ROMANIAN MATHEMATICAL MAGAZINE’S CHALLENGES 1

DANIEL SITARU - ROMANIA

01. In AABC the following relationship holds:
Ta

T,  Te r
— 4+ =>3V3 —
b+c+a_\fR

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Ta Ty Te Ta _ F _
b+c+a_zb _Zb(s—a)_

cyc cyc
1 AM-GM F
- F Z e 2 3 -
cyc (8 - (l) \/abc(s - a’)(s - b)(s - C)
B 3F . 3F
Y/4Rrs(s —a)(s —b)(s—c)  VARrr2
_ 3F _ 3F _ 3rs S
VARrr2s2  r-v/4Rs2 r-~v/4Rs2
MITRINOVIC MITRINOVIC )
ovie  3s  MITRI 3-3V8r _9V3r_ . m T
3 4R<3\/2§R>2 3/AR . 27;%2 3R R

Equality holds for a = b = c.

02. In AABC the following relationship holds:
in 2 L B L S 3
sin — + sin — +sin — > —
2 2 2™ R
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

(' JENSEN g +

©|Q

5+ 7r 1 r
sin§+sin5+sin§ > 3sin ; :3sin6:3-§23-ﬁ
Equality holds for A =B = C.
03. In AABC the following relationship holds:
sin 4 sin 2 sin €

2 2 + 2 —9
s B cos C s C o A A s BT
COS 5 COS5  COS5 COS%  COS % Cos g

Proposed by Nguyen Hung Cuong - Vietnam

1
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Solution by Daniel Sitaru - Romania

A . B ... C
sin 4 sin 5 sin _
cos % cos Q cos Q cos é cos 4 cos B
Z sm Z /s—b (s—¢) ac-ab
cos—cos— s(s —b)-s(s —c)
cyc cyc
a+b atb+c 25
— E E 2 _9
s
cyc

04. In AABC the following relationship holds:
sin? Asin 2B + sin® Bsin 24 = 2sin Asin Bsin C
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
sin? Asin 2B + sin® Bsin2A = sin® A - 2sin B cos B + sin® B - 2sin Acos A =
= 2sin A sin B(sin A cos B + sin Bcos A) = 2sin Asin B - sin(A + B) =
= 2sin Asin B - sin(m — C) = 2sin Asin BsinC

05. In AABC the following relationship holds:
sinA+sin B +sinC > 3V3- %

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

1 2g s MITRINOVIC 3./3r
= >
“apltttd=sEp=n 2 R

sin A+sin B+sin C = Z sin A = Z °R
cyc cyc

Equality holds for a = b = c.

06. In AABC the following relationship holds:
2(sin? A + sin® B + sin” C)
sin 24 + sin 2B + sin 2C
Proposed by Nguyen Hung Cuong - Vietnam

cot A+cotB+cotC =

Solution by Daniel Sitaru - Romania
sin 24 + sin 2B + sin 2C = 2sin 2A;2B cos QA;ZB +5in2C =
= 2sin(A + B) cos(A — B) 4+ 2sinC cos C =
= 2sin(m — C) cos(A — B) + 2sin C cos C = 2sin C(cos(A — B) + cosC) =
A-B+C A-B-C

=2sinC - 2 cos 5 cos >
— 2B 24 —
= 45in C cos ~ cos T 4sinCcos(E - B) cos(z - A) =
2 2 2 2
= 4sinC'sin Bsin A

(1) sin 24 +sin2B 4+ sin 2C = 4sin Asin BsinC
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cos A b? 4+ ¢ —a?
cot A+ cot B+ cotC = ZcotA Z = —_— =
sin A p 2bcsin A

cyc

4FZb2 & —a? FZQ FZZLRQSm A=

eyce cye cyc
_ 4R%*(sin® A +sin® B+sin®C)  2(sin® A +sin® B +sin’* C) (1)
4-2R?sin Asin BsinC n 4sin Asin Bsin C'
_ 2(sin® A+ sin® B +sin” O)
sin 24 + sin 2B + sin 2C

07. In AABC the following relationship holds:
hohyhe > 2713
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
2F 2F 2F 8F3  8F3  2F7 27'252

hahphe = b ¢ abe 4RF R R

We must prove that:

2r2g2

252
>27r & — I >27r<:>27r<:>2s > 27Rr

9 GERRETSEN

25 > 2(16Rr — 5r2) > 27Rr
32Rr — 1072 > 27Rr
5Rr > 1072

R > 2R (Euler)
Equality holds for a = b = c.

