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Proposed by Khaled Abd Imouti-Syria

Solution by Amin Hajiyev-Azerbaijan
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2102. If a,b,c > 0,a+b+c=3and A = 0 then:
b2 + c? 6
>
A+a2 A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Forallx>0420———— + > ___ 1°* 1o
oratx =04 =0 A a+1 A+1)?2 A+DHE+2) @A+1)?2
1—x 1 1 (1-x)? 1 1 x—1
= ( - ): >0 - > — and
A+1 \x+2 A+1 A+1D2(x+2) x+A A+1 (A+1)2
h oy = o2 1 a’? -1
e S T BT E
s b? + c? - (b2 +c®)(A+1) (a?-1)(b?%+ c?) d '
Ataz =  (A+1)? A+1)z  oneanatoss
b? + ¢? Z:(b2 +c2)A+1) - (a? - 1)(b? + c?) 2 6(A+1)
A+az — (A+1)2 ~(A+1)2
cyc cyc
s A Za -3 +ZZ Z 2b2—3>0andnowzz: Z a’b? —
cyc cyc cyc cyc cyc

S(Ee)(ze) -ze-a(z) <2>
Y N ) oy

cyc cyc cyc cyc

AM-GM
52 at > sz a?b? and 82 a3b+8z ab? > 16Za2b2

cyc cyc cyc cyc cyc

4 | RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
@® 1 9
.°.22a2—2a2b2—320andZa2—32§<Za> —3=§—3=0

cyc cyc cyc cyc

@
and ~A>0 -2 Zaz—S > 0 and so,(1) + (2) = (x) is true
cyc
b? + ¢? 6
A+ a? _)L+1

cyc

Va,b,c>0|a+b+c=3and)»2 0,

"="iffa=b=c=1(QED)
2103.Ifa,b,c>0,abc:1and0£l£§then:
N2 3
z(a+5> Z(A+1) (a+b+c+1)

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z( +A>2—Z 2+Azzl+zxza>
a b = a a2 b=

cyc cyc cyc cyc

)LZ
2 212 >
Z“ +a2b2czz b +w/ab Za

cyc cyc

2
%(Z a) +Azacha+ 21(2 a) (v abc=1)

cyc cyc cyc

2
:%<Za> +Azza+zx<za> (+ abe = 1)§%(x+ 1)2<Za+1>

cyc cyc cyc cyc

2
@4(2:1) +12)32a+241<2a>£(9AZ+18)L+9)<Za+1>

cyc cyc cyc cyc

- (za>2_9 +3<za>2+mzza+m<za>g

cyc cyc cyc cyc ()
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922 + 181 + (922 + 181 + 9) (Z a)
cyc

AM-GM

2
Now, since Z a > 33abc=3> (Z a) — 9 > 0 and hence,

cyc cyc

2
3 <Z a) >9 Z a - in order to prove (x), it suffices to prove :

cyc

9Za+12)32a+24x<2a> > 922 + 181 + (922 + 181 + 9) <Za>

cyc cyc cyc cyc

cyc

o (322 +61) Z a | >92% + 181 - true = z a > 3 (shown before) and

cyc cyc
2

A 3
“A>0= (x)is true -'-Z(a+5> ZZ(A+ 1%(a+b+c+1)

cyc

5
Va,b,c>0|abc=1and0SAS§,”=” iffa=b=c=1(QED)

2104.Ifa,b,c>O,a+b+c=i+%+%andlZZthen:

Z 1 - 3
1+2bc  A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 a’ Bergstrom (chc a)Z
=) —— >
Z 1+ Abc 2 a’>+2ia*bc  —  Yyca?+AabcYca

cyc cyc

Goet) (57, _51)2 3

Yeye@® +A Y ycab al A+1
cyc cyc
2 2
?
e A Za + Za 232a2+32\2ab
cyc cyc cyc cyc
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S A Za —Zab >2 Za —Zab 4:)(1_ Z(a b)? >0

cyc cyc cyc cyc

cyc

3 1 1
=2 Z \v4 - _
- true - A 15 2bc = l+1 abc>0|a+b+c a+b
cyc
andA >2," =" iffa=b =c=1(QED)

1
+ —
C

2105. If x,y,z > O,chc% =3 and A > 1 then:

>0
le )Lx+x2

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

( Z AZ — M + x2>
cyc

1
A
AM-GM 1 Z(x2 +2A%2-23%)
z 7 3_2 )L2+x2 A2 + x2
cyc)t2 cyc
_1 3+ZAZZ 1 —1(3+2)L2 ) A+l =3
A LaAZ +x2] A A+1 A2 +x2
cyc cyc

222 -2-1) = 3A-1)(2A+1)

A(A+1) >0(+A>1)

ZAZ PP Z_vay'z>0|212+ 5 =3andA>1,

cyc

Z(AZ Ax + x?) — x?
— Ax + x?

cyc

:A(A+1)'

cyc
"o__

=" iffx=y=z=A4A=1(QED)
2106.If a, b > 0 then:

a6+b6+ 2ab .-

a3 b3 a? + b% —

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
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a® + b® (a? + b?»)3 — 3a?b?(a® + b?) a? + b2\° a? + b?
b a3b? - ( ab ) ~ 7 ab
We need to show:

=x3-3x

a6+b6+ 2ab S 3
a’b®  a?+b% "

2
or,x3—3x+;230r,x4—3x2—3x+2200r,(x—2)(x3+2x2+x—1)20

trueasx = 2

Equality holds for a=b=1.

2107.Ifa,b,c > 0,abc = 1 then:

1 10

a+b+c+ > —
ab + bc + ca 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
AM-GM
abc = 1thena+b+c > 33abc=3

We need to show:
10

b S
a+ +c+ab+bc+ca 3

v

1

- >
a+b+c+(a+b+c)2 ~— 3

3 x=a+b+c=3 10
_ > _
X+ e = 3
3x3 -10x24+9>0

(x—3)(3x2—x—-3)>0trueasx >3

Equality holds fora=b =c=1.

2108. If a, b, c > 0 then:
a® + b® + c° (ab+bc+ca)2>
a’b?c? az+b2+c%2) —

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

M-G

AM-GM (ab + bc + ca)3
ab+bc+ca = 33 a?b?c? or,

> a’b*c* (1)

27
aZ 3 bZ 3 CZ 3Radon a2+b2+(:2 3
a6+b6+c6=( )2+( )2+( )2 > ( ) (2)
(1) (1) (1) 9
a’ + b? + c? 5 y
Letx=——>1asa*+b*“+c*> ab+ bc+ ca
ab + bc + ca

We need to show:
a® + bé +c® /ab + bc + ca\?
(e =

a’b?c? a? + b? + ¢?
(a® + b% + ¢?)3 )
9 (ab+bc+ca) -4
(ab + bc + ca)3 a?+b%2+c2) —

27
a’? + b?% + ¢? 3+(ab+bc+ca)2>
ab + bc + ca az+b%2+c2) —

1
3x3+F240r,3x5—4x2+120

(x—1)Bx*+3x3+3x2-1)>0trueasx>1

Equality holds for a=b=c

2109.Ifa,b,c>O,a+b+c=i+%+%andlZZthen:

DAt
<
a’i+A" A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z 1 Yeye @?b? 4+ 21 % a® + 372 2 3
a?+21  a?b%c? + 1Y a?b? +A2Y a2 +23 T A+1

cyc
?
o (24— 1)2 ab? + (A% — zx)z a® + 3a%b%c? > 322
cyc cyc

7
o A2 Z a? -3 |+2A Z a’b? — z a? Z a’b? — 3a%b?c?
)

cyc cyc cyc cyc
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2 2
1 ®
Now,Zab=achuS§ Zab :Zab23:’ Ea =9
cyc cyc cyc cyc cyc
2
1

:Za22§ Za > 3 and so, A? ZaZ—B +2A Z:azbz—z:a2

cyc cyc cyc cyc cyc

Az2 A2
> 2A Za2—3+2a2b2—2a2 > 4 ZazbZ—B
cyc cyc cyc cyc

2

1 via (D)
Z a’b? > 3 Z ab > 3 | and so,in order to prove (),

cyc cyc

Vi

it suffices to prove : Z a’b? + a’b?c? 4

cyc

o
(+)
Darij Grinberg

abc < 1 and then : Z a’b? + a’b?c? >

cyc

abcs<1 via (1)
2acha—1—a2b2c2 > 2 )Y ab-2 °-°acha=Zab > 6-2

cyc cyc cyc cyc
= 4 = (**) is true

2

‘ 212 212 2abc>11 via (D
[Case 2]abc > 1 and then : ) a’?b? + a®b%c? > ab| +1 > 3+1

3
cyc cyc
4 (+4)ist bining both (+) > (x) is t Zl<3
= = (** *xk) = (k
1S true combining bo cases, 1S true a2+l_l+1
cyc
1 1 1 R
Va,b,c>0|a+b+c=a+5+zandAZZ, =" iffa=b = c = 1 (QED)

2110.If a,b,c > 0 and abc = 1 then prove that :
3
a3 +b3+¢3 =4
Proposed by Nguyen Hung Cuong-Vietnam

a’ +b%+c%+

Solution by Soumava Chakraborty-Kolkata-India

Zaz N 3 abc=1 chca n chca n chc a? n 3abc
Yy ad 3.¥a?b%cz  3.Va?b2c2  3.Va?b%i¢Z Xy a3

2 2

cyc
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3

3
AM-GM 4| 3abc a? ? ?
> 4. (chc ) >4 Z a?’ | >9abc z al
27a%b2c2(Yeyc ad) o

cyc Q) cyc

Assigningb+c=x,c+a=ya+b=z=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYy,zformsides
of a triangle XYZ with semiperimeter, circumradius and inradius = s, R, r (say);

then : Z a = s,abc = rzs,z a’? =s? —8Rr — ZrZ,Z:a3 = s3 — 12Rrs,

cyc cyc cyc

?
and then, (*) © (s? — 8Rr — 2r?)3 > 9r2s(s3 — 12Rrs)
?
& s% — (24Rr + 15r?)s* + r2(192R? + 204Rr + 12r?)s? — 8r3(4R + r)o
©)

Gerretsen
and - (s> —16Rr+ 5r?)3 > 0 - in order to prove (x), it suffices to prove :
LHS of (*) > (s — 16Rr + 5r2)3
< (24R — 30r)s* — r(576R? — 684Rr + 63r%)s? +

r2(3584R3 — 4224R?r + 1104Rr? — 133r3)| > |0 and

S
(+#)

Gerretsen

 (24R —30r)(s? —16Rr + 5r2)2 > 0 - in order to prove (*x),
it suffices to prove : LHS of () > (24R — 30r)(s% — 16Rr + 5r2)2

& (192R? — 516Rr + 237r2)s?| > |r(2560R3 — 7296R?r + 4296Rr? — 617r3)

Gerretsen

192R? — 516Rr + 237r? > 0 and then : LHS of (x*x) >
?
(192R? — 516Rr + 237r?)(16Rr — 5r%) > RHS of (¥**)
? R ?
& 128t3 — 480t2 + 519t — 142 >0 (t = F) o (t—2)(128t2 —224t+71) >0

Euler

> true vt > 2 = (xxx)istrue

Gerretsen
192R? — 516Rr + 237r% < 0 and then : LHS of (xx*) >
?
(192R2 — 516Rr + 2371‘2)(4-R2 + 4Rr + 31‘2) > RHS of (**x)
?
o 192t* — 96413 + 1689t% — 1224t +332>0
? Euler
& (t-2) ((t—2)(192> — 196t + 137) + 108) >0otruevt > 2
= (*xx) is true . combining both cases, (x+*) = (x+) = (*) is true V A XYZy,
= (o) is true - a? + b? + ¢? +m2 4V ab,c> 0|abc= 1,
"="iff a=b=c=1(QED)

11 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200
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2111.If a,b,c > 0,abc = 1 then prove that

a—1 N b—1 N c—1 =0
bZ+c2 a?2+c%2 a?+b%2—

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

Lemma 1: Cebyshev inequality: a; > a, > a3,b; = b, > b3
a1b1 + azbz + a3b3 > (a1 + a, + ag) (bl + b2 + bg)

3 3 3

a+b+c
Lemma 2: a,b,c>0—>TZ abc=1,a+b+c>3

1 - 1 - 1
b2+c2_a2+c2_a2+b2

1
—(a 1+b-— 1+c—1)z

a>b>c->a—-1>2b—-1>c—-1

a—1 b—-1 c—1 Ceby:hev

+ + >
b?2 +c*  a®+c? a?+b? a’ + b?
cyc
a—1
= a+b+c—32
b% + c? 3( ) a? + b?
cyc cyc

a —
a+b+c—-3=>20- ZbZ—_I_CZZO Q.E.D
cyc
Equality holds for a=b=c=1
2112.
If a,b,c > 0 and a?® + b* + ¢? < 3 then prove
a b c a’ + b? + c?
+ + >
b+c a+c a+b 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Amin Hajiyev-Azerbaijan

CxF (O x)?
Cauchy — Schwarz inequality: Z—'z s
=1 Yi l—lyl
xl—axz—bx3—c
{ yi=alb+c)y, —b(a+c) y3 =c(a+b)
a? b? c? (a+ b+ c)?

>
a(b +c) b(a+ c) + c(a+b) ~ 2(ab + ac + bc)
a? + b% + c¢? + 2(ab + ac + bc)
2(ab + ac + bc)

LHS >

12 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200
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LHS > a? + b? + ¢? 1
_Z(ab+ac+bc)+
(a—b)?*+Mb-0c)?+(@a—-c)?*=>0
a’?+ b?+c* > ab + ac + bc

LHS>1+1—3
=2 2
5 , a?+b*+c* 3
a“ +b“+c“<3-> RHS =:—____?Z______f;j£
3
LHSZEZRHS% LHS > RHS
a N b N c >aZ+b2+c2 ED
b+c a+c a+b— 2 Q-E.

Equality holds fora=b=c=1
2113.
1 1 1
Ifx,y,z>0and;+?+z—2=1 then prove
x2y? y2z? x2 72 33
2 N T 2 T 2 =
z(x* +y%) x(y*+z%) y(x?+z%) 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

1
;:c—> a?+b*+c*=1abc>0

LHS = Z Z 1 ca’h® Z c
z(x2 + y2) azb? az+ b2 L.ia® + b?

Z(a bz)—Z(l—c .

= b,

\dl =

1
Substitution o =aq,

cyc cyc
a
LHS:1—02+1—a2+1—b2: 1-c2
cyc
a?=tb:=uc’t=v- t+ut+v=1
vk d*f(k
Convexfunction:f(k)=1 x f(2)>0aske(0;1)
f(t)+f(u)+f(v)]ENs u+v+t
; s ()
f(a?) + f(b?) + f(c?) - f(az + b% + cz)
3 - 3

13 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200
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1

_a. \/; 9 3V3

Ty % 2V3 2

x%y? y?z? x%z? 3V3

z(x? + y?) + x(y? + z2) + y(x% + z2) = 2

LHS > 3f (%)

Q.E.D

, 1 1
Equality holds for X"y z°
2114.
If a,b,c > 0 then prove that :
a3—b3+b3—c3+c3—a3 .
bZ+c¢2 c2+a? a?+b%2—

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ai-b® b3-¢c2 c2-ad

+ + =
bZ+¢%  c¢2+a? a?+b?

