:

{1/ —\/x2—1+\/x+ 2 —-1=2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

Denote:
a= \4/357\/99271;17: Va+ Va2 —1
4

22— (Va2 -1)2 =22 —-22+1=1

a-b=
b:é;a+b2:2:>a,+ai2:2
a>+1-20>=0=0d’>-2a"+1=0
a*—a*—(a*-1)=0=d*(a—1)—(a—1)(a+1)=0
(a—1)(a*—-a—1)=0

a—1=0=a=1=\(z -2 -1=1

r—Vai-l=l=z-1=vVa2-1=2>-2z+1=2>-1
2r=-2=z=1

1++/5
2

4x—\/m2—1:a:>x—\/x2—1:a2
r—adl=vVa2—1=2>-2za®>+a* =2%2-1

a2—a—1=O:>a2’3:

4 2
2 4 _a+1 _a 1
2za° =a" + 1= 2 = 5.7 :>x_i2+2a2
a? 1 1445
=iy =g e 2

36. Solve for real numbers:
(2 =3z +1)* =221
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
(2 =3z +1)* =221
(22 =3z +1)2 -2 =22+ 22 -1
(22 =3r+1-2)(2®* -3z +1+2)+ (2> —22+1) =0
(22 —dx+1)(z - 1)+ (2 -1)2=0
(x—1)*(2® —42+2)=0
r—1=0=x1=29=1

$3=4+2\/§=2+\/§

2
x—4r+2=0=
{x4—4_2*/§—2\@

37. In AABC the following relationship holds:
C

cos A cos BceosC < sin — sin — sin —
- 2 2 2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

We use: 2 2
s“—(2R+r
Acos B C=————
cos A cos B cos R
C r

We must prove:
2 — (2R +7)? r
B S A G
4R2 ~ 4R
s>~ (2R+7r)*<Rr
52 <4R? 4+ 4Rr + r* + Rr = 4R* 4+ 5Rr + r*

, GERRETSEN ) ) )
s < 4R* +4Rr 4+ 3r* <4R*+5Rr+r“ &

=32 < Rr+7r2a Rr>2r?
< R > 2R (Euler)
Equality holds for a = b = c.

38. In AABC the following relationship holds:
C

A
sin A sin Bsin C' < cos — ¢cos — cos —
2 2 2

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

We use: 4 o
sin Asin BsinC' = %;cos;cos;cosg = é

‘We must prove that:
sr s r

2R? =

1
— <
5 R 2r < R (Euler)
Equality holds for A = B
39. In AABC the following relationship holds:
sin A ,smB  sinC < V3
Tq Tp Te 2r

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

sin4 sinB sinC sin A 3R
(B Ol 5

Ta b cyc cyc s—a
1 1 )
=orp 2 als—a)=oms(sd a=) o |=
cyc cyc cyc
2r(r + 4R)
= .25 — 252 1+ 9p2 = 7 —
2RF(8 s—2s°+2r°+8Rr) SRE
r(r+4R) _ r+ 4R BULER Z4+4R
~ Rrs  Rs - Rs
% 44 MITRINOVIC 5 3 V3

< — = —_—
s - 3v3r  2V3r 2r
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Equality holds for a = b = c.

40. In AABC the following relationship holds:
sinA sinB n sin C > ﬁ

T Tc Ta
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
sinA sinB sinC s/sin Asin Bsin C
+ + >3 =
Te Ta TaTbTc

Ty

_a3la b (s—a)(s=Db)(s—c)

- 2R 2R 2R 3 -
_i b F72_i3a7bc_
TRV s T 2R -

3 LJARF 3 ,JAR _ 3 2 s
= — = —_— 7>7 4.7.7:
2R sF 2RY s — 2R 33 s
_3 .2 V3
2R V3 R

Equality holds for a = b = c.