08. In AABC the following relationship holds:
ha + hy L hy + he n hc-lc-ha 26@-%

a b
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
Lemma: In AABC holds:

hahohe > 2713

Proof.

8F° _ 8F3 _2F? _ 217§’
hahohe = 0 = TRF =~ R R

2r2g2

252
> 273 & 7 > 27r < 25 > 27Rr

, GERRETSEN )
2s > 2(16Rr — 5r°) > 27Rr

32Rr — 10r* > 27Rr < R > 2r (Euler)
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Back to the problem:
Zh + hy AMiGMS\/(h +hb)(hb+h J(he + hq )

cyc

CESARO 3 8h hbh Lemma 5/8-27r3 8r EULER
=3-2-3r- >
4Rrs 47"5 /2 R2

r MITRINOVIC
B \/4R i ‘/2R2
> 18r _ 18 18r 183\]gr V3
{‘/2R2'¥~R i/(R\/g) " V3R

Equality holds for a = b = c.

==

09. In AABC the following relationship holds:
Al -BI-CI < 1
abe ~3V3

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

AT BI-CI & nZ g r3 B
abc N abc ~ abesin4sin Bsin$
(s=b)(s—=c)(s—a)(s—c)(s—a)(s—b)
abC\/ bc-ac-ab
B r3 _ r3s _
abe - C=ERG=T (s —a)(s — b)(s — )
r3g r3s r MITRINOVIC ¢ 1

= = — < =
2 r2s2 s - 3V3r  3V3

Equality holds for a = b = c.

10. In AABC the following relationship holds:

a+b b+c c+a
> 4v3
e T R 21V
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
a+b b+c c+a a—i—bAM;GM

ha hb hc B ha -

cyc

3/ (@+b)(b+ c)(c+ a) CESARO 8abc
23{/ hohh z 32 2 aE
a C b

a

2 2 12 2
:3\3/@;03) :3§/16];3F _ g8 16}1;2 N
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MITRINOVIC 16 - 4 52 MITRINOVIC
s [ 35y sy s

Equality holds for a = b = c.

11. In AABC the following relationship holds:

A B C
cos—+cos§+(3085 > 3\/3%
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
C AM-GM _ A B C
> 3 COS—COS—COSE =

A B
cos—+cos§—|—0055 5 5
o3 [s(s—a)-s(s—=0b)-s(s—c) _4/s3(s—a)(s—=b)(s—c) . ]s2F*
_3\/\/ be-ac- ab _3\/ (abc)? _3\/(abc)2 B

s/ sF' 3] sF s S
3 abc_3 4RF_3\/4R

38/ 2 >3v3. Lo 2 >33 ~
4R — R 4R — R3
sR® > 12V3Rr® & sR? > 1233 (to prove)

EULER MITRINOVIC
sR* > s-(2r)? > 3V3r - 4r? = 1233

Remains to prove:

Equality holds for A =B = C.

12. If a,b > 0 and a + b = 2ab then:
a b
EREE
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
b

Z%—l—a—z22<:>(113—|—b322a2b2, (a+b)(a2—ab+b2)22a2b2

a® —ab+b> > ab

2ab(a® — ab + b*) > 2a%b?,
(a—b)*>>0

a’® — 2ab + b? >0,

Equality holds for a = b.

13. If a,b > 0;a + b = 2a2b? then:
a+1 b+1

72 + pe >4
Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
Denote: S=a+b;P=ab;S >0;P >0

AM-GM
a+b > 2Vab= S >2VP =2P?>2/P

=>P’>P=P'>P=P>1=P>1
(1) —P_1>0
We used the hypothesis: S = 2P2.

a+1 b+1
— +— >4 a?(a+1)+0*(b+1) > 4a*b?