1
" @+ )2 + (S + a?) Q| @ e (bt ) e ) )=
cyc

cyc

1
" (@ +b2) (b2 +cA) (2 +a?) Zyc:azbz Z(bg -9 +zb7 _Zb4c3 =

cyc cyc cyc

1
" (@ +b2)(b2 + ) (2 +a?)’ Z a’ - Z b%c® | = LHS - (+)

cyc cyc

AM-GM _ @
Now,a’ +a’+a’+a’ +b” +b” +b” > 7.1/ a?8b?l = 44’ + 3b7 > 7a*b?

AM-GM @
Also,b” +b7 +b” +b7 +c’+c’+¢7 > 7.1/b28¢21 = 4b7 + 3¢7 > 7b*c3

AM-GM ®
Again, ¢’ +c’+c’+c’+a’+a’ +a’ = 7. c28a21 = 4¢7 + 3a” > 7ctad

~D+@+ B =27@@ +b7 +¢7) = 7(a’*b?® + b*c? + c*a?)
(%)
= Z a’ — z b*c3® > 0andso, () and (**) = LHS > 0

cyc cyc

a3_b3+b3_c3+c3_a3>0v b,c>0," =" b = ¢ (QED)
=20Vabc>0"="a=b=c
bz+c¢%2  c¢Z2+a? a?+b? Q

14 | RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2115. If a,b,c > 0 and a? + b? + ¢* = 3 then:

1 N 1 N 1 >3
1+ab 1+bc 1+4+ac 2

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

Cauchy-Schwarz inequality:

(Zn: a,-b,->2 <Z )(i b,z) asa, b; € R

i=1 i=

=+v1+ab az—— V1 + bc, ag—b— v1+ac

(a1 b1+a2 b, + a3 - b3)? S(a1+a2+a3)(b2+b2+b)

32<(@B3+ab+bc+ )( ! + ! + 1)
- @ crac 1+ab9 1+bc 1+ac

>
Zl+ab_3+ab+ac+bc

cyc
We know (a—b)>+(b—-c)*+(a—-c)>*=>0
a2+b2+c2>ab+bc+ac—>3>ab+ac+bc

Y irars 3
itab- 6

cyc

1 1

1+ab+1+bc+1+ac
Equality holds fora=b=c=1

3
2

2116.If x,y,z,A > 0,xyz = 1 then :

1 1
;+y+ F A+ DX +y+2) > 60+ (2 - A)( +y+z)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a b C
Since xyz = 1, so we can assign x = E,y = E,z = (a,b,c > 0) and

th -ZX+Z ;zzlﬁz“ﬂ a;zzb
en: y r= x b2 b(G) a

cyc cyc cyc cyc cyc * cyc

15 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200
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N an_l_za ca+ CAM;GMZZ ca c ZEC Zz:b
OW, o —_— = —_— — = . —_—— = —_ = —
b2 b b2 a b2 a b a

cyc cyc cyc cyc cyc cyc cyc

X 1 1 AM-GM
= () is true . Z;+Zx2 22:;—> (D) and again,2x+Z; > 6

cyc cyc cyc cyc cyc

$l<2x+2%—6>20(?l> 0):12x26l—l2%—>@

cyc cyc cyc cyc

X 'y 1z 1 1 1)
4+t 4— > — 4=
@+@=>y+z+x+()t+1)(x+y+z)_6l+(2 A)(x+y+Z

Vx,y,z,l>0|xyz= 1," =" iffx=y=2z=1(QED)

2117.ifa,b > 0,a + b = 2 then:
a(a? + b) + b(b?> +a) > 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

{a+b=S

ab = P =85=2

AM-GM
2=S=a+b = 2Vab=2/P=P<1 (1)

a(a’?+b) + b(b*> +a) > 4
al+b3+2ab>4, S?—3SP+2P >4
(1)
8 — 6P+ 2P >4, 4P<4SP<1
Equality holds for a = b.
2118.If a, b, c > 0 then:

a b c

+ +
V2a?2+b%2+c2 V2b2+a?+c2 V2c? + b? + a?

3
< —
2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2a% + b%* + ¢ = alz+b2 + a2+c2 Ragon
a c=\1771 1 1) =
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a+b)?> (a+c)?am-6m
2( > ) +( > ) > (a+b)(a+c)
a b c

+ + =
V2aZ +b% + ¢ V2b2+a?+c? V2c2 + b? + a?

Z a <Z a z\/ﬁAM;GM
ANy \/(a+b)(a+c)_ a+ba+c

1 a a 1 a b 1 a+b 3
1Y G S ) -
2 at+b a+c 2 a+b a+b 2 at+b 2

Equality holds for an equilateral triangle.

2119.If a,b,c > 0,a+ b+ c=3 and n € N then :

a’ !
>
(9 —a(3b +3c+ 2bc)>

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
“PIe=3 9 _ 2abc— 3a(3 —a)

Firstly,9 — a(3b + 3¢ + 2bc) =
=3a?—-9a+9—2abc>3a>-9a+9-2 |3 =ZaAM2GM 3.3abc | >0
cyc
wAz2 _9q47=81—84<0:9—a(3b+ 3c+2bc) and analogs > 0 > (D
Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYyzformsides
of a triangle XYZ with semiperimeter, circumradius andinradius = s,R,r (say);

then : Zaz s,abc = rzs,z ab = 4Rr+r2,z a? = s> — 8Rr — 2r?,

cyc cyc cyc

Z a® =s3— 12Rrs,z a’b? = r2((4R + r)? — 2s?) and then,

cyc cyc

Z <a3(9 —b(3c+3a+2ca))(9-cBa+3b+ Zab))) —

cyc
3] [(0-a@b+3c+2b0) =1 ) <a3 (9 2abe - (9b - 362) (74c 2_“;’52;))

cyc cyc
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3 2
-3 1_[ 9 2abc — (9a — 3a2)) arbie=3 ;((Z a) - 6abc> (Z a3> _

cyc cyc cyc

9 ((chc ab) (chc a?) — abc Leye a) (chc a)z B
( )

1 a | —6abc 2
’ <<ZYC: ) " ) |\3 ((chc @)(Zeyc a®b?) — abe Yoy ab) (Zeyea) *

3
81abC(chc az) (chc a)4 27abc ((chc a) (chc ab) 3abc) (chc a)
81

9a’b?c? (chc ab) (chc a)

3
; <((chc a)3 - 6abc)3 - ((chc a)3 - 6abc)2 (S(chc a)z —3Yeye az) (chc a))

27

(chc azb )(ZCYC a)

27

B ((zcyc a); - 6abc> \

81abc(a +b)(b+ ¢)(c+ a) (Z (s® — 6r%s)?(s® — 12Rrs) B

3
a) 5
cyc
(s3 — 6r2s) <SZ(((4-RI' +r2)(s? — 8Rr — 2r2) — rzsz) _>

s(sr?((4R +r)? — 2s?) — r?s(4Rr + rz))

27

3
r?s*(s(4Rr + r?) — 3r?s) + 3r*s3(4Rr + r?)
(s3 — 6r%s)? — 6s(4Rr + r?)(s3 — 6r?s)?
9

—(s3 — 6r?s) ((4Rr +1r?)s* — s3(s(4Rr + r?) — 3r?s) + s’r?((4R +r)? — 252)) +

? ?
12Rr3s% > 0 & 2s* — (28Rr + 19r%)s? + 204Rr3 + 159r40 and - P =
()
Gerretsen
(s2—16Rr +5r?)2 > 0 - inorder to prove (), it suffices to prove :
? ?
LHS of (¥) > P © (36R — 39r)s? > r(512R? — 524Rr — 109r?)
(%)

/ 81(2cyc ab) (chc a) - 81 ((chc a) (chc ab) 3abc (chc a)
|
|
I

+r2s5(s? — 8Rr — 2r?) —
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r’(R - 2r)>

Again, (36R — 39r)s? > (36R — 39r) <16Rr —5r2 + R

Rouche
+w(R—r)(s2 —16Rr +5r2) > (R—r) (2R2 — 6Rr + 4r2 — 2(R — 2r)yR? — 2Rr)

=(R-2n) <(R T M)Z + rz) > r?(R - 2r) ( R—2r Eger 0)

? ? R
> RHS of (+*) © 64t3 —308t%2 + 473t — 226> 0 (t = ;) o

Euler via (1)
(t-— 2)((t —2)(64t—52) + 9) > 0 > true - t u> 2= (%) > (**) is true =
a3 S 3 a3 Holder
29 aBb+3c+2b0) - > Z.\9—a(Bb+3c+2bc), =
cyc
5 o '
v9 — a(3b + 3¢ + 2bC) z a’ )
>3 (- >
3 3 z3(neN) <9—a(3b+3c+2bc) =3
cyc
Va,b,c>0|a+b+c=3andnEN,”=” iffa=b=c=1(QED)

2120.Ifa,b,c > 0,a+ b +c =3,n € N then:

Z a’ " - 3
a2+ b%2) —2n
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

al ab? am- GM
Za2+b2_z c12+b2 Z Z:a2+b2 -
ab? atb+c= 33
ZZQ—ZEZZQ—_Z = _(1)
n

a3 a3 n 3 n
@ \'_vl@im) we(ZzTe) o (3) s
a? + b2 - (1)11—1 = 3n-1 = 3n-1 " 2n

Equality holds for a=b=c=1

19 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2121. If a,b,c > 0,a+ b+ c=3 and n € N* then :

n+1
n+1 1

a 2
2bn+1.c2_n Z“b

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

AM-GM b
3 =Za > 3.3abc = abc < 1—>@andwehave:2ab2+za

cyc cyc cyc
Y Y YT Yy
< ) a _ a‘b = - —= - —
abc abc C C b a
cyc cyc cyc cyc cyc cyc
a an+1
= ZB > Z:ab2 - @and now,sincen € N* .. Zm =
cyc cyc cyc
a\n+1 a\+1 _ ntl n+1
Z (B) Hogler (chc B) v1a>@ (chc abz) atb+c=3 i Z ab?
c - 31Yy.a T 3Ly a - 3nm
cyc cyc

+1
an+1 1 "
"'anﬂ_cz_n Z:ab2 Vab,c>0la+b+c=3andneN",

cyc cyc

"="iffa=b=c=1(QED)

2122. If a,b,c > 0 and abc = 1 then prove the inequality :

Y aroRaTEas?
(a+c)b+a+b+4~

cyc
Proposed by Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

z 8 abc_=12 8
Cyc(a+c)b+a+b+4— cycab+(%+a)+b+4

AM-GM 8 AM-GM 8 abc=1 4 4

< < E———— =

<" Darhrzei ° lavire Zf’ =)
=+

cyc cyc cyc cyc
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e Ja)_ 4y+3)(z+3) ?
<x‘f?y‘\[;'z‘\[;>‘ GG +NE+

@3xyz+52xy+32x>27(:)52xy+32x>24( xyz = 1)

cyc cyc cyc cyc )
AM-GM =
Indeed, 5 Z xy+3 Z x > 15.3/x%2y2z2+49.3 xyz "z 24 = (x) is true

cyc cyc

8
(a+c)b+a+b+4_

"="iffa=b=c=1
2123.Ifa,b > 0,ab = 1 then:

a 2 b \2 1
(b+1) +(a+1) =3

Proposed by Nguyen Hung Cuong-Vietnam

3Vabc>0|abc—1

Solution by Tapas Das-India

AM—-GM
a b ala+1)+bb+1) a’*+b>+a+b ab>=1
b+1 a+1  (a+1Db+1)  1+ab+a+b
2ab+a+ b —1(1)
“ab+ab+a+b
a \? b \? a b \?
2 -
( a )2+( b ) :(b+1) +(a+1) Rag""(b+1+a+1) w1
b+1 at+1 1 1 - 2 -2

Equality holds for a=b=1

2124.Ifa,b,c,x,y,z > 0 and

2@+b+c0)*+(x+y+2)?¢+1<2(a+b+c)x+y+z+1)
then:

(x+b+c)° (y+z+a)° N 1 - 19683
(x?ybz¢ + a*byc?)® ~ (xby°z® + a¥b?c*)® ' (x¢y%zb + a?b*c¥)® — 256

Proposed by Pavlos Trifon-Greece

21 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Tapas Das-India

2(@+b+c)*+(x+y+2?%*+1<2(a+b+c)(x+y+2z+1)canbe written as
(x+y+z—(a+b+c))2+((a+b+c)—1)2SO
since L.H.S > 0,so0 only possibility is
((x+y+z)—(a+b+c))2 =Oand((a+b+c)—1)2=0
which impliesthatx+y+z=a+b+c=1(1)

x%yPz¢ + a*bYc? + xPy°z® + a?b*c* + xy*zP + a’b*c? =
= (x%yPz¢ + a*b¥c?) + (xPy°z® + a’b*c?) + (@’ b*c* + x°y*zP)

a+b+c

AM-GM ax + by + cz ax + by + cz
- Yreae) "E Y (S sy
- a+b+c xX+y+z

(;) Z(ax+by+cz) +Z(ax+by+cz) = 22(ax+by+cz) 2

x+y+z

(x+b+c)° (y+z+a)° N 1 3
(xaybzc + axbycz)B (xbycza + aybzcx)8 (xcyazb + aszcy)B -

B (x+b+c)° N (y+z+a)® N 1° -

Radon (x+b+c+y+z+a+1)° -
(x%ybz¢ + a*bYc? + xPy°z® + a¥b?c* + x°y%zP + a?b*c¥)® —
(D&(2) (3)° 3° 1 3% 19683

(ZZ(aerbercz))g:(2(a+b+0)(x+y+z))8 =287 256

1
Equalityholdsforazb=c=x=y=z=§

2125.1f a,b,c > 0, |A| < 2 then:

Z(b +6)(a® + Aab + b?) > ?’(AT”)H(a +b)

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
AM—-GM
as |A|<2

a’ + Aab + b?> = (a+ b)?> —2ab + Aab= (a+b)?+(A1—2)ab >
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(a + b)? _(A+2)
4 4

>(a+b):+ (1-2) (a+ b)?

) AM-GM

Z(b + ¢)(a? + Aab + b?) > Z(b + c)(l+2(a +b)? >

1+2), 2
5 3¢ :z)Jn(b+c)(a+b)2= 3 :Z)H(aw)

Equality holds for a=b=c.

