ROMANIAN MATHEMATICAL MAGAZINE

NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(1V)

By Bogdan Fustei-Romania

AA;=n, (Nagel cevian from A).
BA;=s—cand CA,=s—b [1] (pag.43 Teorem 136) and |A;=x; a+b+c =2s
From BIC triangle and Stewart theorem:IC?(s—c)+ IB?(s—b) = a(x?+( s—c)( s—b))
IA?=(s — a)?+r? (and analogous)[2]
[(s — c)? + r?](s—c)+[(s — b)? + r?](s—b)= a(x?+( s—c)( s—b))
(s — ©)3+r?%(s—c) +(s — b)3+r?(s—b) = a(x?+( s—c)( s—b))
s—cts—b=a;x3+y3 = (x+y)® — 3xy(x + y); x,y:real numbers ;
(s — ¢)3+(s — b)3+ar?= a(x?+( s—c)( s—b))
(s—0)3+(s—b)3=[(s—¢c)+ (s—b)]> —3(s—c)(s—b) (s — c+ s —b)=a® —3a( s—c)(
s—b)
a® —3a(s—c)( s—b)+ ar?= a(x?+( s—c)( s—b))
a%? —3(s—c)( s—b)+ r2=x?+(s—c)( s—b)

x? = a? —4(s—c)(s—b)+r?
- 4(s—c)(s—b)=(a—(b — ¢))(a+(b—c)) = a* — (b — ¢)?
x2=a?2—a2+ (b -c)?+r?=(b—-c)?+r?

IA;=x=y/(b —c)? 4+ r? (and analogous);

We consider AlA; triangle with AA;=n, ;From triangle inequality :

n, < Al +./(b — c)? + r? (and analogous) (1)

. 1, . . . A A bc . A A
AABC with S= sr=5bcsmA; sinA = ZSln;COS;9 r=-—sin-cos—;

( S—C)( S—b)= (a+c—b)(a+b—c)

r bc A

Al=—% - Al=—cos— (and analogous);

sinz S 2
2bc A 2s bc A 2s b+c

Is well-known that:l;, = — cos— = ——cos—=—AI-> Al = —1, (and analogous);
b+c 2 b+c s 2 b+c 2s

From (1) and Al = %la we obtain:

—J(b=c)2 412

% > M (and analogous)(2)
From (2) after summation:

2(a+2-ls)+c) > Z ng—+/ (bl—c)2+r2 352> Z ng—+/ (bl—c)2+r2 (3)

From 2S= 2sr=ah,>(a+b+c)r=ah, » 1 + ? = % - % = %

(and analogous);

Al b+cl b+c 1 ny—/ (b—c)2+r2 h,-r 1 ny—/ (b—c)2+r2
Al —2*¢la (and analogous) > ¢ 12 > la VOO yhalha 5 NaV (-0
r a hy a hy r r hy r
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I na—v(b—C)"+r" (b C)Z

LS (and analogous) (4)

— - —c)2 2
(and analogous)[3] 9 20a__ _yha-r _ 2na—y/(b-o)*+4r

\/(b C)2+4r? r V (b=c)%+4r2
Jha-r 1y > na—/ (b—c)2+r? and ha—r _ 2n3—/(b—c)2+4r2 9Zna— (b—c)2+4r? Ia

r hy, — r r / (b—c)2+4r2 V(b—c)?+4r2 hy —

A|SO \/(b C) +4r2

1 S \/(b—c)2+4r2(na—\/(b—c)2+r2)

h—ar > T Jborian? (and analogous) (5)

— — be =21 . ogr= A _T =k
l, =Al+yand Al = ~ l, >y= ~ l,; 2sr=ah, — = haey_ nt

I, = Al + :lir (and analogous) and form (1) and (5) :

\/(b—c)2+4r2(na—\/(b—c)2+r2)
>n — SY 2
l,=n,—(b—-0)?+r2+ o

[(h—c)2 2
I, > (na —J(—-c)?2+ rz) (1 + 2na—(%) (and analogous)(6)

From (6) after summation:
I, J (b—c)2+4r2
- a4 >
2z na—/(b—c)2+r2 — 3+2 2n,—/(b—c)2+4r2 (7)

ha—r _ 2n,—/(b—c)2+4r2 b+c _ ha-r -
From (7), T oo and = we obtain:
1, a b | ¢
2z na—/(b—c)2+r2 — =3 + + a+tc + a+b (8)
From (6) :
I,++/ (b—c)2+4r2—n, a
>
VBT = bre (and analogous)(9)
FromAI wla=—9 A_wé >sin§

a hy s1n5 sing

. A
From (9) and —_ > sin= we obtain :
b+c 2

1+ (b—c)2+r2-n,
n,—/(b—c)2+r2
From (10) after summation:
¥ l+v (b—c)2+r2-n,
n,—/(b—c)2+r2