A+ +a®+02—4a2? >0
83 —3SP+ 8% —-2P —4P? >0
8PS —6P3 +4P* —2P —4P%? >0
4P5 —3P%2 +2P3 —1-2P >0
4P5 +2P% —3P2 —2P—-1>0
4P® —4P* 4 4P* —4P% + 6P —6P?+3P? -3P+P—-1>0
4PY(P —1)+4P3(P—1)+6P*(P-1)+3P(P-1)+(P—-1)>0
(P—1)(4P* +4P3 +6P* + 3P +1) >0
P —12>0 (True by (1))
Equality holds for a = b = 1.

14. If a,b > 0;ab = a + b then:

a+1 b+1 S 3
b3 a® T4
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
Denote: S=a+b;P=ab;S>0;P >0

AM—-GM
a+b > 2Vab=S>2VP=S>2/8 =

(1) =52>45=9>4=95-4>0
a;l + b;gl > % S 4ad(a+1) + b3 (b +1)] > 3a3b
4(a* + ) + 4(a® +b*) > 3ab?
4](S% —2P)* —2P?] +4(S* - 3SP) —-3P* >0
S=P=
= 4(S? —29)% — 852 +48% —125% —38% >0
48% —165% +165% — 852 + 8% — 1252 >0
48% —158% —45? >0 48% — 158 —4 >0
452 —16S+8S -4>0<45(S—4)+(S—4)>0
(S—4)(4S+1)>0< S —4 (True by (1))
Equality holds for a = b = 2.
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15. In AABC the following relationship holds:
a+b b+c c+a
sin?C  sin? A sin’B

Proposed by Nguyen Hung Cuong - Vietnam

> 8V3R

Solution by Daniel Sitaru - Romania

a+b b+c c+a Zaer S

sin?C  sin?A  sin’B o sin?C' —

s/ (@+b)(b+ c)(c+ a) CESARO 8abe B s/ 8abc
= 3\/ sin? Asin? Bsin® C = e e =3 AR a?b2c®

4R? " 4R? ' 4R?

_op?.9. L _ 24R? EULER  24R® 24R? _
Vabe  V4Rrs </4R~§~s \3/2R2-¥R
24R? 24R?  24R  24V/3R
= = = _ UVIR 8V3R

_3(\/33)3_\/51%_\/5_ 3

16. In AABC the following relationship holds:

a+b b+c c+a
> 2V3R
(sin A + sin B)? i (sin B + sin C')2 * (sinC +sin A)2 — Vs
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
a+b n b+c N ct+a B
(sinA+sinB)2  (sinB+sinC)2 = (sinC +sin 4)2

a+b a+b 9 a+b
S U S W ] _aTo
Czy; (sin A + sin B)? Z 7 = 4R Z (a+0b)?

a b
e (37 +327) cye
1 BERGSTROM (1+1+1)2
=4R?. > 4R*- =
czy;a+b - a+b+b+c+c+a
2 MITRINOVIC 2 .9
:4R2_329R g 9R:3R _2V3R
4s s 3v3 V3

Equality holds for a = b = c.

17. In AABC the following relationship holds:

a+b b+c ct+a ~9R
(sinA+sinB)?  (sinB+sinC)3  (sinC +sin A)3 —
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a+b b+c c+a B
(sinA+sinB)3  (sinB+sinC)3  (sinC + sin A)3

72 a+b 72 a+b N
cyc (Sil’lA + SinB)?’ cyc (ﬁ + %)3
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atb 1  RADON
S St
- (a+b+b+c+c+a)? 4 452
27R3 MITRINOVIC 27TR3 27TR? 9R
T 282 T 2. (3BRe 2-TE

Equality holds for a = b = c.

18. If a,b,c > 0 then:

S (1+b2;)(1+c2) .

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Z V(@ +bi)(1 +c?) AMéGM Z V2b-2c _

a
cyc cyc
:QZEAMéGMQ.gg @.\/@.@: 8 LbC:(;.l:
a a b c abc

cyc

Equality holds for a =b=c=1.