41. Solve for real numbers:
Vito+V1—z=2V1—22

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

3/1 —
Denote: tr=a =>a+b0=2
vVi—xz=5>

ad+b3=2 S=a+b 83 —3SP =2
. Denote: =
a+b=2ab S =2P

P=uab
= (2P)*-3-2P-P =2
8P3 —6P>—-2=0=4P3—-3P>-1=0
4P3 —4P? 4+ P2 —1=0=4P*(P-1)+(P-1)(P+1)=0
(P-1)(4P?+P+1)=0
a,b>0=P=ab>0=>4P>+P+1>0
=P-1=0=P=1=585=2-1=85=2

S =2
sa=b=1=14z=1-2z=1=2=0
P=1

42. Solve for real numbers:
Vitr+VIi—z+222=2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

1 = 1 =
Denote: Vitz=a tr=a’ a2+ =2
Vi—z=5b 11—z =0
2 — 222 =2(1 —2%) =2(1 — 2)(1 + z) = 2a*b*
b2:2 =
o’ + . Denote: S=atb
a+ b= 2a2b? P=uab

{52_2P:2 = (2P%)? —2P =0
S =2p?
4P* —4P 4+ 2P -2=0=4P(P*-1)+2(P-1)=0
AP(P-1)(P*+P+1)+2(P—-1)=0
2(P —1)(2P3 +2P? +2P 4+ 1) =0
a,b>0=ab>0=P>0=2P>+2P>+2P+1>0
=P-1=0=>P=1=>5=2-1>=2

=2
s sa=b=1=1—-2z=1+z=1
P=1

=z=0

43. In AABC the following relationship holds:

ab be ca
—+—x + —5 > 72"
Slni SIIIE sm7

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

ab be ca

ab
+ - + - = ; >
sin Q sin4  sinZ Z ¢

cye Sin >

CEBYSEV 1 1 JENSEN

> 3 ab-y» —= >

Sin =
cyc cyc 2

3 MITRINOVIC
S — >
sin (A£B£C) =

> (s> + 72 +4Rr) -

Wl =

1 EULER

> (272 +r* +4R+ 1) —— >

6

> (2872 +4-2r-7) - + = 2(2872 + &%) =

wi=| =

=2-36r% = 727
Equality holds for a = b = c.

44. In AABC the following relationship holds:
a n b n c >4
hesinA = hysinB  h.sinC —

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

a n b n c _Zi_
hesin A hysinB  hesinC pov hesin A

R R
:Zigéizfza:f'%:

cyc a 2R cyc
R 9R EULER 2.2

= — . 25 = —_— 2 = 4
rs T T

Equality holds for a = b = c.

45. In AABC the following relationship holds:
b
St gty 24V3
hgsin £ 2 hy 31115 hesin 5
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a b c a
s E € " s d

A
hesing — hpsing  hesin 5 ) 5
Z a 1 a? CEBYSHEV
= _— >
2Egnd  2F sin 4 -
cyc a 2 cyc 2
1 1 9 1 JENSEN
i Dl
2F 3 sin 5
cyc cyc
1 3 1 1
Zon & ey S5 D0 T
6 sin (445+€)  2F 1
cyc 6 cyc 2
1 5 ) GERRETSEN
= —-2(s* —r° —4Rr)
rs

a2
z(16Rr —r% —4Rr) = —2(12R7‘ 6r°) =
s s
202R —6r) _12QR—1) _, s
s s
< 3(2R — r) > 5v/3 (to prove)

DOUCE
5V3 4R+r§3(2R—r)

4R+r <6R —3r
R > 2r (Euler)

Equality holds for a = b = c.

46. In AABC the following relationship holds:

sin A \f
>

cyc

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

in A 55 1
Y T R

cyce cyc b cyc

1 MITRINOVIC 1

2, 2 2, .2
= . 4R > - 4Rr) >
Rrs (s*+r°+4Rr) > 4Rr-¥R(S + 7“4+ 4Rr) >
GERRETSEN 1 (16Rr — 51 4 v + 4Rr)
2 e r—or®+r°+4hr) =
6+/3R2r
1 2r(1 -2
= ———(20Rr — 4r%) = 2r(10R — 2r) =
6v/3R2r 6v/3R2r
10R -2 3
_WR-2r VB ip o soR
3V3R?2 R

< R > 2r (Euler)
Equality holds for a = b = c.

