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L:1300. Proposed by Mihaela Cioplea, Daniela Beldea , Bailesti,
Craiova, Romania. Let P € R[X] be a polynomial of degree
n € N* with all real zeros. If

PX)=X"+a X" '+ X" * 4+ a,1X +a,

and a; + as + - - - + a, € [—2,0], show that the polynomial P has

at least one zero in the interval [0, 2].

Solution by Jose Luis Diaz Barrero, Barcelona, Spain.

Evaluating the polynomial at X = 1, we have
Pl)=14+ (a1 +as+---+ay)

We are given that the sum of the coefficients satisfies

—2<a+a+---+a,<0

Adding 1 to all sides of the inequality gives us

—-1<1l4+a1+a+---+a, <1

This means that
P <1
Since P(X) is a monic polynomial of degree n with all real zeros,

we can write it in its factored form. If x1,2z9,...,x, € R are the
zeros of P(X), then

PX)=(X—z21)(X —29)...(X —z,)
Evaluating this factored form at X = 1, we get
Pl)y=(1—-z1)(1—x9)...(1 —xz,)
Taking the absolute value of both sides, we obtain
IP()|=1—a| |1 —xo|...[1—x,| <1

Assume for the sake of contradiction that P(X) has no zeros in
the interval [0, 2]. This means that for every zero z;, either x; < 0
or x; > 2. We distinguish these two cases:
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e Case 1: If x; < 0, then —x; > 0, which means 1 — z; > 1.
Therefore, |1 — z;| > 1.

e Case 2: If x; > 2, then x; — 1 > 1, which means |1 — z;| > 1.

Since every single zero must fall into one of these two cases, we
have
1 —a;|>1 foralli=1,2,...,n

Multiplying these n strictly greater-than-one inequalities together
yields
1 —aq| - [1—xo|... |1 —x,] > 1

and

|P(1)] > 1
We have reached a contradiction. Previously, we proved that
|P(1)] < 1, but our assumption showed that |P(1)| > 1. There-

fore, our assumption must be false. The polynomial P(X) must
have at least one zero in the interval [0, 2].