19. If a,b > 0,ab =1 then:
aa2+2b2 _bb2+2a2 <1

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

aa2+2b2 . bb2+2a2 S 1= ln(aa2+2b2 3 bb2+2a2) S 1
(a®> +2b%)Ina+ (b* +2a*)Inb < 0
2 1 1
<a2 + —2) 1na+<—2 + 2a2> In-<0
a a a
2 1
a’lna + —2lna+ —2lncf1 +2a’lna~t <0
a a
2 2 1 2
a lna—i——zlna——zlna—Qa Ina <0
a a

2 1
<a2+—2——2—2a2)1na§0
a a

a*—1
a2

1
(—2—a2)lna§0<:> Ina>0
a

_ 2
(a 1)(a—|—21)(a +1) lna>0< (a—1)lna>0
a

Ifa>1=a-1>0lna>0=(a—1)lna>0
If0<a<l=a-1<0;lna<0=(a—1)lna>0
Equality holds for a = b = 1.
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20. If AABC, I— incenter, the following relationship holds:
sinA+sinB+sinC =4 sin(m) sin(glz') sin(m)
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

A
C
B
/B1c=180° — B ¢ g - BTC
2 2
, 180°— A o oo A A
= 180° — ——5—— = 180° — 90° + o = 90° + 5

sin(BIC) = sin(90O + 5) = sin 90° cos 5 cos 90° = cos 3

Analogous: sin(m) = cos %; Sin(C/'ITél) = sing

A+ B A—-B C
sin A + sin B + sin C' = 2sin —; cos 5 —|—sin(2-5) =
. 180° - C A-B . C C C A-B C , C
= 2sin 5 cos 5 —|—2sm§cos§—2cosicos 3 +2cos§-cos(90 —5>
_QCOSQ(COSA—B+ SM)_
= 5 5 =
C A—B+180° -C A—B—-180°+C
= 2cos 3 2 cos 1 cos 1 =
C A-B-C+A+B+C A-B—-A-B-C+C
= 4 cos — cos cos =
2 4 4
C 2A 2B A B C e T
= 4 cos 5 cos - COS(—T) =4 cos 3 cos 5 cos 5= 4sin(AIB)sin(BIC)sin(CIA)

21. In AABC the following relationship holds:
sin 2026 A + sin 2026 B + sin 2026C = 4sin 1013 A sin 1013 B sin 1013C
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Denote:
10134 = z;1013B = y;1013C = z

(1) T+y+2z=1013(A+ B+ C) = 10137

10137 10137
cos( 5 —y) = cos

siny =

cosy + sin
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= coS (50677 + g) cosy + sin(5067r + g) siny = cos % cosy + sin % siny = siny

(10137‘(‘
cos

(2) - y) =siny

Analogous:

(3) cos (:z: — 10;3ﬂ) = cos(loé37r — c) =sinz

sin 2026 A + sin 2026 B + sin 2026C' = sin 2x + sin 2y 4 sin 2z =
2 2 20 — 2
= 2sin x;r Y cos x2 yJrZSinZCOSZ:QSin(ery)COS(IL‘*y)JFZSiIlZCOSZ(2

= 2sin(10137 — z) cos(z — y) + 2sinz cos z =
= 2(sin 10137 cos z — sin z cos 10137) cos(x — y) + 2sinzcosz =
=2(0-cosz —sinz- (—1)''3) cos(x — y) + 2sinzcos z =

= 2sinz cos(x — y) + 2sin z cos z = 2sin z(cos(x — y) + cos z) =

. rT—Yy+z r—y—z . T+z—y y+z—x (1)
= 2sinz - 2cos - oS = 45sin z cos cos =
2 2 2 2
. 10137 — 2y 10137 — 2z (2),(3)
= 4smzcos<f) Cos(f> 4sin zsinysinx =

=4sin1013Asin 10138 sin 1013C

22. If in AABC we have: tan é tan g = % then:
2sinC' =sin A + sin B
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