2126. If a,b, ¢ > 0, Yy a’b? = 1, then :

2 _>Z -
> |az+ a+abc

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2+_>Z _|__
Z a @ abc

cyc cyc
1\ ?
@2(1 +2—+ZZ (az )( + )2
bZ) 5
cyc cyc cyc ()
2
>a) + ot el .
a a’b?c2  abc @
cyc cyc
Reverse CBS 1 1
Now, LHS of (%) > Za2+z—2+22ab+22—
a ab
cyc cyc cyc cyc
2
1 2 Yeye a’b?=1
— 21,2 —
B Za +a2b2c2' Zab + abc Za B
cyc cyc cyc
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2
1 2 _
z al + i + abe Z a | = (%) is true

cyc cyc

1 1
Z a2+—222a+—Va,b,c>0| Zazbzzl,
a abc

cyc cyc cyc
1

3

2127.1f x,y,z > 0 and x + y + z = 1 then prove that :

""" a=b=c=

az + by X
Zz foralla+b >0
(a+b)(x +yz) X+ yz
cyc cyc
Proposed by Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z az + by X xtytz=1
(a+b)(x + yz) x+yz
cyc cyc
az + by X
(a+b)(1—y—z+yz) 1-y—z+yz
cyc cyc

_ az + by _Z X
T LGainA-yni-9 La-»a-o

xty+z=1 z az + by x
B (a+b)z+x)(x+y) z+x)(x+y)
cyc cyc

_ 1 (az + by)(y + z)
B (x+y)(y+z)(z+x)'<czyc: atb _Z(x(Y+Z))>

cyc

1 a+b
- (x+y)(y+z)(z+x)'<a+b'(sz+ny>_zzxy>

cyc cyc cyc

1
= . x>~ ) xy|(~a+b*0asa+b>0)=>0
x+y)(y+z)(z+x) (Zyc: Z )

cyc

b
(-xyz>0=>x+y)y+2z)(z+x)>0) - z (a +alz))4(_XIYZ) = Zx :CYZ
cyc

cyc
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1
Vx,y,z>0|x+y+z=1and‘v’a,b|a+b¢0,”=” iffx=y=z=§(QED)

2128. If x,y > 0,x # y then:

81
x—y2x'y

(x + y)xy x+y 1 1\(x+7y)?
((x—y)2+x+y>(( )=

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

Leta=x+y,b=xythen(x—y)?=(x+y)?—4xy=a%—-4b
2

a
M-GM 2 t="

A a
al=(x+y)? > 4xyora2>4bor?>4ort = 4(1)
(x + y)xy ab x+y 1 1 a a (x+y)? a?
(x —y)2 +x+y_az—4b+aand(x—y)2+;+;_a2—4b b’ xy b
2
LHS—( ab N >( a +a) (12_a4 (a2—3b)2'—‘=_‘17t2(t—3)2
T \a2 -4b @ a’—4b b/ b b?2 (a?—-4b)? = (t—4)?
We need to show :
t2(t — 3)? t(t—3) t(t—3) (t—6)?
— = > > -9> >
=42 > 81 or, P—) > 9 or, P—) 9 > 0or, pa—) >0

which is true as t > 4(from (1))
2

a
and equality occurs whent = 6 or,— = 6 or, a’ =6b

b
2129.If a,b > 0,ab = 1 then:
a’ph? <1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

bpa o @btba 141 1 M1
a4 - a+b _a+b_aJ2rb -~ Jab

Equality holds fora = b = 1.
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2130.If a, b > 0,a? + b? = 2 then:

a? . b? -
b3+1 a3+1"

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2 d 2
a” b? a>0n (a+b)

11 =
AM-GM
2=a’?+b* > 2aborab<1(2)

a? N b? A, a’b3 (2 b%a3 3
B+l a3+1 \? Tbp+1 a3+1/)

b a AM-GM b a
— 2 2\ _ 42R2 2 2\ _ 42R2 —
= (a® + b?) ab(b3+1+a3+1) > (a®+b?) ab<—3+—3>—

a’+b%*=2o0r2=

ora+b<2(1)

2b2 2a2
CBS
2b2 2+b2 2b2 1 1
_ 2y _ _ =
= (a? + b?) <f+f> > z(b a)
(1)&(2)
=2- 2 (a+b > 2——\/_ 1

Equality holds for a=b=1.
2131.If a, b, c > 0 then:

(:2 +b28)2 + abcza > z 2

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

We know that by Schur's inequality ifa,b,c > 0 then :
at(a—b)(a—c)+bt(b—c)(b—a)+c'(c—a)(c—b) =0

Fort=2we havea?(a—b)(a—c) +b*>(b—c)(b—a) +c*(c—a)(c—b) >0
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z:(a4 —a®(b+c)+a*bc) =0 orz a* + acha > Za?’(b +c) (1)

2)2 (p2)2 Rad Z 4+ p?)?
(al) n ( 1) aZOn % or 2(a4 + b4) > (aZ + bZ)Z (2)

4N\2 b42Rd 4+b42
a8+b8=(a1) .|_( 1) a20n¥ (3)

ad + b8 (3)&(2)
———— + abc a abc ) a = abc
@rip e = )@ b vabe) a=2) atrabe) a

Za4+(2a4+abc2a)(i)z 4+ z a(b+c) =
=Za4+Za3(a+b+c—a)=z 4+z z Z Z Z

Equality holds for a=b=c.

a* + p* =

2132.If a,b > 1 and ab = 4 then prove that :

<a — l)b (b — 1)“ 1
<
b a — 16

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
4
4\a
Let f(a) = a® (E) YV a > 1 and then :
LA, 4
f'(a)=a"a .4a.((a2 +4)Ina—81In2 + a? —4)
4 4
Now,sincea” @ 2.4a>0vVa>1and (a2+4)Ina—8In2 + a® — 4 X!
according as a ; 2. f'(a) ; 0 according as a § 2>f(a)is! on (1,2]
b=4
and f(a) is Ton [2,0) = f(a) > f(2) = 16 S aep > 16

:(a—1>b<b—1> _(a 1" — 1)a7i(:>bln(a 1) +aln(b - 1)<0

b a 16 ~ 16 3z
Sincelnx<x—1Vx>0 . LHS of (*x) < b(a - 2)+a(b Z)ab 48—2(a+b)
AM-GM ab_4 a—1\ /b—-1 1
< = i < —
8—4.Va 0 = () is true ( b ) ( p ) T

Va,b>1|ab=4,”=”iffa=b=2(QED)
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2133.If a,b,c > 0 then prove that :

a—>b N b—-c N c—a B
a’?+1 b?+1 c2+17
Proposed by Nguyen Hung Cuong-Vietnam

0

Solution by Soumava Chakraborty-Kolkata-India

[Case1]la>c>=borb>c>aorb>a>corc>a=bandthen:
a—b+b—c+c—a_a—c+c—b+b—c+c—a
a?2+1 b%2+1 c2+1  a?+1 b2+1 c2+1
—( )( 1 1 )+(b )( 1 1 )
STV 1 211 Y\b2+1 aZ+1

_ (c—a)(c+a) +(b—c)(a—b)(a+b)<

o (2+1D(az+1) (a2 +1)(b2+1) —

a—Db b—c c—a
>b> >b> :
[Case2]a>b > corc>b > aand then a2+1+b2+1+c2+1
_a—b+b—a+a—c+c—a
T at+1 b2 +1 c2+1
—( b)( 1 1 )+( )( 1 1 )
- a?2+1 bZ2+1 TP\ r1 bz
(a—b)?(a+b) (c—a)b-c)(b+c)

T T@rom+D T @rnmirn =0

Since we have considered all possible cases concerning the ordering of a, b, c
a—b 4 b—c N c—a <0
az+1 b2+1 c2+1"
Vab,c>0"="iffa=b=c(QED)

amongst each other, hence we conclude :

2134.If x,y,z> 0,x +y+z = xyzand A < 9 then :

A
A+ x’y?z? > (3 +§) zxy

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2
AM-GM
Xyz = Zx > 3.} xyz = x?y?z? > 27 = (Z xy) > 3xyz (2 x)

cyc cyc cyc
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X+y+zZ = XyZ

= = 3x%y?22>81> ny > 9 - (1) and now,

cyc

? A 27 A
A+x2y2z22<3+§> ny @xzyzzz—3zx3’2§- ny—9

cyc cyc cyc
via D) A
and now, since Z xy—9 = 0and 9 <1 .. it suffices to prove :

cyc
2

202.2 ? B 9xyz_ ?
x‘y“z 3 ) xy= xXxy—9 & x| + 4 ) xy=>0
chcx

cyc cyc cyc cyc
3

(“x+y+z = xyz) & Zx +9xyz — 4 Zx ny >0

cyc cyc cyc

& Z x3 + 3xyz > Z x%y + Z xy? - true via Schur

cyc cyc cyc

A
oA+ xty?z? 2(3+§> ny Vxy,z>0|x+y+z=xyzandA <9,

cyc
II:II x:y:z:,\/§
2435.If a,b,c > 0 then prove that :
az—bz_l_bz—cz_l_cz—a2 .-
b3+1 ¢3+1 a*+1
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Casella>b>cora>c>borb>c>aorc>b>aandthen:
a’?—-b%? b -c?* c?2-a? a*—c*+c?-b?* b -c? c?-a?
+ + = + +
b3+1 ¢3+1 1ch3+1 X b3 +1 1c3+11a3+1

— (2 _ 42 _ b? — ¢2 —

(c a)(a3+1 b3+1>+( c)<c3+1 b3+1)
_(c—a)(b—a)(c+a)(a®+ ab +b?) N (b —c)%(b + c)(b% + bc + ¢?)
B (a3+1)(b3+1) (c3+1)(b3+1) -

a2 —b2 b2—c2 ¢2—q?

b2aZcorc2aZbandthen:b3_|_1+c3+1+a3+1
_az—b2_I_bz—az+az—c2_l_c2—a2
~ b3+1 c3+1 ad+1
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1 1 1 1
— (a2 — h2 _ 2 _ g2 -
=(a"=b )(b3+1 c3+1>+(C “ )(a3+1 c3+1)
_(a—b)(c—b)(a+ b)(b? + bc + ¢?) N (c—a)?’(c+a)(c? + ca + a?) -0
B (b3 +1)(c3+ 1) (@3 +1)(c3+1) -
Since we have considered all possible cases concerning the ordering of a, b, c
a’—-b%? b? -c*? c%-a?
>
b3 +1 * c3+1 * a3 +1 —
Vab,c>0"="iffa=b=c

0

amongst each other, hence we conclude :

2136. If a,b,c > 0 then prove that :
a—b b—-c c—a
+ + >
Vvb+1 +VJe+1 VJa+1
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Casella>b>cora>c>borb>c>aorc>b>aandthen:
a—b b—-c c—-a a—-c+c—b b-c c—a

+ + = + +
Vvb+1 Ve+1 JVa+1 Vb +1 ve+1 VJa+1

1 1 1 !
:(c_a)<«/a+1_\/b+1>+(b_c)(x/c+1_\/b+1)
(c—a)(b—a) b-cf

— + =0
Ja@a+Db+1).(Vb+1+vVa+1) Jc+Db+1).(vb+1++c+1)

a—Db b—c c—a
-CaseZ b>a>=corc>=a>=bandthen: + +

Vvb+1 Ve+1 Va+1
a—-b b—-a+a-c c—a

= + +
vb+1 Vve+1 va+1

=(a—b) (\/b1+ 1 \/C1+ 1> tle-a) (\/a1+ 1 \/c1+ 1)

(a—b)(c—b) N (c—a)? o
Jb+D(c+1D.(Vb+1+vVe+1) J(@a+D(c+1).(Va+1+ve+1)
Since we have considered all possible cases concerning the ordering of a, b, c

a—Db b—c c—a 0

+ + >
Vvb+1 Ve+1 Va+1
Vab,c>0"="iffa=b=c

amongst each other, hence we conclude :
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2137.If a,b,c = 0 and a + b + ¢ = 1 then prove that :

16
o7 < (1 - 5ab)? + (1 — 5bc)? + (1 — 5ca)* < 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables = 0 and WLOG we may assumeb = c =

16
(a =1) and then : Z(l 5bc)? = 3and - 27 <3=3: Z(l 5bc)? =3

cyc cyc

bb-i,-cc:ol;)

and then : Z(l —5bc)2=2+(1-5bc)2<3 < 1-10bc+ 25b%c2< 1

cyc
& 2(b +¢)? > 5bc (~ b+c—1)@2(b—c)2+3bc§0—>true b,c>0
2(1 5bc)? < 3and = 2 + (1 — 5bc)2>— 2(1 5bc)? >

cyc cyc

Exactly 1 variable = 0 and WLOG we may assume a = 0 (

27
2

a,b,c>0andthen:Z(1—5bc)2=3—10 Zab Za +

cyc cyc cyc

ZSZaZbZ (~a+b+c=1)<3-30 Zab +zszwzb2

cyc cyc cyc

=3—52a2b2—60abc Za <3(vab,c>0) - Z(l—Sbc)2<3

cyc cyc cyc

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x-y=2b>0=>x+y>zy+z2>x,2+x>y=xyYyZformsides
of a triangle XYZ with semiperimeter, circumradius and inradius = s, R, r (say);
then : Z a =s,abc = rzs,z ab = 4Rr + rz,z a’b? = r?((4R + r)? — 2s?)

cyc cyc cyc

? 16
and then,Z(l 5bc)2 > — becomes :

- 27
cyc
4 2 4
? 16
3 Za - 10 zab za +252a2b225. Za
cyc cyc cyc cyc cyc
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& 65s* — 270(4Rr +r?)s? + 675r2((4R +r)? — 2s?) 5 Oand = P =
(*)
Gerretsen

65(s? —16Rr + 5r2)2 > 0 - in order to prove (), it suffices to prove :

?

LHS of (*) > P  (100R — 227r)s2| > |r(584R2? — 1580Rr + 95r2)

(o)
(%)
Gerretsen

100R — 227r > 0 and then : LHS of (x+) >

(100R — 227r)(16Rr — 5r2) > RHS of (+*) © 8r(R — 2r)(172R — 65r) > 0
Euler
- true * R > 2r = (*%) is true
Gerretsen

100R — 227r < 0 and then : LHS of (xx) >
(100R — 227r)(4R? + 4Rr + 3r2) > RHS of (x*)
? R ?
o 100t3 — 27312 +243t—-194 >0 (t = F) o (t—2)(100t2 —-73t+97) >0

Euler
> true =+t > 2= (xx)istrue combining both cases, (x*) = () is true

VAXYZsg, - Z(l 5bc)? > E - combining cases (1),(2) and (3),
cyc
1
— < Z(l —5bc)?2 <3,” =" for lower boundiffa=b =c= 3 and
cyc
—_n =1 b=1 C =
for upper bound iff (b e 0) or (a = 0) or ( —b= 0) (QED)

2138.If a,b,c > 0,abc = 1 and A > 1 then :

Z a+b - 6
a+b+A A+2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a+b X+A—2A
Z (x=b+cy=c+az=a+b)

a+tb+a X+ A

cyc cyc
A(Zeyexy + 302 + 20 Yy x) 2_6
XYZ+ A3 + Ay Xy + A2 Xy x — A+ 2

?
o 3xyz+2(—1) ny + (2 —42) Zx —6A2>0

cyc cyc
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@3<Za><2ab>—3+2(1—1) (Za>2+2ab +

cyc cyc cyc cyc

(222 — 82) Z al|- 6120
cyc ()
AM-GM
Now,LHSof (x) > 2 (Z a) (Z ab) + 9abc -3 +

cyc cyc

2
2A—-1) Za +3 |+ 2% Za—B — 81 Za
cyc cyc cyc
and
AM-GM _ , Lceyeab 23
Z ab > 3.i/a?*b?c2=3 >

cyc

t=Za and - abc = 1and\

cyc

6t+9—3+2A—1)(t? +3) +2(t—3) — 8At | AM—GM |
\'-'tzZa > 3.Vab =3/
cyc
=8t—-8At+9-3-6+2A-1Dt*+3)=2A—-1)(t*+3 —4t)
=2A-1D-3)t—-1)=0(-t=3andA>1) = () is true
.y _ath 6 labc = 1anda > 1
”Za+b+AZA+2va'b'c>0 abc =1 an >1,

cyc

"="iffa=b=c=1(QED)

