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2101.  

𝑰𝒇 {
𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 ∈ 𝑹

+

𝒃𝟏, 𝒃𝟐, … , 𝒃𝒏 ∈ 𝑹
+ 𝒂𝒏𝒅 𝒑, 𝒒 > 0 

𝟏

𝒑
+
𝟏

𝒒
= 𝟏 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆  

[(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

+
𝒏𝟐

𝟒
(∑𝒃𝒊

𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

]∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

≥ 𝒏𝟑√∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

 

Proposed by Khaled Abd Imouti-Syria 
Solution by Amin Hajiyev-Azerbaijan 

𝑳𝑯𝑺 = [(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

+
𝒏𝟐

𝟒
(∑𝒃𝒊

𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

]∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

= [𝑨 + 𝑩]∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

 

𝑨 + 𝑩 ≥⏞
𝑨𝑴−𝑮𝑴

𝟐√𝑨𝑩 →  𝑨 + 𝑩 ≥ 𝟐√[(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐
𝒏𝟐

𝟒
(∑𝒃𝒊

𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

] =

= 𝒏√[(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

(∑𝒃𝒊
𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

] = 𝒏∑𝒂𝒊

𝒏

𝒊=𝟏

√[(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒃𝒊
𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

] 

𝟎 < 𝑝, 𝑞,
𝟏

𝒑
+
𝟏

𝒒
= 𝟏, [(∑𝒂𝒊

𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒃𝒊
𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

] ≥⏞
𝑯𝒐𝒍𝒅𝒆𝒓𝒔

∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

 

𝑨 +𝑩 ≥ 𝒏∑𝒂𝒊

𝒏

𝒊=𝟏

√[∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

] →  𝑳𝑯𝑺 ≥ [𝑨 + 𝑩]∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

 

𝑳𝑯𝑺 ≥ 𝒏∑𝒂𝒊

𝒏

𝒊=𝟏

∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

√[∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

] →  ∑𝒂𝒊

𝒏

𝒊=𝟏

∑
𝟏

𝒂𝒊

𝒏

𝒏=𝟏

≥⏞
𝑩𝒖𝒏𝒚𝒂𝒌𝒐𝒗𝒔𝒌𝒊

𝒏𝟐 

 𝑳𝑯𝑺 ≥ 𝒏𝟑√∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 {
𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏
𝒃𝟏 = 𝒃𝟐 = ⋯ = 𝒃𝒏
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[(∑𝒂𝒊
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

+
𝒏𝟐

𝟒
(∑𝒃𝒊

𝒒

𝒏

𝒊=𝟏

)

𝟏
𝒒

]∑
𝟏

𝒂𝒊

𝒏

𝒊=𝟏

≥ 𝒏𝟑√∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

     (𝑸. 𝑬.𝑫) 

2102. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎 𝐭𝐡𝐞𝐧 ∶ 

∑
𝐛𝟐 + 𝐜𝟐

𝛌 + 𝒂𝟐
𝐜𝐲𝐜

≥
𝟔

𝛌 + 𝟏
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐨𝐫 𝒂𝒍𝒍 𝒙 > 0, 𝛌 ≥ 𝟎,
𝟏

𝒙 + 𝛌
−

𝟏

𝛌 + 𝟏
+

𝒙 − 𝟏

(𝛌 + 𝟏)𝟐
=

𝟏 − 𝒙

(𝛌 + 𝟏)(𝒙 + 𝛌)
−

𝟏 − 𝒙

(𝛌 + 𝟏)𝟐
 

=
𝟏 − 𝒙

𝛌 + 𝟏
. (

𝟏

𝒙 + 𝛌
−

𝟏

𝛌 + 𝟏
) =

(𝟏 − 𝒙)𝟐

(𝛌 + 𝟏)𝟐(𝒙 + 𝛌)
≥ 𝟎 ∴

𝟏

𝒙 + 𝛌
≥

𝟏

𝛌 + 𝟏
−

𝒙 − 𝟏

(𝛌 + 𝟏)𝟐
 𝒂𝐧𝐝  

𝐰𝐢𝐭𝐡 𝒙 ≡ 𝒂𝟐,
𝟏

𝒂𝟐 + 𝛌
≥

𝟏

𝛌 + 𝟏
−
𝒂𝟐 − 𝟏

(𝛌 + 𝟏)𝟐
 

⇒
𝐛𝟐 + 𝐜𝟐

𝛌 + 𝒂𝟐
≥
(𝐛𝟐 + 𝐜𝟐)(𝛌 + 𝟏)

(𝛌 + 𝟏)𝟐
−
(𝒂𝟐 − 𝟏)(𝐛𝟐 + 𝐜𝟐)

(𝛌 + 𝟏)𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝐛𝟐 + 𝐜𝟐

𝛌 + 𝒂𝟐
𝐜𝐲𝐜

≥∑
(𝐛𝟐 + 𝐜𝟐)(𝛌 + 𝟏) − (𝒂𝟐 − 𝟏)(𝐛𝟐 + 𝐜𝟐)

(𝛌 + 𝟏)𝟐
𝐜𝐲𝐜

≥
? 𝟔(𝛌 + 𝟏)

(𝛌 + 𝟏)𝟐
 

⇔ 𝛌(∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑) + 𝟐∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝, 𝐧𝐨𝐰, 𝟐∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑 

=
𝟐

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−
𝟑

𝟖𝟏
(∑𝒂

𝐜𝐲𝐜

)

𝟒

 (∵∑𝒂

𝐜𝐲𝐜

= 𝟑) 

=
𝟏

𝟐𝟕
(𝟓∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟑𝐛

𝐜𝐲𝐜

+ 𝟖∑𝒂𝐛𝟑

𝐜𝐲𝐜

− 𝟐𝟏∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ≥ 𝟎; 𝐬𝐢𝐧𝐜𝐞 

𝟓∑𝒂𝟒

𝐜𝐲𝐜

≥ 𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝟖∑𝒂𝟑𝐛

𝐜𝐲𝐜

+ 𝟖∑𝒂𝐛𝟑

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟏𝟔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜
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∴ 𝟐∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑 ≥
①

𝟎 𝒂𝐧𝐝 ∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑 ≥
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑 =
𝟗

𝟑
− 𝟑 = 𝟎 

𝒂𝐧𝐝 ∵ 𝛌 ≥ 𝟎 ∴ 𝛌(∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑) ≥
②

𝟎 𝒂𝐧𝐝 𝐬𝐨,①+②⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑
𝐛𝟐 + 𝐜𝟐

𝛌 + 𝒂𝟐
𝐜𝐲𝐜

≥
𝟔

𝛌 + 𝟏
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

2103. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟓

𝟑
 𝐭𝐡𝐞𝐧 ∶ 

∑(𝒂 +
𝛌

𝐛
)

𝟐

𝐜𝐲𝐜

≥
𝟑

𝟒
(𝛌 + 𝟏)𝟐(𝒂 + 𝐛 + 𝐜 + 𝟏) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑(𝒂+
𝛌

𝐛
)
𝟐

𝐜𝐲𝐜

=∑𝒂𝟐

𝐜𝐲𝐜

+ 𝛌𝟐∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

+ 𝟐𝛌∑
𝒂

𝐛
𝐜𝐲𝐜

≥ 

∑𝒂𝟐

𝐜𝐲𝐜

+
𝛌𝟐

𝒂𝟐𝐛𝟐𝐜𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟐𝛌

√𝒂𝐛𝐜
𝟑 .∑𝒂

𝐜𝐲𝐜

≥ 

𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝛌𝟐𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

+ 𝟐𝛌(∑𝒂

𝐜𝐲𝐜

) (∵ 𝒂𝐛𝐜 = 𝟏) 

=
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝛌𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟐𝛌(∑𝒂

𝐜𝐲𝐜

) (∵ 𝒂𝐛𝐜 = 𝟏) ≥
? 𝟑

𝟒
(𝛌 + 𝟏)𝟐 (∑𝒂

𝐜𝐲𝐜

+ 𝟏) 

⇔ 𝟒(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟏𝟐𝛌𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟐𝟒𝛌(∑𝒂

𝐜𝐲𝐜

) ≥
?
(𝟗𝛌𝟐 + 𝟏𝟖𝛌 + 𝟗)(∑𝒂

𝐜𝐲𝐜

+ 𝟏) 

⇔ ((∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟗) + 𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟏𝟐𝛌𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟐𝟒𝛌(∑𝒂

𝐜𝐲𝐜

) ≥
?
⏟
(∗)
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𝟗𝛌𝟐 + 𝟏𝟖𝛌 + (𝟗𝛌𝟐 + 𝟏𝟖𝛌 + 𝟗)(∑𝒂

𝐜𝐲𝐜

) 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 ∑𝒂

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝐛𝐜
𝟑

= 𝟑 ⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟗 ≥ 𝟎 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 

𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟗∑𝒂

𝐜𝐲𝐜

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟗∑𝒂

𝐜𝐲𝐜

+ 𝟏𝟐𝛌𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟐𝟒𝛌(∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟗𝛌𝟐 + 𝟏𝟖𝛌 + (𝟗𝛌𝟐 + 𝟏𝟖𝛌 + 𝟗)(∑𝒂

𝐜𝐲𝐜

) 

⇔ (𝟑𝛌𝟐 + 𝟔𝛌) (∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟗𝛌𝟐 + 𝟏𝟖𝛌 → 𝐭𝐫𝐮𝐞 ∵ ∑𝒂

𝐜𝐲𝐜

≥ 𝟑 (𝐬𝐡𝐨𝐰𝐧 𝐛𝐞𝐟𝐨𝐫𝐞) 𝒂𝐧𝐝 

∵ 𝛌 ≥ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑(𝒂 +
𝛌

𝐛
)
𝟐

𝐜𝐲𝐜

≥
𝟑

𝟒
(𝛌 + 𝟏)𝟐(𝒂 + 𝐛 + 𝐜 + 𝟏) 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟓

𝟑
, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

2104. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 𝒂𝐧𝐝 𝛌 ≥ 𝟐 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝟏 + 𝛌𝐛𝐜
𝐜𝐲𝐜

≥
𝟑

𝛌 + 𝟏
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟏 + 𝛌𝐛𝐜
𝐜𝐲𝐜

=∑
𝒂𝟐

𝒂𝟐 + 𝛌𝒂𝟐𝐛𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝛌𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜

 

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝛌∑ 𝒂𝐛𝐜𝐲𝐜

 (∵ ∑𝒂

𝐜𝐲𝐜

=∑
𝟏

𝒂
𝐜𝐲𝐜

) ≥
? 𝟑

𝛌 + 𝟏
 

⇔ 𝛌(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑𝛌∑𝒂𝐛

𝐜𝐲𝐜

 



 
www.ssmrmh.ro 

7 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200 

 

⇔ 𝛌(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?
𝟐(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) ⇔
(𝛌 − 𝟐)

𝟐
. (∑(𝒂 − 𝐛)𝟐

𝐜𝐲𝐜

) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝛌 ≥ 𝟐 ∴∑
𝟏

𝟏 + 𝛌𝐛𝐜
𝐜𝐲𝐜

≥
𝟑

𝛌 + 𝟏
 ∀ 𝒂, 𝐛, 𝐜 > 0│ 𝑎 + 𝐛 + 𝐜 =

𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 

𝒂𝐧𝐝 𝛌 ≥ 𝟐, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2105. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, ∑
𝛌+𝟏

𝛌𝟐+𝒙𝟐𝐜𝐲𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟏 𝐭𝐡𝐞𝐧 ∶ 

∑
𝛌− 𝒙

𝛌𝟐 − 𝛌𝒙 + 𝒙𝟐
𝐜𝐲𝐜

≥ 𝟎 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝛌
.∑

(𝛌𝟐 − 𝛌𝒙 + 𝒙𝟐) − 𝒙𝟐

𝛌𝟐 − 𝛌𝒙 + 𝒙𝟐
𝐜𝐲𝐜

=
𝟏

𝛌
. (𝟑 −∑

𝒙𝟐

𝛌𝟐 − 𝛌𝒙 + 𝒙𝟐
𝐜𝐲𝐜

) 

≥
𝐀𝐌−𝐆𝐌 𝟏

𝛌
. (𝟑 −∑

𝒙𝟐

𝛌𝟐 −
𝛌𝟐 + 𝒙𝟐

𝟐 + 𝒙𝟐𝐜𝐲𝐜

) =
𝟏

𝛌
. (𝟑 −∑

𝟐(𝒙𝟐 + 𝛌𝟐 − 𝛌𝟐)

𝛌𝟐 + 𝒙𝟐
𝐜𝐲𝐜

) 

=
𝟏

𝛌
.(−𝟑 + 𝟐𝛌𝟐.∑

𝟏

𝛌𝟐 + 𝒙𝟐
𝐜𝐲𝐜

) =
𝟏

𝛌
. (−𝟑 + 𝟐𝛌𝟐.

𝟑

𝛌 + 𝟏
) (∵∑

𝛌 + 𝟏

𝛌𝟐 + 𝒙𝟐
𝐜𝐲𝐜

= 𝟑) 

=
𝟑

𝛌(𝛌 + 𝟏)
. (𝟐𝛌𝟐 − 𝛌 − 𝟏) =

𝟑(𝛌 − 𝟏)(𝟐𝛌 + 𝟏)

𝛌(𝛌 + 𝟏)
≥ 𝟎 (∵ 𝛌 ≥ 𝟏) 

∴ ∑
𝛌 − 𝒙

𝛌𝟐 − 𝛌𝒙 + 𝒙𝟐
𝐜𝐲𝐜

≥ 𝟎 ∀ 𝒙, 𝐲, 𝐳 > 0│∑
𝛌 + 𝟏

𝛌𝟐 + 𝒙𝟐
𝐜𝐲𝐜

= 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝛌 = 𝟏 (𝐐𝐄𝐃) 
 

2106. If 𝒂, 𝒃 > 0 then: 

𝒂𝟔 + 𝒃𝟔

𝒂𝟑 𝒃𝟑
+

𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
≥ 𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒙 =
𝒂𝟐 + 𝒃𝟐

𝒂𝒃
≥

𝑨𝑴−𝑮𝑴 𝟐𝒂𝒃

𝒂𝒃
= 𝟐 (𝟏) 
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𝒂𝟔 + 𝒃𝟔

𝒂𝟑 𝒃𝟑
=
(𝒂𝟐 + 𝒃𝟐)𝟑 − 𝟑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐)

𝒂𝟑𝒃𝟑
= (

𝒂𝟐 + 𝒃𝟐

𝒂𝒃
)

𝟑

− 𝟑
𝒂𝟐 + 𝒃𝟐

𝒂𝒃
= 𝒙𝟑 − 𝟑𝒙 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 
 

𝒂𝟔 + 𝒃𝟔

𝒂𝟑 𝒃𝟑
+

𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
≥ 𝟑 

𝒐𝒓, 𝒙𝟑 − 𝟑𝒙 +
𝟐

𝒙
≥ 𝟑 𝒐𝒓, 𝒙𝟒 − 𝟑𝒙𝟐 − 𝟑𝒙 + 𝟐 ≥ 𝟎 𝒐𝒓, (𝒙 − 𝟐)(𝒙𝟑 + 𝟐𝒙𝟐 + 𝒙 − 𝟏) ≥ 𝟎 

𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟐 
 

Equality  holds  for  a=b=1. 
 

2107. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1 then: 

𝒂 + 𝒃 + 𝒄 +
𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥
𝟏𝟎

𝟑
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝒂𝒃𝒄 = 𝟏 𝒕𝒉𝒆𝒏 𝒂 + 𝒃 + 𝒄 ≥
𝑨𝑴−𝑮𝑴

 𝟑√𝒂𝒃𝒄
𝟑

= 𝟑  
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

𝒂 + 𝒃 + 𝒄 +
𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥
𝟏𝟎

𝟑
 

 

𝒂 + 𝒃 + 𝒄 +
𝟏

(𝒂 + 𝒃 + 𝒄)𝟐

𝟑

≥
𝟏𝟎

𝟑
 

𝒙 +
𝟑

𝒙𝟐
≥

𝒙=𝒂+𝒃+𝒄≥𝟑 𝟏𝟎

𝟑
 

 𝟑𝒙𝟑 − 𝟏𝟎𝒙𝟐 + 𝟗 ≥ 𝟎  
 

(𝒙 − 𝟑)(𝟑𝒙𝟐 − 𝒙 − 𝟑) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟑 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 
2108. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔

𝒂𝟐𝒃𝟐𝒄𝟐
+ (

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)

𝟐

≥ 𝟒 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Tapas Das-India 
 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥
𝑨𝑴−𝑮𝑴

 𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

 𝒐𝒓,
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑

𝟐𝟕
≥ 𝒂𝟐𝒃𝟐𝒄𝟐 (𝟏) 

𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 =
(𝒂𝟐)𝟑

(𝟏)𝟐
+
(𝒃𝟐)𝟑

(𝟏)𝟐
+
(𝒄𝟐)𝟑

(𝟏)𝟐
≥

𝑹𝒂𝒅𝒐𝒏 (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑

𝟗
 (𝟐) 

𝑳𝒆𝒕 𝒙 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟏 𝒂𝒔 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔

𝒂𝟐𝒃𝟐𝒄𝟐
+ (

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)
𝟐

≥ 𝟒 

 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑

𝟗
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑

𝟐𝟕

+ (
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)
𝟐

≥ 𝟒 

𝟑(
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
)

𝟑

+ (
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)
𝟐

≥ 𝟒 

𝟑𝒙𝟑 +
𝟏

𝒙𝟐
≥ 𝟒 𝒐𝒓, 𝟑𝒙𝟓 − 𝟒𝒙𝟐 + 𝟏 ≥ 𝟎  

(𝒙 − 𝟏)(𝟑𝒙𝟒 + 𝟑𝒙𝟑 + 𝟑𝒙𝟐 − 𝟏) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟏 
 

Equality  holds  for a=b=c 
 

2109. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 𝒂𝐧𝐝 𝛌 ≥ 𝟐 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒂𝟐 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝒂𝟐 + 𝛌
𝐜𝐲𝐜

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟐𝛌∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑𝛌𝟐

𝒂𝟐𝐛𝟐𝐜𝟐 + 𝛌∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝛌𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝛌𝟑
≤
? 𝟑

𝛌 + 𝟏
 

⇔ (𝟐𝛌 − 𝟏)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ (𝛌𝟐 − 𝟐𝛌)∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ≥
?
𝟑𝛌𝟐 

⇔ 𝛌𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑) + 𝟐𝛌(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

) ≥
?
⏟
(∗)

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 
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𝐍𝐨𝐰,∑𝒂𝐛

𝐜𝐲𝐜

= 𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

≤
𝟏

𝟑
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

⇒∑𝒂𝐛

𝐜𝐲𝐜

≥
①

𝟑 ⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟗 

⇒∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟑 𝒂𝐧𝐝 𝐬𝐨, 𝛌𝟐 (∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑) + 𝟐𝛌(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

) 

≥
𝛌 ≥ 𝟐

𝟐𝛌(∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑 +∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

) ≥
𝛌 ≥ 𝟐

𝟒(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟑) 

(∵∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥
𝐯𝐢𝒂 ①

𝟑)  𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟐𝐛𝟐𝐜𝟐 ≥
?
⏟
(∗∗)

𝟒 

𝐂𝒂𝐬𝐞 𝟏  𝒂𝐛𝐜 ≤ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟐𝐛𝟐𝐜𝟐 ≥
𝐃𝒂𝐫𝐢𝐣 𝐆𝐫𝐢𝐧𝐛𝐞𝐫𝐠

 

𝟐𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

− 𝟏 − 𝒂𝟐𝐛𝟐𝐜𝟐 ≥
𝒂𝐛𝐜 ≤ 𝟏

𝟐∑𝒂𝐛

𝐜𝐲𝐜

− 𝟐 (∵ 𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

=∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝐯𝐢𝒂 ①

𝟔 − 𝟐 

= 𝟒 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝒂𝐛𝐜 > 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟐𝐛𝟐𝐜𝟐 >
𝒂𝐛𝐜 > 𝟏 𝟏

𝟑
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

+ 𝟏 ≥
𝐯𝐢𝒂 ①

𝟑 + 𝟏 

= 𝟒 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝟏

𝒂𝟐 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟏
 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 𝒂𝐧𝐝 𝛌 ≥ 𝟐, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

2110. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 +
𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
≥ 𝟒 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝒂𝟐

𝐜𝐲𝐜

+
𝟑

∑ 𝒂𝟑𝐜𝐲𝐜
=

𝒂𝐛𝐜 = 𝟏 ∑ 𝒂𝟐𝐜𝐲𝐜

𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑 +

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑 +

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑 +

𝟑𝒂𝐛𝐜

∑ 𝒂𝟑𝐜𝐲𝐜
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≥
𝐀𝐌−𝐆𝐌

𝟒. √
𝟑𝒂𝐛𝐜(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑

𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐(∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟒

≥
?
𝟒 ⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

≥
?
⏟
(∗)

𝟗𝒂𝐛𝐜(∑𝒂𝟑

𝐜𝐲𝐜

) 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 

𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲); 

𝐭𝐡𝐞𝐧 ∶ ∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐,∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬, 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, (∗) ⇔ (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟑 ≥
?
𝟗𝐫𝟐𝐬(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) 

⇔ 𝐬𝟔 − (𝟐𝟒𝐑𝐫 + 𝟏𝟓𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟏𝟗𝟐𝐑𝟐 + 𝟐𝟎𝟒𝐑𝐫 + 𝟏𝟐𝐫𝟐)𝐬𝟐 − 𝟖𝐫𝟑(𝟒𝐑+ 𝐫) ≥
?
⏟
(⦁)

𝟎 

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 

⇔ (𝟐𝟒𝐑 − 𝟑𝟎𝐫)𝐬𝟒 − 𝐫(𝟓𝟕𝟔𝐑𝟐 − 𝟔𝟖𝟒𝐑𝐫 + 𝟔𝟑𝐫𝟐)𝐬𝟐 + 

𝐫𝟐(𝟑𝟓𝟖𝟒𝐑𝟑 − 𝟒𝟐𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟏𝟎𝟒𝐑𝐫𝟐 − 𝟏𝟑𝟑𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝟐𝟒𝐑 − 𝟑𝟎𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟐𝟒𝐑 − 𝟑𝟎𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟏𝟗𝟐𝐑𝟐 − 𝟓𝟏𝟔𝐑𝐫 + 𝟐𝟑𝟕𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟐𝟓𝟔𝟎𝐑𝟑 − 𝟕𝟐𝟗𝟔𝐑𝟐𝐫 + 𝟒𝟐𝟗𝟔𝐑𝐫𝟐 − 𝟔𝟏𝟕𝐫𝟑) 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟗𝟐𝐑𝟐 − 𝟓𝟏𝟔𝐑𝐫 + 𝟐𝟑𝟕𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟗𝟐𝐑𝟐 − 𝟓𝟏𝟔𝐑𝐫 + 𝟐𝟑𝟕𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝟏𝟐𝟖𝐭𝟑 − 𝟒𝟖𝟎𝐭𝟐 + 𝟓𝟏𝟗𝐭 − 𝟏𝟒𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟐𝟖𝐭𝟐 − 𝟐𝟐𝟒𝐭 + 𝟕𝟏) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟗𝟐𝐑𝟐 − 𝟓𝟏𝟔𝐑𝐫 + 𝟐𝟑𝟕𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟗𝟐𝐑𝟐 − 𝟓𝟏𝟔𝐑𝐫 + 𝟐𝟑𝟕𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝟏𝟗𝟐𝐭𝟒 − 𝟗𝟔𝟒𝐭𝟑 + 𝟏𝟔𝟖𝟗𝐭𝟐 − 𝟏𝟐𝟐𝟒𝐭 + 𝟑𝟑𝟐 ≥
?
𝟎 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟗𝟐𝐭𝟐 − 𝟏𝟗𝟔𝐭 + 𝟏𝟑𝟕) + 𝟏𝟎𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 +
𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
≥ 𝟒 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟  𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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2111. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0, 𝒂𝒃𝒄 = 𝟏 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 
 

𝒂 − 𝟏

𝒃𝟐 + 𝒄𝟐
+
𝒃 − 𝟏

𝒂𝟐 + 𝒄𝟐
+

𝒄 − 𝟏

𝒂𝟐 + 𝒃𝟐
≥ 𝟎 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Amin Hajiyev-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂 𝟏:  𝑪𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:  𝒂𝟏 ≥ 𝒂𝟐 ≥ 𝒂𝟑, 𝒃𝟏 ≥ 𝒃𝟐 ≥ 𝒃𝟑 
𝒂𝟏𝒃𝟏 + 𝒂𝟐𝒃𝟐 + 𝒂𝟑𝒃𝟑

𝟑
≥ (

𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑
𝟑

) (
𝒃𝟏 + 𝒃𝟐 + 𝒃𝟑

𝟑
) 

𝑳𝒆𝒎𝒎𝒂 𝟐:  𝒂, 𝒃, 𝒄 > 0 →
𝒂 + 𝒃 + 𝒄

𝟑
≥ √𝒂𝒃𝒄

𝟑
= 𝟏, 𝒂 + 𝒃 + 𝒄 ≥ 𝟑 

𝒂 ≥ 𝒃 ≥ 𝒄 →  𝒂 − 𝟏 ≥ 𝒃 − 𝟏 ≥ 𝒄 − 𝟏  
𝟏

𝒃𝟐 + 𝒄𝟐
≥

𝟏

𝒂𝟐 + 𝒄𝟐
≥

𝟏

𝒂𝟐 + 𝒃𝟐
 

𝒂 − 𝟏

𝒃𝟐 + 𝒄𝟐
+
𝒃 − 𝟏

𝒂𝟐 + 𝒄𝟐
+

𝒄 − 𝟏

𝒂𝟐 + 𝒃𝟐
≥⏞

𝑪𝒆𝒃𝒚𝒔𝒉𝒆𝒗
𝟏

𝟑
(𝒂 − 𝟏 + 𝒃 − 𝟏 + 𝒄 − 𝟏)∑

𝟏

𝒂𝟐 + 𝒃𝟐
𝒄𝒚𝒄

 

∑
𝒂− 𝟏

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄 − 𝟑)∑

𝟏

𝒂𝟐 + 𝒃𝟐
𝒄𝒚𝒄

 

𝒂 + 𝒃 + 𝒄 − 𝟑 ≥ 𝟎 → ∑
𝒂− 𝟏

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥ 𝟎  𝑸. 𝑬.𝑫 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓   𝒂 = 𝒃 = 𝒄 = 𝟏 

2112. 

𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟑 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆  
𝒂

𝒃 + 𝒄
+

𝒃

𝒂 + 𝒄
+

𝒄

𝒂 + 𝒃
≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Amin Hajiyev-Azerbaijan 

𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: ∑
𝒙𝒊
𝟐

𝒚𝒊

𝒏

𝒊=𝟏

≥
(∑ 𝒙𝒊)²

𝒏
𝒊=𝟏

∑ 𝒚𝒊
𝒏
𝒊=𝟏

 

{
𝒙𝟏 = 𝒂, 𝒙𝟐 = 𝒃, 𝒙𝟑 = 𝒄

𝒚𝟏 = 𝒂(𝒃 + 𝒄), 𝒚𝟐 = 𝒃(𝒂 + 𝒄), 𝒚𝟑 = 𝒄(𝒂 + 𝒃)
 

𝒂𝟐

𝒂(𝒃 + 𝒄)
+

𝒃𝟐

𝒃(𝒂 + 𝒄)
+

𝒄𝟐

𝒄(𝒂 + 𝒃)
≥

(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄)
 

𝑳𝑯𝑺 ≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄)

𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄)
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𝑳𝑯𝑺 ≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄)
+ 𝟏 

(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒂 − 𝒄)𝟐 ≥ 𝟎 
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄 

𝑳𝑯𝑺 ≥
𝟏

𝟐
+ 𝟏 =

𝟑

𝟐
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟑 →  𝑹𝑯𝑺 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
≤
𝟑

𝟐
 

𝑳𝑯𝑺 ≥
𝟑

𝟐
≥ 𝑹𝑯𝑺 →  𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺 

𝒂

𝒃 + 𝒄
+

𝒃

𝒂 + 𝒄
+

𝒄

𝒂 + 𝒃
≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
  𝑸. 𝑬.𝑫 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 

2113. 

𝑰𝒇 𝒙, 𝒚, 𝒛 > 0 𝑎𝑛𝑑
𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
+
𝟏

𝒛𝟐
= 𝟏  𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆  

𝒙𝟐𝒚𝟐

𝒛(𝒙𝟐 + 𝒚𝟐)
+

𝒚𝟐𝒛𝟐

𝒙(𝒚𝟐 + 𝒛𝟐)
+

𝒙𝟐𝒛𝟐

𝒚(𝒙𝟐 + 𝒛𝟐)
≥
𝟑√𝟑

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Amin Hajiyev-Azerbaijan 
 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 
𝟏

𝒙
= 𝒂,

𝟏

𝒚
= 𝒃,

𝟏

𝒛
= 𝒄 →  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟏  𝒂, 𝒃, 𝒄 > 0 

𝑳𝑯𝑺 =∑
𝒙𝟐𝒚𝟐

𝒛(𝒙𝟐 + 𝒚𝟐)
𝒄𝒚𝒄

=∑
𝟏

𝒂𝟐𝒃𝟐
⋅
𝒄𝒂𝟐𝒃𝟐

𝒂𝟐 + 𝒃𝟐
𝒄𝒚𝒄

=∑
𝒄

𝒂𝟐 + 𝒃𝟐
𝒄𝒚𝒄

 

∑(𝒂𝟐 + 𝒃𝟐)

𝒄𝒚𝒄

=∑(𝟏 − 𝒄𝟐)

𝒄𝒚𝒄

 

𝑳𝑯𝑺 =
𝒄

𝟏 − 𝒄𝟐
+

𝒂

𝟏 − 𝒂𝟐
+

𝒃

𝟏 − 𝒃𝟐
=∑

𝒄

𝟏 − 𝒄𝟐
𝒄𝒚𝒄

 

𝒂𝟐 = 𝒕, 𝒃𝟐 = 𝒖, 𝒄𝟐 = 𝒗 →  𝒕 + 𝒖 + 𝒗 = 𝟏 

𝑪𝒐𝒏𝒗𝒆𝒙 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝒇(𝒌) =
√𝒌

𝟏 − 𝒌
,

𝒅𝟐𝒇(𝒌)

𝒅𝒌²
> 0 𝑎𝑠 𝑘 ∈ (𝟎; 𝟏) 

𝒇(𝒕) + 𝒇(𝒖) + 𝒇(𝒗)

𝟑
≥⏞

𝑱𝑬𝑵𝑺𝑬𝑵

𝒇(
𝒖 + 𝒗 + 𝒕

𝟑
) 

𝒇(𝒂𝟐) + 𝒇(𝒃𝟐) + 𝒇(𝒄𝟐)

𝟑
≥ 𝒇(

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟑
) 
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𝑳𝑯𝑺 ≥ 𝟑𝒇(
𝟏

𝟑
) = 𝟑 ⋅

√𝟏
𝟑

𝟏 −
𝟏
𝟑

=
𝟗

𝟐√𝟑
=
𝟑√𝟑

𝟐
 

𝒙𝟐𝒚𝟐

𝒛(𝒙𝟐 + 𝒚𝟐)
+

𝒚𝟐𝒛𝟐

𝒙(𝒚𝟐 + 𝒛𝟐)
+

𝒙𝟐𝒛𝟐

𝒚(𝒙𝟐 + 𝒛𝟐)
≥
𝟑√𝟑

𝟐
  𝑸. 𝑬. 𝑫 

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓  
𝟏

𝒙
=
𝟏

𝒚
=
𝟏

𝒛
=
𝟏

√𝟑
 

2114. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

 
𝒂𝟑 − 𝐛𝟑

𝐛𝟐 + 𝐜𝟐
+
𝐛𝟑 − 𝐜𝟑

𝐜𝟐 + 𝒂𝟐
+
𝐜𝟑 − 𝒂𝟑

𝒂𝟐 + 𝐛𝟐
≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟑 − 𝐛𝟑

𝐛𝟐 + 𝐜𝟐
+
𝐛𝟑 − 𝐜𝟑

𝐜𝟐 + 𝒂𝟐
+
𝐜𝟑 − 𝒂𝟑

𝒂𝟐 + 𝐛𝟐
= 

=
𝟏

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
.∑((𝐛𝟑 − 𝐜𝟑) (𝐛𝟒 +∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

))

𝐜𝐲𝐜

= 

=
𝟏

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
. ((∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)∑(𝐛𝟑 − 𝐜𝟑)

𝐜𝐲𝐜

+∑𝐛𝟕

𝐜𝐲𝐜

−∑𝐛𝟒𝐜𝟑

𝐜𝐲𝐜

) = 

=
𝟏

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
. (∑𝒂𝟕

𝐜𝐲𝐜

−∑𝐛𝟒𝐜𝟑

𝐜𝐲𝐜

) = 𝐋𝐇𝐒 → (∗) 

𝐍𝐨𝐰,𝒂𝟕 + 𝒂𝟕 + 𝒂𝟕 + 𝒂𝟕 + 𝐛𝟕 + 𝐛𝟕 + 𝐛𝟕 ≥
𝐀𝐌−𝐆𝐌

𝟕. √𝒂𝟐𝟖𝐛𝟐𝟏
𝟕

⇒ 𝟒𝒂𝟕 + 𝟑𝐛𝟕 ≥
①

𝟕𝒂𝟒𝐛𝟑 

𝐀𝒍𝐬𝐨, 𝐛𝟕 + 𝐛𝟕 + 𝐛𝟕 + 𝐛𝟕 + 𝐜𝟕 + 𝐜𝟕 + 𝐜𝟕 ≥
𝐀𝐌−𝐆𝐌

𝟕. √𝐛𝟐𝟖𝐜𝟐𝟏
𝟕

⇒ 𝟒𝐛𝟕 + 𝟑𝐜𝟕 ≥
②

𝟕𝐛𝟒𝐜𝟑 

𝐀𝐠𝒂𝐢𝐧, 𝐜𝟕 + 𝐜𝟕 + 𝐜𝟕 + 𝐜𝟕 + 𝒂𝟕 + 𝒂𝟕 + 𝒂𝟕 ≥
𝐀𝐌−𝐆𝐌

𝟕. √𝐜𝟐𝟖𝒂𝟐𝟏
𝟕

⇒ 𝟒𝐜𝟕 + 𝟑𝒂𝟕 ≥
③

𝟕𝐜𝟒𝒂𝟑 
∴ ① +②+③⇒ 𝟕(𝒂𝟕 + 𝐛𝟕 + 𝐜𝟕) ≥ 𝟕(𝒂𝟒𝐛𝟑 + 𝐛𝟒𝐜𝟑 + 𝐜𝟒𝒂𝟑) 