A B 1 (s=b)(s—c) (s—a)(s—c) 1
tathan23:>\/ s(s —a) \/ s(s—b) 3

S_C:%:>38—30:s:>2s—3c:0:>a+b+c—3c:0:>2c:a+b

2-2RsinC = 2Rsin A + 2Rsin B, 2sinC =sin A +sin B

S

23. In AABC the following relationship holds:
sin? A + sin? B + sin® C
2sin Asin Bsin C'
Proposed by Nguyen Hung Cuong - Vietnam

cot A+ cot B+ cotC =

Solution by Daniel Sitaru - Romania

cot A+ cot B+ cotC = Czy;cotA ZZ?;j =
+c%—a? b2—|- 2 2 b2 + 2 _ 2
B Z SlzrllJCA - Z 2bccsin Aa - Z ZF =
cyc cyc
1
4F<262+Zc za> 4F<Za+za Za> LS
cyc cyce cyce cyc cyc cyc cyce
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1
Z AR%sin? A =

1
b2
(a Tt ) 4-2R?sin Asin Bsin C pv

T 4F

4R? sin® A +sin? B +sin?C B sin? A + sin? B + sin? C
SR? sin A sin Bsin C - 2sin Asin Bsin C

24. In AABC the following relationship holds:

a b c

+ >8R
sin® B sin® C sin® A~

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a+b+c_ZaAM§GM3§/ abc B
sin® B sin®C  sin®A e sinB T sin® Asin® Bsin® C'

)3 24R3 24R3 EU;ER 24R3 MITRI;\IOVIC
abc abc \3/16R27”2$2 - 3/16R2 - %282 -

2R

o AR URS
T V4Rt 2R 3R?

Equality holds for a = b = c.

=8R

25. In AABC the following relationship holds:
ha | hy 3v3

ey e <
b + c + a ~ 2
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

ha a+b+e
feeyteoyte Zb_zFZab P =

cyc cyc

MITRINOVIC
Cop. 2 s m 1 3\/§R:3\/§

4RF R R 2 2
Equality holds for a = b = c.

26. In AABC the following relationship holds:

a+b b+c c+a
> 12
sinA  sinB  sinC — R
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
a+b b+c c+a a+b a+b*2RZa+bAM§GM

sinA  sinB  sinC sin A
cyce

cyc 2R cyc

=6RV8=6R-2=12R

. CESARP
22R3(,/(&—&—b)(b—l—c)(c—i—a) S 6R.38abc

abe abe
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27. In AABC the following relationship holds:
he hy he 3V3 R

— J— + J— —_ —

a 4 r

<
b c -
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

ha
- = = 2F = 2F
2yl gt gl -y L —2rYy Z i
cyc cyc cyc
2F 2F 1 s EULER g MITRINOVIC 3./3 3v3 R
= = b = __92s=2 < < — =Y.
abe ; RPN =52 =0 = g S — 2R 1y

Equality holds for a = b = c.

28. In AABC the following relationship holds:
TaTy + Tpre +rerq 2> hahb + hbhc + hcha

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

Z TaTb 2 Z hahb

cyc cyc
F F 2F 2F
. > =22
Zs—a s—b_z a b
cyc cyce
s—c+s—b+s—a a+b+c
— >4 >4-
%;(s—a s—0b) Z ab’ (s—a)(s=b)(s—c) — abe
s 2s 52 2s
>4- ’ >
(s—a)(s—b)(s—c) — 4ARF s(s—a)(s—b)(s—c¢c) ~ R-rs
Ao £ 0 12
F2 = Rr’ r2s2 = Rr’ r2 ~ Rr

< R > 2r (Euler)
Equality holds for a = b = c.

29. In AABC the following relationship holds:
rarpTe R
hahyhe — 2r

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
F _ F _F

TaTvTe  5—a 55 s—c _ abe _
hahphe 2E . 2B 28 8(s—a)(s—b)(s—c)
abc _4RFs 4Rr 4Rs R

8s(s—a)(s—b)(s—c) 8F2 ~ 8F  8rs 2r

30. In AABC the following relationship holds:
2167 < (ha + hy) (hy + he) (he + hg) < 27TR3
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Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

F 2F
(ha+hb)(hb+hc)(hc+ha):g(hﬁhb):g(?a+2b):8F3££(61L+11)>:
o a+by (a+b)(b+ c)(c+ a) CESARO
_8FSH( ab )_8F3' abc - abe 2

cyc
8abc  64AF3  64F% 16F?  16r2s>

> 8F3. = = = =
- abc - abe abe 4RF R R

Remains to prove:
167252

2167 < < 27TR?