2139.If a,b,c € [0,1] and A > 7 then :

a 3
<
Zb+c3+x_l+2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a a
> p3 E — < E —
a,b,c € [0,1] = b > b’ and analogs b+ G+ A-Zubi+ 3+

cyc cyc
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_Z _ 3\/1—x
S LA+2-(1-b3)-(1-c3) Lm-y-—z
cyc cyc
3—x
(x=1—a3,y=1—b3,z=1—c3,m=l+2)sz;
m-y-—z

cyc

73— x ? ?
3\/1—xST=)(3—x)3227(1—x)=>x2(9—x)20

Struev0<a3b3c3<120<xyz<1-Y1-x<

? 3 3 m3—x)[?
S——=—& ) ——|=|9
A+2 m m-y-—z >

cyc

and analogs

Now, m(3 x) Z(m y—z+y+2z2)(3—-x)
cycm y—zZ £ m-y—z
(y+z)(3-x) (y+z)(3-x)
=Z(3—x)+ Ty 3 S9—Zx+z g

cyc cyc cyc cyc
(':OSy,zS1=>m—y—z2m—229—2=7asm=l+229)
and “0<xy,z<1=>y+z>0and3-x>0

sg_zx+;.<6zx_zzxy>=9_;.<zx+zzxy>gg

cyc cyc cyc cyc cyc

3
< -
Zb+c3+1_l+2 Vab,ce[0,1]andA>7,
cyc

" =" iff (a = a® and analogs) A (x=1-a>=y=1-b3=z=1-c3=0)
="="iffa=b=c=1(QED)

(v x,y,Z = 0) > (%) is true -

2140.If a,b,c > 0,a® + b? + c2 =3 and A > 0 then :
Z(a.\/l+b+c) <JA+2(a+b+c)
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z (a.M) = z (\/E.\/)La +ab + ca) c;s

cyc cyc

sjza.szmzab;m.(za)

cyc cyc cyc cyc
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@;L(za):z(za)(}b);A<za>z+z<za>2@za;2ab

cyc cyc cyc cyc cyc cyc cyc

@<Za>j§27azzab (z“s)
@<zaz><za> ;3<zab> trve Tt = Y ab and

cyc cyc cyc cyc cyc

<Za> 23Zab -'-Z(a.\/)t+b+c)S\/A+2.(a+b+c)

cyc cyc cyc

Vab,c>0|a?+b2+c2=3andA>0," =" iffa=b=c=1(QED)

2141.If x,y,z > 0,xyz = 1 and A > O then :

2

z\/xz—xy+yzsl sz +(1-32) sz

cyc cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

(z xy> (2 ) xy) S

cyc cyc cyc cyc

:zxzz @ Z(l)<2(x2—xy+y2)> Reve;eCBs

cyc cyc cyc

/ x
%.zw/xz —xy +y? Zzwlxz—xy+y2

cyc cyc

AM-GM 3 xyz=1
-.-ny > 3.3/x%y%?zZ2 = 3

cyc
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...zsz(sz)ZzzmH(zxz)Zz

cyc cyc cyc cyc

L\ [ > 3. =
Z\/xz—xy+y2+3)t<2x>< T >

cyc cyc and +A >0
2
-’-vaz—xyﬂ'zsl sz +(1-30) sz
cyc cyc cyc
Vx,y,z>0|xyz=1andlz 0," =" iffx=y=2z=1(QED)

2142.1f x,y,7 > o,i+§+§= 2 and 271+ 8n = 36,4 > 1,n > 0 then :

ZxSAxyz+n

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1AM-GM 3 7
2=Z— > :>8xyz227—>@andnow,2x£lxyz+n

x 3
cyc vV XYZ cyc

?
=4 BZx < 8Axyz+ 36 —27A ( 271+ 8n = 36)

cyc

; via D
= BZx <A(Bxyz—27)+36and ~8xyz—27 > Oand-2A=>1

cyc

?
-~ it suffices to prove : 82 x < 8xyz— 27 + 36

cyc

2
? X 2XVyZ X
@8%x§8xyz Leye XY +9 y ._,chc y:1
nyz chc xy nyz

cyc

3
?
S 4xyz Zx ny < ny + 9x%y?z?
cyc cyc cyc
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& Z x3y3 + 3x2y2z2 > xyz (Z x’y + Z xy2> - true

cyc cyc cyc

Schur
Z a® + 3abc > Z a’b + Z ab? and choosing a = xy,b = yz,c = zx

cyc cyc cyc

1 1 1
-'-ZxS)txyz+an,y,z>0| ;+§+;=2and27l+8n=36,l21,n>0,

cyc

n

3
=" iffx=y=z=E(QED)

2143.If x,y,z > 0,xy+yz+zx =2 and A > g then :
22,2 ¥
Axyz(x +y +z) — x°y“z 35(9)&—2)
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

xyz(Zx)S%(ny) =§:>§—xyz<2x>20—>@andnow,

cyc cyc

? 4 4 8 ?
XyZ Zx —x2y2Z2SE(9A—2)c}A 3~ XYz Zx —ﬁ+x2y2z220

cyc cyc

via D

8
and ~ 3 Yz Z x> > 0and ~ A= 9" it suffices to prove :

cyc

84 8 ?

—| = — 2 1 2y252 S

9| 3 xyz(Zx) 27+xyz >0
cyc

/1 \ 1

i(g) 5] ()l oo
< - z> - (z xy> - (z ) (z xy>
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& Z 3 4 3x2y2z2 > xyz (Z x%y + Z xy2> - true

cyc cyc cyc
Schur

Z a® + 3abc > Z a’b + Z ab? and choosing a = xy,b = yz,c = zx

cyc cyc cyc

4
s Axyz(x +y + z) — x2y?z? SE(9A—Z)Vx,y,z >0|xy+yz+zx=2and

)L>8 =" iffx=y=2z= 2(ED)
9 = ftx=y=z= 3 Q

2144.If a, b, c > 0 then:

12

a
>1
Z al? + (b3 + ¢3)a3b3¢3 —

Proposed by Neculai Stanciu, Mihaly Bencze-Romania

Solution by Tapas Das-India
We know that:

B+y =@+t -xy+y) = (x+y)2xy—xy) =xy(x+y)
BB + ) < (B3P + (%) = b0+ ¢°
a? + a3 b3c3(b3 + 3) < a'? + a®(b® + ¢®) = a3(a® + b° + ¢?)

12

5 s Y -
a2 + (b3 + 3)a3b3c3 = Luad(a® + b + %) Li(a®+b° +c%)

Equality holds for a=b=c.

2145.If a,b > 0,a + b = 2 then:
a b
>1

b2+1+a2+1_

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

Denote:
S=x+y
{ P =xy
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AM-GM

2=a+b S 2Vab=2VP=2>2/P=P<1

P-1<0 (1)

P>0=P+5>0 (2)

a N b a(@®+1)+bb*+1)
b2+1 a2+1  (a2+1)(%2+1)
al+b3+a+b s3-3sP+S 8—-6P+2 10 — 6P

= = = = >1@
a’b?+a?2+b* +1 P2+S2-2P+1 P2+4-2P+1 P2-2P+5"

10 - 6P >P*2—-2P+5

P2 +4P-5<0
By (1), (2):
(P-1)(P+5)<0
Equality holds fora = b = 1.

2146. If x,y,z > 0 then prove that :

(xy)®  (y2)? N (z0)? _  3(xyz)*
z°+1 x°+1 y°+1 (xyz)3+1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

6(22t18 — 4t° + 1)
t4(t% +1)3

1
Let f(t) = m Vt>O0andthen:f ”(t) =

_6(18t"% + (2t° - 1)%)

B+ 1)° > 0 - f(t) is convex and so,

via Weighted Jensen's Inequality,

(xy)®*  (yz)?® (zx)? ) yz
+ = (xyz)2. E =
z9+1 x%+1 y°+1 x11 + x2

cyc
1 AM-GM
> (xyz)2. _ >
VZ (Zyc: YZ> <chc(YZ.x)>11 . <chc(y2-x)>2

chc yz chc yz
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2
1 3 2, 3 3 2
(xyz)z_ (3- (xyz)%>- 11 2= (xyfz (xYZ)32 = (x (:)};Zi 1
( 3xyz ) N ( 3xyz ) (xyz)3 + (xyz)3 y
3. (xyz)é 3. (xyz)é
3 3 3 2
and so (xy) + (yz) + (zx) > 3(xyz) Vxvyz>0,

'22°4+1 x°+1 y'+1° (xyz)3+1
"="iff x =y =z (QED)
2147.If a, b, c > 0 then:

b—a N c—b N a—c “0
Vvb+1 Ve+1 Va+1~

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
Leta+1=x*b+1=y%*c+1=2%

thenb—a=vy>—x*c—b=2z>—-y*a—c=x*-2*

b—-a c¢c—-b a-c y*—x* z2-y? x*-2°
+ + = + + =
vb+1 +VJe+1 +Va+1 y z x
x2 y2 72\ Bergstrom (x+y+z)2
= —|—+=+— < LI LI
(x+y+2) <y+z+x> < (x+y+2) xtytz

Equality holds for a=b=c.

2148.If x,y,z > 0 and x + y + z = 1 then prove that :

1 N 3
x3+y3+23 xyz

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=22>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>hb
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius
=s,R,r (say) > Zx =s,xyz = r’s and Zx3 =s3 — 12Rrs

cyc cyc
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3
3
1 3 2 X 3 ?
c Tt 290@(ch“2+ Zx >90
x3+y3+1z3 «xyz Dcye X XyZ o

) ol ) ()

?
& r?s.s3 4+ 3s3(s3 — 12Rrs) > 90r2s(s3 — 12Rrs)

& 3s* — (36Rr + 89r2)s? + 1080RI‘SHO
(9

Gerretsen
Now, since (s? — 16Rr + 5r?)2 > 0 .. in order to prove (%),

it suffices to prove : LHS of () = 3(s% — 16Rr + 5r2)2
& (60R — 119r)s2| > |r(768R? — 1560Rr + 75r2) and finally,

S
(+%)

(60R — 119r)(16Rr — 5r?) > r(768R% — 1560Rr + 75r?)
? Euler

& 4r(R—2r)(48R — 65r) > 0 > true * R > 2r = (%) = (x) is true
1

3
>90Vxyz>0 =1
x3+y3+z3+xyz_ Xy, Z |x+y+z

1
"= iffx=y=z=§(QED)

2149.If x,y,z > 0 and x + y + Z = xyz then prove that :
z (x(1 + y2)V1 +x%) 2 24V3
cyc
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

x+y+z

Z (x(l +yz).4/1+ xz) = z (x+ xyz).\/L + x2

cyc cyc

o Y2 _z _* 2
(. 1_x+y+z>_ (x+x+y+z).\/x+y+z.(yz+x + xy + xz)

cyc
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(-.-xyz=x+y+z)=z ((x+y) + (z+x)). \[— x+y)(z+x)

cyc

Cxtytz=ayz) > Z (2. VE+y)(z+x). e er}:z(zz - X)>

2

X+ Z + x) AM-GM Cesaro xyz 233
=4 ( ;’)-I-(z ) > 12.(x+yy+2)(Ez+x) = 12.3/8xyz >

cyc

cyc

AM-GM
12. 3[8(3\/5) ( Xyz = Zx > 3.3/xyz = {x?y?22 > 3 = xyz > 3\/3_'>

cyc

=243 .. Z(x(1+yz).\/1+x2) >24V/3Vxy,z>0|x+y+z=2xyz
cyc

" =" iff x =y =1z=+3(QED)

2150.If a,b,c >0, a+b+c=1and A > 2 then:

z a2 < (A+1) /chc _ M3abe
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

AM-GM
1= Z > 3.Ya zabcsﬁ::»\/Bab c<— —>®andalso
cyc

’chc @ / chc ’chc @ % ( a = 1> @ and @ =
cyc

chc
3

cyc

3 — A.v3abc

—+/3abc > 0 - (3) and now, (A + 1).

Az2

and
2 ’ 2 via@ 2 2
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arbre=1 32(12 — 2. [3abc Za > BZaZ —ZZab
cyc cyc cyc cyc

cyc cyc

a+b+c=1 2 ) chc a?
= Za andso,Za <(A+1). T—L\/Sabc
cyc cyc
1
Va,b,c>0|a+b+c=1and122,”=” iffa=b=c=§(QED)

z151.1fa,b,c>o,a+b+c=1andxz§then:

3—A
ZaZS—+A a3

9
cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Za2é¥+12a3a+b;=1 Zaz Za é
cyc

cyc cyc cyc

{z)(z);(z) 2 9z<z> -

3
Holder
92 a3 — Z a > 0Oand -~ A = - - it suffices to prove :

o)) (ze) - Blge-(ze)
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@6za3+<za>3_5<zaz><za>go

cyc cyc cyc cyc

3 ! 2 2 . 2 3-4 3
@Za +3abc22a b+Zab —>truev1aSchur.'.Za ST+AZa

cyc cyc cyc cyc cyc

W =

6 n
Va,b,c>0|a+b+c=1and12§,”= iffa=b=c=

2152.If a, b, c > 0 then:

Z a 4abc -
b+c 2abc+ ) ab(a+ b)

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

2abC+Zab(a+b) = 2abc + (a+ b + c)(ab + bc + ca) — 3abc =
=(a+ b+ c)(ab+ bc + ca) — abc =

=(a+b)(b+c)(c+a) Ceszam 8abc (1)

a 4abc Nesbitt& (1) 3 4abc 1
_ > _ —
Zb+c 2abc + Y, ab(a + b) - 2 8abc

Equality holds for a=b=c.
2153.If a,b,c >0, a+b+c=1and 0 <A <4 then:

lz ab <1+ 9(A—-3)abc
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

?
AZ ab <1+ 9(A — 3)abe

cyc
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o (za><zab>_9abc ;<Za>3_27abcand...ms4

cyc cyc cyc

nd (z ) (z ab> S e 3 (z ) (z ab> oabe | <
-

o Z a3 + 3abc > Z a’b + Z ab? - true via Schur

cyc cyc cyc

-'-AZabS1+9(A—3)abc\7’a,b,c>0|a+b+c=1and0$l$4,

cyc
1
"= iffa=b=c=§ (QED)

2154. If x,y,z > 0,xyz > 1 and n € N* then :
9n-1 3

Z X > (xyz)Bn—l
x2+1° 2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

x9n—1 x9n—3 (xZ +1 - 1) x9n—3
e D)
x2+1 xz2+1 x2+1
cyc cyc cyc cyc
AM-GM 1 1 x21-3 AM-GM
2 _ x9n—3 + _Z x9n—3 _ 2
2 2 2x

cyc cyc cyc

3, 1 1
— 9n-3 _ 9n—-4 _ 9In—4
= /ﬂx +sz x sz

cyc cyc cyc

Chebyshev 3 3n_1 1 on_4 1 on_4
> - n- _ n-— _ n-
z 3 (xyz) + 3 z X Z X > X

cyc cyc cyc
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( WLOG assuming x >y > z = x%"% > y9n-4 > 2904 as)
neEN*=>On-4)>0
AMZGME(xyz)3n 14 6(2 9n— 4) (3 [_xyz) _ zx9n—4

cyc cyc

xyz213 1 3
> - (xyz)3n 14— > Z xon—4 — EZ x4 = > (xyz)3"~1 and so,

cyc cyc
9n-1

x
Z 2_I_l_z(xyz)3“ lyxyz>0|xyz>1andne N,

cyc

"=" iffx =y =2z =1 (QED)

2155.
If a,b > 0 and a? + b? = 2 then prove that :
a? b?
Vva+3 " vb +3 =1
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a? 7 15a%?+1 ?
& (a+3)(15a% + 1)? > 1024a*

<
Va+3 32
?
& (a—-1)%(225a® +101a’? +7a+3)=>0—>true~-a>0
a? <15a2+1 d b? <15b2+1 d
< an < and so,
va+3 32 Vb + 3 32
a? N b? <15(a2+b2)+2a2+32=232_
va+3 Vvb+3~ 32 - 32
a? b?
<1Vab>0|a?+b2=2"="iffa=b =1 (QED)

+
va+3 +b+3

2156. If a,b,c > 0 then prove that :

Z\/(l + az)(l + b2)

cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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a>b>cora>c>borb>c>aorc>b>aandthen:

z c"—a _
&2\ (1 +a?)(1 +b?)

c3—b3+b3—a3+ a3 — b3 N b3 —¢c3
Ja+a2)(1+b2) J@A+b)(A+c2) JA+c2)(1+ a?)