> sin% (and analogous) (10)

. A . B _.C
= sin_ +sin_ + smz(ll)



ROMANIAN MATHEMATICAL MAGAZINE

R rarpre . A Ty
I roof that:— = 22%;sin-= |[—— nd anal
s easy to proof that 2t = hahyhe sin - 2Rh. - 4R (a d analogous) -

% = % (and analogous);From (1) :
a
Al na—/ (b—c)2+r2 2Rh; __ na—/(b—c)?+r? v
~ > - _>\[ - > - > _W_f(and analogous)(12)
From
Iy _TIa—r
h, 2
—J% Ak (and analogous)(13)
Al _ 1 _ 2R E ﬂ_ Tarpfe [ha _5 [Tbre
From P ’ >—= 4hahbhcf_2 hehe (and analogous)

Fromra+rb+rc—4R+rand =R

2
(Z :T:) =Z;—:+22 ;:;cc 2R—r+AI+BI+CI ‘>2\F ,ZR r+AI+BI+CI (14)

From (12) after summation:

Ta
Lo —\/(b c)2+r2 =P h_a(ls)
From (14) and (15) :
V2Rr 2R-r+AI+BI+CI
>
) n,—/(b—c)2+r2 — (16)
From (16) :
r 2R-r+AI+BI+CI
>
) n,—/(b—c)2+r2 2R (17)

From -2 = % (and analogous) and (14) :

ha
5 I%: \/2(2R—r+1:l+Bl+Cl) (18)

Y /ta —r={J2(2R —r + Al + BI + CI) (19)

ra _ ng .
From P s v (and analogous)[4] and (18):
n, _ 4 _ |2QR-r+AI+BI+CD)
2 \/na—\/ (b—c)%+4r2 \/ r (20)
From (16) and (20):
VRr n,
V= > — a
2 2 n,—/(b—c)2+r2 Z \/na—\/ (b—c)2+4r2 1 (21)
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From s2=n2+2r,h,(and analogous)[5] - nZ = s —2r;h,=(s — \/2r,h,)(s +

n;,1 _
1IZI'aha)%S_— m = s+ + 21" h
2sr=ah,=2S > hi = % (and analogous);

n2 a

a -2 2ra
h(s—yzeby)  2r + e (and analogous)(22)

From(22) after summation:

Lo e et e

From (14) and (23):

n2 _s 2(2R-r+AI+BI+CI)
Z ha(s—,/Zraha) T r +\[ (24)
From (20) and (24):
2 s n,
Z ha(s_\lzraha) B ; + 2 \/na—\/ (b—c)2+4r2 1 (25)

ra _Ta—T
From (23) and e

Jra r (26)

2 o2y ha(s—M) \/ \/

If we use Bergstrom Inequality ,we obtain:

n% (na+nb+nc)2

>
ha(s—/2rah,) — s(ha+hp+he)—(hay/2rahy +hy/2rphp+hey/2rche)

(B)

From (B)and (23),(24),(25),(26) we obtain:

s 2r, 2r, 2r, (ng+np+nc)?
2 /— /— /— > 27
r T h, T h, T h, — s(ha+hb+hc)—(ha\/2raha+hb\/2rbhb+hc\/2rchc)( )

sy 2(2R-r+AI+BI+CI) - (ng+np+nc)?
r r - s(h;,,+hb+hc)—(h;,,\/Zraha+hb\/2rbhb+hc\/2rchc

) (28)

(na+nb+nc)2

s n,
SyY | — 9>
Z \/na—\/ (b—c)2+4r2 s(ha+hp +he)—(hay/2r,hy +hy/2rphy +hey/2rch)