47. In AABC the following relationship holds:

sinA>\/§
he — R

cyc

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

sinA 28 1 5
he =D = RF =
cyc cyc a cyc
1 MITRINOVIC
— .92 2 _ .2 4
4Rrs ( " Br)
> 713\/@ (s> —r%> —4Rr) = _ 1 5 (s> =% —4Rr) >
2Rr - 2% 3V3R2r
GERRETSEN 1 6r(2R —r)
> —— (16Rr — 5> —r?> —4Rr) = ———~ =
3\/§R2r( ) 3vV3R2r
— w > ﬁﬁg(gR_r) > 3R
V3R? R

4R —2r > 3R < R > 2r (Euler)
Equality holds for a = b = c.

48. Solve for real numbers:
(x+1D)(z+3)(z+5)(x+T7)=9
Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
+D(x+3)(xz+d)x+T7)=9
x4+ D) (z+7)(r+3)(x+5)=9
(2 + 8z +7) (2> + 82+ 15) =9
Denote: 22+ 8z =y = (y+7)(y +15) =9
Y2 +22y+105 -9 =0= 3> + 22y + 96 =0
A =484 — 384 = 100

—22 - 10 32 -22+10 —16
Y1 5 ) 6; y2 5 5 8
P48 =16=2"+82+16=0= (v +4)*=0
=>x1=x9=—4

2248 =-8=22482+8=0
A=64—32=232
_ —8+4V2

5 — 4422

3.4

49. Solve for real numbers:

Ve+V1l—xz=1++z(1—x)

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

x>0
1-z>0=2z€]|0,1]
VT =a 2, 2
Denote: =a°+0°=1
{\/l—a::b

Ve+vVli—z=1+z(l—-z)=a+b=1+ab
ab—a+1-b=0
(b—1)(a—1)=0

a—1=0=a=1=1=1=b=0=>

=a(b—1)—(b—1)=0

V=1
= =c=1
{\/19:0 “
b—1=0=b=1=d*+1’=1=2a=0=>
VZ=0
= =z=0
{Vl—x:l v
=5={0,1}
50. In AABC the following relationship holds:
ab be ca
+ + > 241/32
cos$  cosd  cosE T "

2 2 2

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

ab n be n ca ab S
[e] A B Z c =
cos 5 cos % cos 3 e COS 5

CEBYSHEV 1 JENSEN
> ab - E

COS & 2
cyc cyc

1 1 AM-GM 1
§~Zab-3- (A+B+C) > COS%'ZabZ

COSs
cyc

1
il 2
\/g - v/ (abc)? vV (4RF)? =

2
EULER
= —6\/§ v (4Rrs)? > 2V/3. Y (8r25)2 >

MITRINOVIC
2V3 - v/ (872 - 3\/37“)2 =
::2¢§ ¢6@£-2 -
=2v3.4.3.7% = 2432

Equality holds for a = b = c.

51. Solve for real numbers:
Vitzr—vV1i—-z+vV1-22=1
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

J1 —
Denote:{ tr=a =a?+b: =2

vVi—xz=b
Vi+tzr—vVli—-z+V1-22=1=a—-b+ab=1
a(l+b)—(1+0)=0=(14+b)(a—1)=0
Iftb+1=0=0b> —1. But 6 > 0. Contradiction!
a—1=0=a=1=V1i+or=1=2=0

52. Solve for real numbers:
V1i+z—V1—az+V1l—-2a2=1
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
=1 l+z=a

“ e = tr=a = a4+ b =2
b=+v1—=x 1—z=256
Vitz—V1i—-z+Vli-a2=1=a—-b+ab=1

a(l+b)—(1+b6)=0=(a—1)(b+1)=0

a—1=0=a=1=13+0"=2=b=1

Denote: {
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J1 =1 1 =1
= tr = T =x=0
\3/1—$=1 l—2=1
b+1=0=>b=—-1=a*=3=a=+3
Vi—-z=-1l=l—-zx=—-1=z=2

= 5={0,2}

53. Solve for real numbers:
YA+ +(A—a)2-Y1-a2=1

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

{ Vitz=a
Denote:

3 3
=a’+b=14z+1-2=2
1-—z=0b
YA+a2+3 -2 -Y1-22=1=
=4+ —ab=1

a3+ =2 S=a+b
. Denote:
a2+ —ab=1 P=uab

S3-38P=2 S(S?-3P)=2
= =5=2
S2_2P-pP=1 S2-_3P=1
52 _3P=1=4-3P=1=>P=1
=x=0

5=2 =a=b=1= 51+x:1
P=1 J1—-z=1

54. Solve for real numbers:
Vitz+Vli—az—V1-22=1
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

{ma {a31+1’
Denote: =
JT—x=5b PB=1—2
=d+bP=2
Vi+z+V1—az—V1l—-a2=1=a+b—ab=1
Denote: S =a+b; P = ab
{a3+b3:2 j{Si"—BSP:Q
a+b—ab=1 S—P=1
P=S-1=5%-35(5—1)=2
S% -352435-2=0
S% —28% — 52425485 -2=0
S%(S—2)—-8(S—2)+(S—-2)=0
(S —2)(S*—-S+1)=0
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S—2=0=5=2=P=2-1=1

— 3/ —
5=2 Sa=b=1=> lte=1 =z=0
P=1 J1—-—2=1

55. In AABC the following relationship holds:

asinA  bsinB c¢sinC
>3
ha hb hc -

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

asinA  bsinB  csinC asin A
ha hy he p ha
AM- GM
4RF D d
cyc cyc

.3 \/CLT 3abc

Equality holds for a = b = c.

56. In AABC the following relationship holds:

ab n be n
sinC  sinA sinB

> 24/3r2

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

ab be ab
smC smA SlnB smC pv SR
ab M GM slab bec ca
=2R 3\ = — - — =
Z c a b
LER

— 6R/abc — 6RVARrs
> 6R - m _ 12R\/77 MITRINOVIC
> 2R 3V3r 51220 (rv3)3 =
= 24r - \/3r = 24312

Equality holds for a = b = c.

57. In AABC the following relationship holds:

ab bec ca

+— 45 > 6V3r

Proposed by Nguyen Hung Cuong - Vietnam

C
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Solution by Daniel Sitaru - Romania

ab b, ca ANCEM gafab be ca
c a b - ¢c a b

EULER

=3.Vabc = 3V4Rrs >
MITRINOVIC
=3v4-2r-rs > 3-2\3/r2~3\/§r:

=61/ (rv3)3 = 63r

Equality holds for a = b = c.

58. In acute AABC the following relationship holds:

a b c >8\/§
g 3

h, cos? % hy, cos? h. cos? % -

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

a b c AM-GM

+ + >
hg cos? % hy, cos? g h. cos? %

>3, abc _
o hahbhc(cosécosgcos %)2

3 abe

= 3 =

E.E.E.(L)Q
a b c 4R

_ 3 3 (abc)2 . 16R2 _ 3 3 16R2F2 . 2R2 _
- {F3 . g2 - F3g2 -

3/32R% EULER _,/32.2r . R3
=34/ > I e ki
3 Fs? = rs3
MITRINOVIC
- 3\3/64(5)3 _ 2R >
S s

U125t 218 83
—_ S - — T = T 5

W3 V33

w
%w
w

Equality holds for a = b = c.

59. In AABC the following relationship holds:

a b c
- - + - >4
resinA  rpsin B r.sinC

Proposed by Nguyen Hung Cuong - Vietnam



ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES - II

Solution by Daniel Sitaru - Romania

a n b L c Z a
resinA  rpsinB  r.sinC e Ta sin A

= Fa.iz? (s—a)=

cyc s—a 2R cyc
2R 2R 2R

EULER 2. 2p
> =4

r
Equality holds for a = b = c.

60. In acute AABC the following relationship holds:

b
@4 S >4/3

rqCo8A  rycosB  r.cosC —

27

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
We will use the next known result:

(1) cos Acos BcosC <

ool =

a b c s abc
+ + > >
rqCcosA  rycosB  r.cosC TaTpTe cos A cos B cos C

F FF
sfa'sfb'sfc.% F3
3/ 8abe - F2 2/4RF 3/4R
— _—— — - >
3 sF3 6 sF 6 s
MITRI>NO\11063/4'%5 e (1)3:
> S 7
2 123

BT —3

(é) 3?/ abc 3\3/8abc(s —a)(s—b)(s—c) _

=6

Equality holds for a = b = c.