_b3—c ( 1 1 )+a—b3( 1 1 )
Vi+az W1+c¢2 V1i+b2Z/ V1+bZ2 W1+c¢2 V1+ a2

B b3 - ¢3 1+b%2-1-c?
JA+a2)(A+b2)(1 +c2) VI+bZ+V1+c?
a3 —bd 1+a%2-1-c?

JA+a)A+b2)(A+c2) Vi+cZ +V1+a?
(b—¢c)?(b%? +bc+c?)(b +c¢)

- J@+a2)(1+b2)(1 +¢2)./(1+b2)(1 + c2)
(a—b)(a—c)(a? + ab + b?*)(a +c)

JA+a)@+b2)A+c2).J/(A+c2)(1+a?)
(va=b>cora=>c>borb>c>aorc>b=>a)

3 — g3
b>a>corc>a=>bandthen: Z
La+ada+bD

c3-ad +a—c+c—b3+ b3 —¢c3
JA+a?)(1+b2) JA+b)(A+c?) (A +c2)(+a?)

_c—a( 1 1>+b3—C( 1 1 )
V1i+bZ Wi+az Vi+c¥/ Vi+cZ2 Wi+aZ V1+b?2

B cd—ad 1+c2—-1-—a? N
JA+a)A+b2)(A+c2) Vi+cZ +V1+a?
b3 —¢3 1+b%2—-1-—a?

JA+a)@+b2)( +¢2) V1+bZ+V1+a?
B (c—a)*(c?+ca+a?)(c+a)
JA+a)A+bD)A+ D). /A + DA +ad)
(b—c)(b—a)(b?2+bc+c?)(a+b) S 0(b>a>corc>ash)
JA+a)@+b)A+ ). /A +ad)(A+b2) -

c3 — a3
and so, combining both cases, >0VvVabc>0,
o \/(1 +a?)(1+b?)
"="iffa=b = c(QED)

2157.1f a, b, c € (0,1] then:

47 | RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

3 14 3 14 3 11 3 3 1 11 9
<aa+B—1> <bb+E—1> <CC+E_1> (aa+bb+cf+m>
3 +\N3 + N3 > |9 +8\N3

Proposed by Pavlos Trifon-Greece

Solution by Tapas Das-India

11 1\
Letf(x)=x§+;,xe(O,l]orf(u)=(a) +tu=ut+u,
1
whereu = — &u € [1,)

X
, 1+Inu uw-(1+1Inu
fw=1- w .ut

1
Leth(u) =u*—(1+Inu)thenh’'(u) =u*(1+Inu) — "

,clearlyu® > 1as u € [1,00)

1
u=>1thenu*(1+Inu) > 1anda< 1,soh/(u)>1-1=0

so, h(u)increasing and h(u) > h(1) = 0or,u* — (1 +Inu) > 0
u*— (1+1Inu)

sowe cansay f'(u) = o
so f(u)increasing & f(u) Z.f(l),f(l) =2
1

or,f(u) =2 or,u™+u=2o0r,xx+x=>2 for
1 1 Bergstrom

1
*eO@UM, ++7 =2 5

)

)y = 3l%) ;="
+z bb+= c+=
where x = 3<a ”>,y = < c) ,—3\“a

3 14 14 14 3 14
X+y+zAM-GM <a+—> <bb+—> <c+—> JZ( a+—> )
XTI IS sy =\/3a”3 ¢)3\"7a) = {3"\""8) S 336 =9 (2)

3 =

3 3 1 11 9 3 3 1 1 1 111
\/ <aa+bb+c0+—a+b+c> J (aa+bb+cC+ E+E+E>
R.H.S= ./9+8\3 < 9+8\N3
~ 3/9 + 8%[xyz(A)

U <at_11+1—1> :i/ <b%+l—1> 3\/ (c%+l—1> X VA

soL.HS=\3 b ") ++3 ¢ J+A3 a :i[:+ifz+3\[:

3 3 3
x+y+z 3[x 3[y\ Cesarox+y+2z i[m
H.5)P® =—F— Z+72) > T4 3x8 =
now, (L.H.S) 3 +31_[<J;+J;> > 3 +3x8 27
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(2)
> 9+83xyz soL.H.S > 3/9 + 83/xyz (B)

From (A) & (B)weget LH.S>R.H.S

Equality holds for a=b=c=1.
2158.If x; >0 i€{1,2,3,..,n}, x;+x,+ -+ x,, =1 then prove :

- 1 n
z—Zn/—
—= /1-|—xk n+1

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

n n —R—
z 1 _Z 13 cgs r1)3 S
e 1+x, = 1+x,  nXeJ1+x
3
n3 n? nz n
n [

=n\/n(21+2xn)=\/n(n+1)=\/n+1= n+1

2| -

Equality holds when: x; =x, =x3 ==

2159.Ifx,y,z>0,x+y+z=landlszthen:

9-2
ny—)\xyzST

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

?9—-24
ny—lxyzS7

()3l 4z el 3

AM-GM 9
x| —27xyz = 0Oand- A< 1 =~ it suffices to prove :

|
(22 )42 +i{ (27 e
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3
o Zx +9xyz > 4 Zx ny @Zx3+3xyz22x2y+2xy2
cyc cyc cyc cyc cyc cyc

9
— true via Schur -'-ny—)txyzS?Vx,y,z> 0|x+y+z=1andlSZ,

cyc
1

"= iffx=y=z=§(QED)
2160.If x,y,z> 0 xy + yz + zx = 3 then:

Z X B 3
2x* + y2 + 722 7 4xyz

cyc
Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
AM-GM

2x* +yr 422 =xt+xt+yr + 22 S
1
> 4(xt x*. y2.22)2 = 4x2 [yz
2y* + x% + 2% > 4y*\/xz

*
2z + y% + x% > 47% [yx ()

Analogously : {

Z X gz X _Z 1 _
432 g2 2 = =
2x*+y2+z 4x2[yz cyc4x yz

cyc cyc
_,/xy+w/yz+\/ﬁ<\/3(xy+yz+zx)_\/3.3 _ 3

4xyz 4xyz " 4xyz 4xyz
Equality holds for x=y=z=1.
2161.If a,b > 0 and a3 + b3 = 2 then prove that :
a3 b3
Va+7 * Vb +7 =1
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ad ?71a® +1

?
e (a+7)(71a® +1)3 > (144)3a°

<
Va+7~ 144
o (a—1)? (23(18 + 15a + 7a® + 64a°(5592a” + 3675a + 1758) +) 2o
49464’ + 3234a* + 1522a® + 23a% + 15a+7 /
t >0 @ <71a3+1 d b <71b3+1 d
- 0 o
A T I A V7 a
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al N b3 <71(a~°’+b~°’)+2as+£3=2142+2_1
Va+7 3b+7" 144 - 144

3 b3
<1vVab>0|a3+b3=2"="iffa=b =1 (QED)

a
+
Ya+7 Yb+7

2162.If a,b > 0 and a + b = 4 then prove that :
a? b?
+ <2
Va®+8 Vb3 +8
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a? b2 a.VJa b.vV/b c¢Bs
+ = a. ++b. <
Va?+8 +Vvb3+8 Va® + 8 Vb3 + 8

<
a3+8+b3+8 - a3+ 8 + b3 + 8

_5 |5 8( 1 N 2 )_2 5 8(a® + b3 +16)

o a3+8 b3+8/ 7 a3b3 + 8(a3 + b3) + 64

<2 |2 8(a3 + b3+ 16) ( 4 b AM;GM 2 Jab b < 4)
. _ . — . =
= 64 + 8(a® + b3) + 64 a = ab =ab =

a3 b3 a+b=4 _[a3+8-8 b3+8-8
\/a+b.\j \/

_, 8(a3+b3+16)_2 d a? N b? <>
T s@rnir1e) M m e Vb s
Vab>0|a+b=4"="iffa=b =2 (QED)

2163.If a,b,c > 0and a + b + ¢ > 3 then prove that :
1 1 1 1

+ + <
4a*+b*+c* 4b*+ct+a* 4ct+at+b* 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2
2>1 a+b;c233 1<1 9 1 <
Z = — =
Z“ =3 Z“ = =9 Z“ Z4a4+b4+c4_

cyc cyc cyc cyc
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2

2 _ 2
1 Z ) z 1 _ 1 Z z 1 X = (12,
9 “ 4a*+b*+ct| 9 ) 4x% +y? + 22 y—bZ,
cyc cyc cyc cyc Z=2C
2
1 Z Z (4y? + 2% + x*)(4z% + x* + y?) 2 1
9 Y LG Ay )@y + 22+ 22) (A2 + 22+ yP) 2
cyc cyc
e ZZxG + 132:x4y2 + ISZny“ + 60x2y2z2 > 42 x°y + 4ny5 +
cyc cyc cyc cyc cyc
4xysz3 +12§:x3y3 + 12xyz Zx2y+2xy2 @22x6+
cyc cyc cyc cyc cyc
13 Z xty? Z x2 —z2 | | 4+ 60x%y2z2 > 42 xy Z xt—zt | |+
cyc cyc cyc cyc
4xyzz x3+12 Z x3y3 + 12xyz Zx Z xy | — 3xyz
cyc cyc cyc cyc
@22x6+13 sz Z:xzy2 +57x2yZZZE4 ny Zx" +
cyc cyc cyc () cyc cyc

122:yc3y3 + 12xyz Zx ny & assigningy +z = A,z + x = B,
cyc cyc cyc
x+y=C=>A+B-C=2z2>0B+C—-—A=2x>0andC+A—-B=2y>0
>A+B>C,B+C>A,C+A>B=AB,C formsides of atriangle
with semiperimeter, circumradius and inradius = s,R, r (say) and then :

Zszz:A:Zs:I»Zx:s;alsox:s—A,y=s—B,z=s—C:>xyz=rzs,

cyc cyc cyc
Z xy = 4Rr + rz,z x* =s? —8Rr - Zrz,z x’y? =r?((4R +r1)? — Zsz),z x*
Ccyc cyc cyc cyc

= (s? —8Rr — 2r?)?2 — 2r?((4R +r)%? — Zsz),z x3y3 = (4Rr + r?)3 — 12Rr3s?
cyc
and Z x° = (s3 — 12Rrs)? — 2((4Rr + r?)3 — 12Rr3s?) & via such substitutions

cyc
and following simplification, (+) becomes :

?
s® — (32Rr + 15r?)s* + r2(376R? + 260Rr + 55r?)s? — 25r3(4R +r)3 >0
(x%)
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. Gerretsen . . .
Since (s> —16Rr + 5r?)3> > 0 . in order to prove (xx), it suffices to prove :

LHS of (x%) > (s?2 — 16Rr + 5r2)3 & (8R — 15r)s* — r(196R2 — 370Rr + 10r?)s?

?
+1r%(1248R3 — 2520R?r + 450Rr? — 75r3) > [0 and again, since

(ex%)
Gerretsen

(8R —15r)(s? —16Rr + 5r2)2 > 0 .. in order to prove (**x),
it suffices to prove : LHS of (+#x) > (8R — 15r)(s2 — 16Rr + 5r2)2

?
& (6R%? — 19Rr + 14r?)s? > r(80R3 — 260R?r + 215Rr? — 30r3) and
(****)

Gerretsen

finally, (6R? — 19Rr + 14r?)s? >  (6R% — 19Rr + 14r2)(16Rr — 5r2) >
r(80R3 — 260R?r + 215Rr? — 30r3) © 2r(R — 2r)2(8R — 5r) = 0 - true

Euler
“R > 2r = (#*%x%) = (4x%) = (%*) = (%) is true and so,

1 1 1 1
Vahb,c>0 b > 3,
dat+bi+ct At rctrat dctrattbi oz WS latbte
"="iffa=b=c=1(QED)

2164.1f a,b,c > 0,a + b + ¢ = 3 then:

a2

3
2.

Vv6a?+13a+6 5
cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:

5
Vx>0,\/6x2+13x+6sz(x+1)

Proof: we need to show

5
\/ 6x2 +13x+6<(x+1)
25(x +1)? > 4(6x* + 13x + 6) or (x — 1)?> > 0 true

2

Z\/6a2 +13a+6

lemma Bergstrom 2 (a +b+ C)Z a+b+c=3 3
> — = —

5
zcyc:z(a-l'l) 5(a+b+c+3) 5

Equality holds for a=b=c=1.
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2165.1f p> +Inp = 0, a, b, c > p then:

Vabc. e?+h+e? > 1 4 V(@ +Ina)(b? + Inb)(c? +1nc)

Proposed by Pavlos Trifon-Greece
Solution by Tapas Das-India
1
Let f(x) = x* +Inx,x > 0then f'(x) = 2x +; > 0and f(p) = 0 (given)
so f is strictly increasing ,as a,b,c > p
thereforea? +lna> 0,b> +Inb >0 ,c*+Inc >0

We need to show:
i/abc. e +b*+c? 5 1 4 i/(a2 +Ina)(b?+1Inb)(c2+1Inc) (1)

Letx= a*+Ina,y=b*+Inb,z=c?*+1Inc

a’+b*+c?=x+y+z—-Ina-Inb—Inc=x+y+z—Inabc
so abc. ea2+b2+c2 = abc. (e(x+y+z—lnabc)) = eXty+z

hence inequality (1) becomes Ve**V*% > 1 + 3[xyz

x+y+z

ore 3 >1+3%xyz oreV®™? > 1+ %[xyz (AM — GM)

3 xyz=t>0 2 3

t> t

oret—(1+¢t) > Oor1+t+5+§+---—(1+t)>0
2 g ! !
§+§+-~>0True.

2166. If x,y,z > 0 and x* + y? + z? < 3 then prove that :

X 3 y 4 Z -
Z-ye-o' [e-oz—»"' |c-nE-p="°

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

x> +y?+z22<3=>x*<3-y?-z%and
vx2>0.3-y?2—2z%22>x%>0andso

AaM-6M 3 —yZ —z2 +1
x<3-y2-z2=,/3-y2-1z2).1 < y >
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<(2 y)(2—-2z) o 8- 4-(y+z)+2yz>4- y? —z?
o y? + z2 +2yz—4(y+z)+4>0=>(y+z)2—4(y+z)+4>0

. ®
:)(y+z—2)220—>true:x§(2—y)(2—z):\[(2 y;(Z_Z)Sland
3 y ®
analogously,y < (2-z)(2—-x) = Z2-2)2= x)SIandalso
Z
zs(Z—x)(Z—y):j(z D@ = y)_l - D+@+B® =

X 3 y 4
j(z—y)(z—z)+j(z—z)(z—xﬁj(z 02—y >3verz=0

="iffy+z=2A3—-y2—-z2=1Ax2=3 —y? —22
>"="iffy+z=2Ayz=1Ax=1=>"="iffx=y=2z=1(QED)

2167.1fa,b,c > 0,a + b + ¢ < 3 then:

a+b+b+c+a+c>6
a? bz —

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

c2

a+b b+c+a+cAMﬂ;GM2\/b 2+ bc Zx/ac_

2 T2 bz = 2 i12 b2
) \/ab_l_\/ﬁ_l_\/ac AM,;GM6 J@abo)?\3 _ 6 >E—6
c2 a? = b? = a’b?c2 |  3abc 1

a+b+c 3
(3vabc < TS §= 1)

Equality holds fora=b=c=1

2168.If a,b > 0 and a + b = 2ab then:
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Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

(a +

2169.

a b
b2+—>2=>a3+b3>2a2b2

b)(a? — ab + b?) > 2a?b?,
a’ — ab + b? > ab,
(a—b)2 >0
Equality holds for a = b.