=97TR3

167252 EULER 16 - (£)2 . 2 MITRINOVIC 2 27 R2
6;5 L (3)°-s — ARS? < 4R-(¥R) 4R TR

=y

1622 222 22
re > 216r° < re 2277"3(:)%2277“(:2522271{7“ (to prove)

, GERRETSEN ) ) )
2s > 2(16Rr — 5r°) = 32Rr — 10r* > 27Rr < 5Rr > 10r° & R > 2r

(Euler)
Equality holds for a = b = c.

31. In AABC the following relationship holds:
2161° < (rq + 1) (1y 4+ 7¢) (re +74) < 27TR3
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

(ra +70)(rp +76)(re +74) = H(’/’a +71p) =

cyc

_H(sfa sfb) FSH(sfa s—b)

s—b+s—a 2s—a—b
_F3 _F3 _
g{ (s—a)(s—0b) H (s—a)(s—0b)
+bt+c—a—b
—mITe — 3
g (s—a)(s—b) H (s —a) s—b
_ g3 abe _ F3 -abc~s B -4RF-$2_4R82
N (s —a)2(s —b)2(s — )2  s2(s—a)?(s —b)2(s—c)? F4 B
Remains to prove:

21613 < 4Rs% < 27TR?

MITRINOVIC 3v/3 2 27R?
2L 4R-<iR) —4R.

4Rs =27TR?

MITRINOVIC EULER
4Rs? > 4R-(3V3r)2 =4R-21r > 4-2r 27107 = 2161°

Equality holds for a = b = c.
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32. In AABC the following relationship holds:

S

3V3
2

(ha + hb)COS% . (hb JF hC)COS% . (hc + ha)COS% S (3R)

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

9F _2F _ 2F
> > > o

1
WLOG: a <b<c= - >
a a b c

>

S| =
ol

he +he > hy + he

:>hu,2hl72hfcz>
hb+ha2hc+ha

(1) :>h‘a+hb2ha+hczhb+hc
(2) <b<c= A osB - = C s ccosd
a<b<ce 0052_00820052 0052_c052_cos2

By (1); (2) and Cebyshev’s inequality:

(hg + ) cos% + (hy + he) cos g + (he + hg) cos g <

1 A B C
< f(ha+hb+hb+h5+hc+ha)<cos— + cos — —|—cos—) =
3 2 2 2
2 A B C
(3) —g(ha+hb+hc)(cos§ +cos§—|—cosg)
C WEIGHTED AM-GM

H(ha + hy) cos 3 <

cyc

cos A+cos §+cos o4
<((ha+hb)cos§+(hb+hc)cosg‘+(hc+ha)cosg> 3 +cos §+eos §

<
cos%+cos§+cos%

C

cos A+cos §+Cos =
3) <§(ha+hb+hc)(cos’§+cos§+cosg)> : : :

< <
o cos%+cos§+cos% -
30037A+€+c
Jensen (2 /2F 2F 2F 4F ab+ bc+ ca\3cos§
()T ey
3\ a b c 3 abe

S

3v3
B (4F s+ + 4Rr> = 7(32 +r2+ 4Rr) o mrtriNovic (2T 42 4Ry EULER
\3 4RF B 3R 3R

3R
Equality holds for a = b = c.

<<”F+T+4R-§>2(7R2+2R2)’f 5

33. In AABC the following relationship holds:
(ab)sinC . (bC)SinA . (Ca)sinB < (3R2)¥

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

. . . WEIGHTED AM-GM
(ab)smc . (bc)smA . (Ca)smB <

< (ab sin C + besin A + ca sin B)Sin A+sin B+sin C
sin A +sin B 4 sinC

s 1.3v3
_ (2P +2F 428 Parrivovie (6r\ " <6FR = <6rsR>—f B
B = \3 ; s
R 3v3
— (6rR)** < (6 = ~R) P o 3R
Equality holds for a = b = c.
34. In AABC the following relationship holds:
Tq + 21 n Ty + 27, n Te + 27, > 9