⇒∑𝒂𝟕

𝐜𝐲𝐜

−∑𝐛𝟒𝐜𝟑

𝐜𝐲𝐜

≥
(∗∗)

𝟎 𝒂𝐧𝐝 𝐬𝐨, (∗) 𝒂𝐧𝐝 (∗∗) ⇒ 𝐋𝐇𝐒 ≥ 𝟎 

∴
𝒂𝟑 − 𝐛𝟑

𝐛𝟐 + 𝐜𝟐
+
𝐛𝟑 − 𝐜𝟑

𝐜𝟐 + 𝒂𝟐
+
𝐜𝟑 − 𝒂𝟑

𝒂𝟐 + 𝐛𝟐
≥ 𝟎 ∀ 𝒂, 𝐛, 𝐜 > 0, ′′ =′′  𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
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2115. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑 𝒕𝒉𝒆𝒏: 
 

𝟏

𝟏 + 𝒂𝒃
+

𝟏

𝟏 + 𝒃𝒄
+

𝟏

𝟏 + 𝒂𝒄
≥
𝟑

𝟐
 

 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 
 
                                 Cauchy-Schwarz inequality:    

(∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

)

𝟐

≤ (∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

)(∑𝒃𝒊
𝟐

𝒏

𝒊=𝟏

)  𝒂𝒔 𝒂𝒊, 𝒃𝒊 ∈ 𝑹 

𝒂𝟏 =
𝟏

𝒃𝟏
= √𝟏+ 𝒂𝒃, 𝒂𝟐 =

𝟏

𝒃𝟐
= √𝟏 + 𝒃𝒄, 𝒂𝟑 =

𝟏

𝒃𝟑
= √𝟏 + 𝒂𝒄 

(𝒂𝟏 ⋅ 𝒃𝟏 + 𝒂𝟐 ⋅ 𝒃𝟐 + 𝒂𝟑 ⋅ 𝒃𝟑)
𝟐 ≤ (𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 + 𝒂𝟑

𝟐)(𝒃𝟏
𝟐 + 𝒃𝟐

𝟐 + 𝒃𝟑
𝟐) 

𝟑𝟐 ≤ (𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄) (
𝟏

𝟏 + 𝒂𝒃
+

𝟏

𝟏 + 𝒃𝒄
+

𝟏

𝟏 + 𝒂𝒄
) 

∑
𝟏

𝟏+ 𝒂𝒃
𝒄𝒚𝒄

≥
𝟗

𝟑 + 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄
 

𝑾𝒆 𝒌𝒏𝒐𝒘 (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒂 − 𝒄)𝟐 ≥ 𝟎 
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄 → 𝟑 ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄 

∑
𝟏

𝟏+ 𝒂𝒃
𝒄𝒚𝒄

≥
𝟗

𝟔
=
𝟑

𝟐
 

𝟏

𝟏 + 𝒂𝒃
+

𝟏

𝟏 + 𝒃𝒄
+

𝟏

𝟏 + 𝒂𝒄
≥
𝟑

𝟐
   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 

 
2116. 𝐈𝐟 𝒙, 𝐲, 𝐳, 𝛌 > 0, 𝑥𝐲𝐳 = 𝟏 𝐭𝐡𝐞𝐧 ∶ 

𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
+ (𝛌 + 𝟏)(𝒙 + 𝐲 + 𝐳) ≥ 𝟔𝛌 + (𝟐 − 𝛌) (

𝟏

𝒙
+
𝟏

𝐲
+
𝟏

𝐳
) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐒𝐢𝐧𝐜𝐞 𝒙𝐲𝐳 = 𝟏, 𝐬𝐨 𝐰𝐞 𝐜𝒂𝐧 𝒂𝐬𝐬𝐢𝐠𝐧 𝒙 =
𝒂

𝐛
, 𝐲 =

𝐛

𝐜
, 𝐳 =

𝐜

𝒂
 (𝒂, 𝐛, 𝐜 > 0) 𝒂𝐧𝐝 

𝐭𝐡𝐞𝐧 ∶ ∑
𝒙

𝐲
𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

≥
?
𝟐∑

𝟏

𝒙
𝐜𝐲𝐜

⇔∑
𝐜𝒂

𝐛𝟐
𝐜𝐲𝐜

+∑
𝒂

𝐛
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜
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𝐍𝐨𝐰,∑
𝐜𝒂

𝐛𝟐
𝐜𝐲𝐜

+∑
𝒂

𝐛
𝐜𝐲𝐜

=∑
𝐜𝒂

𝐛𝟐
𝐜𝐲𝐜

+∑
𝐜

𝒂
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟐.∑√
𝐜𝒂

𝐛𝟐
.
𝐜

𝒂
𝐜𝐲𝐜

= 𝟐∑
𝐜

𝐛
𝐜𝐲𝐜

= 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝒙

𝐲
𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝒙
𝐜𝐲𝐜

→① 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑𝒙

𝐜𝐲𝐜

+∑
𝟏

𝒙
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟔 

⇒ 𝛌(∑𝒙

𝐜𝐲𝐜

+∑
𝟏

𝒙
𝐜𝐲𝐜

− 𝟔) ≥ 𝟎 (∵ 𝛌 > 0) ⇒ 𝛌∑𝒙

𝐜𝐲𝐜

≥ 𝟔𝛌 − 𝛌∑
𝟏

𝒙
𝐜𝐲𝐜

→② 

∴ ①+②⇒
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
+ (𝛌 + 𝟏)(𝒙 + 𝐲 + 𝐳) ≥ 𝟔𝛌 + (𝟐 − 𝛌) (

𝟏

𝒙
+
𝟏

𝐲
+
𝟏

𝐳
) 

∀ 𝒙, 𝐲, 𝐳, 𝛌 > 0│𝑥𝐲𝐳 = 𝟏, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
 

2117. If 𝒂, 𝒃 > 0, 𝑎 + 𝑏 = 2 then: 
 

𝒂(𝒂𝟐 + 𝒃) + 𝒃(𝒃𝟐 + 𝒂) ≥ 𝟒 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

{
𝒂 + 𝒃 = 𝑺
𝒂𝒃 = 𝑷

⟹ 𝑺 = 𝟐 

 

𝟐 = 𝑺 = 𝒂 + 𝒃 ≥⏞
𝑨𝑴−𝑮𝑴

𝟐√𝒂𝒃 = 𝟐√𝑷⟹ 𝑷 ≤ 𝟏  (𝟏) 
 

𝒂(𝒂𝟐 + 𝒃) + 𝒃(𝒃𝟐 + 𝒂) ≥ 𝟒 
𝒂𝟑 + 𝒃𝟑 + 𝟐𝒂𝒃 ≥ 𝟒,   𝑺𝟑 − 𝟑𝑺𝑷 + 𝟐𝑷 ≥ 𝟒 

𝟖 − 𝟔𝑷 + 𝟐𝑷 ≥ 𝟒, 𝟒𝑷 ≤ 𝟒⟺⏞
(𝟏)

𝑷 ≤ 𝟏 
Equality holds for 𝒂 = 𝒃. 

2118. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝒂

√𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
+

𝒃

√𝟐𝒃𝟐 + 𝒂𝟐 + 𝒄𝟐
+

𝒄

√𝟐𝒄𝟐 + 𝒃𝟐 + 𝒂𝟐
≤
𝟑

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = (
𝒂𝟐

𝟏
+
𝒃𝟐

𝟏
) + (

𝒂𝟐

𝟏
+
𝒄𝟐

𝟏
) ≥
𝑹𝒂𝒅𝒐𝒏
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≥
(𝒂 + 𝒃)𝟐

𝟐
+
(𝒂 + 𝒄)𝟐

𝟐
≥

𝑨𝑴−𝑮𝑴
 (𝒂 + 𝒃)(𝒂 + 𝒄) 

𝒂

√𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
+

𝒃

√𝟐𝒃𝟐 + 𝒂𝟐 + 𝒄𝟐
+

𝒄

√𝟐𝒄𝟐 + 𝒃𝟐 + 𝒂𝟐
= 

 

=∑
𝒂

√𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤∑

𝒂

√(𝒂 + 𝒃)(𝒂 + 𝒄)
= ∑√

𝒂

𝒂 + 𝒃
.
𝒂

𝒂 + 𝒄
≤

𝑨𝑴−𝑮𝑴
 

 

≤
𝟏

𝟐
∑(

𝒂

𝒂 + 𝒃
+

𝒂

𝒂 + 𝒄
) =

𝟏

𝟐
∑(

𝒂

𝒂 + 𝒃
+

𝒃

𝒂 + 𝒃
) =

𝟏

𝟐
∑

𝒂+ 𝒃

𝒂 + 𝒃
=
𝟑

𝟐
 

 
Equality holds for an equilateral triangle. 

 
2119. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧 ∈ ℕ 𝐭𝐡𝐞𝐧 ∶ 

∑(
𝒂𝟑

𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜)
)

𝐧

𝐜𝐲𝐜

≥ 𝟑 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐢𝐫𝐬𝐭𝒍𝐲, 𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜) =
𝒂+𝐛+𝐜 = 𝟑

𝟗 − 𝟐𝒂𝐛𝐜 − 𝟑𝒂(𝟑 − 𝒂) 

= 𝟑𝒂𝟐 − 𝟗𝒂 + 𝟗 − 𝟐𝒂𝐛𝐜 ≥ 𝟑𝒂𝟐 − 𝟗𝒂 + 𝟗 − 𝟐 (∵ 𝟑 =∑𝒂

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝐛𝐜
𝟑

) > 0 

∵ ∆𝟑𝒂𝟐 − 𝟗𝒂 + 𝟕= 𝟖𝟏 − 𝟖𝟒 < 0 ∴ 9 − 𝑎(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 > 0 →① 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲); 

𝐭𝐡𝐞𝐧 ∶ ∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐, 

∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬,∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 

∑(𝒂𝟑(𝟗 − 𝐛(𝟑𝐜 + 𝟑𝒂 + 𝟐𝐜𝒂))(𝟗 − 𝐜(𝟑𝒂+ 𝟑𝐛 + 𝟐𝒂𝐛)))

𝐜𝐲𝐜

− 

𝟑∏(𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜))

𝐜𝐲𝐜

= ∑(𝒂𝟑 (𝟗 − 𝟐𝒂𝐛𝐜 − (𝟗𝐛 − 𝟑𝐛𝟐)) (
𝟗 − 𝟐𝒂𝐛𝐜 −
(𝟗𝐜 − 𝟑𝐜𝟐)

))

𝐜𝐲𝐜
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−𝟑∏(𝟗− 𝟐𝒂𝐛𝐜 − (𝟗𝒂− 𝟑𝒂𝟐))

𝐜𝐲𝐜

=
𝒂+𝐛+𝐜 = 𝟑 𝟏

𝟗
((∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟔𝒂𝐛𝐜)

𝟐

(∑𝒂𝟑

𝐜𝐲𝐜

) − 

𝟏

𝟑
((∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟔𝒂𝐛𝐜)

(

 
 

𝟗((∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) − 𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜 ) (∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟗
−

𝟑 ((∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 ) − 𝒂𝐛𝐜∑ 𝒂𝐛𝐜𝐲𝐜 ) (∑ 𝒂𝐜𝐲𝐜 )

𝟑 )

 
 
+ 

𝟖𝟏𝒂𝐛𝐜(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )
𝟒

𝟖𝟏
−
𝟐𝟕𝒂𝐛𝐜 ((∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟑𝒂𝐛𝐜) (∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟐𝟕
+ 

𝟗𝒂𝟐𝐛𝟐𝐜𝟐(∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 

𝟑(
((∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 𝟔𝒂𝐛𝐜)

𝟑

− ((∑ 𝒂𝐜𝐲𝐜 )
𝟑
− 𝟔𝒂𝐛𝐜)

𝟐

(𝟑(∑ 𝒂𝐜𝐲𝐜 )
𝟐
− 𝟑∑ 𝒂𝟐𝐜𝐲𝐜 ) (∑ 𝒂𝐜𝐲𝐜 )

𝟐𝟕
) 

−(
(∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 𝟔𝒂𝐛𝐜

𝟑
)

(

 
 
 
 

𝟖𝟏(∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )
𝟒
− 𝟖𝟏 ((∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟑𝒂𝐛𝐜) (∑ 𝒂𝐜𝐲𝐜 )

𝟑
+

(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟐𝟕

)

 
 
 
 

 

+
𝟖𝟏𝒂𝐛𝐜(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝟐𝟕
(∑𝒂

𝐜𝐲𝐜

)

𝟑

=
(𝐬𝟑 − 𝟔𝐫𝟐𝐬)𝟐(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)

𝟗
− 

(𝐬𝟑 − 𝟔𝐫𝟐𝐬)(
𝐬𝟐 ((𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐫𝟐𝐬𝟐) −

𝐬 (𝐬𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐))
)

𝟑
+ 𝐫𝟐𝐬𝟓(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 

𝐫𝟐𝐬𝟒(𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟑𝐫𝟐𝐬) + 𝟑𝐫𝟒𝐬𝟑(𝟒𝐑𝐫 + 𝐫𝟐)

−
(𝐬𝟑 − 𝟔𝐫𝟐𝐬)𝟑 − 𝟔𝐬(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟑 − 𝟔𝐫𝟐𝐬)𝟐

𝟗
 

−(𝐬𝟑 − 𝟔𝐫𝟐𝐬) ((𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐬𝟑(𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟑𝐫𝟐𝐬) + 𝐬𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)) + 

𝟏𝟐𝐑𝐫𝟑𝐬𝟓 ≥
?
𝟎 ⇔ 𝟐𝐬𝟒 − (𝟐𝟖𝐑𝐫 + 𝟏𝟗𝐫𝟐)𝐬𝟐 + 𝟐𝟎𝟒𝐑𝐫𝟑 + 𝟏𝟓𝟗𝐫𝟒 ≥

?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 

(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 ⇔ (𝟑𝟔𝐑 − 𝟑𝟗𝐫)𝐬𝟐 ≥

?
⏟
(∗∗)

𝐫(𝟓𝟏𝟐𝐑𝟐 − 𝟓𝟐𝟒𝐑𝐫 − 𝟏𝟎𝟗𝐫𝟐) 
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𝐀𝐠𝒂𝐢𝐧, (𝟑𝟔𝐑 − 𝟑𝟗𝐫)𝐬𝟐 ≥ (𝟑𝟔𝐑− 𝟑𝟗𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
) 

(
∵ (𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥

𝐑𝐨𝐮𝐜𝐡𝐞
(𝐑 − 𝐫)(𝟐𝐑𝟐 − 𝟔𝐑𝐫 + 𝟒𝐫𝟐 − 𝟐(𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫)

= (𝐑 − 𝟐𝐫) ((𝐑− 𝐫 − √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

+ 𝐫𝟐) ≥ 𝐫𝟐(𝐑 − 𝟐𝐫) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎)
)  

≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗) ⇔ 𝟔𝟒𝐭𝟑 − 𝟑𝟎𝟖𝐭𝟐 + 𝟒𝟕𝟑𝐭 − 𝟐𝟐𝟔 ≥

?
𝟎(𝐭 =

𝐑

𝐫
) ⇔ 

(𝐭 − 𝟐)((𝐭 − 𝟐)(𝟔𝟒𝐭 − 𝟓𝟐) + 𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒

𝐯𝐢𝒂 ①

 

∑
𝒂𝟑

𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜)
𝐜𝐲𝐜

≥ 𝟑 ⇒∑(
𝒂𝟑

𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜)
)

𝐧

𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫

 

𝟑 (
∑

𝒂𝟑

𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜)𝐜𝐲𝐜

𝟑
)

𝐧

≥ 𝟑 (∵ 𝐧 ∈ ℕ) ∴∑(
𝒂𝟑

𝟗 − 𝒂(𝟑𝐛 + 𝟑𝐜 + 𝟐𝐛𝐜)
)

𝐧

𝐜𝐲𝐜

≥ 𝟑 

 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧 ∈ ℕ, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

2120. If 𝒂, 𝒃, 𝒄 > 0 , 𝑎 + 𝑏 + 𝑐 = 3 , 𝑛 ∈ 𝑁 then: 
 

∑(
𝒂𝟑

𝒂𝟐 + 𝒃𝟐
)

𝒏

≥
𝟑

𝟐𝒏
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑
𝒂𝟑

𝒂𝟐 + 𝒃𝟐
=∑(𝒂−

𝒂𝒃𝟐

𝒂𝟐 + 𝒃𝟐
) =∑𝒂−∑

𝒂𝒃𝟐

𝒂𝟐 + 𝒃𝟐
≥

𝑨𝑴−𝑮𝑴
 

 

≥ ∑𝒂−∑
𝒂𝒃𝟐

𝟐𝒂𝒃
=∑𝒂−

𝟏

𝟐
∑𝒂 =

𝒂+𝒃+𝒄=𝟑 𝟑

𝟐
  (𝟏) 

 

∑(
𝒂𝟑

𝒂𝟐 + 𝒃𝟐
)

𝒏

=∑
(

𝒂𝟑

𝒂𝟐 + 𝒃𝟐
)
𝒏

(𝟏)𝒏−𝟏
≥

𝑹𝒂𝒅𝒐𝒏 (  ∑
𝒂𝟑

𝒂𝟐 + 𝒃𝟐
)
𝒏

𝟑𝒏−𝟏
≥
(𝟏)

  
( 
𝟑
𝟐)

𝒏

𝟑𝒏−𝟏
=
𝟑

𝟐𝒏
 

 
Equality holds for  a=b=c=1 
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2121. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧 ∈ ℕ∗ 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂𝐧+𝟏

𝐛𝐧+𝟏. 𝐜
𝐜𝐲𝐜

≥
𝟏

𝟑𝐧
(∑𝒂𝐛𝟐

𝐜𝐲𝐜

)

𝐧+𝟏

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟑 =∑𝒂

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝐛𝐜
𝟑

⇒ 𝒂𝐛𝐜 ≤ 𝟏 →① 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ ∑𝒂𝐛𝟐

𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 ① 𝟏

𝒂𝐛𝐜
.∑𝒂𝐛𝟐

𝐜𝐲𝐜

+
𝟏

𝒂𝐛𝐜
.∑𝒂𝟐𝐛

𝐜𝐲𝐜

=∑
𝐛

𝐜
𝐜𝐲𝐜

+∑
𝒂

𝐜
𝐜𝐲𝐜

=∑
𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

 

⇒∑
𝒂

𝐛
𝐜𝐲𝐜

≥∑𝒂𝐛𝟐

𝐜𝐲𝐜

→② 𝒂𝐧𝐝 𝐧𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝐧 ∈ ℕ∗ ∴∑
𝒂𝐧+𝟏

𝐛𝐧+𝟏. 𝐜
𝐜𝐲𝐜

= 

∑
(
𝒂
𝐛)

𝐧+𝟏

𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 (∑

𝒂
𝐛𝐜𝐲𝐜 )

𝐧+𝟏

𝟑𝐧−𝟏. ∑ 𝒂𝐜𝐲𝐜
≥

𝐯𝐢𝒂 ② (∑ 𝒂𝐛𝟐𝐜𝐲𝐜 )
𝐧+𝟏

𝟑𝐧−𝟏. ∑ 𝒂𝐜𝐲𝐜
=

𝒂+𝐛+𝐜 = 𝟑 𝟏

𝟑𝐧
(∑𝒂𝐛𝟐

𝐜𝐲𝐜

)

𝐧+𝟏

 

∴ ∑
𝒂𝐧+𝟏

𝐛𝐧+𝟏. 𝐜
𝐜𝐲𝐜

≥
𝟏

𝟑𝐧
(∑𝒂𝐛𝟐

𝐜𝐲𝐜

)

𝐧+𝟏

 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧 ∈ ℕ∗, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2122. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 ∶ 

∑
𝟖

(𝒂 + 𝐜)𝐛 + 𝒂 + 𝐛 + 𝟒
𝐜𝐲𝐜

≤ 𝟑 

  Proposed by Neculai Stanciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟖

(𝒂 + 𝐜)𝐛 + 𝒂 + 𝐛 + 𝟒
𝐜𝐲𝐜

=
𝒂𝐛𝐜 = 𝟏

∑
𝟖

𝒂𝐛 + (
𝟏
𝒂 + 𝒂) + 𝐛 + 𝟒𝐜𝐲𝐜

 

≤
𝐀𝐌−𝐆𝐌

∑
𝟖

𝒂𝐛 + 𝐛 + 𝟐 + 𝟒
𝐜𝐲𝐜

≤
𝐀𝐌−𝐆𝐌

∑
𝟖

𝟐√𝒂𝐛𝟐 + 𝟔
𝐜𝐲𝐜

=
𝒂𝐛𝐜 = 𝟏

∑
𝟒

√𝐛
𝐜 + 𝟑

𝐜𝐲𝐜

=∑
𝟒

𝒙 + 𝟑
𝐜𝐲𝐜
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(𝒙 = √
𝐛

𝐜
, 𝐲 = √

𝐜

𝒂
, 𝐳 = √

𝒂

𝐛
) =∑

𝟒(𝐲 + 𝟑)(𝐳 + 𝟑)

(𝒙 + 𝟑)(𝐲 + 𝟑)(𝐳 + 𝟑)
𝐜𝐲𝐜

≤
?
𝟑 

⇔ 𝟑𝒙𝐲𝐳 + 𝟓∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙

𝐜𝐲𝐜

≥
?
𝟐𝟕 ⇔ 𝟓∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟐𝟒 (∵ 𝒙𝐲𝐳 = 𝟏) 

𝐈𝐧𝐝𝐞𝐞𝐝, 𝟓∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟏𝟓. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

+ 𝟗. √𝒙𝐲𝐳
𝟑 =

𝒙𝐲𝐳 = 𝟏
𝟐𝟒 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑
𝟖

(𝒂 + 𝐜)𝐛 + 𝒂 + 𝐛 + 𝟒
𝐜𝐲𝐜

≤ 𝟑 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 

2123. If 𝒂, 𝒃 > 0, 𝑎𝑏 = 1 then: 

(
𝒂

𝒃 + 𝟏
)
𝟐

+ (
𝒃

𝒂 + 𝟏
)

𝟐

≥
𝟏

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒂

𝒃 + 𝟏
+

𝒃

𝒂 + 𝟏
=
𝒂(𝒂 + 𝟏) + 𝒃(𝒃 + 𝟏)

(𝒂 + 𝟏)(𝒃 + 𝟏)
=
𝒂𝟐 + 𝒃𝟐 + 𝒂 + 𝒃

𝟏 + 𝒂𝒃 + 𝒂 + 𝒃
≥

𝑨𝑴−𝑮𝑴
𝒂𝒃=𝟏

 

 

≥
𝟐𝒂𝒃 + 𝒂 + 𝒃

𝒂𝒃 + 𝒂𝒃 + 𝒂 + 𝒃
= 𝟏 (𝟏) 

 

(
𝒂

𝒃 + 𝟏
)
𝟐

+ (
𝒃

𝒂 + 𝟏
)
𝟐

=
(
𝒂

𝒃 + 𝟏)
𝟐

𝟏
+
(
𝒃

𝒂+ 𝟏)
𝟐

𝟏
≥

𝑹𝒂𝒅𝒐𝒏 (
𝒂

𝒃 + 𝟏 +
𝒃

𝒂 + 𝟏)
𝟐

 

𝟐
≥
(𝟏) 𝟏

𝟐
 

 
Equality holds for  a=b=1 

 

2124. If 𝒂, 𝒃, 𝒄, 𝒙, 𝒚, 𝒛 > 0 and 
 

𝟐(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒙 + 𝒚 + 𝒛)𝟐 + 𝟏 ≤ 𝟐(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝒚 + 𝒛 + 𝟏) 
then: 

 
(𝒙 + 𝒃 + 𝒄)𝟗

(𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛)𝟖
+

(𝒚 + 𝒛 + 𝒂)𝟗

(𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒚𝒃𝒛𝒄𝒙)𝟖
+

𝟏

(𝒙𝒄𝒚𝒂𝒛𝒃 + 𝒂𝒛𝒃𝒙𝒄𝒚)𝟖
≥
𝟏𝟗𝟔𝟖𝟑

𝟐𝟓𝟔
 

 
Proposed by Pavlos Trifon-Greece 
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Solution by Tapas Das-India 
 

𝟐(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒙 + 𝒚 + 𝒛)𝟐 + 𝟏 ≤ 𝟐(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝒚 + 𝒛 + 𝟏) 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 

(𝒙 + 𝒚 + 𝒛 − (𝒂 + 𝒃 + 𝒄))
𝟐
+ ((𝒂 + 𝒃 + 𝒄) − 𝟏)

𝟐
≤ 𝟎 

𝒔𝒊𝒏𝒄𝒆 𝑳. 𝑯. 𝑺 ≥ 𝟎 , 𝒔𝒐 𝒐𝒏𝒍𝒚 𝒑𝒐𝒔𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 𝒊𝒔  

((𝒙 + 𝒚 + 𝒛) − (𝒂 + 𝒃 + 𝒄))
𝟐
= 𝟎 𝒂𝒏𝒅 ((𝒂 + 𝒃 + 𝒄) − 𝟏)

𝟐
= 𝟎 

𝒘𝒉𝒊𝒄𝒉 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒕𝒉𝒂𝒕 𝒙 + 𝒚 + 𝒛 = 𝒂 + 𝒃 + 𝒄 = 𝟏 (𝟏) 
 

𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛 + 𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒚𝒃𝒛𝒄𝒙 + 𝒙𝒄𝒚𝒂𝒛𝒃 + 𝒂𝒛𝒃𝒙𝒄𝒚 = 
= (𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛) + (𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒛𝒃𝒙𝒄𝒚) + (𝒂𝒚𝒃𝒛𝒄𝒙 + 𝒙𝒄𝒚𝒂𝒛𝒃) 

 

=∑(𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛) ≤
𝑨𝑴−𝑮𝑴

 ∑(
𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛

𝒂 + 𝒃 + 𝒄
)
𝒂+𝒃+𝒄

+∑(
𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛

𝒙 + 𝒚 + 𝒛
)
𝒙+𝒚+𝒛

 

≤
(𝟏)

 ∑(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛) +∑(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛) = 𝟐∑(𝒂𝒙+ 𝒃𝒚 + 𝒄𝒛) (𝟐) 

 
(𝒙 + 𝒃 + 𝒄)𝟗

(𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛)𝟖
+

(𝒚 + 𝒛 + 𝒂)𝟗

(𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒚𝒃𝒛𝒄𝒙)𝟖
+

𝟏

(𝒙𝒄𝒚𝒂𝒛𝒃 + 𝒂𝒛𝒃𝒙𝒄𝒚)𝟖
= 

 

=
(𝒙 + 𝒃 + 𝒄)𝟗

(𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛)𝟖
+

(𝒚 + 𝒛 + 𝒂)𝟗

(𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒚𝒃𝒛𝒄𝒙)𝟖
+

𝟏𝟗

(𝒙𝒄𝒚𝒂𝒛𝒃 + 𝒂𝒛𝒃𝒙𝒄𝒚)𝟖
≥ 

 

≥
𝑹𝒂𝒅𝒐𝒏 ( 𝒙 + 𝒃 + 𝒄 + 𝒚 + 𝒛 + 𝒂 + 𝟏)𝟗

( 𝒙𝒂𝒚𝒃𝒛𝒄 + 𝒂𝒙𝒃𝒚𝒄𝒛 + 𝒙𝒃𝒚𝒄𝒛𝒂 + 𝒂𝒚𝒃𝒛𝒄𝒙 + 𝒙𝒄𝒚𝒂𝒛𝒃 + 𝒂𝒛𝒃𝒙𝒄𝒚)𝟖
≥ 

≥
(𝟏)&(𝟐) (𝟑)𝟗

( 𝟐∑(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛) )𝟖
=

𝟑𝟗

(𝟐(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝒚 + 𝒛))
𝟖 ≥
(𝟏) 𝟑𝟗

𝟐𝟖
=
𝟏𝟗𝟔𝟖𝟑

𝟐𝟓𝟔
 

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 

 
2125. If 𝒂, 𝒃, 𝒄 > 0, |𝝀| ≤ 𝟐 then: 
 

∑(𝒃+ 𝒄)(𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐) ≥
𝟑(𝝀 + 𝟐)

𝟒
∏(𝒂 + 𝒃) 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐 = (𝒂 + 𝒃)𝟐 − 𝟐𝒂𝒃 + 𝝀𝒂𝒃 = (𝒂+ 𝒃)𝟐 + (𝝀 − 𝟐)𝒂𝒃 ≥

𝑨𝑴−𝑮𝑴
𝒂𝒔 |𝝀|≤𝟐
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≥ (𝒂 + 𝒃)𝟐 + (𝝀 − 𝟐)
(𝒂 + 𝒃)𝟐

𝟒
=
(𝝀 + 𝟐)

𝟒
(𝒂 + 𝒃)𝟐 

 

∑(𝒃 + 𝒄)(𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐) ≥ ∑(𝒃 + 𝒄)
(𝝀 + 𝟐)

𝟒
(𝒂 + 𝒃)𝟐 ≥

𝑨𝑴−𝑮𝑴
 

 

≥
𝟑(𝝀 + 𝟐)

𝟒
√∏(𝒃+ 𝒄)(𝒂 + 𝒃)𝟐
𝟑

= 
𝟑(𝝀 + 𝟐)

𝟒
∏(𝒂 + 𝒃) 

 
Equality holds for  a=b=c. 