(29)

s ry—r r,—r r,—r (ng+np+nc)?
- >
r +\/ r + \/ r + \/ r - s(ha+hb+hc)—(ha\/Zraha+hb\/2rbhb+hc\/2rchc) (30)
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v2Rr 2R-r+AI+BI+CI 2vRr 2(2R—-r+AI+BI+CI)
> > .
2 ng—(b—c)2+r2 = r > na—/(b—c)2+r2 — r and (24):
s VRr
s >
2 > T B
From (31) and (B):
s VRr (na+np+nc)?
+2) na—y(b—)2+r2 = s(ha+hp+he)—(hay/2rah, +hyy/2rphp +hey/2rch,) (32)
_ la ottt la e la_la_ Al la
Froml, = Al + har (and analogous) and ha + e + b T -> h, + he + T T + h,
Edn l—a + lll—a = % (and analogous)
C
From = + l—a =4 (and analogous) after summation:
AI+BI+Cl Ip+1c
P = R (33)
From (14) and (33):
T Ip+1c
 Jie= 35tk (30)
From (15) and (34):
V2Rr 2R-r Ip+1c
>
Zna—wl(b—c)2+r2 - +2 h, (35)
From (18) and (33):
Z\/ \/ lb+lc) (36)
From (20) and (33):
n, _1 = 2R-r Ip+1c
2 \/na—\/ (b—c)%+4r2 1 \/2 ( r h, )(37)
From (24) and (33):
n2 _S 2R-r Ip+1c
Z hy(s—y/2rah,) 1 +\/2 ( r +2 h, ) (38)
From (38) and (B):

s 2R-1 Ip+lc (na+np+ng)?

r +\/2 ( r +2 h, ) = s(ha+hp+he)—(hay/2rahg+hy/2rphp +hey/2rche) (39)
max(r,, Iy, r'e) = ry (and analogous) > w > ;—a (and analogous) and after
summation:

1 .
max(ra,rb,rc)( +— + C) h_a+ e +—C— —and —+ e +—c = - we obtain:

max(r,,I'p, rc)

— > max(r,, 1, r.) >2R—T (40)

r

From (14) and (40):
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r

\[max(ra ,I'p,Ic) +AI+BI+CI > Z l'a (41)

From (19) and (40):

J2(max(r,, 1y, 1) + Al + BI + CI) > X \/r, — r (42)
From (20) and (40):

2(max(ry,rp,rc)+AI+BI+CI)
>
\[ r Z\[ a—y/ (b— c)2+4r2 1(43)
From (24) and (40):
s 2(max(ry,rp,rc)+AI+BI+CI) n2
r +\[ r = 2 ha(s—,/Zraha) (44)
From (28) and (40):
s 2(max(ry,rp,rc)+AI+BI+CI) (ng+np+nc)?
r +\[ r = s(ha+hy+he)—(hay/2rah, +hyy/2rphy +hey/21rch,) (45)

Using same idea from (1) for g, ,we obtain:

Al +r > g, (and analogous)(46)
From (1) and (46):
2AI+ /(b — ¢)? 4+ r2+r > n,+g, (and analogous)(47)
From Al = b+cl and (47):

2%1a >ny+g, —+/(b—0)2 +r12 —r
b+e ny+ga— (b—c)2+r2-r

s I,
From (48) after summation:

(and analogous)(48)

— —)21pr2_
4> Zna+ga v (b—c)%+r4—r

Iy

(49)

Froml, = Al + Lir (and analogous) and (46):

I, = Al + r > g,(and analogous)(50)
From (1) after summation:

Al+BI+CI> n,+np+n, — Y. +/ (b — ¢)2 + r2(51)
Al= 92_ > Na+np+ng— Z\/(b ©)2+r2
- . A
SN

ny 2

From(51) and

(52)

From(14) and (51):

r

— — —c)2 412
Z\/;EZ JZR r+ng+np+nc—+/(b—c)“+r (53)

From(19) and (51):
YJra—r= JZ (ZR —r+n,+ny+n,— > /(b —c)? + rz)(54)

6
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From(20) and (51):

(55)

r

5 1, 1> \[Z(ZR—r+na+nb+nc—Z N (b—c)2+r2)
\[na—\/ (b—c)2+4r2 -

From(24) and (51):

2 s +\[2(2R—r+na+nb+nc—2 m) (56)

Na
— a2
Zha(s—w/Zraha) Tr

iy

From (33) and (51):

y lbl:c > na+n|l,+nc—zr]\/(b—c)2+r2 (57)

Fromn, = ma;—a (and analogous) [6] and (1):
a

ma;_z < Al ++/(b — ¢)2 + r2 (and analogous)(58)

From (58) after summation:

ABI+CI > 3 ma;—" —¥ /(b= c)? +rZ (59)

. zma;ia -3 J(b—0)2+r2
r

Al=—5:)Y—5 =
2

From (59) and

(60)
From (59) and (14):

o Zma;—a—zm
> h_aZ 2 . (61)

From (59) and (19):