hc ha hb

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

Tq + 2ry oy +2r. T+ 21, rq + 27 ry AM- GM
= 2
ot > e > + Z

cyc

cyc

Ta’/’b’l”(, TaTbTc TaTbTc TaTbTc
= >9s > 1 & rerpre > hohphe
=347 hbh V% hbh \/h hohe = 7\ hahohe falb? b
2F 2F 2F
> — > — _ _
P s—b P M abc > 8(s —a)(s —b)(s—c¢)
abc-s > 8s(s—a)(s—b)(s —c¢), 4RF - s> 8F>
Rs > 2F, Rs > 2rs, R > 2r (Euler)
Equality holds for a = b = c.

35. In a,b,c > 0;abc = 1 then:
(a®+ 1) + 1) +1)° > 8

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

(@® + 1) + 1) +1)° > 8
In[(a® +1)*(b® +1)°(c* +1)°] > In8
aln(a® +1) +bIn(b® + 1) + cln(c®* + 1) > 31In2 (to prove)
Let be f:(0,00) = R; f(z) = xIn(1 + 23)

2 3
fl(x) =In(142°) + - T =1In(1+2®) + T
f(z) > 0= f increasing
() = 3z? 922(1 + a3) — 323 - 322 _ 3z N 922 >0
1+ 23 (1+23)2 1423 (14 a3)?

" (x) > 0= f convex
aln(a® +1) +bIn(b® + 1) + cln(c®* +1) =
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= )yt s mre) TR g () M

Equality holds for a =b=c=1.

36. In AABC the following relationship holds:

b 2 b 2 2
(0412 , b+ (c+a)
hc ha hb

Proposed by Nguyen Hung Cuong - Vietnam

> 48r

Solution by Daniel Sitaru - Romania

(a+b)? (b+c)? (c+a)2_ (a+b)2
he + he + _Z =

cyc

AM;GM - ((a+b)(b+c)(c+a))? CESARO (8abc)? 4RF)
2 Tealiohe hahyhe EET
3

= 2 4{/(4RF)? - abc = — \/W — 4RF*24R > 24 2r = 47r

Equality holds for a = b = c.

37. In AABC the following relationship holds:

(rq +13)2 N (rp +7¢)? N (re +74)?
he he hy

Proposed by Nguyen Hung Cuong - Vietnam

> 36r

Solution by Daniel Sitaru - Romania

(ro + 7“b)z (rp + 7"6)2 (re + Ta)2 (rq + 7"b)2
S NI VS
e e T W 2z

cyc

AM;}M 3?/((711 + 1) (1 + 1) (re +74))? CESﬁRO 3¢ (8rarpre)?

N hahbhc o hahbhc
— 3§/64 (slja ) sfb ) sf‘c)2 _
- 2F 2F  2F =
a b c
g Fo abe 12, F3 . 4RF - 52 _ o ABSPEY _
- ((s—a)(s=b)(s—¢)? 8F3 2 | (s(s —a)(s —b)(s —c))* Fto
MITRINOVIC EULER
= 6VR 6VAR-27r2 > 6-3V8r-r2=36r

Equality holds for a = b = c.

38. In AABC the following relationship holds:

(a+0b)? N (b+c)? N (c+a)?
Te Ta Ty

> 48r

Proposed by Nguyen Hung Cuong - Vietnam

> 3f(Vabc) = 3f(V1) =3f(1) = 3In2



ROMANIAN MATHEMATICAL MAGAZINE’S CHALLENGES I 17

Solution by Daniel Sitaru - Romania

(a+b)? N (b+c)? N (c+a)? _ Z (a+b)> AM.GM

e -

Tc Ta b cye

> 3§/((a +0)(b+c)(c+a))? CESéARO

TaThTc

64 abc 3/ ( 4RF 19 3/ 16R2F2 B
Fs

16 R2F 1 EULER
98 6REF _ 12/ 6R?rs _ 12V16R2r > 12V16-4r2-r =
S S

= 12V64r3 = 12 - 4r = 48r
Equality holds for a = b = c.