2ab(a? — ab + b?) > 2a*b?
a’ —2ab +b* >0

Ifa,b,c > 0and a+ b + ¢ = 3 then prove that :

5ab 3bc 3ca

3c+ab+3a+bc+

<5
3b +ca

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

atbtc=3 3c+a(3—c—a)

3c+b(3—b—c)

3c+ ab 2
_B-a)(ct+a) @G- b)(b+c)a+b+c 3(b+c)(c+a) (c+a)(b+o)
B 2 2 2 2
®
=>3c+ab|=|(b+c)(c+a)
Also,3a+bca+b§€:33 +c(B3—-c—a)=3-0c)(c+ )a+b+c 3( +b)(c+ a)
©)
:>3a+bcE(a+b)(c+a)
And,3b+ca“"E%3b+cB-b-0)=B-b+0) “E (@a+b)b+ 0
®
:>3b+caE(a+b)(b+c)
N 5ab N 3bc N 3ca ; - 3bc N 3ca ; 5ab
OW'3c+ab fg+bc 3%+ca_ 3a+bc 3b+ca” 3c+ab
C ? a
= > wCc >
3c+ab@3c+ab_3b+ca+3a+bc( cz0)
via 1),(2) and 3) 5 ? b
S > +
co(c+a a C a c+a
(b+cd(c+a)  (a+b)b+c) (a+b)(c+a)
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o 5(a+b) >a(c+a)+b(b+c) =c(a +b) + a? +b2
b
s@B-c+2)(@+h) 2a2+b* ST (@b +2)(a+b) > a? + b2
& 2ab + 2(a+b) > 0 - true ~ a,b > 0 and this last inequality is a strict one
since a, b cannot be simultaneously equal to zero as that would make

3bc d 3ca defined - 5ab N 3bc N 3ca <s
3a+bc "0 3b+ca M 3 ab 3a-|(-)bc 3b+ca”
c=
Vabc>0|a+b+c=3”=”iff a=k (QED)
) ) — ) b=3_k

with0 <k <3

2170.If x,y,z > 0,x3 + y3 + z3 = 3 then :

<x2+1>3
> (5 =
x+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

x2+1\ 2 x3+1 ?
> 2 3> (3 3
<x+1> z— o2x*+1)P =2 +1D)x+1)

2+1\° B®+1
> and analogs

?
<:>(x2+x+1)(x—1)420—>true:-<

x+1 2
Zx2+13>zx3+1 LY 23 2| _a
= = — — . = =
x+1) = 2 2 2 x
cyc cyc cyc
x4+ 1\ 5. 3 3 .,
So,z 11 23Vx,y,z>0|x +y°+2z2°=3,"=" x=y=z=1(QED)

cyc

2171. If x,y,z > 0 and x* + y? + z% + xyz = 4 then prove that :

V2—x+,2-y+V2-222+/2-02-y)2-2)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Firstly, (4 — y?), (4 — z?) = (x* + 2% + xyz), (x* + y? + xyz)
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xyz>0

> Oandwehave:x*+y?+z2+xyz=4=>x>+xyz+ (y*+z2-4)=0
_ —yzty?z2 —4(y? +22—4) —yz+.y*(z2 —4) —4(z2 - 4)

= x 5 5
-yz+.(4-y*)(4-22) -yz+.(4-y?*)(4-1z?
_—yz+4( 2y)( ) _—yz+( 2y)( )(?x>0)
-yz+(4—-y*)(4—-22) 8+2yz—2,/(4—-y?*)(4—2z?
R LR 2y)( ) _8+2y \/(4 y) (4 - z2)
A;08+2yz—(8—y2—z2)_y2+z2+2yz_(y+z)2
- 4 B 4 4

+z ® +z
:\/Z—xzyT andanalogs:Zx/Z—xZYZ =Zx

Zyz ZyZ cyc

:szzmcgsxfi 6—Zx=>tzs18—3t<tzzx>

cyc cyc cyc cyc

2
@
=>(t—3)(t+6)S0:>t=Zx3andwehave:<2x> -4 =

cyc cyc

1 Bergstrom 18xyz
Zx2+22xy— Zx2+xyz =2xyzZ——xyz > — XyZ
x Dcyc X

cyc cyc cyc cyc

2
via 2) ®
> b6xyz—xyz=>5xyz>0= Zx >4:>Zx22

cyc cyc

via (D)
Z\Fz —x-2-JZ-0C2-9Z-2)| >

Zyz

zx_z_J8+zzxy_4zx+zxz_4<..._xyz:zxz_4>

cyc cyc cyc cyc cyc

Saea- 4_4zx+<zx>2:zx_z_ (zx_z>2

cyc cyc cyc cyc cyc

Vi“:®zx_2—<zx—2>=0‘mdso'

cyc cyc

V2—x+2-y+V2-z222+,/2-202-y)(2-12)
Vxy,z>0|x2+y2+z2+xyz=4"="iffx =y =z = 1 (QED)
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2172. Let a4, a,, a3, a,, be positive real numbers a4.a,.a3;.a, = 1. Prove
that :

1 4
S e
i aj(a; +az+a,) 3

Proposed by Gheorghe Craciun-Romania
Solution by Khaled Abd Imouti-Syria

1 1 1 1
LHS = + + +
aj(a,+az;+ay) ad(a;+az+ay) ad(a;+a,+ay) ajla,+a,+as)
1 1 1 1
LHS = ai + aj N a3 N ai
al(az + as + a4) a, (a1 + as + a4) a3(a1 + a, + a4) a4(a1 + a; + a3)
1 1 1 1
()’ ()* ()? ()*
1 2 3 4
LHS = + + +
al(az + as + a4) a, (a1 + as + a4) a3(a1 + a, + a4_) a4_(a1 + a, + a3)
1 1 1
Suppose.x—a—1 , y_a—2 , Z= ol t= ”
x2 y? 72 £2
WS 3 7 1 1*tT 1 11 1 1
xy xz xt yx yz yt zx zy zt tx ty ¢tz
3 3 3 3
x’yzt xzt z°xyt t°xyz
LHS = Y + Y + 4 + N
zt+yt+zy zt+xt+xz ty+xt+xy zy+zx+xy
X2 2 2 2
y zZ t
LHS = + + +
zt+yt+zy zt+axt+xz ty+xt+xy zy+zx+xy
(x+y+z+t)?
LHS >

by B t s i lit
~2(xy +xz + xt+ yz + yt + zt) y Bergstrom's inequality

N [wi

But:(x+y+z+t)22%(xy+xz+xt+yz+yt+zt):>SO:L2 g

2173.If a,b,c > 0,abc = 1 then:

2a <3
a+1

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

. . yZ ZX xy
Since abc = 1, we can assign : a = ﬁ’b = —,c=— and then :

y2’ 72
4| 2a CBS Zyz ?
< . <
Z:“a+1_\/§ Z:/yz+x2_3
cyc

cyc
7 3
=N Z \/yz(zx +y2)(xy + z2) < —2.\/(yz + x2)(zx + y?)(xy + z2)
cyc O]

Now, Z Jyz(zx + y?) (xy + z2) C;S \[Z y(xy + z2) \[Z z(zx + y?)

cyc cyc cyc

=2 (Z xy2> (Z x2y> ; % \/(yz + x2)(zx + y?)(xy + z2)

cyc cyc

©9 <xyzz x3 + Z x3y3 + 2x2y2z2> >8 (xyzz B+ Z x3y3 + 3x2y2z2>

cyc cyc cyc cyc
? AM-GM
& xyzz x3 + Z x3y3 > 6x%y?z? - true xyzz x3 + Z 3y >
cyc cyc cyc cyc
2y2.,2 2y2.,2 2y2.,2 : | _2a
3x%y*z* + 3x°y“z” = 6x°y“Z z(*)lstrue.'-z P <3Vabc=1,

cyc

"=""a=b=c=1(QED)

2174. If x,y,z > O,chci = 3 then:

Z 1 <3
x3+x+2" 4

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 ? 1 ? ?
— < — o x3- >0 (x—1)2 >
T rxt2 > x x> -3x+2=>20(x—-1)*(x+2)=0

¢ >0 1 < 1 d ] 1 < 1 1
_) ‘.‘ ." — — .‘. —_— —_— —_—
rue - x 3 2 S and analogs E 3 257 E

cyc cyc
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"iffx=y=z=1(QED)

cyc

2175.1f a,b,c = 0 and a + b + ¢ = 2 then prove that

a? +b? + c? > 2(a®b?

+b3c3 + c3a® + 4a?b?c?)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
When exactly 2 variables equal to zero and WLOG we may assume

b=c=0(a=2),then: LHS =4 >0 = RHS

When exactly 1 variable equals to zero and WLOG we may assume a = 0
A-G
> 2bc

(b+c=2),then: lnequallty becomes : b2 + c? > 2b3c3 and - b2 + c?
2=b+c > 2vbc and

. it suffices to prove : 2bc > 2b3c3 © be < 1 - true -
so, we now focus on the case when : a,b,c > 0 and assigningb + c = x

c+a=ya+b=z=2x+y—-z2=2c>0,y+z—x=2a>0&z+x—-y=2b
>0=>x+y>2zy+z2>x2z2+x>y>=xYy,Zformsides of a triangle XYZ

)
with semiperimeter, circumradius and inradius = s,R,r (say); then
2 2
)

Za=s,abc=rzs,Zab=4Rr+r2,Za2 =s? —8Rr — 2r

cyc

=4

and - (s? —

r(768R?% —

and -

cyc cyc

Z a3b3 = (4Rr + r?)3 — 12Rr3s? and then

cyc

Z a? é 2 Z a®b3 + 4a®b?c? a+b;= g

cyc cyc

4
1 ?
Te Zaz Za > 2 Z:a:*b:‘+4a2b2c2
cyc cyc cyc
— 12Rr3s? + 4r*s?)

?
(s? — 8Rr — 2r?)s* > 32((4Rr + r?)3

& s® — (8Rr + 2r?)s* + r3(384R — 128r)s?> —r3(4R +r)3 >
()

Gerretsen

16Rr +5r?)2 > 0 -i
?

LHS of () > (s2 — 16Rr + 5r2)3 & (40R — 17r)s* —

— 5376R?r + 816Rr? — 157r3)

864Rr + 203r?)s? + r?(2048R3

Gerretsen

(40R—17r)(s?—16Rr+5r?)? > 0 -

in order to prove (*), it suffices to prove

?
=
(]
*

(e

—

~ in order to prove (xx),
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it suffices to prove : LHS of () > (40R — 17r)(s? — 16Rr + 5r2)2
& (512R?% — 80Rr — 33r?)s? > r(8192R3 — 5376R?r + 2904Rr? — 268r3)

o]
(***)

Gerretsen

and finally, LHS of (+++) >  (512R% — 80Rr — 33r2)(16Rr — 5r2) >
RHS of (+%%) & r2 ((1536R +40r)(R — 2r) + 513r2) > 0 > true

Euler
(strictinequality) ©* R = 2r = (x*x) = (¥x) = () is true VA XYZg g,

2 a’>?2 Z a3b3 + 4a?b%c? | whenever a, b, c > 0 and combining all cases,

cyc cyc

wehave:ZaZZZ Za3b3+4a2b2c2 Va,b,c20|a+b+c=2,

cyc cyc
r=itf (270 Yor ((P=0 Yor (LS20 ) @ED)

2176.If a,b,c = 0 and ab + bc + ca > 0 then prove that :
1 N 1 N 1 - 10
a?+b2 b%2+c?2 c2+a* " (a+b+c)?

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

When exactly 1 variable equals to zero and WLOG we may assume a = 0
1 1 1?2 10

- 4 >
bz-l_b2+c2+c2_(b+c)2
?
& b® + 2b%c — 6b*c? + 6b3c3® — 6b%c* + 2bc® +c® >0
?
& (b — ¢)?(b* + 4b3c + b%c? + 4bc3 + ¢*) > 0 - true and we now focus on
the case when : a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=

x+y—-z=2c>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y >z
y+z>x,z+x>7y>=x,y, Zformsides of a triangle XYZ with semiperimeter,

(b,c > 0),then, inequality becomes :

circumradius and inradius = s, R, r (say); then : z a = s, abc = r2s,
cyc
Z ab = 4Rr + rz,z a? = s? — 8Rr — Zrz,z a’b? = r?((4R +r)? — 2s?%)

cyc cyc cyc

dthen: ) LI L
e bz 2 " @+ b+ 02

cyc
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2 2

PR Zaz +§:azb2 Za > 10 Zaz z:azb2 — a’b?c?

cyc cyc cyc cyc cyc
o s? ((s2 —8Rr — 2r?)?2 +r?2((4R +r)? — ZSZ)) >
10 ((s? — 8Rr — 2r2)(r?) (4R + 1) — 25%) — 1*s? )
& s% — (16Rr — 14r?)s* — r?(80R? + 200Rr + 35r?)s? + 20r3(4R + r)30
(+)
Gerretsen
and - (s> —16Rr+ 5r?)3 > 0 - in order to prove (x), it suffices to prove :
LHS of () > (s? — 16Rr + 5r%)3 © (32R —r)s* —

r(848R% — 280Rr + 110r?)s? + r?(5376R3 — 2880R?r + 1440Rr? — 105r3) 3 0
(+%)

Gerretsen

and +~ (32R—r)(s? — 16Rr + 5r?)> > 0 - in order to prove (xx),
it suffices to prove : LHS of () > (32R — r)(s? — 16Rr + 5r2)?2

& (44R% — 18Rr — 25r2)s?| > [r(704R3 — 624R%r — 120Rr? + 20r3) and

(o]
(***)

Gerretsen ?
finally, LHS of (xxx) >  (44R? — 18Rr — 25r%)(16Rr — 5r?) > RHS of (*xx)
Euler

?
© r?(116R? — 190Rr + 105r?) > 0 - true (strict inequality) ~ R > 2r

_ 1 10
= (x4x) = (%) = (x) istrue VAXYZs g, = Z bZ 1 2 > @tbto?
cyc

whenever a,b, ¢ > 0 and combining all cases, we have :
1 1 1 10

>
a2+b2+b2+c2+c2+az_(a+b+c)2
"no__m s a:O b:O C:0
= it (b=c>0)0r(c:a>0)or(a=b>0)(QED)

2177.1f x,y,z > 0 and x +y + z = 3 then prove that :
1 1 1 6 1
+ + = — =
1+xy 1+4yz 1+zx x+. y+z 2

Proposed by Nguyen Hung Cuong-Vietnam

Va,b,c20|ab+bc+ca>0,

Solution by Soumava Chakraborty-Kolkata-India

Z 1 _Zl+yz—yz_3 yZ AM;GMB Z yZ
1+yz 1+yz 1+yz 2,/yz

cyc cyc cyc cyc
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1 ? 6 1 7—chcbc7 6

=3-3) ¥2= - =
cyc

ch \/E_E@ 2 _chca(a=\/§’b=\/§lc=ﬁ)

7
N 3 (chc az) - chc ab ; Z(chc aZ) chc a?

> . =3=>Z 2=3
2 Dcyc @ 3 Z" a
cyc cyc
7
2 2 3/ V= Zaz = \
? I 3 cyc
= 7Za2—32ab Za 48 Zaz |
( cyc

cyc cyc cyc *) | 7

\5 > ab >Zab/|

cyc cyc

Assigningb+c=Xc+a=Y,a+b=Z=>X+Y-Z=2c>0,Y+Z—-X =2a
>0andZ+X-Y=2b>0=2X+Y>ZY+Z>XZ+X>Y=>X,Y,Z form
sides of a triangle XYZ with semiperimeter, circumradius and inradius = s,R,r
(say);andthen:a=s—-Xb=s-Y,c= s—Z:-Zuz S,Zab = 4Rr + r?,

cyc cyc
Z a? = s2 — 8Rr — 2r? and hence, (+) © s° + (200Rr + 50r?)s* —

cyc

r2(4592R? + 2296Rr + 287r?)s? + 384r3(4R + r)30 and ~
()

Gerretsen
(s2—16Rr +5r?)2 > 0 . inorder to prove (x),it suffices to prove :

?
LHS of () > (s?2 — 16Rr + 5r?)3 & (248R + 35r)s* —
r(5360R? + 1816Rr + 362r?)s? + r?(28672R3 + 14592R?r + 5808Rr? + 259r3)

Gerretsen

0 and - (248R + 35r)(s? — 16Rr + 5r%)? >

{av -

0 .. in order to prove (),

~
*
*

-

?
it suffices to prove : LHS of (**) > (248R + 35r)(s? — 16Rr + 5r?)?