 

2126. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, ∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑√𝒂𝟐 +
𝟏

𝒂𝟐
𝐜𝐲𝐜

≥∑𝒂

𝐜𝐲𝐜

+
𝟏

𝒂𝐛𝐜
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑√𝒂𝟐 +
𝟏

𝒂𝟐
𝐜𝐲𝐜

≥
?
∑𝒂

𝐜𝐲𝐜

+
𝟏

𝒂𝐛𝐜
 

⇔∑𝒂𝟐

𝐜𝐲𝐜

+∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

+ 𝟐∑√(𝒂𝟐 +
𝟏

𝒂𝟐
) (𝐛𝟐 +

𝟏

𝐛𝟐
)

𝐜𝐲𝐜

≥
?
⏟
(∗)

 

(∑𝒂

𝐜𝐲𝐜

)

𝟐

+
𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
+

𝟐

𝒂𝐛𝐜
(∑𝒂

𝐜𝐲𝐜

) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

∑𝒂𝟐

𝐜𝐲𝐜

+∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟐∑
𝟏

𝒂𝐛
𝐜𝐲𝐜

 

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

+
𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
. (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)+
𝟐

𝒂𝐛𝐜
(∑𝒂

𝐜𝐲𝐜

) =
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜  = 𝟏
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(∑𝒂

𝐜𝐲𝐜

)

𝟐

+
𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
+

𝟐

𝒂𝐛𝐜
(∑𝒂

𝐜𝐲𝐜

) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑√𝒂𝟐 +
𝟏

𝒂𝟐
𝐜𝐲𝐜

≥∑𝒂

𝐜𝐲𝐜

+
𝟏

𝒂𝐛𝐜
 ∀ 𝒂, 𝐛, 𝐜 > 0│∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝟏, 

′′ =′′  𝒂 = 𝐛 = 𝐜 =
𝟏

√𝟑
𝟒   

2127. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙 + 𝐲 + 𝐳 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝒙 + 𝐲𝐳)
𝐜𝐲𝐜

≥∑
𝒙

𝒙 + 𝐲𝐳
𝐜𝐲𝐜

 𝐟𝐨𝐫 𝒂𝒍𝒍 𝒂 + 𝐛 > 0 

  Proposed by Neculai Stanciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝒙 + 𝐲𝐳)
𝐜𝐲𝐜

−∑
𝒙

𝒙 + 𝐲𝐳
𝐜𝐲𝐜

=
𝒙+𝐲+𝐳 = 𝟏

 

∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝟏 − 𝐲 − 𝐳 + 𝐲𝐳)
𝐜𝐲𝐜

−∑
𝒙

𝟏 − 𝐲 − 𝐳 + 𝐲𝐳
𝐜𝐲𝐜

 

= ∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝟏 − 𝐲)(𝟏 − 𝐳)
𝐜𝐲𝐜

−∑
𝒙

(𝟏− 𝐲)(𝟏 − 𝐳)
𝐜𝐲𝐜

 

=
𝒙+𝐲+𝐳 = 𝟏

∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝐳 + 𝒙)(𝒙 + 𝐲)
𝐜𝐲𝐜

−∑
𝒙

(𝐳 + 𝒙)(𝒙 + 𝐲)
𝐜𝐲𝐜

 

=
𝟏

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
. (∑

(𝒂𝐳 + 𝐛𝐲)(𝐲 + 𝐳)

𝒂 + 𝐛
𝐜𝐲𝐜

−∑(𝒙(𝐲 + 𝐳))

𝐜𝐲𝐜

) 

=
𝟏

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
. (
𝒂 + 𝐛

𝒂 + 𝐛
. (∑𝒙𝟐

𝐜𝐲𝐜

+∑𝒙𝐲

𝐜𝐲𝐜

) − 𝟐∑𝒙𝐲

𝐜𝐲𝐜

) 

=
𝟏

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
. (∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) (∵ 𝒂 + 𝐛 ≠ 𝟎 𝒂𝐬 𝒂 + 𝐛 > 0) ≥ 𝟎 

(∵ 𝒙, 𝐲, 𝐳 > 0 ⇒ (𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) > 0) ∴ ∑
𝒂𝐳 + 𝐛𝐲

(𝒂 + 𝐛)(𝒙 + 𝐲𝐳)
𝐜𝐲𝐜

≥∑
𝒙

𝒙 + 𝐲𝐳
𝐜𝐲𝐜
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∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 ∀ 𝒂, 𝐛│𝒂 + 𝐛 ≠ 𝟎, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

 

2128. If 𝒙, 𝒚 > 0, 𝑥 ≠ 𝑦 then: 
 

(
(𝒙 + 𝒚)𝒙𝒚

(𝒙 − 𝒚)𝟐
+ 𝒙 + 𝒚) (

𝒙 + 𝒚 

(𝒙 − 𝒚)𝟐
+
𝟏

𝒙
+
𝟏

𝒚
)
(𝒙 + 𝒚)𝟐

𝒙𝒚
≥ 𝟖𝟏 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒂 = 𝒙 + 𝒚 , 𝒃 = 𝒙𝒚 𝒕𝒉𝒆𝒏 (𝒙 − 𝒚)𝟐 = (𝒙 + 𝒚)𝟐 − 𝟒𝒙𝒚 = 𝒂𝟐 − 𝟒𝒃 

𝒂𝟐 = (𝒙 + 𝒚)𝟐 >
𝑨𝑴−𝑮𝑴

𝟒𝒙𝒚 𝒐𝒓 𝒂𝟐 > 4𝒃 𝒐𝒓 
𝒂𝟐

𝒃
> 4 𝑜𝑟 𝒕 =

𝒕=
𝒂𝟐

𝒃
𝟒 (𝟏) 

(𝒙 + 𝒚)𝒙𝒚

(𝒙 − 𝒚)𝟐
+ 𝒙 + 𝒚 =

𝒂𝒃

𝒂𝟐 − 𝟒𝒃
+ 𝒂 𝒂𝒏𝒅

𝒙 + 𝒚

(𝒙 − 𝒚)𝟐
+
𝟏

𝒙
+
𝟏

𝒚
=

𝒂

𝒂𝟐 − 𝟒𝒃
+
𝒂

𝒃
,
(𝒙 + 𝒚)𝟐

𝒙𝒚
=
𝒂𝟐

𝒃
 

 

𝑳.𝑯. 𝑺 = (
𝒂𝒃

𝒂𝟐 − 𝟒𝒃
+ 𝒂) (

𝒂

𝒂𝟐 − 𝟒𝒃
+
𝒂

𝒃
) .
𝒂𝟐

𝒃
=
𝒂𝟒

𝒃𝟐
.
(𝒂𝟐 − 𝟑𝒃)𝟐

(𝒂𝟐 − 𝟒𝒃)𝟐
=
𝒕=
𝒂𝟐

𝒃 𝒕𝟐(𝒕 − 𝟑)𝟐

(𝒕 − 𝟒)𝟐
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 

 
𝒕𝟐(𝒕 − 𝟑)𝟐

(𝒕 − 𝟒)𝟐
≥ 𝟖𝟏 𝒐𝒓,

𝒕(𝒕 − 𝟑)

𝒕 − 𝟒
≥ 𝟗 𝒐𝒓,

𝒕(𝒕 − 𝟑)

𝒕 − 𝟒
− 𝟗 ≥ 𝟎 𝒐𝒓,

(𝒕 − 𝟔)𝟐

𝒕 − 𝟒
≥ 𝟎 

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒕 > 4(𝒇𝒓𝒐𝒎 (𝟏))  

𝒂𝒏𝒅 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒄𝒄𝒖𝒓𝒔 𝒘𝒉𝒆𝒏 𝒕 = 𝟔 𝒐𝒓,
𝒂𝟐

𝒃
= 𝟔 𝒐𝒓, 𝒂𝟐 = 𝟔𝒃 

2129. If 𝒂, 𝒃 > 0, 𝑎𝑏 = 1 then: 

𝒂𝒃𝒃𝒂 ≤ 𝟏 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

𝒂𝒃𝒃𝒂 ≤⏞
𝑨𝑴−𝑮𝑴𝒂𝒃 + 𝒃𝒂

𝒂 + 𝒃
=
𝟏 + 𝟏

𝒂 + 𝒃
=

𝟏

𝒂 + 𝒃
𝟐

≤⏞
𝑨𝑴−𝑮𝑴 𝟏

√𝒂𝒃
= 𝟏 

 
Equality holds for 𝒂 = 𝒃 = 𝟏. 
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2130. If 𝒂, 𝒃 > 0, 𝒂𝟐 + 𝒃𝟐 = 𝟐 then: 
 

𝒂𝟐

𝒃𝟑 + 𝟏
+

𝒃𝟐

𝒂𝟑 + 𝟏
≥ 𝟏 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒂𝟐 + 𝒃𝟐 = 𝟐 𝒐𝒓, 𝟐 =
𝒂𝟐

𝟏
+
𝒃𝟐

𝟏
≥

𝑹𝒂𝒅𝒐𝒏 (𝒂 + 𝒃)𝟐

𝟐
 𝒐𝒓  𝒂 + 𝒃 ≤ 𝟐 (𝟏) 

𝟐 = 𝒂𝟐 + 𝒃𝟐 ≥
𝑨𝑴−𝑮𝑴

𝟐𝒂𝒃 𝒐𝒓 𝒂𝒃 ≤ 𝟏 (𝟐) 
 

𝒂𝟐

𝒃𝟑 + 𝟏
+

𝒃𝟐

𝒂𝟑 + 𝟏
= (𝒂𝟐 −

𝒂𝟐𝒃𝟑

𝒃𝟑 + 𝟏
) + (𝒃𝟐 −

𝒃𝟐𝒂𝟑

𝒂𝟑 + 𝟏
) = 

 

= (𝒂𝟐 + 𝒃𝟐) − 𝒂𝟐𝒃𝟐 (
𝒃

𝒃𝟑 + 𝟏
+

𝒂

𝒂𝟑 + 𝟏
) ≥
𝑨𝑴−𝑮𝑴

 (𝒂𝟐 + 𝒃𝟐) − 𝒂𝟐𝒃𝟐 (
𝒃

𝟐𝒃
𝟑
𝟐

+
𝒂

𝟐𝒂
𝟑
𝟐

) = 

 

= (𝒂𝟐 + 𝒃𝟐) −
𝒂𝟐𝒃𝟐

𝟐
(√
𝟏

𝒃
+√

𝟏

𝒂
) ≥

𝑪𝑩𝑺

𝒂𝟐+𝒃𝟐=𝟐

𝟐 −
𝒂𝟐𝒃𝟐

𝟐
√𝟐(

𝟏

𝒃
+
𝟏

𝒂
) = 

= 𝟐 −
𝒂𝒃√𝒂𝒃

𝟐
√𝟐(𝒂 + 𝒃) ≥

(𝟏)&(𝟐)

 𝟐 −
𝟏

𝟐
√𝟒 = 𝟏 

 
Equality holds for a=b=1. 

2131. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝟒∑
𝒂𝟖 + 𝒃𝟖

(𝒂𝟐 + 𝒃𝟐)𝟐
+ 𝒂𝒃𝒄∑𝒂 ≥∑𝒂∑𝒂𝟑 

Proposed by Neculai Stanciu-Romania 
Solution by Tapas Das-India 
 

 𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒃𝒚 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒂, 𝒃, 𝒄 > 0 𝑡ℎ𝑒𝑛 ∶ 
𝒂𝒕(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃𝒕(𝒃 − 𝒄)(𝒃 − 𝒂) + 𝒄𝒕(𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎 

 

 𝑭𝒐𝒓 𝒕 = 𝟐 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒂𝟐(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃𝟐(𝒃 − 𝒄)(𝒃 − 𝒂) + 𝒄𝟐(𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎 
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 ∑(𝒂𝟒 − 𝒂𝟑(𝒃 + 𝒄) + 𝒂𝟐𝒃𝒄) ≥ 𝟎 𝒐𝒓∑𝒂𝟒 + 𝒂𝒃𝒄∑𝒂 ≥∑𝒂𝟑(𝒃 + 𝒄) (𝟏) 

 

 𝒂𝟒 + 𝒃𝟒 =
(𝒂𝟐)𝟐

𝟏
+
(𝒃𝟐)𝟐

𝟏
≥

𝑹𝒂𝒅𝒐𝒏 (𝒂𝟐 + 𝒃𝟐)𝟐

𝟐
 𝒐𝒓 𝟐(𝒂𝟒 + 𝒃𝟒) ≥ (𝒂𝟐 + 𝒃𝟐)𝟐 (𝟐) 

𝒂𝟖 + 𝒃𝟖 =
(𝒂𝟒)𝟐

𝟏
+
(𝒃𝟒)𝟐

𝟏
≥

𝑹𝒂𝒅𝒐𝒏 (𝒂𝟒 + 𝒃𝟒)𝟐

𝟐
 (𝟑) 

 𝟒∑
𝒂𝟖 + 𝒃𝟖

(𝒂𝟐 + 𝒃𝟐)𝟐
+ 𝒂𝒃𝒄∑𝒂 ≥

(𝟑)& (𝟐)

 ∑(𝒂𝟒 + 𝒃𝟒) + 𝒂𝒃𝒄∑𝒂 = 𝟐∑𝒂𝟒 + 𝒂𝒃𝒄∑𝒂  

 

∑𝒂𝟒 + (∑𝒂𝟒 + 𝒂𝒃𝒄∑𝒂) ≥
(𝟏)

 ∑𝒂𝟒 +∑𝒂𝟑(𝒃 + 𝒄) = 

=∑𝒂𝟒 +∑𝒂𝟑(𝒂 + 𝒃 + 𝒄 − 𝒂) =∑𝒂𝟒 +∑𝒂𝟑∑𝒂−∑𝒂𝟒 =∑𝒂∑𝒂𝟑 

 
Equality holds for  a=b=c. 

 

2132. 𝐈𝐟 𝒂, 𝐛 > 1 𝒂𝐧𝐝 𝒂𝐛 = 𝟒 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(
𝒂 − 𝟏

𝐛
)
𝐛

(
𝐛 − 𝟏

𝒂
)

𝒂

≤
𝟏

𝟏𝟔
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝒂) = 𝒂𝒂. (
𝟒

𝒂
)

𝟒
𝒂
 ∀ 𝒂 > 1 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐟 ′(𝒂) = 𝒂𝒂− 
𝟒
𝒂
 −𝟐. 𝟒

𝟒
𝒂. ((𝒂𝟐 + 𝟒) 𝐥𝐧 𝒂 − 𝟖 𝐥𝐧𝟐 + 𝒂𝟐 − 𝟒) 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝒂𝒂− 
𝟒
𝒂
 −𝟐. 𝟒

𝟒
𝒂 > 0 ∀ 𝑎 > 1 𝑎𝐧𝐝 (𝒂𝟐 + 𝟒) 𝐥𝐧𝒂 − 𝟖 𝐥𝐧𝟐 + 𝒂𝟐 − 𝟒 ⋚ 𝟎  

𝒂𝐜𝐜𝐨𝐫𝐝𝐢𝐧𝐠 𝒂𝐬 𝒂 ⋚ 𝟐 ∴ 𝐟 ′(𝒂) ⋚ 𝟎 𝒂𝐜𝐜𝐨𝐫𝐝𝐢𝐧𝐠 𝒂𝐬 𝒂 ⋚ 𝟐 ⇒ 𝐟(𝒂) 𝐢𝐬 ↓ 𝐨𝐧 (𝟏, 𝟐]  

𝒂𝐧𝐝 𝐟(𝒂) 𝐢𝐬 ↑ 𝐨𝐧 [𝟐,∞) ⇒ 𝐟(𝒂) ≥ 𝐟(𝟐) = 𝟏𝟔 ⇒
𝒂𝐛 = 𝟒

𝒂𝒂. 𝐛𝐛 ≥ 𝟏𝟔 

⇒ (
𝒂 − 𝟏

𝐛
)
𝐛

(
𝐛 − 𝟏

𝒂
)
𝒂

≤
(𝒂 − 𝟏)𝐛(𝐛 − 𝟏)𝒂

𝟏𝟔
≤
? 𝟏

𝟏𝟔
⇔ 𝐛𝐥𝐧(𝒂 − 𝟏) + 𝒂 𝐥𝐧(𝐛 − 𝟏) ≤

?
⏟
(∗)

𝟎 

𝐒𝐢𝐧𝐜𝐞 𝐥𝐧 𝒙 ≤ 𝒙 − 𝟏 ∀ 𝒙 > 0 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤ 𝐛(𝒂 − 𝟐) + 𝒂(𝐛 − 𝟐) =
𝒂𝐛 = 𝟒

𝟖 − 𝟐(𝒂 + 𝐛) 

≤
𝐀𝐌−𝐆𝐌

𝟖 − 𝟒.√𝒂𝐛 =
𝒂𝐛 = 𝟒

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (
𝒂 − 𝟏

𝐛
)
𝐛

(
𝐛 − 𝟏

𝒂
)
𝒂

≤
𝟏

𝟏𝟔
 

∀ 𝒂, 𝐛 > 1│𝒂𝐛 = 𝟒, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟐 (𝐐𝐄𝐃) 
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2133. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝒂𝐭 ∶ 

𝒂 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
≤ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐜 ≥ 𝐛 𝐨𝐫 𝐛 ≥ 𝐜 ≥ 𝒂 𝐨𝐫 𝐛 ≥ 𝒂 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
𝒂 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
=
𝒂 − 𝐜 + 𝐜 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
 

= (𝐜 − 𝒂) (
𝟏

𝐜𝟐 + 𝟏
−

𝟏

𝒂𝟐 + 𝟏
) + (𝐛 − 𝐜) (

𝟏

𝐛𝟐 + 𝟏
−

𝟏

𝒂𝟐 + 𝟏
) 

= −
(𝐜 − 𝒂)𝟐(𝐜 + 𝒂)

(𝐜𝟐 + 𝟏)(𝒂𝟐 + 𝟏)
+
(𝐛 − 𝐜)(𝒂 − 𝐛)(𝒂 + 𝐛)

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
≤ 𝟎 

𝐂𝒂𝐬𝐞 𝟐  𝒂 ≥ 𝐛 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝐛 ≥ 𝒂 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝒂 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
 

=
𝒂 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝒂 + 𝒂 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
 

= (𝒂 − 𝐛) (
𝟏

𝒂𝟐 + 𝟏
−

𝟏

𝐛𝟐 + 𝟏
) + (𝐜 − 𝒂) (

𝟏

𝐜𝟐 + 𝟏
−

𝟏

𝐛𝟐 + 𝟏
) 

= −
(𝒂 − 𝐛)𝟐(𝒂 + 𝐛)

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+
(𝐜 − 𝒂)(𝐛 − 𝐜)(𝐛 + 𝐜)

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
≤ 𝟎 

𝐒𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝒂𝐯𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫𝐞𝐝 𝒂𝒍𝒍 𝐩𝐨𝐬𝐬𝐢𝐛𝒍𝐞 𝐜𝒂𝐬𝐞𝐬 𝐜𝐨𝐧𝐜𝐞𝐫𝐧𝐢𝐧𝐠 𝐭𝐡𝐞 𝐨𝐫𝐝𝐞𝐫𝐢𝐧𝐠 𝐨𝐟 𝒂, 𝐛, 𝐜 

𝒂𝐦𝐨𝐧𝐠𝐬𝐭 𝐞𝒂𝐜𝐡 𝐨𝐭𝐡𝐞𝐫, 𝐡𝐞𝐧𝐜𝐞 𝐰𝐞 𝐜𝐨𝐧𝐜𝒍𝐮𝐝𝐞 ∶
𝒂 − 𝐛

𝒂𝟐 + 𝟏
+
𝐛 − 𝐜

𝐛𝟐 + 𝟏
+
𝐜 − 𝒂

𝐜𝟐 + 𝟏
≤ 𝟎 

∀ 𝒂, 𝐛, 𝐜 > 0, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

2134. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥 + 𝐲 + 𝐳 = 𝒙𝐲𝐳 𝒂𝐧𝐝 𝛌 ≤ 𝟗 𝐭𝐡𝐞𝐧 ∶ 

 𝛌 + 𝒙𝟐𝐲𝟐𝐳𝟐 ≥ (𝟑 +
𝛌

𝟗
)(∑𝒙𝐲

𝐜𝐲𝐜

) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝒙𝐲𝐳 =∑𝒙

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒙𝐲𝐳
𝟑 ⇒ 𝒙𝟐𝐲𝟐𝐳𝟐 ≥ 𝟐𝟕 ⇒ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) 
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=
𝒙+𝐲+𝐳 = 𝒙𝐲𝐳

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ≥ 𝟖𝟏 ⇒∑𝒙𝐲

𝐜𝐲𝐜

≥ 𝟗 →① 𝒂𝐧𝐝 𝐧𝐨𝐰, 

𝛌 + 𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
(𝟑 +

𝛌

𝟗
)(∑𝒙𝐲

𝐜𝐲𝐜

) ⇔ 𝒙𝟐𝐲𝟐𝐳𝟐 − 𝟑∑𝒙𝐲

𝐜𝐲𝐜

≥
? 𝛌

𝟗
. (∑𝒙𝐲

𝐜𝐲𝐜

− 𝟗) 

𝒂𝐧𝐝 𝐧𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 ∑𝒙𝐲

𝐜𝐲𝐜

− 𝟗 ≥
𝐯𝐢𝒂 ①

𝟎 𝒂𝐧𝐝 
𝛌

𝟗
≤ 𝟏 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝒙𝟐𝐲𝟐𝐳𝟐 − 𝟑∑𝒙𝐲

𝐜𝐲𝐜

≥
?
∑𝒙𝐲

𝐜𝐲𝐜

− 𝟗 ⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟐

+
𝟗𝒙𝐲𝐳

∑ 𝒙𝐜𝐲𝐜
− 𝟒∑𝒙𝐲

𝐜𝐲𝐜

≥
?
𝟎 

(∵ 𝒙 + 𝐲 + 𝐳 =  𝒙𝐲𝐳) ⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝐲𝐳 − 𝟒(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥
?
𝟎 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴ 𝛌 + 𝒙𝟐𝐲𝟐𝐳𝟐 ≥ (𝟑 +
𝛌

𝟗
)(∑𝒙𝐲

𝐜𝐲𝐜

) ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝒙𝐲𝐳 𝒂𝐧𝐝 𝛌 ≤ 𝟗, 

′′ =′′  𝒙 = 𝐲 = 𝐳 = √𝟑  
 

2435. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝒂𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐛 ≥ 𝐜 𝐨𝐫 𝒂 ≥ 𝐜 ≥ 𝐛 𝐨𝐫 𝐛 ≥ 𝐜 ≥ 𝒂 𝐨𝐫 𝐜 ≥ 𝐛 ≥ 𝒂 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
𝒂𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
=
𝒂𝟐 − 𝐜𝟐 + 𝐜𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
 

= (𝐜𝟐 − 𝒂𝟐) (
𝟏

𝒂𝟑 + 𝟏
−

𝟏

𝐛𝟑 + 𝟏
) + (𝐛𝟐 − 𝐜𝟐) (

𝟏

𝐜𝟑 + 𝟏
−

𝟏

𝐛𝟑 + 𝟏
) 

=
(𝐜 − 𝒂)(𝐛 − 𝒂)(𝐜 + 𝒂)(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)

(𝒂𝟑 + 𝟏)(𝐛𝟑 + 𝟏)
+
(𝐛 − 𝐜)𝟐(𝐛 + 𝐜)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

(𝐜𝟑 + 𝟏)(𝐛𝟑 + 𝟏)
≥ 𝟎 

𝐂𝒂𝐬𝐞 𝟐  𝐛 ≥ 𝒂 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝒂𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
 

=
𝒂𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝒂𝟐 + 𝒂𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
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= (𝒂𝟐 − 𝐛𝟐) (
𝟏

𝐛𝟑 + 𝟏
−

𝟏

𝐜𝟑 + 𝟏
) + (𝐜𝟐 − 𝒂𝟐) (

𝟏

𝒂𝟑 + 𝟏
−

𝟏

𝐜𝟑 + 𝟏
) 

=
(𝒂 − 𝐛)(𝐜 − 𝐛)(𝒂 + 𝐛)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

(𝐛𝟑 + 𝟏)(𝐜𝟑 + 𝟏)
+
(𝐜 − 𝒂)𝟐(𝐜 + 𝒂)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)

(𝒂𝟑 + 𝟏)(𝐜𝟑 + 𝟏)
≥ 𝟎 

𝐒𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝒂𝐯𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫𝐞𝐝 𝒂𝒍𝒍 𝐩𝐨𝐬𝐬𝐢𝐛𝒍𝐞 𝐜𝒂𝐬𝐞𝐬 𝐜𝐨𝐧𝐜𝐞𝐫𝐧𝐢𝐧𝐠 𝐭𝐡𝐞 𝐨𝐫𝐝𝐞𝐫𝐢𝐧𝐠 𝐨𝐟 𝒂, 𝐛, 𝐜 

𝒂𝐦𝐨𝐧𝐠𝐬𝐭 𝐞𝒂𝐜𝐡 𝐨𝐭𝐡𝐞𝐫, 𝐡𝐞𝐧𝐜𝐞 𝐰𝐞 𝐜𝐨𝐧𝐜𝒍𝐮𝐝𝐞 ∶
𝒂𝟐 − 𝐛𝟐

𝐛𝟑 + 𝟏
+
𝐛𝟐 − 𝐜𝟐

𝐜𝟑 + 𝟏
+
𝐜𝟐 − 𝒂𝟐

𝒂𝟑 + 𝟏
≥ 𝟎 

∀ 𝒂, 𝐛, 𝐜 > 0, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜  
 

2136. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝒂 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐛 ≥ 𝐜 𝐨𝐫 𝒂 ≥ 𝐜 ≥ 𝐛 𝐨𝐫 𝐛 ≥ 𝐜 ≥ 𝒂 𝐨𝐫 𝐜 ≥ 𝐛 ≥ 𝒂 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
𝒂 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
=
𝒂 − 𝐜 + 𝐜 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
 

= (𝐜 − 𝒂) (
𝟏

√𝒂 + 𝟏
−

𝟏

√𝐛 + 𝟏
) + (𝐛 − 𝐜) (

𝟏

√𝐜 + 𝟏
−

𝟏

√𝐛 + 𝟏
) 

=
(𝐜 − 𝒂)(𝐛 − 𝒂)

√(𝒂 + 𝟏)(𝐛 + 𝟏). (√𝐛 + 𝟏 + √𝒂 + 𝟏)
+

(𝐛 − 𝐜)𝟐

√(𝐜 + 𝟏)(𝐛 + 𝟏). (√𝐛 + 𝟏 + √𝐜 + 𝟏)
≥ 𝟎 

𝐂𝒂𝐬𝐞 𝟐  𝐛 ≥ 𝒂 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝒂 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
 

=
𝒂 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝒂 + 𝒂 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
 

= (𝒂 − 𝐛) (
𝟏

√𝐛 + 𝟏
−

𝟏

√𝐜 + 𝟏
) + (𝐜 − 𝒂) (

𝟏

√𝒂 + 𝟏
−

𝟏

√𝐜 + 𝟏
) 

=
(𝒂 − 𝐛)(𝐜 − 𝐛)

√(𝐛 + 𝟏)(𝐜 + 𝟏). (√𝐛 + 𝟏 + √𝐜 + 𝟏)
+

(𝐜 − 𝒂)𝟐

√(𝒂 + 𝟏)(𝐜 + 𝟏). (√𝒂 + 𝟏 + √𝐜 + 𝟏)
≥ 𝟎 

𝐒𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝒂𝐯𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫𝐞𝐝 𝒂𝒍𝒍 𝐩𝐨𝐬𝐬𝐢𝐛𝒍𝐞 𝐜𝒂𝐬𝐞𝐬 𝐜𝐨𝐧𝐜𝐞𝐫𝐧𝐢𝐧𝐠 𝐭𝐡𝐞 𝐨𝐫𝐝𝐞𝐫𝐢𝐧𝐠 𝐨𝐟 𝒂, 𝐛, 𝐜 

𝒂𝐦𝐨𝐧𝐠𝐬𝐭 𝐞𝒂𝐜𝐡 𝐨𝐭𝐡𝐞𝐫, 𝐡𝐞𝐧𝐜𝐞 𝐰𝐞 𝐜𝐨𝐧𝐜𝒍𝐮𝐝𝐞 ∶
𝒂 − 𝐛

√𝐛 + 𝟏
+
𝐛 − 𝐜

√𝐜 + 𝟏
+
𝐜 − 𝒂

√𝒂 + 𝟏
≥ 𝟎 

∀ 𝒂, 𝐛, 𝐜 > 0, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜  
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2137. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏𝟔

𝟐𝟕
≤ (𝟏 − 𝟓𝒂𝐛)𝟐 + (𝟏 − 𝟓𝐛𝐜)𝟐 + (𝟏 − 𝟓𝐜𝒂)𝟐 ≤ 𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝒍𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎  

(𝒂 = 𝟏) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

= 𝟑𝒂𝐧𝐝 ∵
𝟏𝟔

𝟐𝟕
< 3 = 3 ∴

𝟏𝟔

𝟐𝟕
<∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

= 𝟑 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝒍𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (
𝐛 + 𝐜 = 𝟏;
𝐛, 𝐜 > 0

) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

= 𝟐 + (𝟏 − 𝟓𝐛𝐜)𝟐 <
?
𝟑 ⇔ 𝟏 − 𝟏𝟎𝐛𝐜 + 𝟐𝟓𝐛𝟐𝐜𝟐 <

?
𝟏 

⇔ 𝟐(𝐛 + 𝐜)𝟐 >
?
𝟓𝐛𝐜 (∵ 𝐛 + 𝐜 = 𝟏) ⇔ 𝟐(𝐛 − 𝐜)𝟐 + 𝟑𝐛𝐜 >

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐛, 𝐜 > 0 

∴ ∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

< 3 𝑎𝐧𝐝 ∵ 𝟐 + (𝟏 − 𝟓𝐛𝐜)𝟐 >
𝟏𝟔

𝟐𝟕
∴∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

>
𝟏𝟔

𝟐𝟕
 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑(𝟏− 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

= 𝟑 − 𝟏𝟎(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 

𝟐𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 (∵ 𝒂 + 𝐛 + 𝐜 = 𝟏) ≤ 𝟑 − 𝟑𝟎(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

+ 𝟐𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

= 𝟑 − 𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟔𝟎𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) < 3 (∵ 𝒂, 𝐛, 𝐜 > 0) ∴ ∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

< 3  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲); 

𝐭𝐡𝐞𝐧 ∶ ∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

≥
? 𝟏𝟔

𝟐𝟕
 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 

𝟑 (∑𝒂

𝐜𝐲𝐜

)

𝟒

− 𝟏𝟎(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟐𝟓∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
? 𝟏𝟔

𝟐𝟕
.(∑𝒂

𝐜𝐲𝐜

)

𝟒
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⇔ 𝟔𝟓𝐬𝟒 − 𝟐𝟕𝟎(𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 + 𝟔𝟕𝟓𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 

𝟔𝟓(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 ⇔ (𝟏𝟎𝟎𝐑 − 𝟐𝟐𝟕𝐫)𝐬𝟐 ≥

?
⏟
(∗∗)

𝐫(𝟓𝟖𝟒𝐑𝟐 − 𝟏𝟓𝟖𝟎𝐑𝐫 + 𝟗𝟓𝐫𝟐) 

𝐂𝒂𝐬𝐞 (𝐢)  𝟏𝟎𝟎𝐑 − 𝟐𝟐𝟕𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟎𝟎𝐑 − 𝟐𝟐𝟕𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗) ⇔ 𝟖𝐫(𝐑 − 𝟐𝐫)(𝟏𝟕𝟐𝐑− 𝟔𝟓𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 (𝐢𝐢)  𝟏𝟎𝟎𝐑 − 𝟐𝟐𝟕𝐫 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟎𝟎𝐑− 𝟐𝟐𝟕𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗) 

⇔ 𝟏𝟎𝟎𝐭𝟑 − 𝟐𝟕𝟑𝐭𝟐 + 𝟐𝟒𝟑𝐭 − 𝟏𝟗𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟎𝟎𝐭𝟐 − 𝟕𝟑𝐭 + 𝟗𝟕) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞  

∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ∴ ∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

≥
𝟏𝟔

𝟐𝟕
 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 ①,② 𝒂𝐧𝐝 ③, 

𝟏𝟔

𝟐𝟕
≤∑(𝟏 − 𝟓𝐛𝐜)𝟐

𝐜𝐲𝐜

≤ 𝟑, ′′ =′′  𝐟𝐨𝐫 𝒍𝐨𝐰𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟑
 𝒂𝐧𝐝 

′′ =′′  𝐟𝐨𝐫 𝐮𝐩𝐩𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 (
𝒂 = 𝟏

𝐛 = 𝐜 = 𝟎
)  𝐨𝐫 (

𝐛 = 𝟏
𝒂 = 𝐜 = 𝟎

)  𝐨𝐫 (
𝐜 = 𝟏

𝒂 = 𝐛 = 𝟎
) (𝐐𝐄𝐃) 

 

2138. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟏 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂+𝐛

𝒂 + 𝐛 + 𝛌
𝐜𝐲𝐜

≥
𝟔

𝛌 + 𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂+ 𝐛

𝒂 + 𝐛 + 𝛌
𝐜𝐲𝐜

=∑
𝒙+ 𝛌 − 𝛌

𝒙 + 𝛌
𝐜𝐲𝐜

 (𝒙 = 𝐛 + 𝐜, 𝐲 = 𝐜 + 𝒂, 𝐳 = 𝒂 + 𝐛) 

= 𝟑 −
𝛌(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝟑𝛌𝟐 + 𝟐𝛌∑ 𝒙𝐜𝐲𝐜 )

𝒙𝐲𝐳 + 𝛌𝟑 + 𝛌∑ 𝒙𝐲𝐜𝐲𝐜 + 𝛌𝟐∑ 𝒙𝐜𝐲𝐜
≥
? 𝟔

𝛌 + 𝟐
 

⇔ 𝟑𝒙𝐲𝐳 + 𝟐(𝛌 − 𝟏)(∑𝒙𝐲

𝐜𝐲𝐜

) + (𝛌𝟐 − 𝟒𝛌) (∑𝒙

𝐜𝐲𝐜

) − 𝟔𝛌𝟐 ≥
?
𝟎 
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⇔ 𝟑(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − 𝟑 + 𝟐(𝛌 − 𝟏)((∑𝒂

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝐛

𝐜𝐲𝐜

) + 

(𝟐𝛌𝟐 − 𝟖𝛌)(∑𝒂

𝐜𝐲𝐜

) − 𝟔𝛌𝟐 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐀𝐌−𝐆𝐌

𝟐(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) + 𝟗𝒂𝐛𝐜 − 𝟑 + 

𝟐(𝛌 − 𝟏)((∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟑) + 𝟐𝛌𝟐 (∑𝒂

𝐜𝐲𝐜

− 𝟑) − 𝟖𝛌(∑𝒂

𝐜𝐲𝐜

) 

(∵ ∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

= 𝟑) ≥

𝛌 ≥ 𝟏
𝒂𝐧𝐝

∑ 𝒂𝐛𝐜𝐲𝐜  ≥ 𝟑

 

𝟔𝐭 + 𝟗 − 𝟑 + 𝟐(𝛌 − 𝟏)(𝐭𝟐 + 𝟑) + 𝟐(𝐭 − 𝟑) − 𝟖𝛌𝐭 

(

 
 
𝐭 =∑𝒂

𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝

∵ 𝐭 =∑𝒂

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝐛𝐜
𝟑

= 𝟑

)

 
 

 

= 𝟖𝐭 − 𝟖𝛌𝐭 + 𝟗 − 𝟑 − 𝟔 + 𝟐(𝛌 − 𝟏)(𝐭𝟐 + 𝟑) = 𝟐(𝛌 − 𝟏)(𝐭𝟐 + 𝟑 − 𝟒𝐭) 
= 𝟐(𝛌 − 𝟏)(𝐭 − 𝟑)(𝐭 − 𝟏) ≥ 𝟎(∵ 𝐭 ≥ 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟏) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑
𝒂+ 𝐛

𝒂 + 𝐛 + 𝛌
𝐜𝐲𝐜

≥
𝟔

𝛌 + 𝟐
∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟏, 

 ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2139. 𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ [𝟎, 𝟏] 𝒂𝐧𝐝 𝛌 ≥ 𝟕 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂

𝐛+ 𝐜𝟑 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂, 𝐛, 𝐜 ∈ [𝟎, 𝟏] ⇒ 𝐛 ≥ 𝐛𝟑 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑
𝒂

𝐛+ 𝐜𝟑 + 𝛌
𝐜𝐲𝐜

≤∑
𝒂

𝐛𝟑 + 𝐜𝟑 + 𝛌
𝐜𝐲𝐜
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=∑
𝒂

𝛌 + 𝟐 − (𝟏 − 𝐛𝟑) − (𝟏 − 𝐜𝟑)
𝐜𝐲𝐜

=∑
√𝟏 − 𝒙
𝟑

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

 

(𝒙 = 𝟏 − 𝒂𝟑, 𝐲 = 𝟏 − 𝐛𝟑, 𝐳 = 𝟏 − 𝐜𝟑, 𝐦 = 𝛌 + 𝟐) ≤∑

𝟑− 𝒙
𝟑

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

 

(
∵ √𝟏 − 𝒙

𝟑
≤
? 𝟑 − 𝒙

𝟑
⇔ (𝟑 − 𝒙)𝟑 ≥

?
𝟐𝟕(𝟏 − 𝒙) ⇔ 𝒙𝟐(𝟗 − 𝒙) ≥

?
𝟎

→ 𝐭𝐫𝐮𝐞 ∵ 𝟎 ≤ 𝒂𝟑, 𝐛𝟑, 𝐜𝟑 ≤ 𝟏 ⇒ 𝟎 ≤ 𝒙, 𝐲, 𝐳 ≤ 𝟏 ∴ √𝟏 − 𝒙
𝟑

≤
𝟑 − 𝒙

𝟑
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

) 

≤
? 𝟑

𝛌 + 𝟐
=
𝟑

𝐦
⇔∑

𝐦(𝟑− 𝒙)

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

≤
?
⏟
(∗)

𝟗 

𝐍𝐨𝐰,∑
𝐦(𝟑 − 𝒙)

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

=∑
(𝐦− 𝐲 − 𝐳 + 𝐲 + 𝐳)(𝟑 − 𝒙)

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

 

= ∑(𝟑 − 𝒙)

𝐜𝐲𝐜

+∑
(𝐲 + 𝐳)(𝟑 − 𝒙)

𝐦− 𝐲 − 𝐳
𝐜𝐲𝐜

≤ 𝟗 −∑𝒙

𝐜𝐲𝐜

+∑
(𝐲 + 𝐳)(𝟑 − 𝒙)

𝟕
𝐜𝐲𝐜

  

(
∵ 𝟎 ≤ 𝐲, 𝐳 ≤ 𝟏 ⇒ 𝐦− 𝐲 − 𝐳 ≥ 𝐦− 𝟐 ≥ 𝟗 − 𝟐 = 𝟕 𝒂𝐬 𝐦 = 𝛌 + 𝟐 ≥ 𝟗

𝒂𝐧𝐝 ∵ 𝟎 ≤ 𝒙, 𝐲, 𝐳 ≤ 𝟏 ⇒ 𝐲 + 𝐳 ≥ 𝟎 𝒂𝐧𝐝 𝟑 − 𝒙 > 0
) 