21/1;,—1'2\/2(2R—r+2ma;—a —Zw/(b—c)2+r2)(62)

From (20) and (59):

o 2(2R—r+2 ma;i -y \/(b—c)2+r2)
— a 1> a
) \/na—\/ (b—c)2+4r2 1= r

(63)
From (21) and (63):
1
2(2R-r+Y my2 -¥ /(b—c)2+r2
2y R o \/ ( £ )(64)
ny—+/ (b—c)2+r2 r
From (24) and (59):
2 2(2R-r+Y mali -3/ (b=c)24r2
Z“—“zf+\/( Ea )(65)
ha(s—,/Zraha) r r

From (33) and (59):
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1
Ymy2 -¥./(b-c)2+r?
pRte > T (66)

From (41) and (61):

max(r,,Ip,re) +AI+BI+CI X ma;—aa -y J(b-c)2+r2
= . (67)

r

From (47)and n, = ma— (and analogous):

2A1+/(b—c)2 +r?+r>m, ;—a + g, (and analogous)(68)

From (48) and n, = ma;—a (and analogous):
a

b+c mal—a+ga—\/m—r
— >t (and analogous)(69)

s I,
From (69) after summation:

la, v 2i2_ b S22
2(a+b+c) > Zmaga+ga v (b—c)“+r r_)4 ma, +8a vV (b—¢)“+r4-r

: - > o (70)
From (69):
— —)24r2_ — —c)2 2_
b+c > &_I_ga J(b—c)4+r rél—[ (E_ga V(b—c)*+r r) > mympmg (71)
s ga I, s I 8a8b8c
From (70):
— —)24p2 — —c)24pr2 -
42 374y B O g > 3 51> R ERIO T (1)
—./(b=c)2 2_
From E >Ta ; 2 4 82y lc) 7T (and analogous) and m2 > ryr, I;a (and analogous)[7]:

/ —J(b=c)2 12—
% > %‘:/% 4BV lc) frer (and analogous) (73)

From (73) after summation:

/ _ — 23 12_
4> Z ;brc4- %+Zga V(b lc) +r r(74)

— — 242
H (E __8a—v (b—c)“+r r) > Talprc 4 [PaPbPc (75)
s la 8aSb8c \/ 8a8b8c
From (73) and Z—VrlbrC = \/%+\/§ (and analogous):

2(b+c) f(\[ \[>+2 Ba” m_r (and analogous) (76)

From (76) and p, = 1,:

(b 2+12—
Z(bsﬂz\/% +\/§+Zg"’ @ lc) L ~ (and analogous)(77)
(b+c) (a+c) (b+a)|_ ,at+b+c (b+c) (a+c) (b+a)
s [+ 42+ 57

S S

From (73) :

and a+b+c =2s 52 + 4 S ° =g
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From (76) after summation:
- —c)2 2_
8224[])_:(\/’%_'_\/%)_'_22&1 \/(bl:) +r r(78)

From (77) after summation:

— —0)24pr2—
82\/E +\/E+\/E +\/E+\/E +\F+22ga b (79)
c b a b c a |

From: p, = m, and (76):

Y sy ey
Z(b;rC) > 4f% (\/’% + \/%)4.2 Ba ‘/(blcﬁ * (and analogous)(80)

From (80) after summation:

— —)24pr2_
8224T_:<\/%+\/%>+22ga\/(bl:ﬁr(81)
b+ 4| /rpr b —J/(b—0)2+12—
From Pa = v TIblc and (76)2 2( SC) > / l: ¢ <\/; + \/%)_i_ zga \/T r (and analogous)
From 2¥°2°¢ = \/E+\/E(and analogous) > ¥-2¢ = l<\/§ + \F) and 289 5
la C b la 2 c b S_
A/ —/(h—=c)2 2_
‘:’ rlbrc (J% + +\/§)+2ga (blc) 7Y (and analogous):
4 —J(b—a)2+12—
Z(bZC) = <\/% +\/§> %(J% + \/%) 42820 lc) T (and analogous) (82)

From (82) after summation:

8> Z(\/% +\/§>4 %(\/% +\/§>+22ga—w—r (83)

Now we consider: /(b — ¢)? + r2+r—g, > n, — 2AI (from(47)):
J(b=c)2+r2+r-g, < Da _ 2A1 _na b+c

i VR s

Ia

S 1 1 - (and analogous)(84) and after summation:

a
>ty My Ry 9B OO gy My By Ry g g/ (007 r (g
a b c b c a

Ia Ia

2(a+b+c)
s

From (85):