?
& (322R? — 397Rr — 89r?)s? 5 r(4352R3 — 5664R?r — 651Rr? + 77r3)
(%)

Gerretsen
& (322R%? — 397Rr — 89r%)s? >  (322R% — 397Rr — 89r?)(16Rr — 5r?)
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> r(4352R3 — 5664R%r — 651Rr? + 77r3) © 400t3 — 1149t% + 606t + 184 > 0

R ? Euler
(t - ;> & (t—2)((t—2)(400t +451) +810) > 0 > true =~ t > 2

= (xxx) = (¥x) = (») istrue V AXYZsg . = (¢) is true

) 1 4 1 + 1 S 6 1
Tl+axy 1+yz 1+zxT \x+ [y+vz 2
Vxy,z>0|x+y+z=3"="iff x=y=1z=1(QED)

2178.If x,y,z > 0 and xyz = 1 then prove that :

) 3 1
Ex+62—§x+§—
2 X

cyc cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

7 3 1
Let¥x = a,%/y =b,¥Z = cand th :Z 246>2 z Z—
etVx =a,fy ¥z = c and then X462 X+ )

cyc cyc cyc
2 Z a® + 6a?b?c? 3 abcz a® + Z alb® | (vxyz=1=abc=1)&
cyc (*) cyc cyc

assigningb+c=X,c+a=Y,a+b=Z=>X+Y-Z=2c>0,Y+Z—-—X=2a
>0andZ+X-Y=2b>0=>X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form

sides of a triangle XYZ with semiperimeter, circumradius, inradius
= s,R,r (say);

andthen:a=s—-Xb=s—-Y,c=s—-17Z . abc=rzs,2a=s,

cyc

Z ab = 4Rr + rz,z a3 =s3—12Rrs & SO'Z a®b3® = (4Rr + r?)3 — 12Rr3s?

cyc cyc cyc

and Z a® = (s® — 12Rrs)? — 2((4Rr + r?)? — 12Rr3s?) and hence, (¢) ©

cyc
?
2((s® — 12Rrs)? — 2((4Rr + r2)3 — 12Rr3s?) + 6r*s?) >
3(r?s(s® — 12Rrs) + (4Rr + r?)3 — 12Rr3s?) & 2s° — (48Rr + 3r?)s* +
r2(288R? + 120Rr + 12r?)s? — r3(448R3 + 336R?r + 84Rr? + 7r3)| > (0 and

?
[}

()
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Gerretsen
2(s? —16Rr +5r?)3 > 0 - inorder to prove (), it suffices to prove :

LHS of () > 2(s? — 16Rr + 5r2)3 & (48R — 33r)s* —
r(1248R? — 1080Rr + 138r?)s? + r2(7744R3 — 8016R?*r + 2316Rr? — 257r3)

? Gerretsen
> |0 and - (48R — 33r)(s? — 16Rr + 5r?)> > 0 - in order to prove (xx),

S
(*)

it suffices to prove : LHS of (++) > (48R — 33r)(s% — 16Rr + 5r2)2

?
& (72R? — 144Rr + 48r?)s? > r(1136R3 — 2028R?r + 1041Rr? — 142r3)
(***)

= 72R(R-2r) + 48r2 > 0

Rouche

and finally, (72R2 — 144Rr + 48r2)s? >

?

(72R? — 144Rr + 48r2) (ZRZ +10Rr —r2 — 2(R — Zr).M) >
r(1136R3 — 2028R?r + 1041Rr? — 142r3)
& (R — 2r)(144R3 — 356R?r + 200Rr? — 47r3) 2
2(R — 2r)./R2 — 2Rr. (72R? — 144Rr + 48r%)
© (144R? — 356R2r + 200Rr? — 47r%)? > 4(R? — 2Rr) (72R? — 144Rr + 4812)
( +R—2r > 0and - 144R® — 356R?r + 200Rr? — 47r% = )
(R — 2r)(34R(R — 2r) + 110R? + 64r2) + 8113 > 8113 > 0
o (4t + 1)((2t — 5)2(148t(t — 2) + 140t2 + 98) + 156t — 241) = 0 (t = g)

Euler
—strue vt > 2= (4%x) = (xx) = (x) istrue VAXYZsr, = (¢) is true

3 1
-'-Zx2+625 Zx+2; Vx,y,z>0|xyz=1,

cyc cyc cyc
"="iff x=y=2z=1(QED)
2179.

2
Ifx,y,z>0,Zx= 1and12§then:

cyc

3 3A+1 5
)LZx + xyz > 9 Zx

cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

3l+1
)LZx + xyz — x? =

cyc cyc

o i

cyc

Chebyshev 1
. Z x3 > -
3

cyc cyc

cyc

=%<2;x3—<;x2><;x>+w>

1 Schur
=3 Zx3+3xyz—2x2y—2xy2 >0

cyc cyc cyc

3 3A+1 ) 2
-'-AZx + xyz > 9 Zx Vx,y,z>0|2x=1and)»2§,

cyc cyc

cyc
12}

1
=" iffx=y=z=§ (QED)
2180.If a, b, c € R then:

Z\/a2+ab+b22\/4za2+52ab

cyc cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Jenish Rijal-Nepal

JETab b = j(a+9)2+(@)2

2 2

Via Minkowski's Inequality, we have:
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22 2 (zen) (52

cyc cyc

Also,z <a+g):;(a+b+c) and Q=£(a+b+c)

cyc cyc

Substituting these back into (1) :

9 3
LHSZ\/Z(a+b+c)2+1(a+b+c)2= /3(a+b+c)2=\/32a2+62ab

cyc cyc

By the well — known inequality Y., a®? > Y, ab:

s ey o (4zaz+szab>_<zaz_zab>z

cyc cyc cyc cyc cyc cyc

2J4Za2+szab

cyc cyc

Equality holds if and only if a=b = c.
2181.If a,b,c > 0 and ab + bc + ca = 3 then prove that :
1 1 1 75
ab bc + 16azb2c2 +9
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 ; 75
bc ~— 16a%b?c?2 +9

Letab=x,bc=y,ca=zandthen:z

cyc

bject t Z =3
®Zx16xyz+9su jectto 2. *

cyc cyc
Assigningy+z=Xz+x=Y,x+y=2>X+Y-Z=22>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form

sides of a triangle XYZ with semiperimeter, circumradius and inradius = s,R,r

)
(say)andso,ZszZXzZs::»zx(: s>x=s—-Xy=s—-Yz=s—-1Z

cyc cyc cyc
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r’s and hence ny = Z(S —X)(s—Y) = ny (e22)

=" 4Rr + r? and so,
cyc cyc

()
S XYyZ =

cyc

75 2 2
) x+y; =3 Yeyc XY ; 9 (chc x) 2 S(chc x)

XyZ > (chc x) + 16xyz (chc x)” +48xyz
via (+),(+) and () 4Rr +r? ? 2552

S

> o (R-6r)s? + 12r?(4R
r2s ~ s3 +48r3s ( r)s”+12r(4R + 1)

?
>0
“

*

*)
and (xx) is trivially true if : R — 6r > 0 and so, we now focus on the case when

~

Rouche
R — 6r < 0 and then : LHS of (x*) >

(R — 61) (2R2 + 10Rr — r2 + 2(R - 2r).\/R% — 2Rr) +12r2(4R+1) >0
< (R —2r)(2R? + 2Rr — 9r?)

?
=
“

*

2(6r —R)(R—2r).+v/R%Z — 2Rr and -
*)

(*
Euler

Euler
R—2r > Oand - 2R? 4+ 2Rr —9r? = 2(R? — 4r%?) + 2r(R - 2r) + 3r? >
3r? > 0 - in order to prove (xxx), it suffices to prove :

(2R? + 2Rr — 9r2)2 > 4(R% — 2Rr)(6r — R)?

? R ?
& 6413 —272t2 +252t+81>0 (t = F) o (4t+1)(4t—9)2 >0

Euler

—>true vt > 2= (¥*x) = (x+) istrue VA XYZg g, = (%) is true
1.1 1 75

'E-I_E-I_ca_16a2b2c2+9va'b'c>0|ab+bc+ca:3'
"="iffa=b=c=1(QED)
2182. If x,y,z > 0 then:

x+21/yz_|_y+2\/ﬁ_|_z+2,/3|cy>3
y+z Z+Xx

Xty

Proposed by Gheorghe Craciun-Romania
Solution 1 by Kasem Abotrabi, Khaled Abd Imouti-Syria

x+2./yz +2Vzx z+2./x
L = Yz Pl )
y+z zZ+x

x+y

Suppose:x = a%,y = b%,z = ¢* = /[xy = ab,\/zx = ac, \/yz = bc
2 2
c“+2ab b“+2ac
SO: L=
a%+b? a%+c?

2

a“+2ch
>3

c2+p2 —
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c®+2ab  c*+2ab - (a®+b?) + (a® - b?) 1+ c¢2 — (a—b)?
az+ bz a? + b2 B a? + b?
. g _ =(a-b)? | b*-(c-a)® | a*-(b—c)*
So let : L= a?+b? c+a? b2 +c2 =
¢ a®+b*+c®—(a®+b?) a®+b’+c?
a? + bz a? + b2 B a2+b2
_ 2. 2 1 1 1 1
L= (a +b*+c?) ( 2+ b2 + cZ+a? + b2+c2) 3+ (a2+b2 c+a? + b2+cz) =
L1+ a’ + b*+c* + 2ab a? + b%+c? +2ca+ +a2 + b%+c? +2cb 57643
B a? + b? a? + c2 b2z +
_a’>+b*+c? + (a+b)? +a2 + b%+c? +(a+c)2+a + b%+c? +(b+c)2 ’9
B a? + b? a? + c? b2 + 2 =
L> (a+b+c+a+b+a+b+c+a+c+a+b+c+b+c)?
2a? + 2b%+2c?
>25(a+b+c)2 >25 3 75 29 T
“2@+b+c) 22 40T
(Bergstrom’s inequality)
Equality holds when a=b=c=1
Solution 2 by Kasem Abotrabi, Khaled Abd Imouti-Syria
x,y,z >0
x+2,/yz +2Vzx z+2x
= Y2,y + Y 523
y+z zZ+x x+y
Z y+z Z y+z
cyc cyc
(\/E)Z_I_ZZ yz+y+z
yt+z yt+z
cyc cyc
x)? +z)?
(\/_) Z (\/_ 2) —3 (Bergstrom'’s inequality)
y+z yt+z
cyc cyc
Ly Ve @(Wx+y+2)?
- xt+y+z x+y+z
2
5(Vx+ .y ++z
= ( \/; ) -3 . AM - GM
2(x+y+2z)
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Vx+ [y ++vz > 33/,/xyz x+y+z>33xyz

2
5(33 xyz) 3
4
4> 354> 5,/xyz_3=)
2(3,/xyz) 63/xyz
1

A > > 3 A>9
— — ﬁ J—
-2 -2

Equality holds when x=y=1z =1

2183. If a®b3(1 + a*)(1 + b*) > 4, then prove that :
a’ +b% > 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a? + b? (x +y)?
> Vab € Rand xy < Vx,yeR

~a®b®(1 + a®)(1 + b*) = ab(b? + b%a*)(a? + a?b?) <

a’ + b?
.(b% + b%a*)(a? + a®b*) (~ b? + b%a* a® + a’b* > 0)

Since ab <

2
a? + b? (a2 + b? + a?b?(a? + bz))

2 ' 4
B a? +b? (a? +b?)? + a*b*(a? + b?)? + 2a?b?(a? + b?)?

2 4
2 2\4 2 2)2
a2 +b2 (@ +b0)2 + E P g2y 2y (@AD" (g2 | oy
< :
B 2 4 6 4
t(t2 +;—6+t7)
(v~ (@+b?)?2>0)~4<a’b®*(A+ar)(1+b*) < 3 (t = a? +b?)

>t7+8t5+16t3-512>0
= (t—2)(t6 + 2t5 + 12t* + 24¢3 + 64t% + 128t + 256) > 0
>t=a?+b%?>2(t>0). a®+b?>2whenever a®b?(1+a*)(1 +b*) > 4
anda,beR,"“" ="iff(a=b=1)or(a=b=-1) (QED)

2184. If a’b?(1 + a®)(1 + b3) > 4 then prove that :
a’?+b%>2

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

x+y)?
Since xy < ( y)

Vx,y €R . a’b?(1+a3)(1+b3)

2
(az + b? + a?b?(a + b))
= (a? + a?b3)(b? + b?%a?®) <

4
3 (a? + b?)? + a*b*(a + b)? + 2a’b?*(a®? + b?)(a + b) -

4
(a? + b?)?2 + a*b*.2(a? + b?) + 2a?b?(a? + bz).\/m

4
(v a*b* a’b?(a? + b?) > 0) <
2 2\4 2 2\2
(a2 + )2 + L ED g2 2y L (LA (g2 4 12y (@7 4 DD
4
(- a®+b% >0)
m* 1 m® , 1 m*m?