≤ 𝟗 −∑𝒙

𝐜𝐲𝐜

+
𝟏

𝟕
. (𝟔∑𝒙

𝐜𝐲𝐜

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

) = 𝟗 −
𝟏

𝟕
.(∑𝒙

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

) ≤ 𝟗  

(∵ 𝒙, 𝐲, 𝐳 ≥ 𝟎) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝒂

𝐛+ 𝐜𝟑 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
 ∀ 𝒂, 𝐛, 𝐜 ∈ [𝟎, 𝟏] 𝒂𝐧𝐝 𝛌 ≥ 𝟕, 

′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝒂𝟑 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ∧ (𝒙 = 𝟏 − 𝒂𝟑 = 𝐲 = 𝟏 − 𝐛𝟑 = 𝐳 = 𝟏 − 𝐜𝟑 = 𝟎) 
⇒ ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

2140. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎 𝐭𝐡𝐞𝐧 ∶ 

∑(𝒂.√𝛌 + 𝐛 + 𝐜)

𝐜𝐲𝐜

≤ √𝛌 + 𝟐(𝒂 + 𝐛 + 𝐜) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑(𝒂.√𝛌 + 𝐛 + 𝐜)

𝐜𝐲𝐜

=∑(√𝒂.√𝛌𝒂 + 𝒂𝐛 + 𝐜𝒂)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

 

≤ √∑𝒂

𝐜𝐲𝐜

. √𝛌∑𝒂

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

≤
?
√𝛌 + 𝟐.(∑𝒂

𝐜𝐲𝐜

) 
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⇔ 𝛌(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟐(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≤
?
𝛌(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟐(∑𝒂

𝐜𝐲𝐜

)

𝟐

⇔∑𝒂

𝐜𝐲𝐜

≥
?
∑𝒂𝐛

𝐜𝐲𝐜

 

⇔ (∑𝒂

𝐜𝐲𝐜

) .√
𝟏

𝟑
∑𝒂𝟐

𝐜𝐲𝐜

≥
?
∑𝒂𝐛

𝐜𝐲𝐜

 (∵ ∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑) 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

→ 𝐭𝐫𝐮𝐞 ∵∑𝒂𝟐

𝐜𝐲𝐜

≥∑𝒂𝐛

𝐜𝐲𝐜

 𝒂𝐧𝐝 

(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

∴∑(𝒂.√𝛌 + 𝐛 + 𝐜)

𝐜𝐲𝐜

≤ √𝛌 + 𝟐. (𝒂 + 𝐛 + 𝐜) 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2141. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥𝐲𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟎 𝐭𝐡𝐞𝐧 ∶ 

∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

≤ 𝛌(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

+ (𝟏 − 𝟑𝛌)(∑𝒙𝟐

𝐜𝐲𝐜

) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

√(∑𝒙𝐲

𝐜𝐲𝐜

)(𝟐∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) ≤
𝐀𝐌−𝐆𝐌

∑𝒙𝟐

𝐜𝐲𝐜

 

⇒∑𝒙𝟐

𝐜𝐲𝐜

≥ √
∑ 𝒙𝐲𝐜𝐲𝐜

𝟑
.√∑(𝟏)

𝐜𝐲𝐜

(∑(𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐)

𝐜𝐲𝐜

) ≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

 

√
∑ 𝒙𝐲𝐜𝐲𝐜

𝟑
.∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

≥∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

 

(∵∑𝒙𝐲

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

=
𝒙𝐲𝐳 = 𝟏

𝟑) 
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∴∑𝒙𝟐

𝐜𝐲𝐜

+ 𝛌(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≥∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

+ 𝛌(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≥ 

∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

+ 𝟑𝛌(∑𝒙𝟐

𝐜𝐲𝐜

)(
∵∑𝒙𝟐

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

=
𝒙𝐲𝐳 = 𝟏

𝟑

𝒂𝐧𝐝 ∵ 𝛌 ≥ 𝟎

) 

∴∑√𝒙𝟐 − 𝒙𝐲 + 𝐲𝟐

𝐜𝐲𝐜

≤ 𝛌(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

+ (𝟏 − 𝟑𝛌)(∑𝒙𝟐

𝐜𝐲𝐜

) 

∀ 𝒙, 𝐲, 𝐳 > 0│𝑥𝐲𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟎, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
 

2142. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0,
𝟏

𝒙
+
𝟏

𝐲
+
𝟏

𝐳
= 𝟐 𝒂𝐧𝐝 𝟐𝟕𝛌 + 𝟖𝐧 = 𝟑𝟔, 𝛌 ≥ 𝟏, 𝐧 > 0 𝑡ℎ𝑒𝑛 ∶ 

∑𝒙

𝐜𝐲𝐜

≤ 𝛌𝒙𝐲𝐳 + 𝐧 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟐 =∑
𝟏

𝒙
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌 𝟑

√𝒙𝐲𝐳
𝟑

⇒ 𝟖𝒙𝐲𝐳 ≥ 𝟐𝟕 →① 𝒂𝐧𝐝 𝐧𝐨𝐰,∑𝒙

𝐜𝐲𝐜

≤
?
𝛌𝒙𝐲𝐳 + 𝐧 

⇔ 𝟖∑𝒙

𝐜𝐲𝐜

≤
?
𝟖𝛌𝒙𝐲𝐳 + 𝟑𝟔 − 𝟐𝟕𝛌 (∵ 𝟐𝟕𝛌 + 𝟖𝐧 = 𝟑𝟔) 

⇔ 𝟖∑𝒙

𝐜𝐲𝐜

≤
?
𝛌(𝟖𝒙𝐲𝐳 − 𝟐𝟕) + 𝟑𝟔 𝒂𝐧𝐝 ∵ 𝟖𝒙𝐲𝐳 − 𝟐𝟕 ≥

𝐯𝐢𝒂 ①

𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≥ 𝟏 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟖∑𝒙

𝐜𝐲𝐜

≤
?
𝟖𝒙𝐲𝐳 − 𝟐𝟕 + 𝟑𝟔 

⇔ 𝟖∑𝒙

𝐜𝐲𝐜

≤
?
𝟖𝒙𝐲𝐳(

∑ 𝒙𝐲𝐜𝐲𝐜

𝟐𝒙𝐲𝐳
)

𝟐

+ 𝟗(
𝟐𝒙𝐲𝐳

∑ 𝒙𝐲𝐜𝐲𝐜
) (∵

∑ 𝒙𝐲𝐜𝐲𝐜

𝟐𝒙𝐲𝐳
= 𝟏) 

⇔ 𝟒𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≤
?
(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝟐𝐲𝟐𝐳𝟐 
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⇔∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

) → 𝐭𝐫𝐮𝐞 

∵ ∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
𝐒𝐜𝐡𝐮𝐫

∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂 ≡ 𝒙𝐲, 𝐛 ≡ 𝐲𝐳, 𝐜 ≡ 𝐳𝒙 

∴ ∑𝒙

𝐜𝐲𝐜

≤ 𝛌𝒙𝐲𝐳 + 𝐧 ∀ 𝒙, 𝐲, 𝐳 > 0│
𝟏

𝒙
+
𝟏

𝐲
+
𝟏

𝐳
= 𝟐 𝒂𝐧𝐝 𝟐𝟕𝛌 + 𝟖𝐧 = 𝟑𝟔, 𝛌 ≥ 𝟏, 𝐧 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟑

𝟐
 (𝐐𝐄𝐃) 

2143. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥𝐲 + 𝐲𝐳 + 𝐳𝒙 = 𝟐 𝒂𝐧𝐝 𝛌 ≥
𝟖

𝟗
 𝐭𝐡𝐞𝐧 ∶ 

𝛌𝒙𝐲𝐳(𝒙 + 𝐲 + 𝐳) − 𝒙𝟐𝐲𝟐𝐳𝟐 ≤
𝟒

𝟐𝟕
(𝟗𝛌 − 𝟐) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) ≤
𝟏

𝟑
(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

=
𝟒

𝟑
⇒
𝟒

𝟑
− 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) ≥ 𝟎 →① 𝒂𝐧𝐝 𝐧𝐨𝐰, 

𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) − 𝒙𝟐𝐲𝟐𝐳𝟐 ≤
? 𝟒

𝟐𝟕
(𝟗𝛌 − 𝟐) ⇔ 𝛌(

𝟒

𝟑
− 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)) −
𝟖

𝟐𝟕
+ 𝒙𝟐𝐲𝟐𝐳𝟐 ≥

?
𝟎  

𝒂𝐧𝐝 ∵
𝟒

𝟑
− 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) ≥
𝐯𝐢𝒂 ①

𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≥
𝟖

𝟗
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟖

𝟗
(
𝟒

𝟑
− 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)) −
𝟖

𝟐𝟕
+ 𝒙𝟐𝐲𝟐𝐳𝟐 ≥

?
𝟎 

⇔
𝟒

𝟗
(∑𝒙𝐲

𝐜𝐲𝐜

)

(

 
 𝟏

𝟑
(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

)

 
 
−
𝟏

𝟐𝟕
(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

+ 𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝟎 

(∵ ∑𝒙𝐲

𝐜𝐲𝐜

= 𝟐) ⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝟒𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) 
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⇔∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

) → 𝐭𝐫𝐮𝐞 

∵∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
𝐒𝐜𝐡𝐮𝐫

∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂 ≡ 𝒙𝐲, 𝐛 ≡ 𝐲𝐳, 𝐜 ≡ 𝐳𝒙 

∴ 𝛌𝒙𝐲𝐳(𝒙 + 𝐲 + 𝐳) − 𝒙𝟐𝐲𝟐𝐳𝟐 ≤
𝟒

𝟐𝟕
(𝟗𝛌 − 𝟐) ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥𝐲 + 𝐲𝐳 + 𝐳𝒙 = 𝟐 𝒂𝐧𝐝 

𝛌 ≥
𝟖

𝟗
, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = √

𝟐

𝟑
 (𝐐𝐄𝐃) 

2144. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

∑
𝒂𝟏𝟐

𝒂𝟏𝟐 + (𝒃𝟑 + 𝒄𝟑)𝒂𝟑𝒃𝟑𝒄𝟑
≥ 𝟏 

 
Proposed by Neculai Stanciu, Mihaly Bencze-Romania 

Solution by Tapas Das-India 
𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 

𝒙𝟑 + 𝒚𝟑 = (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) ≥
𝑨𝑴−𝑮𝑴

 (𝒙 + 𝒚)(𝟐𝒙𝒚 − 𝒙𝒚) = 𝒙𝒚(𝒙 + 𝒚) 
 

𝒃𝟑𝒄𝟑(𝒃𝟑 + 𝒄𝟑) ≤ (𝒃𝟑)𝟑 + (𝒄𝟑)𝟑 = 𝒃𝟗 + 𝒄𝟗 
 

 𝒂𝟏𝟐 + 𝒂𝟑 𝒃𝟑𝒄𝟑(𝒃𝟑 + 𝒄𝟑) ≤ 𝒂𝟏𝟐 + 𝒂𝟑(𝒃𝟗 + 𝒄𝟗) = 𝒂𝟑(𝒂𝟗 + 𝒃𝟗 + 𝒄𝟗) 
 

∑
𝒂𝟏𝟐

𝒂𝟏𝟐 + (𝒃𝟑 + 𝒄𝟑)𝒂𝟑𝒃𝟑𝒄𝟑
≥∑

𝒂𝟏𝟐

𝒂𝟑(𝒂𝟗 + 𝒃𝟗 + 𝒄𝟗)
=∑

𝒂𝟗

(𝒂𝟗 + 𝒃𝟗 + 𝒄𝟗)
= 𝟏 

 
Equality holds for  a=b=c. 

 

2145. If 𝒂, 𝒃 > 0, 𝑎 + 𝑏 = 2 then: 
𝒂

𝒃𝟐 + 𝟏
+

𝒃

𝒂𝟐 + 𝟏
≥ 𝟏 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
Denote: 

{
𝑺 = 𝒙 + 𝒚
𝑷 = 𝒙𝒚
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𝟐 = 𝒂 + 𝒃 ≥⏞
𝑨𝑴−𝑮𝑴

𝟐√𝒂𝒃 = 𝟐√𝑷⟹ 𝟐 ≥ 𝟐√𝑷⟹ 𝑷 ≤ 𝟏 
 

𝑷− 𝟏 ≤ 𝟎     (𝟏) 
 

𝑷 > 0 ⟹ 𝑃 + 5 > 0        (2) 
 

𝒂

𝒃𝟐 + 𝟏
+

𝒃

𝒂𝟐 + 𝟏
=
𝒂(𝒂𝟐 + 𝟏) + 𝒃(𝒃𝟐 + 𝟏)

(𝒂𝟐 + 𝟏)(𝒃𝟐 + 𝟏)
= 

 

=
𝒂𝟑 + 𝒃𝟑 + 𝒂 + 𝒃

𝒂𝟐𝒃𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝟏
=

𝑺𝟑 − 𝟑𝑺𝑷 + 𝑺

𝑷𝟐 + 𝑺𝟐 − 𝟐𝑷 + 𝟏
=

𝟖 − 𝟔𝑷 + 𝟐

𝑷𝟐 + 𝟒 − 𝟐𝑷 + 𝟏
=

𝟏𝟎 − 𝟔𝑷

𝑷𝟐 − 𝟐𝑷+ 𝟓
≥ 𝟏 ⟺ 

 

𝟏𝟎 − 𝟔𝑷 ≥ 𝑷𝟐 − 𝟐𝑷+ 𝟓 
 

𝑷𝟐 + 𝟒𝑷− 𝟓 ≤ 𝟎 
By (𝟏), (𝟐): 

(𝑷 − 𝟏)(𝑷 + 𝟓) ≤ 𝟎 
Equality holds for 𝒂 = 𝒃 = 𝟏. 
 

2146. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

(𝒙𝐲)𝟑

𝐳𝟗 + 𝟏
+
(𝐲𝐳)𝟑

𝒙𝟗 + 𝟏
+
(𝐳𝒙)𝟑

𝐲𝟗 + 𝟏
≥

𝟑(𝒙𝐲𝐳)𝟐

(𝒙𝐲𝐳)𝟑 + 𝟏
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝐭) =
𝟏

𝐭𝟏𝟏 + 𝐭𝟐
 ∀ 𝐭 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′′(𝐭) =

𝟔(𝟐𝟐𝐭𝟏𝟖 − 𝟒𝐭𝟗 + 𝟏)

𝐭𝟒(𝐭𝟗 + 𝟏)𝟑
 

=
𝟔(𝟏𝟖𝐭𝟏𝟖 + (𝟐𝐭𝟗 − 𝟏)𝟐)

𝐭𝟒(𝐭𝟗 + 𝟏)𝟑
> 0 ∴ 𝐟(𝐭) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 𝒂𝐧𝐝 𝐬𝐨, 

𝐯𝐢𝒂 𝐖𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐉𝐞𝐧𝐬𝐞𝐧′𝐬 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲,
(𝒙𝐲)𝟑

𝐳𝟗 + 𝟏
+
(𝐲𝐳)𝟑

𝒙𝟗 + 𝟏
+
(𝐳𝒙)𝟑

𝐲𝟗 + 𝟏
= (𝒙𝐲𝐳)𝟐.∑

𝐲𝐳

𝒙𝟏𝟏 + 𝒙𝟐
𝐜𝐲𝐜

 

≥ (𝒙𝐲𝐳)𝟐. (∑𝐲𝐳

𝐜𝐲𝐜

) .
𝟏

(
∑ (𝐲𝐳. 𝒙)𝐜𝐲𝐜

∑ 𝐲𝐳𝐜𝐲𝐜
)

𝟏𝟏

+ (
∑ (𝐲𝐳. 𝒙)𝐜𝐲𝐜

∑ 𝐲𝐳𝐜𝐲𝐜
)

𝟐 ≥
𝐀𝐌−𝐆𝐌
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(𝒙𝐲𝐳)𝟐. (𝟑. (𝒙𝐲𝐳)
𝟐
𝟑) .

𝟏

(
𝟑𝒙𝐲𝐳

𝟑. (𝒙𝐲𝐳)
𝟐
𝟑

)

𝟏𝟏

+ (
𝟑𝒙𝐲𝐳

𝟑. (𝒙𝐲𝐳)
𝟐
𝟑

)

𝟐 =
𝟑(𝒙𝐲𝐳)𝟐. (𝒙𝐲𝐳)

𝟐
𝟑

(𝒙𝐲𝐳)
𝟏𝟏
𝟑 + (𝒙𝐲𝐳)

𝟐
𝟑

=
𝟑(𝒙𝐲𝐳)𝟐

(𝒙𝐲𝐳)𝟑 + 𝟏
  

𝒂𝐧𝐝 𝐬𝐨,
(𝒙𝐲)𝟑

𝐳𝟗 + 𝟏
+
(𝐲𝐳)𝟑

𝒙𝟗 + 𝟏
+
(𝐳𝒙)𝟑

𝐲𝟗 + 𝟏
≥

𝟑(𝒙𝐲𝐳)𝟐

(𝒙𝐲𝐳)𝟑 + 𝟏
 ∀ 𝒙, 𝐲, 𝐳 > 0, 

 ′′ =′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

2147. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝒃 − 𝒂

√𝒃 + 𝟏
+
𝒄 − 𝒃

√𝒄 + 𝟏
+
𝒂 − 𝒄

√𝒂 + 𝟏
≤ 𝟎 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
𝑳𝒆𝒕 𝒂 + 𝟏 = 𝒙𝟐, 𝒃 + 𝟏 = 𝒚𝟐, 𝒄 + 𝟏 = 𝒛𝟐 

 

𝒕𝒉𝒆𝒏 𝒃 − 𝒂 = 𝒚𝟐 − 𝒙𝟐, 𝒄 − 𝒃 = 𝒛𝟐 − 𝒚𝟐, 𝒂 − 𝒄 = 𝒙𝟐 − 𝒛𝟐 
 

𝒃 − 𝒂

√𝒃 + 𝟏
+
𝒄 − 𝒃

√𝒄 + 𝟏
+
𝒂 − 𝒄

√𝒂 + 𝟏
=
𝒚𝟐 − 𝒙𝟐

𝒚
+
𝒛𝟐 − 𝒚𝟐

𝒛
+
𝒙𝟐 − 𝒛𝟐

𝒙
= 

= (𝒙 + 𝒚 + 𝒛) − (
𝒙𝟐

𝒚
+
𝒚𝟐

𝒛
+
𝒛𝟐

𝒙
) ≤
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 (𝒙 + 𝒚 + 𝒛) −
(𝒙 + 𝒚 + 𝒛)𝟐

𝒙 + 𝒚 + 𝒛
= 𝟎 

 
Equality holds for  a=b=c. 

 

2148. 𝐈𝐟 𝒙, 𝐲, 𝐳 ≥ 𝟎 𝒂𝐧𝐝 𝒙 + 𝐲 + 𝐳 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑
+

𝟑

𝒙𝐲𝐳
≥ 𝟗𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝑎 
= 𝟐𝒙 > 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝒃 

⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬, 𝒙𝐲𝐳 = 𝐫𝟐𝐬 𝒂𝐧𝐝 ∑𝒙𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 
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∴
𝟏

𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑
+
𝟑

𝒙𝐲𝐳
≥
?
𝟗𝟎 ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

∑ 𝒙𝟑𝐜𝐲𝐜
+
𝟑

𝒙𝐲𝐳
(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
?
𝟗𝟎 

⇔ 𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟑(∑𝒙𝟑

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
?
𝟗𝟎𝒙𝐲𝐳(∑𝒙𝟑

𝐜𝐲𝐜

) 

⇔ 𝐫𝟐𝐬. 𝐬𝟑 + 𝟑𝐬𝟑(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) ≥
?
𝟗𝟎𝐫𝟐𝐬(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) 

⇔ 𝟑𝐬𝟒 − (𝟑𝟔𝐑𝐫 + 𝟖𝟗𝐫𝟐)𝐬𝟐 + 𝟏𝟎𝟖𝟎𝐑𝐫𝟑 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝟑(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟔𝟎𝐑 − 𝟏𝟏𝟗𝐫)𝐬𝟐 ≥
?
⏟
(∗∗)

𝐫(𝟕𝟔𝟖𝐑𝟐 − 𝟏𝟓𝟔𝟎𝐑𝐫 + 𝟕𝟓𝐫𝟐) 𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲, 

(𝟔𝟎𝐑 − 𝟏𝟏𝟗𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟕𝟔𝟖𝐑𝟐 − 𝟏𝟓𝟔𝟎𝐑𝐫 + 𝟕𝟓𝐫𝟐) 

⇔ 𝟒𝐫(𝐑 − 𝟐𝐫)(𝟒𝟖𝐑− 𝟔𝟓𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑
+

𝟑

𝒙𝐲𝐳
≥ 𝟗𝟎 ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝟏, 

′′ =′′  𝐢𝐟𝐟  𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

 

2149. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙 + 𝐲 + 𝐳 = 𝒙𝐲𝐳 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑(𝒙(𝟏 + 𝐲𝐳)√𝟏 + 𝒙𝟐)

𝐜𝐲𝐜

≥ 𝟐𝟒√𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∑(𝒙(𝟏 + 𝐲𝐳).√𝟏 + 𝒙𝟐)

𝐜𝐲𝐜

=∑((𝒙+ 𝒙𝐲𝐳).√
𝒙𝐲𝐳

𝒙 + 𝐲 + 𝐳
+ 𝒙𝟐)

𝐜𝐲𝐜

  

(∵ 𝟏 =
𝒙𝐲𝐳

𝒙 + 𝐲 + 𝐳
) = ∑((𝒙 + 𝒙 + 𝐲 + 𝐳).√

𝒙

𝒙 + 𝐲 + 𝐳
. (𝐲𝐳 + 𝒙𝟐 + 𝒙𝐲 + 𝒙𝐳))

𝐜𝐲𝐜
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(∵ 𝒙𝐲𝐳 = 𝒙 + 𝐲 + 𝐳) =∑(((𝒙 + 𝐲) + (𝐳 + 𝒙)). √
𝒙

𝒙𝐲𝐳
. (𝒙 + 𝐲)(𝐳 + 𝒙))

𝐜𝐲𝐜

 

(∵ 𝒙 + 𝐲 + 𝐳 = 𝒙𝐲𝐳) ≥
𝐀𝐌−𝐆𝐌

∑(𝟐.√(𝒙 + 𝐲)(𝐳 + 𝒙).
√(𝒙 + 𝐲)(𝐳 + 𝒙)

𝐲 + 𝐳
𝟐

)

𝐜𝐲𝐜

 

= 𝟒∑
(𝒙 + 𝐲)(𝐳 + 𝒙)

𝐲 + 𝐳
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟏𝟐. √(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
𝟑

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟏𝟐. √𝟖𝒙𝐲𝐳
𝟑 ≥

𝒙𝐲𝐳 ≥ 𝟑√𝟑

 

𝟏𝟐. √𝟖(𝟑√𝟑)
𝟑

 (∵ 𝒙𝐲𝐳 =∑𝒙

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒙𝐲𝐳
𝟑 ⇒ √𝒙𝟐𝐲𝟐𝐳𝟐

𝟑
≥ 𝟑 ⇒ 𝒙𝐲𝐳 ≥ 𝟑√𝟑) 

= 𝟐𝟒√𝟑 ∴∑(𝒙(𝟏 + 𝐲𝐳).√𝟏 + 𝒙𝟐)

𝐜𝐲𝐜

≥ 𝟐𝟒√𝟑 ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝒙𝐲𝐳, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = √𝟑 (𝐐𝐄𝐃) 
 

2150. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟐 𝐭𝐡𝐞𝐧 ∶ 

∑𝒂𝟐

𝐜𝐲𝐜

≤ (𝛌 + 𝟏)√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− 𝛌√𝟑𝒂𝐛𝐜 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏 =∑𝒂

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √𝒂𝐛𝐜
𝟑

⇒ 𝒂𝐛𝐜 ≤
𝟏

𝟐𝟕
⇒ √𝟑𝒂𝐛𝐜 ≤

𝟏

𝟑
→① 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
≥ √

(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟗
⇒ √

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
≥
𝟏

𝟑
→② (∵∑𝒂

𝐜𝐲𝐜

= 𝟏) ∴ ① 𝒂𝐧𝐝 ② ⇒ 

√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− √𝟑𝒂𝐛𝐜 ≥ 𝟎 →③ 𝒂𝐧𝐝 𝐧𝐨𝐰, (𝛌 + 𝟏).√

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− 𝛌.√𝟑𝒂𝐛𝐜 

= 𝛌(√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− √𝟑𝒂𝐛𝐜) +√

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
≥

𝛌 ≥ 𝟐
𝒂𝐧𝐝
𝐯𝐢𝒂 ③

𝟐(√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− √𝟑𝒂𝐛𝐜) +√

∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
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=
𝒂+𝐛+𝐜 = 𝟏

√𝟑∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐.√𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ≥ √𝟑∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

= √𝟑∑𝒂𝟐

𝐜𝐲𝐜

− (𝟐∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂𝟐

𝐜𝐲𝐜

) +∑𝒂𝟐

𝐜𝐲𝐜

≥∑𝒂

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐

𝐜𝐲𝐜

 

=
𝒂+𝐛+𝐜 = 𝟏

∑𝒂𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨,∑𝒂𝟐

𝐜𝐲𝐜

≤ (𝛌 + 𝟏).√
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
− 𝛌.√𝟑𝒂𝐛𝐜 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟐, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

 

2151. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟔

𝟓
 𝐭𝐡𝐞𝐧 ∶ 

∑𝒂𝟐

𝐜𝐲𝐜

≤
𝟑− 𝛌

𝟗
+ 𝛌∑𝒂𝟑

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝒂𝟐

𝐜𝐲𝐜

≤
? 𝟑 − 𝛌

𝟗
+ 𝛌∑𝒂𝟑

𝐜𝐲𝐜

⇔
𝒂+𝐛+𝐜 = 𝟏

(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≤
?

 

𝟑 − 𝛌

𝟗
. (∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝛌∑𝒂𝟑

𝐜𝐲𝐜

 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≤
? 𝟏

𝟑
. (∑𝒂

𝐜𝐲𝐜

)

𝟑

+
𝛌

𝟗
(𝟗∑𝒂𝟑

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟑

)  𝒂𝐧𝐝 ∵ 

𝟗∑𝒂𝟑

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟑

≥
𝐇𝐨𝒍𝐝𝐞𝐫

𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≥
𝟔

𝟓
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≤
? 𝟏

𝟑
.(∑𝒂

𝐜𝐲𝐜

)

𝟑

+
(
𝟔
𝟓)

𝟗
(𝟗∑𝒂𝟑

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟑

) 
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⇔ 𝟔∑𝒂𝟑

𝐜𝐲𝐜

+ (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟓(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟎 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
?
∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 ∴ ∑𝒂𝟐

𝐜𝐲𝐜

≤
𝟑 − 𝛌

𝟗
+ 𝛌∑𝒂𝟑

𝐜𝐲𝐜

 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟔

𝟓
,′′=

′′
𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟑
. 

 

2152. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
𝒂

𝒃+ 𝒄
−

𝟒𝒂𝒃𝒄

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)
≥ 𝟏 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
 

𝟐𝒂𝒃𝒄 +∑𝒂𝒃(𝒂 + 𝒃) = 𝟐𝒂𝒃𝒄 + (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄 = 

 
= (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄 = 

 

= (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝑪𝒆𝒔𝒂𝒓𝒐

 𝟖𝒂𝒃𝒄 (𝟏) 
 

∑
𝒂

𝒃 + 𝒄
−

𝟒𝒂𝒃𝒄

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕 & (𝟏) 𝟑

𝟐
−
𝟒𝒂𝒃𝒄

𝟖𝒂𝒃𝒄
= 𝟏 

 
Equality holds for  a=b=c. 

2153. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤ 𝟒 𝐭𝐡𝐞𝐧 ∶ 

𝛌∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟏 + 𝟗(𝛌 − 𝟑)𝒂𝐛𝐜 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝛌∑𝒂𝐛

𝐜𝐲𝐜

≤
?
𝟏 + 𝟗(𝛌 − 𝟑)𝒂𝐛𝐜 
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⇔ 𝛌((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − 𝟗𝒂𝐛𝐜) ≤
?
(∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜 𝒂𝐧𝐝 ∵ 𝟎 ≤ 𝛌 ≤ 𝟒 

𝒂𝐧𝐝 (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝐀𝐌−𝐆𝐌

𝟗𝒂𝐛𝐜 ∴ 𝛌((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − 𝟗𝒂𝐛𝐜) ≤ 

𝟒((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − 𝟗𝒂𝐛𝐜) ≤
?
(∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
?
∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴ 𝛌∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟏 + 𝟗(𝛌 − 𝟑)𝒂𝐛𝐜 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤ 𝟒, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

2154. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥𝐲𝐳 ≥ 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ∗ 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒙𝟗𝐧−𝟏

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒙𝟗𝐧−𝟏

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

=∑
𝒙𝟗𝐧−𝟑. (𝒙𝟐 + 𝟏 − 𝟏)

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

=∑𝒙𝟗𝐧−𝟑

𝐜𝐲𝐜

−∑
𝒙𝟗𝐧−𝟑

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

 

≥
𝐀𝐌−𝐆𝐌 𝟏

𝟐
∑𝒙𝟗𝐧−𝟑

𝐜𝐲𝐜

+
𝟏

𝟐
∑𝒙𝟗𝐧−𝟑

𝐜𝐲𝐜

−∑
𝒙𝟗𝐧−𝟑

𝟐𝒙
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

 

𝟑

𝟐
. √∏𝒙𝟗𝐧−𝟑

𝐜𝐲𝐜

𝟑 +
𝟏

𝟐
∑𝒙𝟗𝐧−𝟒. 𝒙

𝐜𝐲𝐜

−
𝟏

𝟐
∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

 

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 +

𝟏

𝟔
(∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) −
𝟏

𝟐
∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜
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(
∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒙 ≥ 𝐲 ≥ 𝐳 ⇒ 𝒙𝟗𝐧−𝟒 ≥ 𝐲𝟗𝐧−𝟒 ≥ 𝐳𝟗𝐧−𝟒 𝒂𝐬

𝐧 ∈ ℕ∗ ⇒ (𝟗𝐧 − 𝟒) > 0
) 

≥
𝐀𝐌−𝐆𝐌 𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 +

𝟏

𝟔
(∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

) (𝟑. √𝒙𝐲𝐳
𝟑 ) −

𝟏

𝟐
∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

 

≥
𝒙𝐲𝐳 ≥ 𝟏 𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 +

𝟏

𝟐
∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

−
𝟏

𝟐
∑𝒙𝟗𝐧−𝟒

𝐜𝐲𝐜

=
𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 𝒂𝐧𝐝 𝐬𝐨, 

∑
𝒙𝟗𝐧−𝟏

𝒙𝟐 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
(𝒙𝐲𝐳)𝟑𝐧−𝟏 ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥𝐲𝐳 ≥ 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ∗, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
 

2155. 

𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂𝟐 + 𝐛𝟐 = 𝟐 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐

√𝒂 + 𝟑
+

𝐛𝟐

√𝐛 + 𝟑
≤ 𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟐

√𝒂 + 𝟑
≤
? 𝟏𝟓𝒂𝟐 + 𝟏

𝟑𝟐
⇔ (𝒂 + 𝟑)(𝟏𝟓𝒂𝟐 + 𝟏)𝟐 ≥

?
𝟏𝟎𝟐𝟒𝒂𝟒 

⇔ (𝒂 − 𝟏)𝟐(𝟐𝟐𝟓𝒂𝟑 + 𝟏𝟎𝟏𝒂𝟐 + 𝟕𝒂 + 𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂 > 0 

∴
𝒂𝟐

√𝒂 + 𝟑
≤
𝟏𝟓𝒂𝟐 + 𝟏

𝟑𝟐
 𝒂𝐧𝐝 

𝐛𝟐

√𝐛 + 𝟑
≤
𝟏𝟓𝐛𝟐 + 𝟏

𝟑𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

𝒂𝟐

√𝒂 + 𝟑
+

𝐛𝟐

√𝐛 + 𝟑
≤
𝟏𝟓(𝒂𝟐 + 𝐛𝟐) + 𝟐

𝟑𝟐
=

𝒂𝟐 + 𝐛𝟐  = 𝟐 𝟑𝟐

𝟑𝟐
= 𝟏 

∴
𝒂𝟐

√𝒂 + 𝟑
+

𝐛𝟐

√𝐛 + 𝟑
≤ 𝟏 ∀ 𝒂, 𝐛 > 0│𝒂𝟐 + 𝐛𝟐 = 𝟐, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 

 

2156. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)
𝐜𝐲𝐜

≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
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𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐛 ≥ 𝐜 𝐨𝐫 𝒂 ≥ 𝐜 ≥ 𝐛 𝐨𝐫 𝐛 ≥ 𝐜 ≥ 𝒂 𝐨𝐫 𝐜 ≥ 𝐛 ≥ 𝒂 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

∑
𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)𝐜𝐲𝐜

= 

𝐜𝟑 − 𝐛𝟑 + 𝐛𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)
+

𝒂𝟑 − 𝐛𝟑

√(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
+

𝐛𝟑 − 𝐜𝟑

√(𝟏 + 𝐜𝟐)(𝟏 + 𝒂𝟐)
 

=
𝐛𝟑 − 𝐜𝟑

√𝟏 + 𝒂𝟐
. (

𝟏

√𝟏 + 𝐜𝟐
−

𝟏

√𝟏 + 𝐛𝟐
) +

𝒂𝟑 − 𝐛𝟑

√𝟏 + 𝐛𝟐
. (

𝟏

√𝟏 + 𝐜𝟐
−

𝟏

√𝟏+ 𝒂𝟐
) 

=
𝐛𝟑 − 𝐜𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
.
𝟏 + 𝐛𝟐 − 𝟏 − 𝐜𝟐

√𝟏 + 𝐛𝟐 + √𝟏 + 𝐜𝟐
+ 

𝒂𝟑 − 𝐛𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
.
𝟏 + 𝒂𝟐 − 𝟏 − 𝐜𝟐

√𝟏+ 𝐜𝟐 + √𝟏 + 𝒂𝟐
 

=
(𝐛 − 𝐜)𝟐(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝐛 + 𝐜)

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐). √(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
+ 

(𝒂 − 𝐛)(𝒂 − 𝐜)(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)(𝒂 + 𝐜)

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐).√(𝟏 + 𝐜𝟐)(𝟏 + 𝒂𝟐)
≥ 𝟎 

(∵ 𝒂 ≥ 𝐛 ≥ 𝐜 𝐨𝐫 𝒂 ≥ 𝐜 ≥ 𝐛 𝐨𝐫 𝐛 ≥ 𝐜 ≥ 𝒂 𝐨𝐫 𝐜 ≥ 𝐛 ≥ 𝒂) 

𝐂𝒂𝐬𝐞 𝟐  𝐛 ≥ 𝒂 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)𝐜𝐲𝐜

= 

𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)
+
𝒂𝟑 − 𝐜𝟑 + 𝐜𝟑 − 𝐛𝟑

√(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
+

𝐛𝟑 − 𝐜𝟑

√(𝟏 + 𝐜𝟐)(𝟏 + 𝒂𝟐)
 

=
𝐜𝟑 − 𝒂𝟑

√𝟏 + 𝐛𝟐
. (

𝟏

√𝟏 + 𝒂𝟐
−

𝟏

√𝟏 + 𝐜𝟐
) +

𝐛𝟑 − 𝐜𝟑

√𝟏 + 𝐜𝟐
. (

𝟏

√𝟏 + 𝒂𝟐
−

𝟏

√𝟏 + 𝐛𝟐
) 

=
𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
.
𝟏 + 𝐜𝟐 − 𝟏 − 𝒂𝟐

√𝟏 + 𝐜𝟐 + √𝟏 + 𝒂𝟐
+ 

𝐛𝟑 − 𝐜𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐)
.
𝟏 + 𝐛𝟐 − 𝟏 − 𝒂𝟐

√𝟏 + 𝐛𝟐 + √𝟏 + 𝒂𝟐
 

=
(𝐜 − 𝒂)𝟐(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)(𝐜 + 𝒂)

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐).√(𝟏 + 𝐜𝟐)(𝟏 + 𝒂𝟐)
+ 

(𝐛 − 𝐜)(𝐛 − 𝒂)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝒂 + 𝐛)

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)(𝟏 + 𝐜𝟐).√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)
≥ 𝟎 (∵ 𝐛 ≥ 𝒂 ≥ 𝐜 𝐨𝐫 𝐜 ≥ 𝒂 ≥ 𝐛) 

𝒂𝐧𝐝 𝐬𝐨, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬,∑
𝐜𝟑 − 𝒂𝟑

√(𝟏 + 𝒂𝟐)(𝟏 + 𝐛𝟐)𝐜𝐲𝐜

≥ 𝟎 ∀ 𝒂, 𝐛, 𝐜 > 0, 

′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

2157. If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏] then: 
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√
𝟑
(𝒂

𝟏
𝒂+
𝟏
𝒃−𝟏

)
𝟑

+
√
𝟑
(𝒃

𝟏
𝒃+
𝟏
𝒄−𝟏

)
𝟑

+
√
𝟑
(𝒄
𝟏
𝒄+
𝟏
𝒂−𝟏

)
𝟑

≥
√
𝟗 + 𝟖

√
𝟑
(𝒂

𝟏
𝒂+𝒃

𝟏
𝒃+𝒄

𝟏
𝒄+

𝟗
𝒂+𝒃+𝒄

)
𝟑𝟑

 

 
Proposed by Pavlos Trifon-Greece 

Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒙
𝟏
𝒙 +

𝟏

𝒙
, 𝒙 ∈ (𝟎, 𝟏] 𝒐𝒓 𝒇(𝒖) = (

𝟏

𝒖
)
𝒖

+ 𝒖 = 𝒖−𝒖 + 𝒖,  

𝒘𝒉𝒆𝒓𝒆 𝒖 =
𝟏

𝒙
 & 𝑢 ∈ [𝟏,∞) 

𝒇′(𝒖) = 𝟏 −
𝟏 + 𝐥𝐧𝒖

𝐮𝐮
=
𝒖𝒖 − (𝟏 + 𝐥𝐧𝒖)

. 𝒖𝒖
 , 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒖𝒖 > 1 𝑎𝑠  𝑢 ∈ [𝟏,∞) 

𝑳𝒆𝒕 𝒉(𝒖) = 𝒖𝒖 − (𝟏 + 𝐥𝐧 𝒖) 𝐭𝐡𝐞𝐧 𝐡′(𝐮) = 𝐮𝐮(𝟏 + 𝐥𝐧 𝒖) −
𝟏

𝒖
 

 𝒖 ≥ 𝟏 𝒕𝒉𝒆𝒏 𝐮𝐮(𝟏 + 𝐥𝐧 𝒖) > 1 𝑎𝑛𝑑
𝟏

𝒖
< 1 , 𝑠𝑜 𝒉′(𝒖) > 1 − 1 = 0 

𝒔𝒐, 𝒉(𝒖)𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒂𝒏𝒅 𝒉(𝒖) > ℎ(𝟏) = 𝟎 𝒐𝒓, 𝒖𝒖 − (𝟏 + 𝐥𝐧𝒖) > 0 

𝒔𝒐 𝒘𝒆 𝒄𝒂𝒏 𝒔𝒂𝒚 𝒇′(𝒖) =
𝒖𝒖 − (𝟏 + 𝐥𝐧 𝒖)

. 𝒖𝒖
> 0 , 

𝒔𝒐 𝒇(𝒖)𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 & 𝑓(𝒖) ≥ 𝒇(𝟏), 𝒇(𝟏) = 𝟐 

𝒐𝒓, 𝒇(𝒖) ≥ 𝟐  𝒐𝒓, 𝒖−𝒖 + 𝒖 ≥ 𝟐 𝒐𝒓, 𝒙
𝟏
𝒙 + 𝒙 ≥ 𝟐 𝒇𝒐𝒓 

 𝒙 ∈ (𝟎, 𝟏] (𝟏) , 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎
𝟗

𝒂+𝒃+𝒄
 

𝑳𝒆𝒕 𝟑
(𝒂
𝟏
𝒂+
𝟏
𝒃
−𝟏)

=
𝟑
(𝒂
𝟏
𝒂+
𝟏
𝒃
)

𝟑
=
𝒙

𝟑
,
𝟑
(𝒃
𝟏
𝒃+
𝟏
𝒄
)

𝟑
=
𝒚

𝟑
,
𝟑
(𝒄
𝟏
𝒄+
𝟏
𝒂
)

𝟑
=
𝒛

𝟑
 

𝒘𝒉𝒆𝒓𝒆 𝒙 = 𝟑
(𝒂
𝟏
𝒂+
𝟏
𝒃
)
, 𝒚 =  𝟑

(𝒃
𝟏
𝒃+
𝟏
𝒄
)
, 𝒛 = 𝟑

(𝒄
𝟏
𝒄+
𝟏
𝒂
)

 

 𝒙 + 𝒚 + 𝒛

𝟑
≥

𝑨𝑴−𝑮𝑴
 √𝒙𝒚𝒛
𝟑 =

√
𝟑
(𝒂

𝟏
𝒂+
𝟏
𝒃
)
 𝟑
(𝒃
𝟏
𝒃+
𝟏
𝒄
)
𝟑
(𝒄
𝟏
𝒄+
𝟏
𝒂
)
 

𝟑

=
√
𝟑
∑(𝒂

𝟏
𝒂+
𝟏
𝒂
) 

𝟑

≥
(𝟏)

 √𝟑𝟔 
𝟑

= 𝟗 (𝟐) 

𝑹.𝑯. 𝑺 =
√
𝟗 + 𝟖

√
𝟑
(𝒂
𝟏
𝒂+𝒃

𝟏
𝒃+𝒄

𝟏
𝒄+

𝟗
𝒂+𝒃+𝒄

)
𝟑𝟑

≤
√
𝟗 + 𝟖

√
𝟑
(𝒂

𝟏
𝒂+𝒃

𝟏
𝒃+𝒄

𝟏
𝒄+ 

𝟏
𝒂
+
𝟏
𝒃
+
𝟏
𝒄
 )

𝟑𝟑

= √𝟗 + 𝟖√𝒙𝒚𝒛
𝟑𝟑

(𝑨) 

𝒔𝒐 𝑳.𝑯. 𝑺 =
√
𝟑
(𝒂

𝟏
𝒂+
𝟏
𝒃
−𝟏)

𝟑

+
√
𝟑
(𝒃
𝟏
𝒃+
𝟏
𝒄
−𝟏)

𝟑

+
√
𝟑
(𝒄
𝟏
𝒄+
𝟏
𝒂
−𝟏)

𝟑

= √
𝒙

𝟑

𝟑
+ √

𝒚

𝟑

𝟑
+ √

𝒛

𝟑

𝟑
 

𝒏𝒐𝒘, (𝑳. 𝑯. 𝑺)𝟑 =
𝒙 + 𝒚 + 𝒛

𝟑
+ 𝟑∏(√

𝒙

𝟑

𝟑
+ √

𝒚

𝟑

𝟑
)  ≥

𝑪𝒆𝒔𝒂𝒓𝒐 𝒙 + 𝒚 + 𝒛

𝟑
+ 𝟑 × 𝟖√

𝒙𝒚𝒛

𝟐𝟕

𝟑
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≥
(𝟐)

𝟗 + 𝟖√𝒙𝒚𝒛
𝟑   𝒔𝒐 𝑳.𝑯. 𝑺 ≥ √𝟗 + 𝟖√𝒙𝒚𝒛

𝟑𝟑
 (𝑩) 

𝑭𝒓𝒐𝒎 (𝑨) & (𝑩)𝒘𝒆 𝒈𝒆𝒕 𝑳. 𝑯. 𝑺 ≥ 𝑹.𝑯. 𝑺 
 

Equality holds for a=b=c=1. 
2158. 𝑰𝒇  𝒙𝒊 > 0   𝑖 ∈ {𝟏, 𝟐, 𝟑, … , 𝒏}, 𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏 = 𝟏  𝒕𝒉𝒆𝒏  𝒑𝒓𝒐𝒗𝒆 ∶  

∑
𝟏

√𝟏 + 𝒙𝒌
≥ 𝒏√

𝒏

𝒏 + 𝟏

𝒏

𝒌=𝟏

 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝟏

√𝟏 + 𝒙𝒌
=

𝒏

𝒌=𝟏

∑
𝟏𝟑

√𝟏 + 𝒙𝒌

𝒏

𝒌=𝟏

≥⏞
𝑪−𝑩−𝑺 (∑ 𝟏𝒏𝟏 )𝟑

𝒏.∑ √𝟏 + 𝒙𝒌𝒌=𝟏

≥ 

=
𝒏𝟑

𝒏√𝒏(∑𝟏 + ∑𝒙𝒏)
=

𝒏𝟐

√𝒏(𝒏 + 𝟏)
=

𝒏
𝟑
𝟐

√𝒏 + 𝟏
= 𝒏√

𝒏

𝒏+ 𝟏
  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒘𝒉𝒆𝒏 ∶   𝒙𝟏 = 𝒙𝟐 = 𝒙𝟑 = ⋯ =
𝟏

𝒏
     

2159. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≤
𝟗

𝟒
 𝐭𝐡𝐞𝐧 ∶ 

∑𝒙𝐲

𝐜𝐲𝐜

− 𝛌𝒙𝐲𝐳 ≤
𝟗 − 𝛌

𝟐𝟕
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝒙𝐲

𝐜𝐲𝐜

− 𝛌𝒙𝐲𝐳 ≤
? 𝟗 − 𝛌

𝟐𝟕
 

⇔ (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) −
𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)

𝟑

+
𝛌

𝟐𝟕
((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) ≤
?
𝟎 (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟏) 

𝒂𝐧𝐝 ∵ (∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳 ≥
𝐀𝐌−𝐆𝐌

𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≤
𝟗

𝟒
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) −
𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)

𝟑

+
𝟏

𝟏𝟐
((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) ≤
?
𝟎 
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⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝐲𝐳 ≥
?
𝟒(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 ∴∑𝒙𝐲

𝐜𝐲𝐜

− 𝛌𝒙𝐲𝐳 ≤
𝟗 − 𝛌

𝟐𝟕
 ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≤

𝟗

𝟒
, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

2160. 𝑰𝒇  𝒙, 𝒚, 𝒛 > 0  𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3  𝑡ℎ𝑒𝑛: 

∑
𝒙

𝟐𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

≤
𝟑

𝟒𝒙𝒚𝒛
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝟐𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐 = 𝒙𝟒 + 𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐 ≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟒(𝒙𝟒. 𝒙𝟒. 𝒚𝟐. 𝒛𝟐)
𝟏
𝟒 = 𝟒𝒙𝟐√𝒚𝒛 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔𝒍𝒚 ∶  {
𝟐𝒚𝟒 + 𝒙𝟐 + 𝒛𝟐 ≥ 𝟒𝒚𝟐√𝒙𝒛

𝟐𝒛𝟒 + 𝒚𝟐 + 𝒙𝟐 ≥ 𝟒𝒛𝟐√𝒚𝒙
  (∗) 

∑
𝒙

𝟐𝒙𝟒 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

≤⏞
(∗)

∑
𝒙

𝟒𝒙𝟐√𝒚𝒛
𝒄𝒚𝒄

=∑
𝟏

𝟒𝒙√𝒚𝒛
𝒄𝒚𝒄

= 

=
√𝒙𝒚 +√𝒚𝒛 + √𝒛𝒙

𝟒𝒙𝒚𝒛
≤
√𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟒𝒙𝒚𝒛
=
√𝟑. 𝟑

𝟒𝒙𝒚𝒛
=

𝟑

𝟒𝒙𝒚𝒛
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒙 = 𝒚 = 𝒛 = 𝟏. 

 

2161. 𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂𝟑 + 𝐛𝟑 = 𝟐 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟑

√𝒂 + 𝟕
𝟑 +

𝐛𝟑

√𝐛 + 𝟕
𝟑 ≤ 𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟑

√𝒂 + 𝟕
𝟑 ≤

? 𝟕𝟏𝒂𝟑 + 𝟏

𝟏𝟒𝟒
⇔ (𝒂+ 𝟕)(𝟕𝟏𝒂𝟑 + 𝟏)𝟑 ≥

?
(𝟏𝟒𝟒)𝟑𝒂𝟗 

⇔ (𝒂 − 𝟏)𝟐 (
𝟐𝟑𝒂𝟖 + 𝟏𝟓𝒂𝟕 + 𝟕𝒂𝟔 + 𝟔𝟒𝒂𝟔(𝟓𝟓𝟗𝟐𝒂𝟐 + 𝟑𝟔𝟕𝟓𝒂+ 𝟏𝟕𝟓𝟖) +

𝟒𝟗𝟒𝟔𝒂𝟓 + 𝟑𝟐𝟑𝟒𝒂𝟒 + 𝟏𝟓𝟐𝟐𝒂𝟑 + 𝟐𝟑𝒂𝟐 + 𝟏𝟓𝒂 + 𝟕
) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝒂 > 0 ∴
𝒂𝟑

√𝒂 + 𝟕
𝟑 ≤

𝟕𝟏𝒂𝟑 + 𝟏

𝟏𝟒𝟒
 𝒂𝐧𝐝 

𝐛𝟑

√𝐛 + 𝟕
𝟑 ≤

𝟕𝟏𝐛𝟑 + 𝟏

𝟏𝟒𝟒
 𝒂𝐧𝐝 𝐬𝐨, 
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𝒂𝟑

√𝒂 + 𝟕
𝟑 +

𝐛𝟑

√𝐛 + 𝟕
𝟑 ≤

𝟕𝟏(𝒂𝟑 + 𝐛𝟑) + 𝟐

𝟏𝟒𝟒
=

𝒂𝟑 + 𝐛𝟑 = 𝟐 𝟏𝟒𝟐 + 𝟐

𝟏𝟒𝟒
= 𝟏 

∴
𝒂𝟑

√𝒂 + 𝟕
𝟑 +

𝐛𝟑

√𝐛 + 𝟕
𝟑 ≤ 𝟏 ∀ 𝒂, 𝐛 > 0│𝒂𝟑 + 𝐛𝟑 = 𝟐, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 

 

2162. 𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂 + 𝐛 = 𝟒 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐

√𝒂𝟑 + 𝟖
+

𝐛𝟐

√𝐛𝟑 + 𝟖
≤ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟐

√𝒂𝟑 + 𝟖
+

𝐛𝟐

√𝐛𝟑 + 𝟖
= √𝒂.

𝒂. √𝒂

√𝒂𝟑 + 𝟖
+ √𝐛.

𝐛. √𝐛

√𝐛𝟑 + 𝟖
≤
𝐂𝐁𝐒

 

√𝒂 + 𝐛.√
𝒂𝟑

𝒂𝟑 + 𝟖
+

𝐛𝟑

𝐛𝟑 + 𝟖
≤

𝒂+𝐛 = 𝟒
𝟐.√

𝒂𝟑 + 𝟖 − 𝟖

𝒂𝟑 + 𝟖
+
𝐛𝟑 + 𝟖 − 𝟖

𝐛𝟑 + 𝟖
 

= 𝟐. √𝟐 − 𝟖(
𝟏

𝒂𝟑 + 𝟖
+

𝟐

𝐛𝟑 + 𝟖
) = 𝟐.√𝟐 −

𝟖(𝒂𝟑 + 𝐛𝟑 + 𝟏𝟔)

𝒂𝟑𝐛𝟑 + 𝟖(𝒂𝟑 + 𝐛𝟑) + 𝟔𝟒
 

≤ 𝟐. √𝟐 −
𝟖(𝒂𝟑 + 𝐛𝟑 + 𝟏𝟔)

𝟔𝟒 + 𝟖(𝒂𝟑 + 𝐛𝟑) + 𝟔𝟒
 (∵ 𝟒 = 𝒂 + 𝐛 ≥

𝐀𝐌−𝐆𝐌
𝟐.√𝒂𝐛 ⇒ 𝒂𝐛 ≤ 𝟒) 

= 𝟐.√𝟐 −
𝟖(𝒂𝟑 + 𝐛𝟑 + 𝟏𝟔)

𝟖(𝒂𝟑 + 𝐛𝟑 + 𝟏𝟔)
= 𝟐 𝒂𝐧𝐝 𝐬𝐨,

𝒂𝟐

√𝒂𝟑 + 𝟖
+

𝐛𝟐

√𝐛𝟑 + 𝟖
≤ 𝟐 

∀ 𝒂, 𝐛 > 0│𝑎 + 𝐛 = 𝟒, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟐 (𝐐𝐄𝐃) 
 

2163. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂 + 𝐛 + 𝐜 ≥ 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝟒𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
+

𝟏

𝟒𝐛𝟒 + 𝐜𝟒 + 𝒂𝟒
+

𝟏

𝟒𝐜𝟒 + 𝒂𝟒 + 𝐛𝟒
≤
𝟏

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
𝒂+𝐛+𝐜 ≥ 𝟑

𝟑 ⇒ 𝟏 ≤
𝟏

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

⇒∑
𝟏

𝟒𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

≤ 
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𝟏

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

. (∑
𝟏

𝟒𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

) =
𝟏

𝟗
(∑𝒙

𝐜𝐲𝐜

)

𝟐

. (∑
𝟏

𝟒𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐
𝐜𝐲𝐜

) (
𝒙 = 𝒂𝟐,

𝐲 = 𝐛𝟐,

𝐳 = 𝐜𝟐
) 

=
𝟏

𝟗
(∑𝒙

𝐜𝐲𝐜

)

𝟐

.∑
(𝟒𝐲𝟐 + 𝐳𝟐 + 𝒙𝟐)(𝟒𝐳𝟐 + 𝒙𝟐 + 𝐲𝟐)

(𝟒𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐)(𝟒𝐲𝟐 + 𝐳𝟐 + 𝒙𝟐)(𝟒𝐳𝟐 + 𝒙𝟐 + 𝐲𝟐)
𝐜𝐲𝐜

≤
? 𝟏

𝟐
 

⇔ 𝟐∑𝒙𝟔

𝐜𝐲𝐜

+ 𝟏𝟑∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+ 𝟏𝟑∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+ 𝟔𝟎𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝟒∑𝒙𝟓𝐲

𝐜𝐲𝐜

+ 𝟒∑𝒙𝐲𝟓

𝐜𝐲𝐜

+ 

𝟒𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟏𝟐∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟏𝟐𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

) ⇔ 𝟐∑𝒙𝟔

𝐜𝐲𝐜

+ 

𝟏𝟑∑(𝒙𝟐𝐲𝟐(∑𝒙𝟐

𝐜𝐲𝐜

− 𝐳𝟐))

𝐜𝐲𝐜

+ 𝟔𝟎𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
𝟒∑(𝒙𝐲(∑𝒙𝟒

𝐜𝐲𝐜

− 𝐳𝟒))

𝐜𝐲𝐜

+ 

𝟒𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟏𝟐∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟏𝟐𝒙𝐲𝐳((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) − 𝟑𝒙𝐲𝐳) 

⇔ 𝟐∑𝒙𝟔

𝐜𝐲𝐜

+ 𝟏𝟑(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) + 𝟓𝟕𝒙𝟐𝐲𝟐𝐳𝟐 ≥
?
⏟
(∗)

𝟒(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟒

𝐜𝐲𝐜

) + 

𝟏𝟐∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟏𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)  & 𝑎𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐀, 𝐳 + 𝒙 = 𝐁, 

𝒙 + 𝐲 = 𝐂 ⇒ 𝐀 + 𝐁 − 𝐂 = 𝟐𝐳 > 0, 𝐵 + 𝐶 − 𝐴 = 2𝒙 > 𝟎 𝒂𝐧𝐝 𝐂 + 𝐀 − 𝐁 = 𝟐𝐲 > 0 
⇒ 𝐀 + 𝐁 > 𝐶, 𝐁 + 𝐂 > 𝐴, 𝐶 + 𝐴 > 𝐵 ⇒ 𝐴, 𝐵, 𝐶 𝑓𝑜𝑟𝑚 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑎 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶  

𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐀

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬; 𝒂𝒍𝐬𝐨 𝒙 = 𝐬 − 𝐀, 𝐲 = 𝐬 − 𝐁, 𝐳 = 𝐬 − 𝐂 ⇒ 𝒙𝐲𝐳 = 𝐫𝟐𝐬, 

∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐),∑𝒙𝟒

𝐜𝐲𝐜

 

= (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 − 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐),∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 

𝒂𝐧𝐝 ∑𝒙𝟔

𝐜𝐲𝐜

= (𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)𝟐 − 𝟐((𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐) & 𝐯𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬  

𝒂𝐧𝐝 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐬𝐢𝐦𝐩𝒍𝐢𝐟𝐢𝐜𝒂𝐭𝐢𝐨𝐧, (∗) 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 

𝐬𝟔 − (𝟑𝟐𝐑𝐫 + 𝟏𝟓𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟑𝟕𝟔𝐑𝟐 + 𝟐𝟔𝟎𝐑𝐫 + 𝟓𝟓𝐫𝟐)𝐬𝟐 − 𝟐𝟓𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(∗∗)

𝟎 
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𝐒𝐢𝐧𝐜𝐞 (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ⇔ (𝟖𝐑 − 𝟏𝟓𝐫)𝐬𝟒 − 𝐫(𝟏𝟗𝟔𝐑𝟐 − 𝟑𝟕𝟎𝐑𝐫 + 𝟏𝟎𝐫𝟐)𝐬𝟐 

+𝐫𝟐(𝟏𝟐𝟒𝟖𝐑𝟑 − 𝟐𝟓𝟐𝟎𝐑𝟐𝐫 + 𝟒𝟓𝟎𝐑𝐫𝟐 − 𝟕𝟓𝐫𝟑) ≥
?
⏟
(∗∗∗)

𝟎 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 

(𝟖𝐑 − 𝟏𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
?
(𝟖𝐑 − 𝟏𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟔𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 ≥
?
⏟

(∗∗∗∗)

𝐫(𝟖𝟎𝐑𝟑 − 𝟐𝟔𝟎𝐑𝟐𝐫 + 𝟐𝟏𝟓𝐑𝐫𝟐 − 𝟑𝟎𝐫𝟑) 𝒂𝐧𝐝 

𝐟𝐢𝐧𝒂𝒍𝒍𝐲, (𝟔𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝟐 − 𝟏𝟗𝐑𝐫 + 𝟏𝟒𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟖𝟎𝐑𝟑 − 𝟐𝟔𝟎𝐑𝟐𝐫 + 𝟐𝟏𝟓𝐑𝐫𝟐 − 𝟑𝟎𝐫𝟑) ⇔ 𝟐𝐫(𝐑 − 𝟐𝐫)𝟐(𝟖𝐑 − 𝟓𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨, 
𝟏

𝟒𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
+

𝟏

𝟒𝐛𝟒 + 𝐜𝟒 + 𝒂𝟒
+

𝟏

𝟒𝐜𝟒 + 𝒂𝟒 + 𝐛𝟒
≤
𝟏

𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 ≥ 𝟑, 

′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 
 

2164. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 
 

∑
𝒂𝟐

√𝟔𝒂𝟐 + 𝟏𝟑𝒂 + 𝟔
𝒄𝒚𝒄

≥
𝟑

𝟓
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
𝑳𝒆𝒎𝒎𝒂: 

∀ 𝒙 > 0, √𝟔𝒙𝟐 + 𝟏𝟑𝒙 + 𝟔 ≤
𝟓

𝟐
(𝒙 + 𝟏) 

𝑷𝒓𝒐𝒐𝒇: 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 

√𝟔𝒙𝟐 + 𝟏𝟑𝒙 + 𝟔 ≤
𝟓

𝟐
(𝒙 + 𝟏) 

𝟐𝟓(𝒙 + 𝟏)𝟐 ≥ 𝟒(𝟔𝒙𝟐 + 𝟏𝟑𝒙 + 𝟔) 𝒐𝒓 (𝒙 − 𝟏)𝟐 ≥ 𝟎 𝒕𝒓𝒖𝒆 
 

∑
𝒂𝟐

√𝟔𝒂𝟐 + 𝟏𝟑𝒂 + 𝟔
𝒄𝒚𝒄

≥
𝒍𝒆𝒎𝒎𝒂

∑
𝒂𝟐

𝟓
𝟐
(𝒂 + 𝟏)𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 𝟐

𝟓

(𝒂 + 𝒃 + 𝒄)𝟐

(𝒂 + 𝒃 + 𝒄 + 𝟑)
=

𝒂+𝒃+𝒄=𝟑 𝟑

𝟓
 

 
Equality holds for  a=b=c=1. 
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2165. If 𝝆𝟐 + 𝐥𝐧𝝆 = 𝟎, 𝒂, 𝒃, 𝒄 > 𝜌 then: 
 

√𝒂𝒃𝒄. 𝒆𝒂
𝟐+𝒃𝟐+𝒄𝟐

𝟑
> 1 + √(𝒂𝟐 + 𝐥𝐧𝒂)(𝒃𝟐 + 𝐥𝐧𝒃)(𝒄𝟐 + 𝐥𝐧 𝒄)

𝟑
 

 
Proposed by Pavlos Trifon-Greece 

Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒇(𝒙) =  𝒙𝟐 + 𝐥𝐧𝒙 , 𝒙 > 0 𝑡ℎ𝑒𝑛 𝒇′(𝒙) = 𝟐𝒙 +
𝟏

𝒙
> 0 𝑎𝑛𝑑 𝑓(𝝆) = 𝟎 (𝒈𝒊𝒗𝒆𝒏) 

 𝒔𝒐 𝒇 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 , 𝒂𝒔 𝒂, 𝒃, 𝒄 > 𝜌 
 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝒂𝟐 + 𝐥𝐧 𝒂 > 0, 𝒃𝟐 + 𝐥𝐧 𝒃 > 0  , 𝒄𝟐 + 𝐥𝐧𝒄 > 0 

 
 𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  

√𝒂𝒃𝒄. 𝒆𝒂
𝟐+𝒃𝟐+𝒄𝟐

𝟑
> 1+ √(𝒂𝟐 + 𝐥𝐧𝒂)(𝒃𝟐 + 𝐥𝐧𝒃)(𝒄𝟐 + 𝐥𝐧 𝒄)

𝟑
  (𝟏) 

 

𝑳𝒆𝒕 𝒙 =   𝒂𝟐 + 𝐥𝐧 𝒂 , 𝒚 = 𝒃𝟐 + 𝐥𝐧𝒃 , 𝒛 = 𝒄𝟐 + 𝐥𝐧 𝒄 
 

 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝒙 + 𝒚 + 𝒛 − 𝐥𝐧𝒂 − 𝐥𝐧𝒃 − 𝐥𝐧 𝒄 = 𝒙 + 𝒚 + 𝒛 − 𝐥𝐧𝒂𝒃𝒄 

 𝒔𝒐, 𝒂𝒃𝒄 . 𝒆 𝒂
𝟐+𝒃𝟐+𝒄𝟐 = 𝒂𝒃𝒄. (𝒆(𝒙+𝒚+𝒛−𝐥𝐧 𝒂𝒃𝒄)) = 𝒆𝒙+𝒚+𝒛 

𝒉𝒆𝒏𝒄𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝟏) 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 √𝒆𝒙+𝒚+𝒛
𝟑

> 1 + √𝒙𝒚𝒛
𝟑   

 

 𝒐𝒓 𝒆
𝒙+𝒚+𝒛
𝟑 > 1+ √𝒙𝒚𝒛

𝟑   𝒐𝒓 𝒆√𝒙𝒚𝒛
𝟑

> 1 + √𝒙𝒚𝒛
𝟑  (𝑨𝑴 − 𝑮𝑴)  

 𝒐𝒓  𝒆𝒕 − (𝟏 + 𝒕) >
√𝒙𝒚𝒛
𝟑 =𝒕>0

 𝟎  𝒐𝒓 𝟏 + 𝒕 +
𝒕𝟐

𝟐!
+
𝒕𝟑

𝟑!
+⋯− (𝟏 + 𝒕) > 0 

𝒕𝟐

𝟐!
+
𝒕𝟑

𝟑!
+ ⋯ > 0 𝑻𝒓𝒖𝒆. 

 

2166. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 ≤ 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√
𝒙

(𝟐 − 𝐲)(𝟐 − 𝐳)
+ √

𝐲

(𝟐 − 𝐳)(𝟐 − 𝒙)

𝟑

+ √
𝐳

(𝟐 − 𝒙)(𝟐 − 𝐲)

𝟒

≤ 𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 ≤ 𝟑 ⇒ 𝒙𝟐 ≤ 𝟑 − 𝐲𝟐 − 𝐳𝟐 𝒂𝐧𝐝 
∵ 𝒙𝟐 > 0 ∴ 𝟑 − 𝐲𝟐 − 𝐳𝟐 ≥ 𝒙𝟐 > 0 𝑎𝐧𝐝 𝐬𝐨 

𝒙 ≤ √𝟑 − 𝐲𝟐 − 𝐳𝟐 = √(𝟑 − 𝐲𝟐 − 𝐳𝟐). 𝟏 ≤
𝐀𝐌−𝐆𝐌 𝟑 − 𝐲𝟐 − 𝐳𝟐 + 𝟏

𝟐
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≤
?
(𝟐 − 𝐲)(𝟐 − 𝐳) ⇔ 𝟖 − 𝟒(𝐲 + 𝐳) + 𝟐𝐲𝐳 ≥

?
𝟒 − 𝐲𝟐 − 𝐳𝟐 

⇔ 𝐲𝟐 + 𝐳𝟐 + 𝟐𝐲𝐳 − 𝟒(𝐲 + 𝐳) + 𝟒 ≥
?
𝟎 ⇔ (𝐲 + 𝐳)𝟐 − 𝟒(𝐲 + 𝐳) + 𝟒 ≥

?
𝟎 

⇔ (𝐲 + 𝐳 − 𝟐)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 𝒙 ≤ (𝟐 − 𝐲)(𝟐 − 𝐳) ⇒ √

𝒙

(𝟐 − 𝐲)(𝟐 − 𝐳)
≤
①

𝟏 𝒂𝐧𝐝  

𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 𝐲 ≤ (𝟐 − 𝐳)(𝟐 − 𝒙) ⇒ √
𝐲

(𝟐 − 𝐳)(𝟐 − 𝒙)

𝟑

≤
②

𝟏 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

𝐳 ≤ (𝟐 − 𝒙)(𝟐 − 𝐲) ⇒ √
𝐳

(𝟐 − 𝒙)(𝟐 − 𝐲)

𝟒
≤
③

𝟏 ∴①+②+③⇒ 

√
𝒙

(𝟐 − 𝐲)(𝟐 − 𝐳)
+ √

𝐲

(𝟐 − 𝐳)(𝟐 − 𝒙)

𝟑

+ √
𝐳

(𝟐 − 𝒙)(𝟐 − 𝐲)

𝟒
≤ 𝟑 ∀ 𝒙, 𝐲, 𝐳 > 0, 

′′ =′′ 𝐢𝐟𝐟 𝒚 + 𝐳 = 𝟐 ∧ 𝟑 − 𝐲𝟐 − 𝐳𝟐 = 𝟏 ∧ 𝒙𝟐 = 𝟑 − 𝐲𝟐 − 𝐳𝟐 
⇒ ′′ =′′ 𝐢𝐟𝐟 𝒚 + 𝐳 = 𝟐 ∧ 𝐲𝐳 = 𝟏 ∧ 𝒙 = 𝟏 ⇒ ′′ =′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

 

 

 

2167. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 ≤ 3  then: 
 

𝒂 + 𝒃

𝒄𝟐
+
𝒃 + 𝒄

𝒂𝟐
+
𝒂 + 𝒄

𝒃𝟐
≥ 𝟔 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝒂 + 𝒃

𝒄𝟐
+
𝒃 + 𝒄

𝒂𝟐
+
𝒂 + 𝒄

𝒃𝟐
≥⏞

𝑨𝑴−𝑮𝑴𝟐√𝒂𝒃

𝒄𝟐
+
𝟐√𝒃𝒄

𝒂𝟐
+
𝟐√𝒂𝒄

𝒃𝟐
= 

𝟐(
√𝒂𝒃

𝒄𝟐
+
√𝒃𝒄

𝒂𝟐
+
√𝒂𝒄

𝒃𝟐
) ≥⏞
𝑨𝑴−𝑮𝑴

𝟔 (
√(𝒂𝒃𝒄)𝟐

𝒂𝟐𝒃𝟐𝒄𝟐
)

𝟏
𝟑

=
𝟔

√𝒂𝒃𝒄
𝟑 ≥

𝟔

𝟏
= 𝟔 

∴ (√𝒂𝒃𝒄
𝟑

≤
𝒂 + 𝒃 + 𝒄

𝟑
≤
𝟑

𝟑
= 𝟏) 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 

 

2168. If 𝒂, 𝒃 > 0 and 𝒂 + 𝒃 = 𝟐𝒂𝒃 then: 
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𝒂

𝒃𝟐
+
𝒃

𝒂𝟐
≥ 𝟐 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝒂

𝒃𝟐
+
𝒃

𝒂𝟐
≥ 𝟐 ⇔ 𝒂𝟑 + 𝒃𝟑 ≥ 𝟐𝒂𝟐𝒃𝟐 

(𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) ≥ 𝟐𝒂𝟐𝒃𝟐,   𝟐𝒂𝒃(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) ≥ 𝟐𝒂𝟐𝒃𝟐 

𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐 ≥ 𝒂𝒃, 𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐 ≥ 𝟎 

(𝒂 − 𝒃)𝟐 ≥ 𝟎 

Equality holds for 𝒂 = 𝒃. 