39. In AABC the following relationship holds:
Tat+rs Tob+Te Te+Tre 3R
< —
he + hq + hy — 7
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
F 1

Ta}j'rb :Z %;E :Z s—a

cyc ¢ cyc c cyc

ool 4+
vl
|
bl

72 s—a—|—s—b) lzc(a+b+c—a—b):

(s—a)(s—b) 2 (s—a)(s—D)
7%; (s—a s—b) 2(s—a)(s—b s—c) Czygc s=¢)
s 4rs?(R+r)  2rs?(R+r)  2(R+7)
25(s —a)(s — b)(s —c) re(R+r) = 2F? r2s2 T -
<2(R+§):2~%:@
- r T T

Equality holds for a = b = c.

40. In AABC the following relationship holds:

2 2 2 2 2 2
a b b c c a>9\/§

c a b
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

2 2 2 2 2 2
ma+mb +mb+mc _|_mc+ma

c a b

7Zm§+mg722(b2+62)—a2+2(a2+62)—62
N c N 4c

cyc cyc
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_ZM *Z* EZG;JFZQ

cyc cyc cyc cyc

BERG%TROM 1 (CL +b+ 0)2 1 (CL b4 6)2

A, 2g =
- 4 a+b+c +4 a+b+e +is

a+b+c at+b+c 2s 4s MITRINOVIC
= 2s = — + —+2s=—+25s=3
1 1 + 4+4+ s 4+ S s

>3-.3v3r =9V3r

Equality holds for a = b = c.

41. In AABC the following relationship holds:

mZ—l—mg n mg—i;mg n m%—&—mz
a b2
Proposed by Nguyen Hung Cuong - Vietnam

N ©

c2

Solution by Daniel Sitaru - Romania

2 2 2 2 2 2
my +my +mb+mc +mc+ma

c? a? b2
:Zmierg :Z2(b2+02)7a2+2(a2+02)7b2 _
2 4c2
cye cyc
b2 4 a? + 4c?
:Z 4c2 _4202 4262+Z462—
cyc cyc cyc cyc

AM-GM 1 _ ,/b2 a2 1 _s/a? b2 2 3 3 6 3 9
! 2 b2+ 2 a? b2+ 4 4+ 4+ 2+ 2

Equality holds for a=b=c.

42. In AABC the following relationship holds:

r2+r§+r§+r3+r +r a >9\fr
c a b
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

2 2 2 2 2 2 2
re + Ty r, e re+rg . r —|—rb T
R D i Z 2

cyc cyc cyc

BERGSTROM

(ra +7rp+710)%  (ro +7p+7c)? _2(rq Ty + re)? _

at+b+ec at+b+ec o at+b+ec
2(4R AR 2 DOUCET (4R EULER
_ A 2+ ak _ UR+7) > (mitf) = V3(4R+r) > V3(4-2r+r) =9V3r
s s
V3

Equality holds for a = b = c.

43. In AABC the following relationship holds:

2 2 2 2 2 2
a+b+b+c+c—|—a > 24r
Te Ta T

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania
a2—|—b2+b2—|—02+02—|—a2:Z(J,?—l—bQAMiGM @:2 gbAMéGM

cyce Te cyc Te cyce Te
) be)? 1672 F2 2R2F
g Labe)® _ o/ 167 —6. 2/ _ 190ame >
TalbTe F's s

> 12V2 4r2 . p =122 = 247

Equality holds for a = b = c.

44. In AABC the following relationship holds:

4 b4 b4 4 4 4
i I e AR A Y
Te Ta Ty

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

F F F F3s s
s—a s—b s—c s(s—a)(s—b)(s—c) F2 §

at + b +b4 + ¢ N ct+at Z a + bt AMéGM 22 a2b? AMéGM 03,3 | (abe) _
T TaTbTe

cyc cyc ¢

Te Ta Ty Te
b ARF .[4R MITRINOVIC 4 9
:Gabc.f/ﬂzﬁ-m}?ﬂi:24RF{'/—R > RF. ¢ = . 2 5=
F's F's s s 33

9 MITRINOVIC 9 EULER
=24Rrs - — > 24R-3V3r- — =24-6Rr > 144-2r-r = 288
V3 V3

Equality holds for a = b = c.

TaThTc =
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