2 T1e1e™ t22 3 -2
+4<a?b?(1+a®)(1+b3) < Z (m = J2(a? + bZ))
> ml® +16m’ + 64m* — 4096 > 0
= (m-2) <m9 +2m® + 4m’ + 24m® + 48m° + 96m* + 256m> +) >0

512m? + 1024m + 2048
>m=+2@2+b2)>2(~m>0)=>a®*+b?*>2
whenever a’b?(1+ a3)(1 +b3) >4anda,beR,” =" iffa=b = 1 (QED)

2185. If x,y,z > 0 then prove that :

yZ
Z V+o) iyt 2;"

cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=2z>0,
b+c—a=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>bhb
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx=Za=Zs:>2x=s

cyc cyc cyc
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Z ?
=>X=S—a,y=s—b,z=s—c.‘.z (Y+z)'\[(x+y3),(x+z) 223(
cyc

cyc

@Z( \/(s—b)(s—c)) @Zasm >s

cyc cyc
. A B-C
A asinz cos —— . A B—-C
Now, E asin - = E = E (asm—cos )
2 B—-C 2 2
cyc cyc cos 2 cyc

1
<1land analogs) = EZ(a(cos B+ cos())

cyc

=%Z a(ZcosA—cosA) = R+r(25)——Zsm2A

cyc cyc cyc

( 0 < cos

_s(R+r) R 4Rrs

R 2 "8R3

yz 12} nos

R . > = =V =

E (Y+z)j(x+y)(x+z) _cEchx,y,z>0, iff x =y =z (QED)
y

=s = () is true

cyc

2186.1fa,b > 0;a + b = 2a?b? then:

a+1 b+1
b2+ >

az
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

DenoteS =a+ b;P=ab;s >0;P >0

AM-GM
a+b > 2Jab>S3>2JP=2P?>2/P

>P2>P=>P*>P=>P3>1=>P>1=>P-12>0 (1)
We used the hypothesis: S = 2P2.

a+1 b+1
b2 + a?
a® + b3 + a? + b? — 4a%b?* >0

>4 a’*(a+1)+ b%*(b+1) > 4a’b?
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§S3—-3SP+S2-2P—-4P2 >0

8P% — 6P3 + 4P* — 2P —4P* >0
4P> —3P?> +2P3—-1-2P >0
4P> +2P3 —-3P?-2P-12>0
4P> — 4P* + 4P* — 4P3 + 6P3 —6P?> +3P>?-3P+P—-12>0
4P*(P-1)+4P3(P-1)+6P?2(P-1)+3P(P-1)+(P—-1)>0
(P-1)(4P*+4P3 +6P* +3P+1)>0
P—1>0 (Trueby(1))
Equality holds fora = b = 1.
2187.1f a,b > 0;ab = a + b then:
a+1 b+1
b3 + a3

Proposed by Nguyen Hung Cuong — Vietnam

3
> —
4

Solution by Daniel Sitaru — Romania

Denote:S=a+ b;P=ab;S >0;P >0

AM-GM
a+b > 2Vab=>S5S>2/P>S>2J/S>

=>52>45>8>4=>5-4>0 (1)

a+1 b+1 3
2+t 3 2Z<:>4[a3(a+1)+b3(b+1)]23a3b3

4(a* + b*) + 4(a® + b3) > 3a3b3
4[(8? —2P)? — 2P%] + 4(S3—-3SP) —3P3 >0
S=P=>4(5*—-25)%—-85>+48%-1252-353>0
45* — 1653 + 165% — 85% + §3 — 12582 >0
45* —155% - 452 >0 452 -155—-4>0
45> -165+5S—-4>0455-4)+(5-4)=>0
($§5—4)(45+1)=>0<S—4 >0 (True by (1)).

Equality holds fora = b = 2.
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2188. If a,b,c = 0,ab + bc + ca = 1 then prove that :

a N b N C - 1 +abc
(a+1)?% (b+1)?2% (c+1)%2 a+b+c 4

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

When exactly one variable equals to zero WLOG we may assume a = 0

b C ? 1
:1 h i i i . >
(b,c > 0 A bc = 1), then it boils down to proving b+ 1) + 112 (?)b "
bc(b+c)+4bc+b+c 2(b+c)+4 2 2 1
(bc+b+c+1)2  (2+b+c¢)2 b+c+2 b+c

&|b+c¢>2=2Vbc|( bc=1) > true via AM — GM and when : a,b,c > 0,

AM-GM
then:ab+bc+ca=1=>1—-bc=a(b+c) > 2abc
1—t2 1—t2 ?

=las— (t=vbc) ~Vbcla+1) =ta+t< +t<2
? ? bc
oSt2-2t+3>00 (t—1)24+42>0->true ~Vvbc(a+1)<2=>—>—
(a+1)2° 4
d a abc d 1 a>0 1 via(®» b c
) > < <
andso (a+1)2 g | a+b+c b+c (b+1)2+(c+1)2
a 4 b 4 c S 1 +abc d
=
(a+1)2 (b+1)?2 (c+1)2 a+b+c 4 andso,
a b c 1 abc

Va,b,c20|ab+bc+ca=1,

>
@+1)?2 +1)Z2 (c+1)2-a+btc’ 4

+
"= iff (bijzo 1) or (cl:):(:) 1) or (ai;():l) (QED)

2189.If a, b, c > 0 then:

Z\/(l + b2)(1 + ¢2) 6

a

cyc
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
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zJ(l + b2)(1 + c?) AM_GM ZVZb -2¢
p > =

a

cyc cyc

Vbc am-em f‘\[\/ﬁ Jea ab 3|labc
=2 > 2.3 = —=6

a a b c abc

=6-1=6
a

cyc
Equality holdsfora = b =c = 1.
2190.If a,b > 0,ab = 1 then:

2 2 2 2
a® +2b 'bb +2a <1

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

2 2 2 2 2 2 2 2
a® +2b° bb +2a <1>= ln(aa +2b° bb +2a ) <In1

(a? +2b*)Ina+ (b®>+2a®>)Inb <0
, 2 1 N1
(a +—2>lna+(—2+2a)ln—so
a a a

2 1
a? lna+—21na+—21na‘1 +2a’lnal1<0
a a

1
azlna+—21na——21na—2a21nas 0
a a

2 1
(a2+—2——2—2a2)lnaS0
a’ a

4

1 ) a
(—2—a>lnaSO(:> 5 Ina=0
a a

a—1)(a+1)(a*+1
( X > ) )lna20<:>(a—1)lna20

fFa>1=>a-1>0;lna>0=>(a—1)lna=>0
F0<a<l1=>a-1<0;lna<0=>(a—1)Ilna=0
Equality holds fora = b = 1.
2191.If a,b,c > 0 and ab + bc + ca = 3 then prove that :

21abc

4a’b*c?+3>——
a+b+c
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>Yy
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

=s,R,r (say); then : Z a =s,abc = rzs,z ab = 4Rr + r? and then :

cyc cyc
3 2
9v 2 2 ? 21abc S 3 ? 21abc 1
4a°b“c* +3>—— < 4a°b“c* + — Zab >— = Zab
a+b+c 27 at+b+c9
cyc cyc

Z ab = 3 | © s((4Rr + r2)3 + 36s%r*) > 21r2s(4Rr + r?)2

cyc
& 16R3 — 72R?r — 39Rr? — 5r3 + 9rs? 5 0

)
Gerretsen
Now,since 9rs®> >  9r(16Rr — 5r2) . LHS of (») >
16R3 — 72R?r — 39Rr? — 5r3 + 9r(16Rr — 51‘2) 2 0
& 16R3 — 72R%r + 105Rr2 — 50r3 > 0 & (R— 2r)(4R — 5r)%2 > 0 > true
Euler 21abc
R = 2r= (x)istrueV AXYZsgz, - 4a’b?c? +3 > ——
o at+b+c

Va,b,c>0|ab+bc+ca=3,”=" iff a=b =c=1(QED)

2192.If a,b,c > 0; abc = 1 then:

(@ + Db+ 1)P(+1) =8

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania
@+ DB+ DP(+1)=>8
In[(a® + 1)%(b® + 1)P(c* + 1)°| > In 8
aln(a® +1) +bIn(b® +1) +cIn(c® +1) >31In2 (to prove)
Let be f: (0,) - R; f(x) = xIn(1 + x3)

2 3
=In(1 3
n( +x)+1+x3

() =In(1+x3) +x- >0

x
1+x3
f'(x) >0 = f increasing
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3x? N 9x%(1 + x3) — 3x3 - 3x? 3 3x? N 9x? S
1+ x3 (1 + x3)2 T 1+ a3 (14 a3)2
f"(x) > 0= f convex

fII (x) - 0

aln(a®>+1)+bIn(b>+1) +cIn(c3+1) =

ENSEN a+b+ c) AM—-GM
) >

J
—f@+f®)+f©" = 3f(T

> 3f(Vabc) = 3f(V¥1) =3f(1) = 3In2
Equality holdsfora=b =c = 1.
2193.1fa,b,c > 0,n € N, Y. a* > 3 then:

Z at n>3
a? +2b+2c/ 5"

cyc

Proposed by Marin Chirciu-Romania
Solution by Jenish Rijal-Nepal

a’?+1>2a = ZZaSZ(a2+1) = ZZaSZaZ +3

cyc cyc cyc cyc
Z a4 BERG'§>IROM (Z a2)2 B (Z aZ)Z -
a?+2b+2c Y@a2+2b+2c) Ya?+4Ya~
cyc
< 2 2.
o e @ed? CEY Ea)?  _za? L7 3
“Ya?+2Ya?+6 3Ya2+6 ~ 3Ya%?+2Ya? 5 = 5

1 z a4 n Powcre_r;Mean 1 Z a4 n><1 3>n_ 1
3 a? +2b + 2c - 3 a?+2b+2c|] ~\3 5/ 57

cyc cyc

at "3
- )] >
Z a’+2b+2c) 5"

cyc

Equality holds if and onlyif a=b =c = 1.

2194.1f a,b,c > 0, Y yca* = 3abc and n € N* then :
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a” - 9
Z pntlen+tl — g 4+ b+ ¢

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

n+1 n+1
S (- S OFF - N
£ pn+icn+l — £ a - 3n-1 (chc a) h 3n-1, (chc a)

v ) a?=3abc= ) =3 = i dso, » @ 5 2
' a = 2abe be )T a+b+ec MO LpnHientt T g bt

cyc cyc cyc

Va,b,c>0] Zaz = 3abc,” =" iffa=b =c=1(QED)

cyc
2195.If x,y,z > 0, Y.y Xy = 3 and Z <A< 6then:

zx?’ +Axyz > A+ 3
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

<Zx>2Zgzxyzgﬁzxﬁﬁ(zx)(zxy)zg

cyc cyc cyc cyc cyc

:,zxmxyz_ms)2zxs+mz_($)<zx><zxy>

cyc cyc cyc cyc

2l e
Sl )
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(B

Schur
=Zx3—(Zx)(ny>+6xyz=Zx3+3xyz—2x2y—2xy2 >0

cyc cyc cyc cyc cyc cyc

9
-'-Zx3+)txyz2)t+3‘v’x,y,z>0| ny=3andzsls 6,
cyc cyc

"="iffx=y=2z=1(QED)

2196.If a,b,c > 0; abc = 1 then:

(a+2)?% (b+2)? (c+2)>
e + 3 + 3 > 27

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a+2)?% (b+2)?% (c+2)?% am-6m
( )+( )+( ) Z

a3 b3 c3 -
3 g 3
g 3j((a + 2)((”‘1;62)2(“ t2) _ BJ((a +2)(b+2)(c+2))

Remains to prove:

33\/((a+ 2)(b+2)(c+2) 227 i/((a +2)(b+2)(c+2)" =9

((a+2)(b+2)(c+2)" =9 (a+2)(b+2)(c+2) >3°
abc+ 2(ab+ bc+ca)+4(a+b+c)+8=27
2(ab+bc+ca)+4(a+b+c)>18
ab+bc+ca+2(a+b+c)=9 (toprove)

AM—-GM 5
ab+bc+ca+2(a+b+c) = 9\/ab-bc-ca-a2-b2-cz=9\/(abc)4=9-1=9

Equality holdsfora=b =c = 1.

2197. Let a4, ay, .....,a,(n = 3)be positive real numbers such that
n

Z a; < n.Prove that:
i=1
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n n
Z\/7a§ -12a;+9 = Zz:a2
i=1 i=1

Proposed by Nguyen Van Hoa-Vietnam

Solution by Jenish Rijal-Nepal

7
Claim: \/7a2 —12a+9 > 2a? —g(a3 -1)

7
Proof: J7a? —12a+9 — 2a? +g(a3 -1) =

a+3 a+3 7
=<\/7a2—12a+9——)+< —2a2+g(a3—1)>

2 2
2
a+3 (7a2—12a+9)—@
\/7a2—12a+9— 7 = T3
V7a?2 —12a+9 + >
~ 27(a - 1)
4(V7a? - )
a+3 7 1 1 (a—1)%*7a+2
> —2a2+ (a —1)—ga —2(12+Za+3 ( )6( )
27 7a+ 2
J7a2—12a+9—2a2+—(a3—1)=(a—1)2 =13 +(a )
6 4(V7a2 - =) 6

=0

7
~\7a2 —12a+9 > 2a? —g(a3 -1)

n n n
2 2_7 3
:Z 7a; —12a; +9 ZZZai—g Zai—n
i=1 i=1 i=1

n n
; 3 7 3
Since a; —n < 0,we have —— a; —n|=0:
i i=1

1l1_ n n n
z\/7a§—12ai+9 zzz 3——(2a§—n>222a§—0=22a§

i=1 i=1 i=1 N i=1 i=1
Therefore: Z J7a —12a; +9 = Zz
=1
Equality holds if and only if a, = az =..... =a, =1.

2198. If a,b,c = 1,prove that:
(logy,. 03 (B% + b7*))’ + (logy ,,3(c? + ¢*))” + (log,, 5(a? + a®*))” =
> (10g,,qa(b + b)) + (logyya(c? + ) + (logy, a(a? +a®))’
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Proposed by Pavlos Trifon-Greece
Solution by Jenish Rijal-Nepal

Lemma: t +t2>t3+1 ve>1

2 Berzgulli
t" =(1+(t-1) > 1+82t-1) ot +223+1 vi=1
Lemma
2 ~
Let x = log, ,;3(b?2 + b*") = log,,s(b*+1) >0,
y =log,,,3(c? + ¢*) = log,,,3(c3 + 1) > 0 and
z =log,, s(a? +a®) > log,, s(a® +1) > 0
We have:
xyz >10g,,3(b3+ 1) log,,,3(c3 + 1) log,,3(a®>+1) =
_In(k*+1) In(c*+1) In(@®>+1)
" In(14+ a3 In(1+5b3) In(1+c3)
Thus, it suffices to prove that: x3 +y3 + 23 >x? + y2 + z2  with xyz>1

WLOG assume that: x>y >z = x? > y? > 2%
Chebyshev AM—-GM

Bry3+z8 = §(x+y+z)(x2+y2+zz) >
xyz=1
>3xyz(x2 +y2 +22) = 12 +y*+ 22
Thus x3 + y3 + 23 > x% + y* + 2% .
Equality holds ifand onlyif a = b =c = 1.

2199.1f a,b,c > 0,ab + bc + ca = 1 then:
(ab + 1)? (bc + 1) (ca + 1) - 8

- + >
a? + 4ab + b%2  b%2+4bc+c%2 c®2+4ca+a? " 3
Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

a’?+b®>+c*>ab+bc+ca=1
a’?+b*+c2=>1 (1)

(ab + 1)? (bc + 1)? (ca+1)? z (ab + 1)? BERGSTROM
a?+4ab+ b2 b2 +4bc+c?2 2 +4ca+a? Lua? + 4ab + b? =

cyc

- (ab+1+bc+1+ca+1)®> (1+3)? B
“2(a2+b*+c?)+4(ab+bc+ca) 2(a?+b%2+c2)+4
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16 8 1 8 8

= > > =
22+ b%2+c2)+4 a?+b%2+c2+2 1+2 3

Equality holdsfora = b = ¢ = ?.

2200.Ifa,b > 0;a + b = 2 then:
a*+ b* + 6ab > 8
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

Denote:S=a+ b;P =ab

AM-GM
S=a+b=22=a+b > 2Vab=2VP

2>2P=>VP<1=>P<1=2>P-1<0=>P-4<-3<0
P-1<0;P-4<0=>P-1)P-4)=>0
P2-5P+4>0>2P2—10P+8>0
16 + 4P2 — 16P — 2P> + 6P > 8
(4 —2P)> —2P?>+6P > 8
(§2 —2P)> —2P2 + 6P > 8
a* + b* + 6ab > 8

Equality holds fora = b = 1.

83 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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