2169. 

𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟓𝒂𝐛

𝟑𝐜 + 𝒂𝐛
+

𝟑𝐛𝐜

𝟑𝒂 + 𝐛𝐜
+

𝟑𝐜𝒂

𝟑𝐛 + 𝐜𝒂
≤ 𝟓 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟑𝐜 + 𝒂𝐛 =
𝒂+𝐛+𝐜 = 𝟑 𝟑𝐜 + 𝒂(𝟑 − 𝐜 − 𝒂)

𝟐
+
𝟑𝐜 + 𝐛(𝟑 − 𝐛 − 𝐜)

𝟐
 

=
(𝟑 − 𝒂)(𝐜 + 𝒂)

𝟐
+
(𝟑 − 𝐛)(𝐛 + 𝐜)

𝟐
=

𝒂+𝐛+𝐜 = 𝟑 (𝐛 + 𝐜)(𝐜 + 𝒂)

𝟐
+
(𝐜 + 𝒂)(𝐛 + 𝐜)

𝟐
 

⇒ 𝟑𝐜 + 𝒂𝐛 =
①
(𝐛 + 𝐜)(𝐜 + 𝒂) 

𝐀𝒍𝐬𝐨,𝟑𝒂 + 𝐛𝐜 =
𝒂+𝐛+𝐜 = 𝟑

𝟑𝒂 + 𝐜(𝟑 − 𝐜 − 𝒂) = (𝟑 − 𝐜)(𝐜 + 𝒂) =
𝒂+𝐛+𝐜 = 𝟑

(𝒂 + 𝐛)(𝐜 + 𝒂) 

⇒ 𝟑𝒂 + 𝐛𝐜 =
②
(𝒂 + 𝐛)(𝐜 + 𝒂) 

𝐀𝐧𝐝, 𝟑𝐛 + 𝐜𝒂 =
𝒂+𝐛+𝐜 = 𝟑

𝟑𝐛 + 𝐜(𝟑 − 𝐛 − 𝐜) = (𝟑 − 𝐜)(𝐛 + 𝐜) =
𝒂+𝐛+𝐜 = 𝟑

(𝒂 + 𝐛)(𝐛 + 𝐜) 

⇒ 𝟑𝐛 + 𝐜𝒂 =
③
(𝒂 + 𝐛)(𝐛 + 𝐜) 

𝐍𝐨𝐰,
𝟓𝒂𝐛

𝟑𝐜 + 𝒂𝐛
+

𝟑𝐛𝐜

𝟑𝒂 + 𝐛𝐜
+

𝟑𝐜𝒂

𝟑𝐛 + 𝐜𝒂
≤
?
𝟓 ⇔

𝟑𝐛𝐜

𝟑𝒂 + 𝐛𝐜
+

𝟑𝐜𝒂

𝟑𝐛 + 𝐜𝒂
≤
?
𝟓 −

𝟓𝒂𝐛

𝟑𝐜 + 𝒂𝐛
 

=
𝟏𝟓𝐜

𝟑𝐜 + 𝒂𝐛
⇔

𝟓

𝟑𝐜 + 𝒂𝐛
≥
? 𝒂

𝟑𝐛 + 𝐜𝒂
+

𝐛

𝟑𝒂 + 𝐛𝐜
 (∵ 𝐜 ≥ 𝟎) 

⇔
𝐯𝐢𝒂 ①,② 𝒂𝐧𝐝 ③ 𝟓

(𝐛 + 𝐜)(𝐜 + 𝒂)
≥
? 𝒂

(𝒂 + 𝐛)(𝐛 + 𝐜)
+

𝐛

(𝒂 + 𝐛)(𝐜 + 𝒂)
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⇔ 𝟓(𝒂+ 𝐛) ≥
?
𝒂(𝐜 + 𝒂) + 𝐛(𝐛 + 𝐜) = 𝐜(𝒂 + 𝐛) + 𝒂𝟐 + 𝐛𝟐 

⇔ (𝟑 − 𝐜 + 𝟐)(𝒂 + 𝐛) ≥
?
𝒂𝟐 + 𝐛𝟐 ⇔

𝒂+𝐛+𝐜 = 𝟑
(𝒂 + 𝐛 + 𝟐)(𝒂 + 𝐛) ≥

?
𝒂𝟐 + 𝐛𝟐 

⇔ 𝟐𝒂𝐛 + 𝟐(𝒂 + 𝐛) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂, 𝐛 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐢𝐬 𝒍𝒂𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐬 𝒂 𝐬𝐭𝐫𝐢𝐜𝐭 𝐨𝐧𝐞 

𝐬𝐢𝐧𝐜𝐞 𝒂, 𝐛 𝐜𝒂𝐧𝐧𝐨𝐭 𝐛𝐞 𝐬𝐢𝐦𝐮𝒍𝐭𝒂𝐧𝐞𝐨𝐮𝐬𝒍𝐲 𝐞𝐪𝐮𝒂𝒍 𝐭𝐨 𝐳𝐞𝐫𝐨 𝒂𝐬 𝐭𝐡𝒂𝐭 𝐰𝐨𝐮𝒍𝐝 𝐦𝒂𝐤𝐞  
𝟑𝐛𝐜

𝟑𝒂 + 𝐛𝐜
 𝒂𝐧𝐝 

𝟑𝐜𝒂

𝟑𝐛 + 𝐜𝒂
 𝐮𝐧𝐝𝐞𝐟𝐢𝐧𝐞𝐝 ∴

𝟓𝒂𝐛

𝟑𝐜 + 𝒂𝐛
+

𝟑𝐛𝐜

𝟑𝒂 + 𝐛𝐜
+

𝟑𝐜𝒂

𝟑𝐛 + 𝐜𝒂
≤ 𝟓 

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂 + 𝐛 + 𝐜 = 𝟑, ′′ =′′ 𝐢𝐟𝐟 (

𝐜 = 𝟎
𝒂 = 𝐤

𝐛 = 𝟑 − 𝐤
𝐰𝐢𝐭𝐡 𝟎 < 𝑘 < 3

) (𝐐𝐄𝐃) 

 

2170. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑 = 𝟑 𝐭𝐡𝐞𝐧 ∶ 

∑(
𝒙𝟐 + 𝟏

𝒙 + 𝟏
)

𝟑

𝐜𝐲𝐜

≥ 𝟑 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

(
𝒙𝟐 + 𝟏

𝒙 + 𝟏
)

𝟑

≥
? 𝒙𝟑 + 𝟏

𝟐
⇔ 𝟐(𝒙𝟐 + 𝟏)𝟑 ≥

?
(𝒙𝟑 + 𝟏)(𝒙 + 𝟏)𝟑 

⇔ (𝒙𝟐 + 𝒙 + 𝟏)(𝒙 − 𝟏)𝟒 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ (

𝒙𝟐 + 𝟏

𝒙+ 𝟏
)

𝟑

≥
𝒙𝟑 + 𝟏

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑(
𝒙𝟐 + 𝟏

𝒙+ 𝟏
)

𝟑

𝐜𝐲𝐜

≥∑
𝒙𝟑 + 𝟏

𝟐
𝐜𝐲𝐜

=
𝟏

𝟐
(𝟑) +

𝟑

𝟐
 (∵ ∑𝒙𝟑

𝐜𝐲𝐜

= 𝟑) = 𝟑 

𝐒𝐨,∑(
𝒙𝟐 + 𝟏

𝒙+ 𝟏
)

𝟑

𝐜𝐲𝐜

≥ 𝟑 ∀ 𝒙, 𝐲, 𝐳 > 0│𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑 = 𝟑, ′′ =′′  𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

 

2171.  𝐈𝐟 𝒙, 𝐲, 𝐳 > 𝟎 𝒂𝐧𝐝 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝒙𝐲𝐳 = 𝟒 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝟐 − 𝒙 + √𝟐 − 𝐲 + √𝟐 − 𝐳 ≥ 𝟐 + √(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲, (𝟒 − 𝐲𝟐), (𝟒 − 𝐳𝟐) = (𝒙𝟐 + 𝐳𝟐 + 𝒙𝐲𝐳), (𝒙𝟐 + 𝐲𝟐 + 𝒙𝐲𝐳) 
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>
𝒙,𝐲,𝐳 > 𝟎

𝟎 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝒙𝐲𝐳 = 𝟒 ⇒ 𝒙𝟐 + 𝒙. 𝐲𝐳 + (𝐲𝟐 + 𝐳𝟐 − 𝟒) = 𝟎 

⇒ 𝒙 =
−𝐲𝐳 ± √𝐲𝟐𝐳𝟐 − 𝟒(𝐲𝟐 + 𝐳𝟐 − 𝟒)

𝟐
=
−𝐲𝐳 ± √𝐲𝟐(𝐳𝟐 − 𝟒) − 𝟒(𝐳𝟐 − 𝟒)

𝟐
 

=
−𝐲𝐳 ± √(𝟒 − 𝐲𝟐)(𝟒 − 𝐳𝟐)

𝟐
=
−𝐲𝐳 + √(𝟒 − 𝐲𝟐)(𝟒 − 𝐳𝟐)

𝟐
 (∵ 𝒙 > 𝟎) 

⇒ 𝟐 − 𝒙 = 𝟐 −
−𝐲𝐳 + √(𝟒 − 𝐲𝟐)(𝟒 − 𝐳𝟐)

𝟐
=
𝟖 + 𝟐𝐲𝐳 − 𝟐√(𝟒 − 𝐲𝟐)(𝟒 − 𝐳𝟐)

𝟒
 

≥
𝐀−𝐆 𝟖 + 𝟐𝐲𝐳 − (𝟖 − 𝐲𝟐 − 𝐳𝟐)

𝟒
=
𝐲𝟐 + 𝐳𝟐 + 𝟐𝐲𝐳

𝟒
=
(𝐲 + 𝐳)𝟐

𝟒
 

⇒ √𝟐− 𝒙 ≥
𝐲 + 𝐳

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∑√𝟐 − 𝒙

𝐳𝐲𝐳

≥
①

∑
𝐲+ 𝐳

𝟐
𝐳𝐲𝐳

=∑𝒙

𝐜𝐲𝐜

 

⇒∑𝒙

𝐜𝐲𝐜

≤∑√𝟐 − 𝒙

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√𝟑.√𝟔 −∑𝒙

𝐜𝐲𝐜

⇒ 𝐭𝟐 ≤ 𝟏𝟖 − 𝟑𝐭 (𝐭 =∑𝒙

𝐜𝐲𝐜

) 

⇒ (𝐭 − 𝟑)(𝐭 + 𝟔) ≤ 𝟎 ⇒ 𝐭 =∑𝒙

𝐜𝐲𝐜

≤
②

𝟑 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟒 = 

∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

−(∑𝒙𝟐

𝐜𝐲𝐜

+ 𝒙𝐲𝐳) = 𝟐𝒙𝐲𝐳∑
𝟏

𝒙
𝐜𝐲𝐜

− 𝒙𝐲𝐳 ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏𝟖𝒙𝐲𝐳

∑ 𝒙𝐜𝐲𝐜
− 𝒙𝐲𝐳 

≥
𝐯𝐢𝒂 ②

𝟔𝒙𝐲𝐳 − 𝒙𝐲𝐳 = 𝟓𝒙𝐲𝐳 > 0 ⇒ (∑𝒙

𝐜𝐲𝐜

)

𝟐

> 𝟒 ⇒∑𝒙

𝐜𝐲𝐜

≥
③

𝟐 

∴ ∑√𝟐 − 𝒙

𝐳𝐲𝐳

− 𝟐 −√(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳) ≥
𝐯𝐢𝒂 ①

 

∑𝒙

𝐜𝐲𝐜

− 𝟐 −√𝟖 + 𝟐∑𝒙𝐲

𝐜𝐲𝐜

− 𝟒∑𝒙

𝐜𝐲𝐜

+∑𝒙𝟐

𝐜𝐲𝐜

− 𝟒 (∵ −𝒙𝐲𝐳 =∑𝒙𝟐

𝐜𝐲𝐜

− 𝟒) 

= ∑𝒙

𝐜𝐲𝐜

− 𝟐 −√𝟒 − 𝟒∑𝒙

𝐜𝐲𝐜

+ (∑𝒙

𝐜𝐲𝐜

)

𝟐

=∑𝒙

𝐜𝐲𝐜

− 𝟐 − √(∑𝒙

𝐜𝐲𝐜

− 𝟐)

𝟐

 

=
𝐯𝐢𝒂 ③

∑𝒙

𝐜𝐲𝐜

− 𝟐 − (∑𝒙

𝐜𝐲𝐜

− 𝟐) = 𝟎 𝒂𝐧𝐝 𝐬𝐨, 

√𝟐 − 𝒙 +√𝟐 − 𝐲 + √𝟐 − 𝐳 ≥ 𝟐 +√(𝟐 − 𝒙)(𝟐 − 𝐲)(𝟐 − 𝐳)  

∀ 𝒙, 𝐲, 𝐳 > 𝟎│𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝒙𝐲𝐳 = 𝟒, ′′ =′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
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2172. Let 𝒂𝟏, 𝒂𝟐, 𝒂𝟑, 𝒂𝟒, be  positive  real  numbers 𝒂𝟏. 𝒂𝟐. 𝒂𝟑. 𝒂𝟒 = 𝟏. Prove 
that : 

 

∑
𝟏

𝒂𝟏
𝟑(𝒂𝟐 + 𝒂𝟑 + 𝒂𝟒)𝒄𝒚𝒄

≥
𝟒

𝟑
 

Proposed by Gheorghe Crăciun-Romania 
Solution by Khaled Abd Imouti-Syria 
 

𝑳𝑯𝑺 =
𝟏

𝒂𝟏
𝟑(𝒂𝟐 + 𝒂𝟑 + 𝒂𝟒)

+
𝟏

𝒂𝟐
𝟑(𝒂𝟏 + 𝒂𝟑 + 𝒂𝟒)

+
𝟏

𝒂𝟑
𝟑(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟒)

+
𝟏

𝒂𝟒
𝟑(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)

 

 

𝑳𝑯𝑺 =

𝟏

𝒂𝟏
𝟐

𝒂𝟏(𝒂𝟐 + 𝒂𝟑 + 𝒂𝟒)
+

𝟏

𝒂𝟐
𝟐

𝒂𝟐(𝒂𝟏 + 𝒂𝟑 + 𝒂𝟒)
+

𝟏

𝒂𝟑
𝟐

𝒂𝟑(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟒)
+

𝟏

𝒂𝟒
𝟐

𝒂𝟒(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)
 

 

𝑳𝑯𝑺 =
(
𝟏
𝒂𝟏
)𝟐

𝒂𝟏(𝒂𝟐 + 𝒂𝟑 + 𝒂𝟒)
+

(
𝟏
𝒂𝟐
)𝟐

𝒂𝟐(𝒂𝟏 + 𝒂𝟑 + 𝒂𝟒)
+

(
𝟏
𝒂𝟑
)𝟐

𝒂𝟑(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟒)
+

(
𝟏
𝒂𝟒
)𝟐

𝒂𝟒(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)
 

 

Suppose : 𝒙 =
𝟏

𝒂𝟏
  , 𝒚 =

𝟏

𝒂𝟐
  , 𝒛 =  

𝟏

𝒂𝟑
  , 𝒕 =  

𝟏

𝒂𝟒
 

𝑳𝑯𝑺 =
𝒙𝟐

𝟏
𝒙𝒚 +

𝟏
𝒙𝒛 +

𝟏
𝒙𝒕

+
𝒚𝟐

𝟏
𝒚𝒙 +

𝟏
𝒚𝒛 +

𝟏
𝒚𝒕

+
𝒛𝟐

𝟏
𝒛𝒙 +

𝟏
𝒛𝒚 +

𝟏
𝒛𝒕

+
𝒕𝟐

𝟏
𝒕𝒙 +

𝟏
𝒕𝒚 +

𝟏
𝒕𝒛

 

𝑳𝑯𝑺 =
𝒙𝟑𝒚𝒛𝒕

𝒛𝒕 + 𝒚𝒕 + 𝒛𝒚
+

𝒚𝟑𝒙𝒛𝒕

𝒛𝒕 + 𝒙𝒕 + 𝒙𝒛
+

𝒛𝟑𝒙𝒚𝒕

𝒕𝒚 + 𝒙𝒕 + 𝒙𝒚
+

𝒕𝟑𝒙𝒚𝒛

𝒛𝒚 + 𝒛𝒙 + 𝒙𝒚
 

𝑳𝑯𝑺 =
𝒙𝟐

𝒛𝒕 + 𝒚𝒕 + 𝒛𝒚
+

𝒚𝟐

𝒛𝒕 + 𝒙𝒕 + 𝒙𝒛
+

𝒛𝟐

𝒕𝒚 + 𝒙𝒕 + 𝒙𝒚
+

𝒕𝟐

𝒛𝒚 + 𝒛𝒙 + 𝒙𝒚
 

𝑳𝑯𝑺 ≥
(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐

𝟐(𝒙𝒚 + 𝒙𝒛 + 𝒙𝒕 + 𝒚𝒛 + 𝒚𝒕 + 𝒛𝒕)
   𝒃𝒚 𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

 But : (𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 ≥
𝟐

𝟑
(𝒙𝒚 + 𝒙𝒛 + 𝒙𝒕 + 𝒚𝒛 + 𝒚𝒕 + 𝒛𝒕) ⇒ 𝑺𝒐: 𝑳 ≥

𝟐

𝟑

𝟐
=
𝟒

𝟑
 

 

2173. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎𝐛𝐜 = 𝟏 𝐭𝐡𝐞𝐧 ∶ 

∑√
𝟐𝒂

𝒂 + 𝟏

𝟒

𝐜𝐲𝐜

≤ 𝟑 

  Proposed by Marin Chirciu-Romania 



 
www.ssmrmh.ro 

60 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200 

 

Solution by Soumava Chakraborty-Kolkata-India 

𝐒𝐢𝐧𝐜𝐞 𝒂𝐛𝐜 = 𝟏,𝐰𝐞 𝐜𝒂𝐧 𝒂𝐬𝐬𝐢𝐠𝐧 ∶ 𝒂 =
𝐲𝐳

𝒙𝟐
, 𝐛 =

𝐳𝒙

𝐲𝟐
, 𝐜 =

𝒙𝐲

𝐳𝟐
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

∑ √
𝟐𝒂

𝒂 + 𝟏

𝟒

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√𝟑.√∑√
𝟐𝐲𝐳

𝐲𝐳 + 𝒙𝟐
𝐜𝐲𝐜

≤
?
𝟑 

⇔∑√𝐲𝐳(𝐳𝒙 + 𝐲𝟐)(𝒙𝐲 + 𝐳𝟐)

𝐜𝐲𝐜

≤
?
⏟
(∗)

𝟑

√𝟐
.√(𝐲𝐳 + 𝒙𝟐)(𝐳𝒙 + 𝐲𝟐)(𝒙𝐲 + 𝐳𝟐) 

𝐍𝐨𝐰,∑√𝐲𝐳(𝐳𝒙 + 𝐲𝟐)(𝒙𝐲 + 𝐳𝟐)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐲(𝒙𝐲 + 𝐳𝟐)

𝐜𝐲𝐜

. √∑𝐳(𝐳𝒙 + 𝐲𝟐)

𝐜𝐲𝐜

 

= 𝟐√(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲

𝐜𝐲𝐜

) ≤
? 𝟑

√𝟐
. √(𝐲𝐳 + 𝒙𝟐)(𝐳𝒙 + 𝐲𝟐)(𝒙𝐲 + 𝐳𝟐) 

⇔ 𝟗(𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟐𝒙𝟐𝐲𝟐𝐳𝟐) ≥
?
𝟖(𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐) 

⇔ 𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
?
𝟔𝒙𝟐𝐲𝟐𝐳𝟐 → 𝐭𝐫𝐮𝐞 ∵ 𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

 

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 = 𝟔𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑√
𝟐𝒂

𝒂 + 𝟏

𝟒

𝐜𝐲𝐜

≤ 𝟑 ∀ 𝒂𝐛𝐜 = 𝟏, 

′′ =′′  𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2174. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, ∑
𝟏

𝒙𝐜𝐲𝐜 = 𝟑 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒙𝟑 + 𝒙 + 𝟐
𝐜𝐲𝐜

≤
𝟑

𝟒
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝒙𝟑 + 𝒙 + 𝟐
≤
? 𝟏

𝟒𝒙
⇔ 𝒙𝟑 − 𝟑𝒙 + 𝟐 ≥

?
𝟎 ⇔ (𝒙 − 𝟏)𝟐(𝒙 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝒙 > 𝟎 ∴
𝟏

𝒙𝟑 + 𝒙 + 𝟐
≤
𝟏

𝟒𝒙
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ ∑

𝟏

𝒙𝟑 + 𝒙 + 𝟐
𝐜𝐲𝐜

≤
𝟏

𝟒
(∑

𝟏

𝒙
𝐜𝐲𝐜

) 
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=
𝟑

𝟒
 ∀ 𝒙, 𝐲, 𝐳 > 0│∑

𝟏

𝒙
𝐜𝐲𝐜

= 𝟑, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

2175. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟐 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐(𝒂𝟑𝐛𝟑 + 𝐛𝟑𝐜𝟑 + 𝐜𝟑𝒂𝟑 + 𝟒𝒂𝟐𝐛𝟐𝐜𝟐) 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝒍𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞𝐬 𝐞𝐪𝐮𝒂𝒍 𝐭𝐨 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 
𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟐), 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 = 𝟒 > 0 = 𝑅𝐻𝑆 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝒍𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞 𝐞𝐪𝐮𝒂𝒍𝐬 𝐭𝐨 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎  

(𝐛 + 𝐜 = 𝟐), 𝐭𝐡𝐞𝐧 ∶ 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 𝐛𝟐 + 𝐜𝟐 ≥
?
𝟐𝐛𝟑𝐜𝟑 𝒂𝐧𝐝 ∵ 𝐛𝟐 + 𝐜𝟐 ≥

𝐀−𝐆
𝟐𝐛𝐜 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐𝐛𝐜 ≥
?
𝟐𝐛𝟑𝐜𝟑 ⇔ 𝐛𝐜 ≤

?
𝟏 → 𝐭𝐫𝐮𝐞 ∵ 𝟐 = 𝐛 + 𝐜 ≥

𝐀−𝐆
𝟐√𝐛𝐜 𝒂𝐧𝐝  

𝐬𝐨, 𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 
𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 > 𝟎 & 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 
> 𝟎 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙  
𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲); 𝐭𝐡𝐞𝐧 ∶ 

∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐, 

∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

∑𝒂𝟐

𝐜𝐲𝐜

≥
?
𝟐(∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟒𝒂𝟐𝐛𝟐𝐜𝟐) ⇔
𝒂+𝐛+𝐜 = 𝟐

 

𝟏

𝟏𝟔
. (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

≥
?
𝟐(∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟒𝒂𝟐𝐛𝟐𝐜𝟐) 

⇔ (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟒 ≥
?
𝟑𝟐((𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 + 𝟒𝐫𝟒𝐬𝟐) 

⇔ 𝐬𝟔 − (𝟖𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟒 + 𝐫𝟑(𝟑𝟖𝟒𝐑− 𝟏𝟐𝟖𝐫)𝐬𝟐 − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑⇔ (𝟒𝟎𝐑 − 𝟏𝟕𝐫)𝐬𝟒 − 

𝐫(𝟕𝟔𝟖𝐑𝟐 − 𝟖𝟔𝟒𝐑𝐫 + 𝟐𝟎𝟑𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟐𝟎𝟒𝟖𝐑𝟑 − 𝟓𝟑𝟕𝟔𝐑𝟐𝐫 + 𝟖𝟏𝟔𝐑𝐫𝟐 − 𝟏𝟓𝟕𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟒𝟎𝐑 − 𝟏𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 
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𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟒𝟎𝐑 − 𝟏𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟓𝟏𝟐𝐑𝟐 − 𝟖𝟎𝐑𝐫 − 𝟑𝟑𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟖𝟏𝟗𝟐𝐑𝟑 − 𝟓𝟑𝟕𝟔𝐑𝟐𝐫 + 𝟐𝟗𝟎𝟒𝐑𝐫𝟐 − 𝟐𝟔𝟖𝐫𝟑)  

𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲,𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟓𝟏𝟐𝐑𝟐 − 𝟖𝟎𝐑𝐫 − 𝟑𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) ⇔ 𝐫𝟐 ((𝟏𝟓𝟑𝟔𝐑+ 𝟒𝟎𝐫)(𝐑 − 𝟐𝐫) + 𝟓𝟏𝟑𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞  

(𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 

∴ ∑𝒂𝟐

𝐜𝐲𝐜

> 2(∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟒𝒂𝟐𝐛𝟐𝐜𝟐)  𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ ∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟐(∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟒𝒂𝟐𝐛𝟐𝐜𝟐) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟐, 

′′ =′′  𝐢𝐟𝐟  (
𝒂 = 𝟎

𝐛 = 𝐜 = 𝟏
)  𝐨𝐫 (

𝐛 = 𝟎
𝐜 = 𝒂 = 𝟏

)  𝐨𝐫 (
𝐜 = 𝟎

𝒂 = 𝐛 = 𝟏
) (𝐐𝐄𝐃) 

 

2176. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 > 𝟎 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒂𝟐 + 𝐛𝟐
+

𝟏

𝐛𝟐 + 𝐜𝟐
+

𝟏

𝐜𝟐 + 𝒂𝟐
≥

𝟏𝟎

(𝒂 + 𝐛 + 𝐜)𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝒍𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞 𝐞𝐪𝐮𝒂𝒍𝐬 𝐭𝐨 𝐳𝐞𝐫𝐨 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 

(𝐛, 𝐜 > 0), 𝐭𝐡𝐞𝐧, 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶
𝟏

𝐛𝟐
+

𝟏

𝐛𝟐 + 𝐜𝟐
+
𝟏

𝐜𝟐
≥
? 𝟏𝟎

(𝐛 + 𝐜)𝟐
 

⇔ 𝐛𝟔 + 𝟐𝐛𝟓𝐜 − 𝟔𝐛𝟒𝐜𝟐 + 𝟔𝐛𝟑𝐜𝟑 − 𝟔𝐛𝟐𝐜𝟒 + 𝟐𝐛𝐜𝟓 + 𝐜𝟔 ≥
?
𝟎 

⇔ (𝐛 − 𝐜)𝟐(𝐛𝟒 + 𝟒𝐛𝟑𝐜 + 𝐛𝟐𝐜𝟐 + 𝟒𝐛𝐜𝟑 + 𝐜𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 

𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 
𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 

𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 

𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲); 𝐭𝐡𝐞𝐧 ∶ ∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬, 

∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐,∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
𝟏

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

>
? 𝟏𝟎

(𝒂 + 𝐛 + 𝐜)𝟐
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⇔ ((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

>
?
𝟏𝟎((∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) − 𝒂𝟐𝐛𝟐𝐜𝟐) 

⇔ 𝐬𝟐 ((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 + 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)) >
?

 

𝟏𝟎 ((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐫𝟐)((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝐫𝟒𝐬𝟐) 

⇔ 𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟏𝟒𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟖𝟎𝐑𝟐 + 𝟐𝟎𝟎𝐑𝐫 + 𝟑𝟓𝐫𝟐)𝐬𝟐 + 𝟐𝟎𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 >
?
⏟
(∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) >
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑⇔ (𝟑𝟐𝐑 − 𝐫)𝐬𝟒 − 

𝐫(𝟖𝟒𝟖𝐑𝟐 − 𝟐𝟖𝟎𝐑𝐫 + 𝟏𝟏𝟎𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟓𝟑𝟕𝟔𝐑𝟑 − 𝟐𝟖𝟖𝟎𝐑𝟐𝐫 + 𝟏𝟒𝟒𝟎𝐑𝐫𝟐 − 𝟏𝟎𝟓𝐫𝟑) >
?
⏟
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟑𝟐𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) >
?
(𝟑𝟐𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟒𝟒𝐑𝟐 − 𝟏𝟖𝐑𝐫 − 𝟐𝟓𝐫𝟐)𝐬𝟐 >
?
⏟
(∗∗∗)

𝐫(𝟕𝟎𝟒𝐑𝟑 − 𝟔𝟐𝟒𝐑𝟐𝐫 − 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟐𝟎𝐫𝟑) 𝒂𝐧𝐝 

𝐟𝐢𝐧𝒂𝒍𝒍𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝟒𝐑𝟐 − 𝟏𝟖𝐑𝐫 − 𝟐𝟓𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) >
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝐫𝟐(𝟏𝟏𝟔𝐑𝟐 − 𝟏𝟗𝟎𝐑𝐫 + 𝟏𝟎𝟓𝐫𝟐) >
?
𝟎 → 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ∴∑
𝟏

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

>
𝟏𝟎

(𝒂 + 𝐛 + 𝐜)𝟐
 

𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 
𝟏

𝒂𝟐 + 𝐛𝟐
+

𝟏

𝐛𝟐 + 𝐜𝟐
+

𝟏

𝐜𝟐 + 𝒂𝟐
≥

𝟏𝟎

(𝒂 + 𝐛 + 𝐜)𝟐
 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 > 𝟎, 

′′ =′′  𝐢𝐟𝐟  (
𝒂 = 𝟎

𝐛 = 𝐜 > 𝟎
)  𝐨𝐫 (

𝐛 = 𝟎
𝐜 = 𝒂 > 𝟎

)  𝐨𝐫 (
𝐜 = 𝟎

𝒂 = 𝐛 > 𝟎
) (𝐐𝐄𝐃) 

 

2177. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙 + 𝐲 + 𝐳 = 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝟏 + 𝒙𝐲
+

𝟏

𝟏 + 𝐲𝐳
+

𝟏

𝟏 + 𝐳𝒙
≥

𝟔

√𝒙 + √𝐲 + √𝐳
−
𝟏

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟏+ 𝐲𝐳
𝐜𝐲𝐜

=∑
𝟏+ 𝐲𝐳 − 𝐲𝐳

𝟏 + 𝐲𝐳
𝐜𝐲𝐜

= 𝟑 −∑
𝐲𝐳

𝟏 + 𝐲𝐳
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑 −∑
𝐲𝐳

𝟐√𝐲𝐳
𝐜𝐲𝐜
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= 𝟑 −
𝟏

𝟐
∑√𝐲𝐳

𝐜𝐲𝐜

≥
? 𝟔

∑ √𝒙𝐜𝐲𝐜

−
𝟏

𝟐
⇔
𝟕 −∑ 𝐛𝐜𝐜𝐲𝐜

𝟐
≥
? 𝟔

∑ 𝒂𝐜𝐲𝐜
 (𝒂 = √𝒙, 𝐛 = √𝐲, 𝐜 = √𝐳) 

⇔

𝟕
𝟑
(∑ 𝒂𝟐𝐜𝐲𝐜 ) − ∑ 𝒂𝐛𝐜𝐲𝐜

𝟐
≥
? 𝟐(∑ 𝒂𝟐𝐜𝐲𝐜 )

∑ 𝒂𝐜𝐲𝐜
. √
∑ 𝒂𝟐𝐜𝐲𝐜

𝟑
 (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟑 ⇔∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑) 

⇔ (𝟕∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
?
⏟
(⦁)

𝟒𝟖(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

 

(

 
 
 
 ∵

𝟕

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

) ≥

𝟕

𝟑
(∑𝒂𝐛

𝐜𝐲𝐜

) >∑𝒂𝐛

𝐜𝐲𝐜 )

 
 
 
 

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝐗, 𝐜 + 𝒂 = 𝐘,𝒂 + 𝐛 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝐜 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒂 

> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐛 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑿, 𝒁 + 𝑿 > 𝑌 ⇒ 𝑋,𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫  

(𝐬𝒂𝐲); 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂 = 𝐬 − 𝐗, 𝐛 = 𝐬 − 𝐘, 𝐜 = 𝐬 − 𝐙 ∴∑𝒂

𝐜𝐲𝐜

= 𝐬,∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐, 

∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, (⦁) ⇔ 𝐬𝟔 + (𝟐𝟎𝟎𝐑𝐫 + 𝟓𝟎𝐫𝟐)𝐬𝟒 − 

𝐫𝟐(𝟒𝟓𝟗𝟐𝐑𝟐 + 𝟐𝟐𝟗𝟔𝐑𝐫 + 𝟐𝟖𝟕𝐫𝟐)𝐬𝟐 + 𝟑𝟖𝟒𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 

(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑⇔ (𝟐𝟒𝟖𝐑 + 𝟑𝟓𝐫)𝐬𝟒 − 

𝐫(𝟓𝟑𝟔𝟎𝐑𝟐 + 𝟏𝟖𝟏𝟔𝐑𝐫 + 𝟑𝟔𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟐𝟖𝟔𝟕𝟐𝐑𝟑 + 𝟏𝟒𝟓𝟗𝟐𝐑𝟐𝐫 + 𝟓𝟖𝟎𝟖𝐑𝐫𝟐 + 𝟐𝟓𝟗𝐫𝟑) 

≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ (𝟐𝟒𝟖𝐑 + 𝟑𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟐𝟒𝟖𝐑 + 𝟑𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟑𝟐𝟐𝐑𝟐 − 𝟑𝟗𝟕𝐑𝐫 − 𝟖𝟗𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟒𝟑𝟓𝟐𝐑𝟑 − 𝟓𝟔𝟔𝟒𝐑𝟐𝐫 − 𝟔𝟓𝟏𝐑𝐫𝟐 + 𝟕𝟕𝐫𝟑) 

& (𝟑𝟐𝟐𝐑𝟐 − 𝟑𝟗𝟕𝐑𝐫 − 𝟖𝟗𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝟐𝟐𝐑𝟐 − 𝟑𝟗𝟕𝐑𝐫 − 𝟖𝟗𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 
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≥
?
𝐫(𝟒𝟑𝟓𝟐𝐑𝟑 − 𝟓𝟔𝟔𝟒𝐑𝟐𝐫 − 𝟔𝟓𝟏𝐑𝐫𝟐 + 𝟕𝟕𝐫𝟑) ⇔ 𝟒𝟎𝟎𝐭𝟑 − 𝟏𝟏𝟒𝟗𝐭𝟐 + 𝟔𝟎𝟔𝐭 + 𝟏𝟖𝟒 ≥

?
𝟎  

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟒𝟎𝟎𝐭 + 𝟒𝟓𝟏) + 𝟖𝟏𝟎) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝟏 + 𝒙𝐲
+

𝟏

𝟏 + 𝐲𝐳
+

𝟏

𝟏 + 𝐳𝒙
≥

𝟔

√𝒙+ √𝐲 + √𝐳
−
𝟏

𝟐
 

∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝟑, ′′ =′′  𝐢𝐟𝐟  𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

2178. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑎𝐧𝐝 𝒙𝐲𝐳 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟔 ≥
𝟑

𝟐
(∑𝒙

𝐜𝐲𝐜

+∑
𝟏

𝒙
𝐜𝐲𝐜

) 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 √𝒙
𝟐

= 𝒂, √𝐲
𝟑 = 𝐛, √𝐳

𝟑
= 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟔 ≥
? 𝟑

𝟐
(∑𝒙

𝐜𝐲𝐜

+∑
𝟏

𝒙
𝐜𝐲𝐜

) 

⇔ 𝟐(∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐) ≥
?
⏟
(⦁)

𝟑(𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

) (∵ 𝒙𝐲𝐳 = 𝟏 ⇒ 𝒂𝐛𝐜 = 𝟏) & 

𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝐗, 𝐜 + 𝒂 = 𝐘, 𝒂 + 𝐛 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝐜 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒂 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐛 > 0 ⇒ 𝑋 + 𝐘 > 𝑍,𝐘 + 𝐙 > 𝑿,𝒁 + 𝑿 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬, 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬
= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲); 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂 = 𝐬 − 𝐗, 𝐛 = 𝐬 − 𝐘, 𝐜 = 𝐬 − 𝐙 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂

𝐜𝐲𝐜

= 𝐬, 

∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 & 𝐬𝐨,∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 

𝒂𝐧𝐝 ∑𝒂𝟔

𝐜𝐲𝐜

= (𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)𝟐 − 𝟐((𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐) 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, (⦁) ⇔ 

𝟐((𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)𝟐 − 𝟐((𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐) + 𝟔𝐫𝟒𝐬𝟐) ≥
?

