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L:1299. Proposed by lonel-Tudor Calugareni, Giurgiu, Romania.
Determine m € R and solve the equation 8z* + ma? +z+ 1 =0,

given that the product of two of its roots is —%.

Solution by Jose Luis Diaz Barrero, Brcelona, Spain. To
solve this problem, we can use Vieta’s formulas. Let the four
roots of the quartic equation 8x* 4 023 + ma? + 2 +1 = 0 be
x1, %2, x3, and x4. First, we divide the entire equation by 8 to

make it monic
4 3 m 5 1 1
0 — — — =0
x + 0x +8:U +8:c+8

According to Vieta’s formulas, we have

Tr1+ X9+ T3+ x4 =0
m
r1To + (11 + x2) (3 + 74) + X374 = 3
1
T102(23 + 14) + 1374(T1 + T9) = ~3
1
L1234 — g
Since the product of two roots, say x1, xs, is —%, then
1
T1X9 = _E

, we can find the product of the other

oo~

Using that xixox3ry =

two roots (r3z4):
1 1 1
—— |31y = = = w314 = ——
5 ) T34 =3 34 1

Now, let us define variables for the sums of these pairs
o Let S| =1+ 29

o Let 52=$3+334



Since x1 + x9 + x3 + x4 = 0, then

S+ 95 =0= 5, =—-5

Substitute 129 = —%, T3xy = —i, and Sy = —5; into relation
r1x9(x3 + x4) + x3204(T1 + X9) = —g e get
1 1 1
—— 18 —— )5 =—
(73) s (43) 55
1 1 1
=51 —-=-51=—
271 47T 8
1 1 1
-S1=—=5=—
47T s T T )

1
Since Sy = — 57, we get Sy = 5
Now we substitute x1x9, r3x4, S1, and Sy into relation x1xo +
(1 + x9) (T3 + T4) + 2374 = 2 and we have

m
1T + 5152 + r3xy = —

8
1 1 1 1 m
O3
1 1 1 m
2 4 48
m

Since —8 € R, this is a valid value.

Now we find the actual roots by solving the two quadratic subsy-
stems:

1. Finding x1 and x5. These roots have a sum of S; = —3 and a

1
product of P, = —g They are the roots of:

11
t2—51t+P1:0:t2+§t—§:O@(2t—1)(t+1):0

Thus, the first two roots are:

5171:5, LU2:—1



1
2. Finding z3 and x4. These roots have a sum of Sy = 3 and a

1
product of P, = 1 They are the roots of

1 1
t2—52t+P2:0:t2—§t—1:0@4152—%—1:0

Applying the quadratic formula, we obtain
145
4

Thus, the remaining two roots are:

145 1-+5

4 ) Ty =

t

T3 =

Finally, we conclude that

e Parameter value: m = —8

e Equation’s roots: x € {1

11-v5 1+V5
27 47 4