_ —)2 42
7> nal+la nbl:lb ncl+lc Z ga—/ (b lc) +ré-r (8 5)
From (86) and AM-GM inequality:

- —c)2+r2—

Fromn, = pa\/;; (and analogous) [8] and (85):
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42 Pa + Pb 8a— V(b C) +I‘ —r 88
N laga vV Ipgb \/ legc Z I ( )
Fromn, = pa\/g (and analogous) and (1):

a

pa\E < Al + /(b — ¢)? + r? (and analogous) (89)

Fromn, = pa\g (and analogous) and (84):
a
b+c > _Pa + ga—V(b—)2+r?-r

s Jlaga la

(and analogous)(90)

From (86) and (50):
—J(b—)2+12—
7> na+g, . np+gp , Nct+8c Z ga—V (b—c)*+rs—r (91)

la Iy I la

From (91) and n, + g, = 2m,[6] (and analogous):

72 2 (G 4 5 4 Be) 4 p B0 (g

la lb

From (92) and m2 > rbrc\/g (and analogous):

_ —\2 2_
7> ZZ—V::“ ‘]’—:+2ga V(b 1:) Y 93)

From (93) and 2—“rlbrc = \/§+\/§ (and analogous): 7> ). i/%(\/% +

\/% )"‘Z ga—/(b—c)2+r2-r (94)

Iy

From (94) and p, = m, (and analogous):

7> 3 4[ma <\[ I>+Zga (b— C)2+r2—r(95)

From (95) and m2 > rbrc\/g (and analogous) and:

rea((f ) () oo
From (95):
7= (o ) B+ ) (8 + ) () oo

10
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From (96):
4 4
b c 1 b c 1 b c\*1 b c\s ga—/ (b—c)2+r2-r

2 (e ) (B ) BB+ ) B + ) v
= =1+1+ Zrar+ % (and analogous)

na \’(b c)2+4r a 2n, Zra+ a
From P (and analogous)[3] - = = ﬁ and 2 y - (and analogous) :

a (b—c)2+4r a

2n, __ 2rathg N

,(b—c)2+4r2 fa

Is shown that: \/(b —a)2+4r ,\/(b - c)2 + 4r , \/(a —¢)2 + 4r? are sides of a triangle[3]
and from (98):

\/(b —c)? +4r2 = 2lata (and analogous)(98)

Nala npIp Ncle
2ry+h, ’ 2ry+hy ’ 2re+he
From s?=n2+2r,h, (and analogous):

are sides of a triangle(99)

2ra

2rh—s—nz—(s—n)(s+n)92r”—s—na,h =—9—= S+t (and
analogous)
,(b—c)2+4r2
2=y~ 420 gpd (98):
2r 2r s+ny
2n,r, 4rra
= m on (and analogous) (100)
From (100):
Mafa , 2Mfy  Npfh , 20h  Nefe , 2MTe o060 sides of a triangle (101)
2ra+h,  s+n, " 2rp+hy  s+np 2re+he  s+ng
From (100):
a n,

= 2 (and analogous)(102)

2r, 2ra+h;  s+n

From (102) and abc=4RS and r,r,r. = Ss:
n, 2r N\ _ 5
(G + )2 103)

2ra+h, s+n,
Now:
n, — \/(b —c)2+4r?2 =n, (1 — Zrzi"‘h ) = 2:':;‘1 (and analogous)(104)
From = ha = Xathy (and analogous) and & = ——2— (and analogous)[4]:
fa ' na—. [ (b—c)2+4r?

R — = Zj
T mJb-ofiar? 1+ ™ (and analogous)(105)

11
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If AA'=n, (and analogous);N, — Nagel point;AN, = 1/ (b — )2 + 4r? (and analogous)
n, = AN, + A'N, (and analogous);

A'N, =n, — \/(b —c)2+4r2= % (and analogous)(from (104)) (106)

2nara
AN, __ 2rath,
A'N, ~ _PMaha
2ra+h,

= Zhﬁ (and analogous)(107)

From (14) and (107):

AN, _  |2(2R-r+AI+BI+CI)
X A'N, \[ r (108)

' (and analogous):

ra—
2r

From (107) and ;—a =
a ANy _ryr

an. = (and analogous)(109)

From % =Dy 26 (and analogous) and (1):

h, s+n
Al+y/(b—c)2+r2 2r,
+ =2

h, s+n,

> % (and analogous)(110)

From (110) after summation:

3 Al++/(b—c)2+r2

h,

Iy s
+2% - > £ (111)
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