 
𝟑(𝐫𝟐𝐬(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) + (𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟏𝟐𝐑𝐫𝟑𝐬𝟐) ⇔ 𝟐𝐬𝟔 − (𝟒𝟖𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟒 + 

𝐫𝟐(𝟐𝟖𝟖𝐑𝟐 + 𝟏𝟐𝟎𝐑𝐫 + 𝟏𝟐𝐫𝟐)𝐬𝟐 − 𝐫𝟑(𝟒𝟒𝟖𝐑𝟑 + 𝟑𝟑𝟔𝐑𝟐𝐫 + 𝟖𝟒𝐑𝐫𝟐 + 𝟕𝐫𝟑) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 
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𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑⇔ (𝟒𝟖𝐑 − 𝟑𝟑𝐫)𝐬𝟒 − 

𝐫(𝟏𝟐𝟒𝟖𝐑𝟐 − 𝟏𝟎𝟖𝟎𝐑𝐫 + 𝟏𝟑𝟖𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟕𝟕𝟒𝟒𝐑𝟑 − 𝟖𝟎𝟏𝟔𝐑𝟐𝐫 + 𝟐𝟑𝟏𝟔𝐑𝐫𝟐 − 𝟐𝟓𝟕𝐫𝟑) 

≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ (𝟒𝟖𝐑 − 𝟑𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟒𝟖𝐑 − 𝟑𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟕𝟐𝐑𝟐 − 𝟏𝟒𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟏𝟏𝟑𝟔𝐑𝟑 − 𝟐𝟎𝟐𝟖𝐑𝟐𝐫 + 𝟏𝟎𝟒𝟏𝐑𝐫𝟐 − 𝟏𝟒𝟐𝐫𝟑)  

𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲, (𝟕𝟐𝐑𝟐 − 𝟏𝟒𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐)⏞                
= 𝟕𝟐𝐑(𝐑−𝟐𝐫) + 𝟒𝟖𝐫𝟐 > 0

𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟕𝟐𝐑𝟐 − 𝟏𝟒𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) ≥
?

 

𝐫(𝟏𝟏𝟑𝟔𝐑𝟑 − 𝟐𝟎𝟐𝟖𝐑𝟐𝐫 + 𝟏𝟎𝟒𝟏𝐑𝐫𝟐 − 𝟏𝟒𝟐𝐫𝟑) 

⇔ (𝐑 − 𝟐𝐫)(𝟏𝟒𝟒𝐑𝟑 − 𝟑𝟓𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟎𝐑𝐫𝟐 − 𝟒𝟕𝐫𝟑) ≥
?

 

𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫. (𝟕𝟐𝐑𝟐 − 𝟏𝟒𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐) 

⇔ (𝟏𝟒𝟒𝐑𝟑 − 𝟑𝟓𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟎𝐑𝐫𝟐 − 𝟒𝟕𝐫𝟑)𝟐 ≥
?
𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟕𝟐𝐑𝟐 − 𝟏𝟒𝟒𝐑𝐫 + 𝟒𝟖𝐫𝟐) 

(
∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝒍𝐞𝐫
𝟎 𝒂𝐧𝐝 ∵ 𝟏𝟒𝟒𝐑𝟑 − 𝟑𝟓𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟎𝐑𝐫𝟐 − 𝟒𝟕𝐫𝟑 =

(𝐑 − 𝟐𝐫)(𝟑𝟒𝐑(𝐑− 𝟐𝐫) + 𝟏𝟏𝟎𝐑𝟐 + 𝟔𝟒𝐫𝟐) + 𝟖𝟏𝐫𝟑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟖𝟏𝐫𝟑 > 0
) 

⇔ (𝟒𝐭 + 𝟏)((𝟐𝐭 − 𝟓)𝟐(𝟏𝟒𝟖𝐭(𝐭 − 𝟐) + 𝟏𝟒𝟎𝐭𝟐 + 𝟗𝟖) + 𝟏𝟓𝟔𝐭 − 𝟐𝟒𝟏) ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟔 ≥
𝟑

𝟐
(∑𝒙

𝐜𝐲𝐜

+∑
𝟏

𝒙
𝐜𝐲𝐜

) ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥𝐲𝐳 = 𝟏, 

′′ =′′  𝐢𝐟𝐟  𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

2179. 

𝐈𝐟 𝒙, 𝐲, 𝐳 > 0,∑𝒙

𝐜𝐲𝐜

= 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟐

𝟑
 𝐭𝐡𝐞𝐧 ∶ 

𝛌∑𝒙𝟑

𝐜𝐲𝐜

+ 𝒙𝐲𝐳 ≥
𝟑𝛌 + 𝟏

𝟗
∑𝒙𝟐

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝛌∑𝒙𝟑

𝐜𝐲𝐜

+ 𝒙𝐲𝐳 −
𝟑𝛌 + 𝟏

𝟗
∑𝒙𝟐

𝐜𝐲𝐜

= 

𝛌

𝟑
(𝟑∑𝒙𝟑

𝐜𝐲𝐜

−(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)) +
𝟏

𝟗
(𝟗𝒙𝐲𝐳 − (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)) (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟏) 

≥
𝛌 ≥ 

𝟐
𝟑 𝟐

𝟗
(𝟑∑𝒙𝟑

𝐜𝐲𝐜

− (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)) +
𝟏

𝟗
(𝟗𝒙𝐲𝐳 − (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

))  

(∵∑𝒙𝟑

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)) 

=
𝟏

𝟑
(𝟐∑𝒙𝟑

𝐜𝐲𝐜

− (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) + 𝟑𝒙𝐲𝐳) 

=
𝟏

𝟑
(∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 −∑𝒙𝟐𝐲

𝐜𝐲𝐜

−∑𝒙𝐲𝟐

𝐜𝐲𝐜

) ≥
𝐒𝐜𝐡𝐮𝐫

𝟎 

∴ 𝛌∑𝒙𝟑

𝐜𝐲𝐜

+ 𝒙𝐲𝐳 ≥
𝟑𝛌 + 𝟏

𝟗
∑𝒙𝟐

𝐜𝐲𝐜

 ∀ 𝒙, 𝐲, 𝐳 > 0│∑𝒙

𝐜𝐲𝐜

= 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟐

𝟑
, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

2180. If 𝒂, 𝒃, 𝒄 ∈ ℝ then: 

∑√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒄𝒚𝒄

≥ √𝟒∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟓∑𝒂𝒃

𝒄𝒚𝒄

  

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Jenish Rijal-Nepal 

√𝒂𝟐 + 𝒂𝒃+ 𝒃𝟐 = √(𝒂 +
𝒃

𝟐
)
𝟐

+ (
√𝟑𝒃

𝟐
)

𝟐

 

𝑽𝒊𝒂 𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆: 
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∑√(𝒂+
𝒃

𝟐
)
𝟐

+ (
√𝟑𝒃

𝟐
)

𝟐

𝒄𝒚𝒄

   ≥ ⏞ 

①

√(∑ (𝒂+
𝒃

𝟐
)

𝒄𝒚𝒄

)

𝟐

+ (∑
√𝟑𝒃

𝟐
𝒄𝒚𝒄

)

𝟐

 

𝑨𝒍𝒔𝒐,∑ (𝒂 +
𝒃

𝟐
)

𝒄𝒚𝒄

=
𝟑

𝟐
(𝒂 + 𝒃 + 𝒄)          𝐚𝐧𝐝          ∑

√𝟑𝒃

𝟐
𝒄𝒚𝒄

=
√𝟑

𝟐
(𝒂 + 𝒃 + 𝒄) 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒃𝒂𝒄𝒌 𝒊𝒏𝒕𝒐 ① ∶ 

𝑳𝑯𝑺 ≥ √
𝟗

𝟒
(𝒂 + 𝒃 + 𝒄)𝟐 +

𝟑

𝟒
(𝒂 + 𝒃 + 𝒄)𝟐 = √𝟑(𝒂+ 𝒃 + 𝒄)𝟐 = √𝟑∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟔∑𝒂𝒃

𝒄𝒚𝒄

 

𝐁𝐲 𝐭𝐡𝐞 𝐰𝐞𝐥𝐥 − 𝐤𝐧𝐨𝐰𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲  ∑ 𝒂𝟐𝒄𝒚𝒄 ≥ ∑ 𝒂𝒃𝒄𝒚𝒄  : 

𝑳𝑯𝑺 ≥ √𝟑∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟔∑𝒂𝒃

𝒄𝒚𝒄

≥ √(𝟒∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟓∑𝒂𝒃

𝒄𝒚𝒄

)− (∑𝒂𝟐

𝒄𝒚𝒄

−∑𝒂𝒃

𝒄𝒚𝒄

) ≥ 

≥ √𝟒∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟓∑𝒂𝒃

𝒄𝒚𝒄

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒂 = 𝒃 = 𝒄.  

2181. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒂𝐛
+
𝟏

𝐛𝐜
+
𝟏

𝐜𝒂
≥

𝟕𝟓

𝟏𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟗
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒂𝐛 = 𝒙, 𝐛𝐜 = 𝐲, 𝐜𝒂 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
𝟏

𝐛𝐜
𝐜𝐲𝐜

≥
? 𝟕𝟓

𝟏𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟗
 

⇔∑
𝟏

𝒙
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟕𝟓

𝟏𝟔𝒙𝐲𝐳 + 𝟗
 𝐬𝐮𝐛𝐣𝐞𝐜𝐭 𝐭𝐨 ∑𝒙

𝐜𝐲𝐜

= 𝟑 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫  

(𝐬𝒂𝐲) 𝒂𝐧𝐝 𝐬𝐨, 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 
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∴ 𝒙𝐲𝐳 =
(⦁⦁)
𝐫𝟐𝐬 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞 ∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝 𝐬𝐨, 

(∗) ⇔
𝒙+𝐲+𝐳 = 𝟑 ∑ 𝒙𝐲𝐜𝐲𝐜

𝒙𝐲𝐳
≥
?

𝟕𝟓
𝟗 .
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

𝟗
𝟐𝟕 .

(∑ 𝒙𝐜𝐲𝐜 )
𝟑
+ 𝟏𝟔𝒙𝐲𝐳

=
𝟐𝟓(∑ 𝒙𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐜𝐲𝐜 )
𝟑
+ 𝟒𝟖𝒙𝐲𝐳

 

⇔
𝐯𝐢𝒂 (⦁),(⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁) 𝟒𝐑𝐫 + 𝐫𝟐

𝐫𝟐𝐬
≥
? 𝟐𝟓𝐬𝟐

𝐬𝟑 + 𝟒𝟖𝐫𝟐𝐬
⇔ (𝐑− 𝟔𝐫)𝐬𝟐 + 𝟏𝟐𝐫𝟐(𝟒𝐑+ 𝐫) ≥

?
⏟
(∗∗)

𝟎 

𝒂𝐧𝐝 (∗∗) 𝐢𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 𝐑 − 𝟔𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 

𝐑 − 𝟔𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝐑 − 𝟔𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐(𝐑− 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) + 𝟏𝟐𝐫𝟐(𝟒𝐑+ 𝐫) ≥
?
𝟎 

⇔ (𝐑 − 𝟐𝐫)(𝟐𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
⏟
(∗∗∗)

𝟐(𝟔𝐫 − 𝐑)(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫 𝒂𝐧𝐝 ∵ 

𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 ∵ 𝟐𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 = 𝟐(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟐𝐫(𝐑 − 𝟐𝐫) + 𝟑𝐫𝟐 ≥
𝐄𝐮𝒍𝐞𝐫

 
𝟑𝐫𝟐 > 0 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟐𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐)𝟐 >
?
𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟔𝐫 − 𝐑)𝟐 

⇔ 𝟔𝟒𝐭𝟑 − 𝟐𝟕𝟐𝐭𝟐 + 𝟐𝟓𝟐𝐭 + 𝟖𝟏 >
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝟒𝐭 + 𝟏)(𝟒𝐭 − 𝟗)𝟐 >

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝒂𝐛
+
𝟏

𝐛𝐜
+
𝟏

𝐜𝒂
≥

𝟕𝟓

𝟏𝟔𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟗
∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑, 

′′ =′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2182. If 𝒙, 𝒚, 𝒛 > 0 then: 
 

𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+
𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+
𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥ 𝟑 

 
Proposed by Gheorghe Crăciun-Romania 

Solution 1 by Kasem Abotrabi, Khaled Abd Imouti-Syria 
 

𝑳 =
𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+
𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+
𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥ 𝟑 

 ر

 Suppose : 𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐, 𝒛 = 𝒄𝟐 ⇒ √𝒙𝒚 = 𝒂𝒃,√𝒛𝒙 = 𝒂𝒄, √𝒚𝒛 = 𝒃𝒄 

 𝑺𝑶 ∶  𝑳 =  
𝒄𝟐+𝟐𝒂𝒃

𝒂𝟐+𝒃𝟐
+ 

𝒃𝟐+𝟐𝒂𝒄

𝒂𝟐+𝒄𝟐
+ 

𝒂𝟐+𝟐𝒄𝒃

𝒄𝟐+𝒃𝟐
≥ 𝟑 
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𝒄𝟐 + 𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
=   

𝒄𝟐 + 𝟐𝒂𝒃 − (𝒂𝟐 + 𝒃𝟐) + (𝒂𝟐 − 𝒃𝟐)

𝒂𝟐 + 𝒃𝟐
= 𝟏 +  

𝒄𝟐 − (𝒂 − 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐
 

 

 So   let   :   𝑳 =  
𝒄𝟐−(𝒂−𝒃)𝟐

𝒂𝟐+𝒃𝟐
+
𝒃𝟐−(𝒄−𝒂)𝟐

𝒄𝟐+𝒂𝟐
+ 

𝒂𝟐−(𝒃−𝒄)𝟐

𝒃𝟐+𝒄𝟐
≥ 𝟎 

 
𝒄𝟐

𝒂𝟐 + 𝒃𝟐
=
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 − (𝒂𝟐 + 𝒃𝟐)

𝒂𝟐 + 𝒃𝟐
=
𝒂𝟐 + 𝒃𝟐+𝒄𝟐

𝒂𝟐 + 𝒃𝟐
− 𝟏 

 𝑳 = (𝒂𝟐 + 𝒃𝟐+𝒄𝟐) (
𝟏

𝒂𝟐+𝒃𝟐
+

𝟏

𝒄𝟐+𝒂𝟐
+

𝟏

𝒃𝟐+𝒄𝟐
) − 𝟑 + (

𝟏

𝒂𝟐+𝒃𝟐
+

𝟏

𝒄𝟐+𝒂𝟐
+

𝟏

𝒃𝟐+𝒄𝟐
) ≥ 𝟔 

  

𝑳 = 𝟏 +
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
+ 𝟏 +

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒄𝒂

𝒂𝟐 + 𝒄𝟐
+ 𝟏 +

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒄𝒃

𝒃𝟐 + 𝒄𝟐
≥?𝟔 + 𝟑 

𝑳 =
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + (𝒂 + 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐
+
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + (𝒂 + 𝒄)𝟐

𝒂𝟐 + 𝒄𝟐
+
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + ( 𝒃 + 𝒄)𝟐

𝒃𝟐 + 𝒄𝟐
≥?𝟗 

𝑳 ≥
(𝒂 + 𝒃 + 𝒄 + 𝒂 + 𝒃 + 𝒂 + 𝒃 + 𝒄 + 𝒂 + 𝒄 + 𝒂 + 𝒃 + 𝒄 + 𝒃 + 𝒄)𝟐

𝟐𝒂𝟐 + 𝟐𝒃𝟐+𝟐𝒄𝟐
 

𝑳 ≥
𝟐𝟓(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝟐 + 𝒃𝟐+𝒄𝟐)
≥
𝟐𝟓

𝟐
.
𝟑

𝟐
=
𝟕𝟓

𝟒
≥?𝟗  𝑻𝒓𝒖𝒆 

 (Bergstrom’s inequality) 
Equality  holds  when   a = b = c =1 

 

 
Solution 2 by Kasem Abotrabi, Khaled Abd Imouti-Syria 

 
𝒙 , 𝒚, 𝒛 > 0 

𝑨 =
𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+
𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+
𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥?𝟑 

𝑨 =∑
𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

+∑
𝟐√𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

 

𝑨 =∑
(√𝒙)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

+∑
𝟐√𝒚𝒛 + 𝒚 + 𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

− 𝟑 

𝑨 =∑
(√𝒙)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

+∑
(√𝒚 + √𝒛)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

− 𝟑       (𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦′𝒔  𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲) 

𝑨 ≥
(√𝒙 + √𝒚 + √𝒛)𝟐

𝒙 + 𝒚 + 𝒛
+
(𝟐(√𝒙 + √𝒚 + √𝒛))𝟐

𝒙 + 𝒚 + 𝒛
− 𝟑 

𝑨 ≥
𝟓(√𝒙 + √𝒚 + √𝒛)

𝟐

𝟐(𝒙 + 𝒚 + 𝒛)
− 𝟑         .  𝑨𝑴 − 𝑮𝑴 
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√𝒙 + √𝒚 + √𝒛 ≥ 𝟑√√𝒙𝒚𝒛
𝟑

     , 𝒙 + 𝒚 + 𝒛 ≥ 𝟑√𝒙𝒚𝒛
𝟑   

𝑨 ≥

𝟓(𝟑√√𝒙𝒚𝒛
𝟑

)

𝟐

𝟐(𝟑√𝒙𝒚𝒛)
− 𝟑 ⇒ 𝑨 ≥

𝟒𝟓√𝒙𝒚𝒛
𝟑

𝟔√𝒙𝒚𝒛
𝟑

− 𝟑 ⇒ 

𝑨 ≥
𝟏𝟓

𝟐
− 𝟑 ⇒ 𝑨 ≥

𝟗

𝟐
 

 Equality  holds  when   x = y = z  =1 

 

2183. 𝐈𝐟 𝒂𝟑𝐛𝟑(𝟏 + 𝒂𝟒)(𝟏 + 𝐛𝟒) ≥ 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐒𝐢𝐧𝐜𝐞 𝒂𝐛 ≤
𝒂𝟐 + 𝐛𝟐

𝟐
 ∀ 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 𝒙𝐲 ≤

(𝒙 + 𝐲)𝟐

𝟒
∀ 𝒙, 𝐲 ∈ ℝ 

∴ 𝒂𝟑𝐛𝟑(𝟏 + 𝒂𝟒)(𝟏 + 𝐛𝟒) = 𝒂𝐛(𝐛𝟐 + 𝐛𝟐𝒂𝟒)(𝒂𝟐 + 𝒂𝟐𝐛𝟒) ≤ 
𝒂𝟐 + 𝐛𝟐

𝟐
. (𝐛𝟐 + 𝐛𝟐𝒂𝟒)(𝒂𝟐 + 𝒂𝟐𝐛𝟒) (∵ 𝐛𝟐 + 𝐛𝟐𝒂𝟒, 𝒂𝟐 + 𝒂𝟐𝐛𝟒 > 0) 

≤
𝒂𝟐 + 𝐛𝟐

𝟐
.
(𝒂𝟐 + 𝐛𝟐 + 𝒂𝟐𝐛𝟐(𝒂𝟐 + 𝐛𝟐))

𝟐

𝟒
 

=
𝒂𝟐 + 𝐛𝟐

𝟐
.
(𝒂𝟐 + 𝐛𝟐)𝟐 + 𝒂𝟒𝐛𝟒(𝒂𝟐 + 𝐛𝟐)𝟐 + 𝟐𝒂𝟐𝐛𝟐(𝒂𝟐 + 𝐛𝟐)𝟐

𝟒
 

≤
𝒂𝟐 + 𝐛𝟐

𝟐
.
(𝒂𝟐 + 𝐛𝟐)𝟐 +

(𝒂𝟐 + 𝐛𝟐)𝟒

𝟏𝟔 . (𝒂𝟐 + 𝐛𝟐)𝟐 +
(𝒂𝟐 + 𝐛𝟐)𝟐

𝟐
(𝒂𝟐 + 𝐛𝟐)𝟐

𝟒
  

(∵ (𝒂𝟐 + 𝐛𝟐)𝟐 > 0) ∴ 𝟒 ≤ 𝒂𝟑𝐛𝟑(𝟏 + 𝒂𝟒)(𝟏 + 𝐛𝟒) ≤
𝐭 (𝐭𝟐 +

𝐭𝟔

𝟏𝟔 +
𝐭𝟒

𝟐)

𝟖
 (𝐭 = 𝒂𝟐 + 𝐛𝟐) 

⇒ 𝐭𝟕 + 𝟖𝐭𝟓 + 𝟏𝟔𝐭𝟑 − 𝟓𝟏𝟐 ≥ 𝟎 

⇒ (𝐭 − 𝟐)(𝐭𝟔 + 𝟐𝐭𝟓 + 𝟏𝟐𝐭𝟒 + 𝟐𝟒𝐭𝟑 + 𝟔𝟒𝐭𝟐 + 𝟏𝟐𝟖𝐭 + 𝟐𝟓𝟔) ≥ 𝟎 

⇒ 𝐭 = 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 (∵ 𝐭 > 0) ∴ 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 𝒂𝟑𝐛𝟑(𝟏 + 𝒂𝟒)(𝟏 + 𝐛𝟒) ≥ 𝟒  
𝒂𝐧𝐝 𝒂, 𝐛 ∈ ℝ, ′′ =′′ 𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝟏) 𝐨𝐫 (𝒂 = 𝐛 = −𝟏) (𝐐𝐄𝐃) 

 

2184. 𝐈𝐟 𝒂𝟐𝐛𝟐(𝟏 + 𝒂𝟑)(𝟏 + 𝐛𝟑) ≥ 𝟒 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐒𝐢𝐧𝐜𝐞 𝒙𝐲 ≤
(𝒙 + 𝐲)𝟐

𝟒
∀ 𝒙, 𝐲 ∈ ℝ ∴ 𝒂𝟐𝐛𝟐(𝟏 + 𝒂𝟑)(𝟏 + 𝐛𝟑) 

= (𝒂𝟐 + 𝒂𝟐𝐛𝟑)(𝐛𝟐 + 𝐛𝟐𝒂𝟑) ≤
(𝒂𝟐 + 𝐛𝟐 + 𝒂𝟐𝐛𝟐(𝒂 + 𝐛))

𝟐

𝟒
 

=
(𝒂𝟐 + 𝐛𝟐)𝟐 + 𝒂𝟒𝐛𝟒(𝒂 + 𝐛)𝟐 + 𝟐𝒂𝟐𝐛𝟐(𝒂𝟐 + 𝐛𝟐)(𝒂 + 𝐛)

𝟒
≤ 

(𝒂𝟐 + 𝐛𝟐)𝟐 + 𝒂𝟒𝐛𝟒. 𝟐(𝒂𝟐 + 𝐛𝟐) + 𝟐𝒂𝟐𝐛𝟐(𝒂𝟐 + 𝐛𝟐).√𝟐(𝒂𝟐 + 𝐛𝟐)

𝟒
  

(∵ 𝒂𝟒𝐛𝟒, 𝒂𝟐𝐛𝟐(𝒂𝟐 + 𝐛𝟐) > 0) ≤ 

(𝒂𝟐 + 𝐛𝟐)𝟐 +
(𝒂𝟐 + 𝐛𝟐)𝟒

𝟏𝟔 . 𝟐(𝒂𝟐 + 𝐛𝟐) +
(𝒂𝟐 + 𝐛𝟐)𝟐

𝟐
(𝒂𝟐 + 𝐛𝟐). √𝟐(𝒂𝟐 + 𝐛𝟐)

𝟒
  

(∵ 𝒂𝟐 + 𝐛𝟐 > 0) 

∴ 𝟒 ≤ 𝒂𝟐𝐛𝟐(𝟏 + 𝒂𝟑)(𝟏 + 𝐛𝟑) ≤

𝐦𝟒

𝟒 +
𝟏
𝟏𝟔 .

𝐦𝟖

𝟏𝟔 .𝐦
𝟐 +

𝟏
𝟐 .
𝐦𝟒

𝟒 .
𝐦𝟐

𝟐 .𝐦

𝟒
 (𝐦 = √𝟐(𝒂𝟐 + 𝐛𝟐)) 

⇒ 𝐦𝟏𝟎 + 𝟏𝟔𝐦𝟕 + 𝟔𝟒𝐦𝟒 − 𝟒𝟎𝟗𝟔 ≥ 𝟎 

⇒ (𝐦− 𝟐) (𝐦
𝟗 + 𝟐𝐦𝟖 + 𝟒𝐦𝟕 + 𝟐𝟒𝐦𝟔 + 𝟒𝟖𝐦𝟓 + 𝟗𝟔𝐦𝟒 + 𝟐𝟓𝟔𝐦𝟑 +

𝟓𝟏𝟐𝐦𝟐 + 𝟏𝟎𝟐𝟒𝐦+ 𝟐𝟎𝟒𝟖
) ≥ 𝟎 

⇒ 𝐦 = √𝟐(𝒂𝟐 + 𝐛𝟐) ≥ 𝟐 (∵ 𝐦 ≥ 𝟎) ⇒ 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐  
𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 𝒂𝟐𝐛𝟐(𝟏 + 𝒂𝟑)(𝟏 + 𝐛𝟑) ≥ 𝟒 𝒂𝐧𝐝 𝒂, 𝐛 ∈ ℝ, ′′ =′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 

 

2185. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑((𝐲 + 𝐳).√
𝐲𝐳

(𝒙 + 𝐲)(𝒙 + 𝐳)
)

𝐜𝐲𝐜

≥∑𝒙

𝐜𝐲𝐜

 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 
𝐛 + 𝐜 − 𝒂 = 𝟐𝒙 > 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝒃 

⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 



 
www.ssmrmh.ro 

73 RMM-CYCLIC INEQUALITIES MARATHON 2101-2200 

 

⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ∴∑((𝐲 + 𝐳).√
𝐲𝐳

(𝒙 + 𝐲)(𝒙 + 𝐳)
)

𝐜𝐲𝐜

≥
?
∑𝒙

𝐜𝐲𝐜

 

⇔∑(𝒂.√
(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐛𝐜
)

𝐜𝐲𝐜

≥
?
𝐬 ⇔∑𝒂𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝐬 

𝐍𝐨𝐰,∑𝒂𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

=∑(
𝒂𝐬𝐢𝐧

𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝐜𝐨𝐬
𝐁 − 𝐂
𝟐

)

𝐜𝐲𝐜

≥∑(𝒂𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
)

𝐜𝐲𝐜

  

(∵ 𝟎 < 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
≤ 𝟏 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) =

𝟏

𝟐
∑(𝒂(𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬 𝐂))

𝐜𝐲𝐜

 

=
𝟏

𝟐
∑(𝒂(∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

− 𝐜𝐨𝐬 𝐀))

𝐜𝐲𝐜

=
𝐑+ 𝐫

𝟐𝐑
(𝟐𝐬) −

𝐑

𝟐
∑𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

 

=
𝐬(𝐑 + 𝐫)

𝐑
−
𝐑

𝟐
. 𝟒.
𝟒𝐑𝐫𝐬

𝟖𝐑𝟑
= 𝐬 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑((𝐲 + 𝐳).√
𝐲𝐳

(𝒙 + 𝐲)(𝒙 + 𝐳)
)

𝐜𝐲𝐜

≥∑𝒙

𝐜𝐲𝐜

 ∀ 𝒙, 𝐲, 𝐳 > 0, ′′ =′′  𝐢𝐟𝐟  𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

 

 

2186. If 𝒂, 𝒃 > 0; 𝑎 + 𝑏 = 2𝒂𝟐𝒃𝟐 then: 

𝒂 + 𝟏

𝒃𝟐
+
𝒃 + 𝟏

𝒂𝟐
≥ 𝟒 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

Denote 𝑺 = 𝒂 + 𝒃;𝑷 = 𝒂𝒃; 𝑺 > 0;𝑃 > 0 

𝒂 + 𝒃 ≥
𝑨𝑴−𝑮𝑴

𝟐√𝒂𝒃 ⇒ 𝑺 ≥ 𝟐√𝑷 ⇒ 𝟐𝑷𝟐 ≥ 𝟐√𝑷 

⇒ 𝑷𝟐 ≥ 𝑷 ⇒ 𝑷𝟒 ≥ 𝑷 ⇒ 𝑷𝟑 ≥ 𝟏 ⇒ 𝑷 ≥ 𝟏 ⇒ 𝑷− 𝟏 ≥ 𝟎     (1) 

We used the hypothesis: 𝑺 = 𝟐𝑷𝟐. 

𝒂 + 𝟏

𝒃𝟐
+
𝒃 + 𝟏

𝒂𝟐
≥ 𝟒 ⇔ 𝒂𝟐(𝒂 + 𝟏) + 𝒃𝟐(𝒃 + 𝟏) ≥ 𝟒𝒂𝟐𝒃𝟐 

𝒂𝟑 + 𝒃𝟑 + 𝒂𝟐 + 𝒃𝟐 − 𝟒𝒂𝟐𝒃𝟐 ≥ 𝟎 
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𝑺𝟑 − 𝟑𝑺𝑷 + 𝑺𝟐 − 𝟐𝑷 − 𝟒𝑷𝟐 ≥ 𝟎 

𝟖𝑷𝟔 − 𝟔𝑷𝟑 + 𝟒𝑷𝟒 − 𝟐𝑷 − 𝟒𝑷𝟐 ≥ 𝟎 

𝟒𝑷𝟓 − 𝟑𝑷𝟐 + 𝟐𝑷𝟑 − 𝟏 − 𝟐𝑷 ≥ 𝟎 

𝟒𝑷𝟓 + 𝟐𝑷𝟑 − 𝟑𝑷𝟐 − 𝟐𝑷 − 𝟏 ≥ 𝟎 

𝟒𝑷𝟓 − 𝟒𝑷𝟒 + 𝟒𝑷𝟒 − 𝟒𝑷𝟑 + 𝟔𝑷𝟑 − 𝟔𝑷𝟐 + 𝟑𝑷𝟐 − 𝟑𝑷 + 𝑷− 𝟏 ≥ 𝟎 

𝟒𝑷𝟒(𝑷 − 𝟏) + 𝟒𝑷𝟑(𝑷 − 𝟏) + 𝟔𝑷𝟐(𝑷 − 𝟏) + 𝟑𝑷(𝑷 − 𝟏) + (𝑷 − 𝟏) ≥ 𝟎 

(𝑷 − 𝟏)(𝟒𝑷𝟒 + 𝟒𝑷𝟑 + 𝟔𝑷𝟐 + 𝟑𝑷 + 𝟏) ≥ 𝟎 

𝑷− 𝟏 ≥ 𝟎      (True by (1)) 

Equality holds for 𝒂 = 𝒃 = 𝟏. 