61. In any acute AABC the following relationship holds:

acot A . bcot B n ccotC 9
ha hb hc B

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
acotA+bcotB+ccotC'_ acot A
ha hb hc B ha B

cyc

a cosA 1 5 b2+ —a?
—Z?TM—EZ“ DesinA

cyc

2
2F 4FZa b+c )

cyc

1
=3 —— (20?0 + 20%c? + 2c%a® —at — bt — ) =
1 2
8F2 -16F° =2

62. In AABC the following relationship holds:

a b c 4\[
St T2
hy ~ hZ A2 3R
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

i+i+iAM§GM 3 (171)07
hi k2 RZ2 T (hahohe)?

_ 3. abe B 3§/(abc)3 B
S\ (eE 2 2m)? TV GAFS

a b c
_ abc_3 4RF_£_§>
AF2 % 4F2 T F  prs —
MITRINOVIC 3R 2 4f
N T- %R T\f

< 6R > 12r & R > 2r (Euler)
Equality hold for a =b = c.

63. In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

i+£+£AM;GM33a7bC_
hg m T h3 o~ (hahbhc)3 -
EULER
=5 hbh - V/4Rrs 7@ 5T 21,,\/87’2 s>
a b

MITRINOVIC 3abc
>

- SF3 2y/r2-3v3r =
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_3abc'\/§.r:3\/§-4RFT 3vV3Rr

4F3 4F3 F2
3\/§R7‘ 3\/§R 8\/§
= = >
r2s2 rs2 — 9R?

& 27V3R3 > 8v/3rs?
2TR3 = 27TR? - 2r > 8rs® < 2TR? > 44>

27TR? 3v3
F< e T\[R (MITRINOVIC)
Equality holds for a = b = c.
64. In AABC the following relationship holds:

192313 < (a + b)(b+ ¢)(c + a) < 24V3R?

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
We will use the known result:

(a+b)(b+c)(c+a) = 2s(s* + 12 4+ 2Rr)
‘We must prove that:
192v/3r3 < 2s(s* + 12 + 2Rr) < 24V/3R3

s MITRINOVIC-GERRETSEN
2s(s* +r° 4+ 2Rr) <

§2'3\[T3R(4R2+4R7’+3T2+T2+2RT) =

=3V3R(4R? + 6Rr + 4r?) <
R R2
< 2 Rt ) =
,3\/§R<4R +6R- 5 +4 4)
= 3V3R(4R? + 4R?) = 24V/3R?

s g MITRINOVIC-EULER
2s(s* +r*+2Rr) >

>2-3V3r(27r 412 +2-2r 1) =
= 6v/3r (2812 + 4r2) = 63/3r - 3212 =
=192V/33
Equality holds for a = b = c.

65. In AABC the following relationship holds:

a b c S 83
resin? A rysin®? B resin?C T 3

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

b
.0’2_’_ ) + .02 :Z .012 :ch.lazz

resin“ A  rpsin® B r.sin”“ C e Tasin A e a if

4R? s—a 4R? 1
= E T )=
cyc
4R2( ab + be + ca 3) 4R? ( 52 + 12 +4Rr )
= (s —mM8M8 = (""" """
TS abc rs
>

4Rrs
4R? 2472 4+ 4Rr — 12Rr R
T rs 4Rr T2 (5% 40t -8
GERRETSEN R
Tg(lGRr —5r? +7r2 —8Rr) =

r
— EULER

= g(gRr_@ﬁ) = M >

S

rs
S M MITRg\IOVIC M

rs - rs
24 8 83

NEE)

&l

Equality holds for a = b = c.

66. In AABC the following relationship holds:
a b c S 83

+ +
2 A 2 B 2C —
s2 5 s? 5 recos? 3 3

Proposed by Nguyen Hung Cuong - Vietnam

T'q CO 75 CO

Solution by Daniel Sitaru - Romania

T >
4 2D " cosQC

rqCOS% 5 rpcos? 5 Ta cos2 A
abc
- Z o s(s— a) Z Fis =
cyc s—a be cyc
_ 3abc _ 3-4RF _12R _ gf _ 8 83
" Fs Fs s s V3 3

Equality holds for a = b = c.
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