2187. If 𝒂, 𝒃 > 0; 𝑎𝑏 = 𝑎 + 𝑏 then: 

𝒂 + 𝟏

𝒃𝟑
+
𝒃 + 𝟏

𝒂𝟑
≥
𝟑

𝟒
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

Denote: 𝑺 = 𝒂 + 𝒃; 𝑷 = 𝒂𝒃; 𝑺 > 0;𝑃 > 0 

𝒂 + 𝒃 ≥
𝑨𝑴−𝑮𝑴

𝟐√𝒂𝒃 ⇒ 𝑺 ≥ 𝟐√𝑷 ⇒ 𝑺 ≥ 𝟐√𝑺 ⇒ 

⇒ 𝑺𝟐 ≥ 𝟒𝑺 ⇒ 𝑺 ≥ 𝟒 ⇒ 𝑺 − 𝟒 ≥ 𝟎        (1) 

𝒂 + 𝟏

𝒃𝟑
+
𝒃+ 𝟏

𝒂𝟑
≥
𝟑

𝟒
⇔ 𝟒[𝒂𝟑(𝒂 + 𝟏) + 𝒃𝟑(𝒃 + 𝟏)] ≥ 𝟑𝒂𝟑𝒃𝟑 

𝟒(𝒂𝟒 + 𝒃𝟒) + 𝟒(𝒂𝟑 + 𝒃𝟑) ≥ 𝟑𝒂𝟑𝒃𝟑 

𝟒[(𝑺𝟐 − 𝟐𝑷)𝟐 − 𝟐𝑷𝟐] + 𝟒(𝑺𝟑 − 𝟑𝑺𝑷) − 𝟑𝑷𝟑 ≥ 𝟎 

𝑺 = 𝑷 ⇒ 𝟒(𝑺𝟐 − 𝟐𝑺)𝟐 − 𝟖𝑺𝟐 + 𝟒𝑺𝟑 − 𝟏𝟐𝑺𝟐 − 𝟑𝑺𝟑 ≥ 𝟎 

𝟒𝑺𝟒 − 𝟏𝟔𝑺𝟑 + 𝟏𝟔𝑺𝟐 − 𝟖𝑺𝟐 + 𝑺𝟑 − 𝟏𝟐𝑺𝟐 ≥ 𝟎 

𝟒𝑺𝟒 − 𝟏𝟓𝑺𝟑 − 𝟒𝑺𝟐 ≥ 𝟎 ⇔ 𝟒𝑺𝟐 − 𝟏𝟓𝑺 − 𝟒 ≥ 𝟎 

𝟒𝑺𝟐 − 𝟏𝟔𝑺 + 𝑺 − 𝟒 ≥ 𝟎 ⇔ 𝟒𝑺(𝑺 − 𝟒) + (𝑺 − 𝟒) ≥ 𝟎 

(𝑺 − 𝟒)(𝟒𝑺+ 𝟏) ≥ 𝟎 ⇔ 𝑺 − 𝟒 ≥ 𝟎  (True by (1)). 

Equality holds for 𝒂 = 𝒃 = 𝟐. 
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2188. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎, 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂

(𝒂 + 𝟏)𝟐
+

𝐛

(𝐛 + 𝟏)𝟐
+

𝐜

(𝐜 + 𝟏)𝟐
≥

𝟏

𝒂 + 𝐛 + 𝐜
+
𝒂𝐛𝐜

𝟒
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝒍𝐲 𝐨𝐧𝐞 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞 𝐞𝐪𝐮𝒂𝒍𝐬 𝐭𝐨 𝐳𝐞𝐫𝐨 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎  

(𝐛, 𝐜 > 0 ∧ 𝑏𝑐 = 1), 𝐭𝐡𝐞𝐧 𝐢𝐭 𝐛𝐨𝐢𝒍𝐬 𝐝𝐨𝐰𝐧 𝐭𝐨 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 ∶
𝐛

(𝐛 + 𝟏)𝟐
+

𝐜

(𝐜 + 𝟏)𝟐
≥
?
⏟
(∗)

𝟏

𝐛 + 𝐜
 

⇔
𝐛𝐜(𝐛 + 𝐜) + 𝟒𝐛𝐜 + 𝐛 + 𝐜

(𝐛𝐜 + 𝐛 + 𝐜 + 𝟏)𝟐
=
𝟐(𝐛 + 𝐜) + 𝟒

(𝟐 + 𝐛 + 𝐜)𝟐
=

𝟐

𝐛 + 𝐜 + 𝟐
≥
? 𝟏

𝐛 + 𝐜
 

⇔ 𝐛 + 𝐜 ≥
?
𝟐 = 𝟐√𝐛𝐜  (∵ 𝐛𝐜 = 𝟏) → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀𝐌 − 𝐆𝐌 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝒂, 𝐛, 𝐜 > 0, 

𝐭𝐡𝐞𝐧 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟏 ⇒ 𝟏 − 𝐛𝐜 = 𝒂(𝐛 + 𝐜) ≥
𝐀𝐌−𝐆𝐌

𝟐𝒂. √𝐛𝐜 

⇒ 𝒂 ≤
𝟏 − 𝐭𝟐

𝟐𝐭
 (𝐭 = √𝐛𝐜) ∴ √𝐛𝐜(𝒂 + 𝟏) = 𝐭𝒂 + 𝐭 ≤

𝟏 − 𝐭𝟐

𝟐
+ 𝐭 <

?
𝟐 

⇔ 𝐭𝟐 − 𝟐𝐭 + 𝟑 >
?
𝟎 ⇔ (𝐭 − 𝟏)𝟐 + 𝟐 >

?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ √𝐛𝐜(𝒂 + 𝟏) < 2 ⇒

𝟏

(𝒂 + 𝟏)𝟐
>
𝐛𝐜

𝟒
 

𝒂𝐧𝐝 𝐬𝐨,
𝒂

(𝒂 + 𝟏)𝟐
>
𝒂𝐛𝐜

𝟒
 𝒂𝐧𝐝 

𝟏

𝒂 + 𝐛 + 𝐜
<
𝒂 > 0 𝟏

𝐛 + 𝐜
≤

𝐯𝐢𝒂 (∗) 𝐛

(𝐛 + 𝟏)𝟐
+

𝐜

(𝐜 + 𝟏)𝟐
 

⇒
𝒂

(𝒂 + 𝟏)𝟐
+

𝐛

(𝐛 + 𝟏)𝟐
+

𝐜

(𝐜 + 𝟏)𝟐
>

𝟏

𝒂 + 𝐛 + 𝐜
+
𝒂𝐛𝐜

𝟒
 𝒂𝐧𝐝 𝐬𝐨, 

𝒂

(𝒂 + 𝟏)𝟐
+

𝐛

(𝐛 + 𝟏)𝟐
+

𝐜

(𝐜 + 𝟏)𝟐
≥

𝟏

𝒂 + 𝐛 + 𝐜
+
𝒂𝐛𝐜

𝟒
 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟏, 

′′ =′′ 𝐢𝐟𝐟 (
𝒂 = 𝟎

𝐛 = 𝐜 = 𝟏
)  𝐨𝐫 (

𝐛 = 𝟎
𝐜 = 𝒂 = 𝟏

)  𝐨𝐫 (
𝐜 = 𝟎

𝒂 = 𝐛 = 𝟏
) (𝐐𝐄𝐃) 

 

2189. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
√(𝟏 + 𝒃𝟐)(𝟏 + 𝒄𝟐)

𝒂
𝒄𝒚𝒄

≥ 𝟔 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  
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∑
√(𝟏 + 𝒃𝟐)(𝟏 + 𝒄𝟐)

𝒂
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

∑
√𝟐𝒃 ⋅ 𝟐𝒄

𝒂
𝒄𝒚𝒄

= 

= 𝟐∑
√𝒃𝒄

𝒂
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

𝟐 ⋅ 𝟑√
√𝒃𝒄

𝒂
⋅
√𝒄𝒂

𝒃
⋅
√𝒂𝒃

𝒄

𝟑

= 𝟔√
𝒂𝒃𝒄

𝒂𝒃𝒄

𝟑

= 𝟔 ⋅ 𝟏 = 𝟔 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

2190. If 𝒂, 𝒃 > 0, 𝑎𝑏 = 1 then: 

𝒂𝒂
𝟐+𝟐𝒃𝟐 ⋅ 𝒃𝒃

𝟐+𝟐𝒂𝟐 ≤ 𝟏 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝒂𝒂
𝟐+𝟐𝒃𝟐 ⋅ 𝒃𝒃

𝟐+𝟐𝒂𝟐 ≤ 𝟏 ⇒ 𝐥𝐧(𝒂𝒂
𝟐+𝟐𝒃𝟐 ⋅ 𝒃𝒃

𝟐+𝟐𝒂𝟐) ≤ 𝐥𝐧𝟏 

(𝒂𝟐 + 𝟐𝒃𝟐) 𝐥𝐧𝒂 + (𝒃𝟐 + 𝟐𝒂𝟐) 𝐥𝐧 𝒃 ≤ 𝟎 

(𝒂𝟐 +
𝟐

𝒂𝟐
) 𝐥𝐧𝒂 + (

𝟏

𝒂𝟐
+ 𝟐𝒂𝟐) 𝐥𝐧

𝟏

𝒂
≤ 𝟎 

𝒂𝟐 𝐥𝐧 𝒂 +
𝟐

𝒂𝟐
𝐥𝐧𝒂 +

𝟏

𝒂𝟐
𝐥𝐧 𝒂−𝟏 + 𝟐𝒂𝟐 𝐥𝐧𝒂−𝟏 ≤ 𝟎 

𝒂𝟐 𝐥𝐧 𝒂 +
𝟐

𝒂𝟐
𝐥𝐧𝒂 −

𝟏

𝒂𝟐
𝐥𝐧 𝒂 − 𝟐𝒂𝟐 𝐥𝐧𝒂 ≤ 𝟎 

(𝒂𝟐 +
𝟐

𝒂𝟐
−
𝟏

𝒂𝟐
− 𝟐𝒂𝟐 ) 𝐥𝐧𝒂 ≤ 𝟎 

(
𝟏

𝒂𝟐
− 𝒂𝟐) 𝐥𝐧𝒂 ≤ 𝟎 ⇔

𝒂𝟒 − 𝟏

𝒂𝟐
𝐥𝐧 𝒂 ≥ 𝟎 

(𝒂 − 𝟏)(𝒂 + 𝟏)(𝒂𝟐 + 𝟏)

𝒂𝟐
𝐥𝐧𝒂 ≥ 𝟎 ⇔ (𝒂 − 𝟏) 𝐥𝐧 𝒂 ≥ 𝟎 

If 𝒂 ≥ 𝟏 ⇒ 𝒂 − 𝟏 ≥ 𝟎; 𝐥𝐧𝒂 ≥ 𝟎 ⇒ (𝒂− 𝟏) 𝐥𝐧𝒂 ≥ 𝟎 

If 𝟎 < 𝑎 ≤ 1 ⇒ 𝑎 − 1 ≤ 0; 𝐥𝐧 𝒂 ≤ 𝟎 ⇒ (𝒂 − 𝟏) 𝐥𝐧 𝒂 ≥ 𝟎 

Equality holds for 𝒂 = 𝒃 = 𝟏. 

2191. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟒𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑 ≥
𝟐𝟏𝒂𝐛𝐜

𝒂 + 𝐛 + 𝐜
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  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
 𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 

⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲); 𝐭𝐡𝐞𝐧 ∶ ∑𝒂

𝐜𝐲𝐜

= 𝐬, 𝒂𝐛𝐜 = 𝐫𝟐𝐬,∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝟒𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑 ≥
? 𝟐𝟏𝒂𝐛𝐜

𝒂 + 𝐛 + 𝐜
⇔ 𝟒𝒂𝟐𝐛𝟐𝐜𝟐 +

𝟑

𝟐𝟕
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

≥
? 𝟐𝟏𝒂𝐛𝐜

𝒂 + 𝐛 + 𝐜
.
𝟏

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

  

(∵∑𝒂𝐛

𝐜𝐲𝐜

= 𝟑) ⇔ 𝐬((𝟒𝐑𝐫 + 𝐫𝟐)𝟑 + 𝟑𝟔𝐬𝟐𝐫𝟒) ≥
?
𝟐𝟏𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 

⇔ 𝟏𝟔𝐑𝟑 − 𝟕𝟐𝐑𝟐𝐫 − 𝟑𝟗𝐑𝐫𝟐 − 𝟓𝐫𝟑 + 𝟗𝐫𝐬𝟐 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝟗𝐫𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟗𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 

𝟏𝟔𝐑𝟑 − 𝟕𝟐𝐑𝟐𝐫 − 𝟑𝟗𝐑𝐫𝟐 − 𝟓𝐫𝟑 + 𝟗𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝟎 

⇔ 𝟏𝟔𝐑𝟑 − 𝟕𝟐𝐑𝟐𝐫 + 𝟏𝟎𝟓𝐑𝐫𝟐 − 𝟓𝟎𝐫𝟑 ≥
?
𝟎 ⇔ (𝐑− 𝟐𝐫)(𝟒𝐑− 𝟓𝐫)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐗𝐘𝐙𝐬,𝐑,𝐫 ∴ 𝟒𝒂
𝟐𝐛𝟐𝐜𝟐 + 𝟑 ≥

𝟐𝟏𝒂𝐛𝐜

𝒂 + 𝐛 + 𝐜
  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑, ′′ =′′  𝐢𝐟𝐟  𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

2192. If 𝒂, 𝒃, 𝒄 > 0; 𝑎𝑏𝑐 = 1 then: 

(𝒂𝟑 + 𝟏)𝒂(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄 ≥ 𝟖 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑎3 + 1)𝑎(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄 ≥ 𝟖 

𝐥𝐧[(𝒂𝟑 + 𝟏)𝒂(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄] ≥ 𝐥𝐧 𝟖 

𝒂 𝐥𝐧(𝒂𝟑 + 𝟏) + 𝒃 𝐥𝐧(𝒃𝟑 + 𝟏) + 𝒄 𝐥𝐧(𝒄𝟑 + 𝟏) ≥𝟑 𝐥𝐧 𝟐   (to prove) 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = 𝒙 𝐥𝐧(𝟏 + 𝒙𝟑) 

𝒇′(𝒙) = 𝐥𝐧(𝟏 + 𝒙𝟑) + 𝒙 ⋅
𝟑𝒙𝟐

𝟏 + 𝒙𝟑
= 𝐥𝐧(𝟏 + 𝒙𝟑) +

𝟑𝒙𝟑

𝟏 + 𝒙𝟑
> 0 

𝒇′(𝒙) > 0 ⇒ 𝑓  increasing 
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𝒇′′(𝒙) =
𝟑𝒙𝟐

𝟏 + 𝒙𝟑
+
𝟗𝒙𝟐(𝟏 + 𝒙𝟑) − 𝟑𝒙𝟑 ⋅ 𝟑𝒙𝟐

(𝟏 + 𝒙𝟑)𝟐
=

𝟑𝒙𝟐

𝟏 + 𝒙𝟑
+

𝟗𝒙𝟐

(𝟏 + 𝒙𝟑)𝟐
> 0 

𝒇′′(𝒙) > 0 ⇒ 𝑓 convex 

𝒂 𝐥𝐧(𝒂𝟑 + 𝟏) +𝒃 𝐥𝐧(𝒃𝟑 + 𝟏) + 𝒄 𝐥𝐧(𝒄𝟑 + 𝟏) = 

= 𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) ≥
𝑱𝑬𝑵𝑺𝑬𝑵

𝟑𝒇 (
𝒂 + 𝒃 + 𝒄

𝟑
) ≥
𝑨𝑴−𝑮𝑴

 

≥ 𝟑𝒇(√𝒂𝒃𝒄
𝟑

) = 𝟑𝒇(√𝟏
𝟑
) = 𝟑𝒇(𝟏) = 𝟑 𝐥𝐧 𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

2193. If 𝒂, 𝒃, 𝒄 > 0, 𝑛 ∈ ℕ, ∑ 𝒂𝟐𝒄𝒚𝒄 ≥ 𝟑 then: 

 

∑(
𝒂𝟒

𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄
)

𝒏

𝒄𝒚𝒄

≥
𝟑

𝟓𝒏
 

Proposed by Marin Chirciu-Romania 
Solution by Jenish Rijal-Nepal 
 

𝒂𝟐 + 𝟏 ≥ 𝟐𝒂 ⟹ ∑𝟐𝒂

𝒄𝒚𝒄

≤∑(𝒂𝟐 + 𝟏)

𝒄𝒚𝒄

 ⟹  𝟐∑𝒂

𝒄𝒚𝒄

≤∑𝒂𝟐

𝒄𝒚𝒄

 + 𝟑 

 

∑
𝒂𝟒

𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄
𝒄𝒚𝒄

 ≥ ⏞
𝐁𝐄𝐑𝐆𝐒𝐓𝐑𝐎𝐌

  
(∑ 𝒂𝟐)𝟐

∑(𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄)
=

(∑𝒂𝟐)𝟐

∑𝒂𝟐 + 𝟒∑𝒂
≥ 

≥
(∑𝒂𝟐)𝟐

∑𝒂𝟐 + 𝟐∑𝒂𝟐 + 𝟔
=

(∑𝒂𝟐)𝟐

𝟑∑𝒂𝟐  + 𝟔
  ≥ ⏞
𝟔 ≤ 𝟐∑𝒂𝟐

  
(∑𝒂𝟐)𝟐

𝟑∑𝒂𝟐  + 𝟐∑𝒂𝟐
=
∑𝒂𝟐

𝟓
   ≥ ⏞
∑𝒂𝟐≥𝟑

 =
𝟑

𝟓
 

 

𝟏

𝟑
∙∑(

𝒂𝟒

𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄
)

𝒏

𝒄𝒚𝒄

   ≥ ⏞
𝐏𝐨𝐰𝐞𝐫 𝐌𝐞𝐚𝐧

 (
𝟏

𝟑
∙∑

𝒂𝟒

𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄
𝒄𝒚𝒄

)

𝒏

≥ (
𝟏

𝟑
∙
𝟑

𝟓
)
𝒏

=
𝟏

𝟓𝒏
 

 

∑(
𝒂𝟒

𝒂𝟐 + 𝟐𝒃 + 𝟐𝒄
)

𝒏

𝒄𝒚𝒄

≥
𝟑

𝟓𝒏
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

2194. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, ∑ 𝒂𝟐𝐜𝐲𝐜 = 𝟑𝒂𝐛𝐜 𝒂𝐧𝐝 𝐧 ∈ ℕ∗ 𝐭𝐡𝐞𝐧 ∶ 
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∑
𝒂𝐧

𝐛𝐧+𝟏𝐜𝐧+𝟏
𝐜𝐲𝐜

≥
𝟗

𝒂 + 𝐛 + 𝐜
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝐧

𝐛𝐧+𝟏𝐜𝐧+𝟏
𝐜𝐲𝐜

=∑
(
𝒂
𝐛𝐜)

𝐧+𝟏

𝒂
𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 (∑

𝒂
𝐛𝐜𝐜𝐲𝐜 )

𝐧+𝟏

𝟑𝐧−𝟏. (∑ 𝒂𝐜𝐲𝐜 )
=

𝟑𝐧+𝟏

𝟑𝐧−𝟏. (∑ 𝒂𝐜𝐲𝐜 )
  

(∵ ∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑𝒂𝐛𝐜 ⇒∑
𝒂

𝐛𝐜
𝐜𝐲𝐜

= 𝟑) =
𝟗

𝒂 + 𝐛 + 𝐜
 𝒂𝐧𝐝 𝐬𝐨,∑

𝒂𝐧

𝐛𝐧+𝟏𝐜𝐧+𝟏
𝐜𝐲𝐜

≥
𝟗

𝒂 + 𝐛 + 𝐜
 

∀ 𝒂, 𝐛, 𝐜 > 0│∑𝒂𝟐

𝐜𝐲𝐜

= 𝟑𝒂𝐛𝐜, ′′ =′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

2195. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, ∑ 𝒙𝐲𝐜𝐲𝐜 = 𝟑 𝒂𝐧𝐝 
𝟗

𝟒
≤ 𝛌 ≤ 𝟔 𝐭𝐡𝐞𝐧 ∶ 

∑𝒙𝟑

𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 ≥ 𝛌 + 𝟑 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

(∑𝒙

𝐜𝐲𝐜

)

𝟐

≥ 𝟑∑𝒙𝐲

𝐜𝐲𝐜

= 𝟗 ⇒∑𝒙

𝐜𝐲𝐜

≥ 𝟑 ⇒ (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥ 𝟗 

⇒∑𝒙𝟑

𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 − (𝛌 + 𝟑) ≥∑𝒙𝟑

𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 − (
𝛌 + 𝟑

𝟗
)(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) 

= ∑𝒙𝟑

𝐜𝐲𝐜

−
𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) −
𝛌

𝟗
((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) − 𝟗𝒙𝐲𝐳) 

≥
𝛌 ≤ 𝟔

∑𝒙𝟑

𝐜𝐲𝐜

−
𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) −
𝟔

𝟗
((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) − 𝟗𝒙𝐲𝐳)  
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(∵ (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) ≥
𝐀𝐌−𝐆𝐌

𝟗𝒙𝐲𝐳) 

=∑𝒙𝟑

𝐜𝐲𝐜

− (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) + 𝟔𝒙𝐲𝐳 =∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 −∑𝒙𝟐𝐲

𝐜𝐲𝐜

−∑𝒙𝐲𝟐

𝐜𝐲𝐜

≥
𝐒𝐜𝐡𝐮𝐫

𝟎 

∴∑𝒙𝟑

𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 ≥ 𝛌 + 𝟑 ∀ 𝒙, 𝐲, 𝐳 > 0│∑𝒙𝐲

𝐜𝐲𝐜

= 𝟑 𝒂𝐧𝐝 
𝟗

𝟒
≤ 𝛌 ≤ 𝟔, 

′′ =′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 
 

2196. If 𝒂, 𝒃, 𝒄 > 0; 𝑎𝑏𝑐 = 1 then: 

(𝒂 + 𝟐)𝟐

𝒂𝟑
+
(𝒃 + 𝟐)𝟐

𝒃𝟑
+
(𝒄 + 𝟐)𝟐

𝒄𝟑
≥ 𝟐𝟕 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝒂 + 𝟐)𝟐

𝒂𝟑
+
(𝒃 + 𝟐)𝟐

𝒃𝟑
+
(𝒄 + 𝟐)𝟐

𝒄𝟑
≥

𝑨𝑴−𝑮𝑴
 

≥ 𝟑√
((𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐))

𝟐

(𝒂𝒃𝒄)𝟐

𝟑

= 𝟑√((𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐))
𝟐𝟑

 

Remains to prove: 

𝟑√((𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐))
𝟐𝟑

≥ 𝟐𝟕 ⟺ √((𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐))
𝟐𝟑

≥ 𝟗 

((𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐))
𝟐
≥ 𝟗𝟑(𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐) ≥ 𝟑𝟑 

𝒂𝒃𝒄 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟒(𝒂 + 𝒃 + 𝒄) + 𝟖 ≥ 𝟐𝟕 

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟒(𝒂 + 𝒃 + 𝒄) ≥ 𝟏𝟖 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐(𝒂 + 𝒃 + 𝒄) ≥ 𝟗       (to prove) 

𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 + 𝟐(𝒂 + 𝒃 + 𝒄) ≥
𝑨𝑴−𝑮𝑴

𝟗√𝒂𝒃 ⋅ 𝒃𝒄 ⋅ 𝒄𝒂 ⋅ 𝒂𝟐 ⋅ 𝒃𝟐 ⋅ 𝒄𝟐
𝟗

= 𝟗√(𝒂𝒃𝒄)𝟒
𝟑

= 𝟗 ⋅ 𝟏 = 𝟗 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

2197. 𝑳𝒆𝒕 𝒂𝟏,  𝒂𝟐, … . . , 𝒂𝒏(𝒏 ≥ 𝟑)𝒃𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 

∑𝒂𝒊
𝟑

𝒏

𝒊=𝟏

≤ 𝒏.𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
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∑√𝟕𝒂𝒊
𝟐 − 𝟏𝟐𝒂𝒊 + 𝟗 

𝒏

𝒊=𝟏

 ≥ 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

 

Proposed by Nguyen Van Hoa-Vietnam 
Solution by Jenish Rijal-Nepal 

𝑪𝒍𝒂𝒊𝒎:   √𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 ≥ 𝟐𝒂𝟐 −
𝟕

𝟔
(𝒂𝟑 − 𝟏) 

𝑷𝒓𝒐𝒐𝒇:  √𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 − 𝟐𝒂𝟐 +
𝟕

𝟔
(𝒂𝟑 − 𝟏) = 

= (√𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 −
𝒂 + 𝟑

𝟐
) + (

𝒂 + 𝟑

𝟐
− 𝟐𝒂𝟐 +

𝟕

𝟔
(𝒂𝟑 − 𝟏)) 

 √𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 −
𝒂 + 𝟑

𝟐
=
 (𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗) −

(𝒂 + 𝟑)𝟐

𝟒  

√𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 +
𝒂 + 𝟑
𝟐

= 

=
 𝟐𝟕(𝒂 − 𝟏)𝟐 

 𝟒 (√𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 +
𝒂 + 𝟑
𝟐 ) 

 

 
𝒂 + 𝟑

𝟐
− 𝟐𝒂𝟐 +

𝟕

𝟔
(𝒂𝟑 − 𝟏) =

𝟕

𝟔
𝒂𝟑  − 𝟐𝒂𝟐 +

𝟏

𝟐
𝒂 +

𝟏

𝟑
=
(𝒂 − 𝟏)𝟐(𝟕𝒂 + 𝟐)

𝟔
 

√𝟕𝒂𝟐 − 𝟏𝟐𝒂+ 𝟗 − 𝟐𝒂𝟐 +
𝟕

𝟔
(𝒂𝟑 − 𝟏) =  (𝒂 − 𝟏)𝟐 [

 𝟐𝟕 

 𝟒 (√𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 +
𝒂 + 𝟑
𝟐

) 
+
(𝟕𝒂 + 𝟐)

𝟔
]

≥ 𝟎 

∴ √𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟗 ≥ 𝟐𝒂𝟐 −
𝟕

𝟔
(𝒂𝟑 − 𝟏)   

⟹ ∑√𝟕𝒂𝒊
𝟐 − 𝟏𝟐𝒂𝒊 + 𝟗 

𝒏

𝒊=𝟏

≥ 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

−
𝟕

𝟔
(∑𝒂𝒊

𝟑

𝒏

𝒊=𝟏

− 𝒏) 

𝑺𝒊𝒏𝒄𝒆 ∑𝒂𝒊
𝟑

𝒏

𝒊=𝟏

− 𝒏 ≤ 𝟎,𝒘𝒆 𝒉𝒂𝒗𝒆 −
𝟕

𝟔
(∑𝒂𝒊

𝟑

𝒏

𝒊=𝟏

− 𝒏) ≥ 𝟎:  

∑√𝟕𝒂𝒊
𝟐 − 𝟏𝟐𝒂𝒊 + 𝟗 

𝒏

𝒊=𝟏

≥ 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

−
𝟕

𝟔
(∑𝒂𝒊

𝟑

𝒏

𝒊=𝟏

− 𝒏) ≥ 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

− 𝟎 = 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆:  ∑√𝟕𝒂𝒊
𝟐 − 𝟏𝟐𝒂𝒊 + 𝟗 

𝒏

𝒊=𝟏

≥ 𝟐∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

                             

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒂𝟏 = 𝒂𝟐 =. . . . . = 𝒂𝒏 = 𝟏. 
 

2198. 𝑰𝒇 𝒂, 𝒃, 𝒄 ≥ 𝟏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

(𝐥𝐨𝐠𝟏+𝒂𝟑(𝒃
𝟐 + 𝒃𝒃

𝟐
))
𝟑
+ (𝐥𝐨𝐠𝟏+𝒃𝟑(𝒄

𝟐 + 𝒄𝒄
𝟐
))
𝟑
+ (𝐥𝐨𝐠𝟏+𝒄𝟑(𝒂

𝟐 + 𝒂𝒂
𝟐
))
𝟑
≥ 

≥ (𝐥𝐨𝐠𝟏+𝒂𝟑(𝒃
𝟐 + 𝒃𝒃

𝟐
))
𝟐
+ (𝐥𝐨𝐠𝟏+𝒃𝟑(𝒄

𝟐 + 𝒄𝒄
𝟐
))
𝟐
+ (𝐥𝐨𝐠𝟏+𝒄𝟑(𝒂

𝟐 + 𝒂𝒂
𝟐
))
𝟐
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Proposed by Pavlos Trifon-Greece 
Solution by Jenish Rijal-Nepal  
 

Lemma:  𝒕𝒕
𝟐
+ 𝒕𝟐 ≥ 𝒕𝟑 + 𝟏   ∀ 𝒕 ≥ 𝟏 

𝒕𝒕
𝟐
= (𝟏 + (𝒕 − 𝟏))

𝒕𝟐

   ≥ ⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

 𝟏 + 𝒕𝟐(𝒕 − 𝟏)  ⟺ 𝒕𝒕
𝟐
+ 𝒕𝟐 ≥ 𝒕𝟑 + 𝟏   ∀ 𝒕 ≥ 𝟏 

𝐋𝐞𝐭 𝒙 = 𝐥𝐨𝐠𝟏+𝒂𝟑(𝒃
𝟐 + 𝒃𝒃

𝟐
)  ≥ ⏞
𝑳𝒆𝒎𝒎𝒂

𝐥𝐨𝐠𝟏+𝒂𝟑(𝒃
𝟑 + 𝟏) > 0, 

𝒚 = 𝐥𝐨𝐠𝟏+𝒃𝟑(𝒄
𝟐 + 𝒄𝒄

𝟐
) ≥ 𝐥𝐨𝐠𝟏+𝒃𝟑(𝒄

𝟑 + 𝟏) > 0  𝒂𝒏𝒅 

𝒛 = 𝐥𝐨𝐠𝟏+𝒄𝟑(𝒂
𝟐 + 𝒂𝒂

𝟐
) ≥ 𝐥𝐨𝐠𝟏+𝒄𝟑(𝒂

𝟑 + 𝟏) > 0 

We have: 
𝒙𝒚𝒛 ≥ 𝐥𝐨𝐠𝟏+𝒂𝟑(𝒃

𝟑 + 𝟏) ∙  𝐥𝐨𝐠𝟏+𝒃𝟑(𝒄
𝟑 + 𝟏) ∙ 𝐥𝐨𝐠𝟏+𝒄𝟑(𝒂

𝟑 + 𝟏) = 

=
𝐥𝐧(𝒃𝟑 + 𝟏)

𝐥𝐧(𝟏 + 𝒂𝟑)
∙
𝐥𝐧(𝒄𝟑 + 𝟏)

𝐥𝐧(𝟏 + 𝒃𝟑)
∙
𝐥𝐧(𝒂𝟑 + 𝟏)

𝐥𝐧(𝟏 + 𝒄𝟑)
= 𝟏 

𝐓𝐡𝐮𝐬, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭:  𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 ≥ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐        𝐰𝐢𝐭𝐡  𝒙𝒚𝒛 ≥ 𝟏 
𝐖𝐋𝐎𝐆 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭:  𝒙 ≥ 𝒚 ≥ 𝒛 ⟹ 𝒙𝟐 ≥ 𝒚𝟐 ≥ 𝒛𝟐 

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑  ≥ ⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟏

𝟑
(𝒙 + 𝒚 + 𝒛)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)  ≥ ⏞

𝑨𝑴−𝑮𝑴

 

≥ √𝒙𝒚𝒛
𝟑 (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)  ≥ ⏞

𝒙𝒚𝒛≥𝟏

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 

𝐓𝐡𝐮𝐬  𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 ≥ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐  . 
Equality holds if and only if  𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

2199. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏 then: 

(𝒂𝒃 + 𝟏)𝟐

𝒂𝟐 + 𝟒𝒂𝒃 + 𝒃𝟐
+

(𝒃𝒄 + 𝟏)𝟐

𝒃𝟐 + 𝟒𝒃𝒄 + 𝒄𝟐
+

(𝒄𝒂 + 𝟏)𝟐

𝒄𝟐 + 𝟒𝒄𝒂 + 𝒂𝟐
≥
𝟖

𝟑
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟏        (1) 

(𝒂𝒃 + 𝟏)𝟐

𝒂𝟐 + 𝟒𝒂𝒃 + 𝒃𝟐
+

(𝒃𝒄 + 𝟏)𝟐

𝒃𝟐 + 𝟒𝒃𝒄 + 𝒄𝟐
+

(𝒄𝒂 + 𝟏)𝟐

𝒄𝟐 + 𝟒𝒄𝒂 + 𝒂𝟐
=∑

(𝒂𝒃 + 𝟏)𝟐

𝒂𝟐 + 𝟒𝒂𝒃 + 𝒃𝟐
𝒄𝒚𝒄

≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 

≥
(𝒂𝒃 + 𝟏 + 𝒃𝒄 + 𝟏 + 𝒄𝒂 + 𝟏)𝟐

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=

(𝟏 + 𝟑)𝟐

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟒
= 
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=
𝟏𝟔

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟒
≥

𝟖

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐
≥
(𝟏) 𝟖

𝟏 + 𝟐
=
𝟖

𝟑
 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟖
. 

2200. If 𝒂, 𝒃 > 𝟎; 𝒂 + 𝒃 = 𝟐 then: 

𝒂𝟒 + 𝒃𝟒 + 𝟔𝒂𝒃 ≥ 𝟖 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

Denote: 𝑺 = 𝒂 + 𝒃; 𝑷 = 𝒂𝒃 

𝑺 = 𝒂 + 𝒃 = 𝟐;𝟐 = 𝒂 + 𝒃 ≥
𝑨𝑴−𝑮𝑴

𝟐√𝒂𝒃 = 𝟐√𝑷 

𝟐 ≥ 𝟐√𝑷 ⇒ √𝑷 ≤ 𝟏 ⇒ 𝑷 ≤ 𝟏 ⇒ 𝑷 − 𝟏 ≤ 𝟎 ⇒ 𝑷 − 𝟒 ≤ −𝟑 < 𝟎 

𝑷 − 𝟏 ≤ 𝟎; 𝑷 − 𝟒 < 𝟎 ⇒ (𝑷 − 𝟏)(𝑷 − 𝟒) ≥ 𝟎 

𝑷𝟐 − 𝟓𝑷+ 𝟒 ≥ 𝟎 ⇒ 𝟐𝑷𝟐 − 𝟏𝟎𝑷 + 𝟖 ≥ 𝟎 

𝟏𝟔 + 𝟒𝑷𝟐 − 𝟏𝟔𝑷 − 𝟐𝑷𝟐 + 𝟔𝑷 ≥ 𝟖 

(𝟒 − 𝟐𝑷)𝟐 − 𝟐𝑷𝟐 + 𝟔𝑷 ≥ 𝟖 

(𝑺𝟐 − 𝟐𝑷)𝟐 − 𝟐𝑷𝟐 + 𝟔𝑷 ≥ 𝟖 

𝒂𝟒 + 𝒃𝟒 + 𝟔𝒂𝒃 ≥ 𝟖 

Equality holds for 𝒂 = 𝒃 = 𝟏. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


