
 
JP.612 Find the angle between the line 𝒅 and the real plan 𝑷. 

𝒅: {
𝒙 = 𝟐 + 𝟑𝒕
𝒚 = 𝟑 − 𝟐𝒕
𝒛 = 𝟏 + 𝟓𝒕

; 𝒕 ∈ ℝ;𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒅: {
𝒙 − 𝟐 = 𝟑𝒕
𝒚 − 𝟑 = −𝟐𝒕
𝒛 − 𝟏 = 𝟓𝒕

⇒

{
 
 

 
 
𝒙 − 𝟐

𝟑
= 𝒕

𝒚 − 𝟑

−𝟐
= 𝒕

𝒛 − 𝟏

𝟓
= 𝒕

; 𝒕 ∈ ℝ 

𝒅:
𝒙 − 𝟐

𝟑
=
𝒚 − 𝟑

−𝟐
=
𝒛− 𝟏

𝟓
 

The directory vector of 𝒅 is: 

𝒗⃗⃗ (𝟑,−𝟐, 𝟓) = 𝟑𝒊 − 𝟐𝒋 + 𝟓𝒌⃗⃗  

The normal vector of 𝑷 is: 

𝒖⃗⃗ (𝟐, 𝟏, 𝟏) = 𝟐𝒊 + 𝒋 + 𝒌⃗⃗  

𝒖⃗⃗ ⋅ 𝒗⃗⃗ = 𝟑 ⋅ 𝟐 − 𝟐 ⋅ 𝟏 + 𝟓 ⋅ 𝟏 = 𝟔 − 𝟐 + 𝟓 = 𝟗 

|𝒖⃗⃗ | = √𝟐𝟐 + 𝟏𝟐 + 𝟏𝟐 = √𝟔 

|𝒗⃗⃗ | = √𝟑𝟐 + (−𝟐)𝟐 + 𝟓𝟐 = √𝟗 + 𝟓 + 𝟐𝟓 = √𝟑𝟖 

𝐜𝐨𝐬(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) =
𝒖⃗⃗ ⋅ 𝒗⃗⃗ 

|𝒖⃗⃗ | ⋅ |𝒗⃗⃗ |
=

𝟗

√𝟔 ⋅ √𝟑𝟖
=

𝟗

𝟐√𝟑 ⋅ 𝟏𝟗
=

𝟗√𝟓𝟕

𝟐 ⋅ 𝟑 ⋅ 𝟏𝟗
 

𝐜𝐨𝐬(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) =
𝟑√𝟓𝟕

𝟑𝟖
 

𝝁(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) = 𝐚𝐫𝐜𝐜𝐨𝐬 (
𝟑√𝟓𝟕

𝟑𝟖
) 

∢(𝒅,𝑷) =
𝝅

𝟐
− 𝐚𝐫𝐜𝐜𝐨𝐬 (

𝟑√𝟓𝟕

𝟑𝟖
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟑√𝟓𝟕

𝟑𝟖
) 

 

 



 
Solution 2 by José Luis Díaz – Barrero – Spain 

To find the angle 𝜽 between a line and a plane, we use the relationship between the 

direction vector of the line 𝒖⃗⃗  and the normal vector of the plane 𝒏⃗⃗ . Because the normal 

vector is perpendicular to the plane, the angle 𝜶 between 𝒖⃗⃗  and 𝒏⃗⃗  is complementary to 

the angle 𝜽 we want to find 𝜽 = 𝟗𝟎∘ − 𝜶. Therefore, we use the sine formula: 

𝐬𝐢𝐧(𝜽) =
|𝒖⃗⃗ ⋅ 𝒏⃗⃗ |

||𝒖⃗⃗ ||||𝒏⃗⃗ ||
 

 Direction vector of the line 𝒖⃗⃗ : Look at the coefficients of the parameter 𝒕 in the 

line’s parametric equations, to obtain 

𝒖⃗⃗ = (𝟑,−𝟐, 𝟓) 

 Normal vector of the plane 𝒏⃗⃗ : Look at the coefficients of 𝒙, 𝒚, and 𝒛 in the plane’s 

equation, to obtain 

𝒏⃗⃗ = (𝟐, 𝟏, 𝟏) 

Then, 

𝒖⃗⃗ ⋅ 𝒏⃗⃗ = (𝟑)(𝟐) + (−𝟐)(𝟏) + (𝟓)(𝟏) = 𝟗, 

and |𝒖⃗⃗ ⋅ 𝒏⃗⃗ | = 𝟗. 

On the other hand, 

 Magnitude of 𝒖⃗⃗ : 

||𝒖⃗⃗ || = √𝟑𝟐 + (−𝟐)𝟐 + 𝟓𝟐 = √𝟗 + 𝟒 + 𝟐𝟓 = √𝟑𝟖 

 Magnitude of 𝒏⃗⃗ : 

||𝒏⃗⃗ || = √𝟐𝟐 + 𝟏𝟐 + 𝟏𝟐 = √𝟒 + 𝟏 + 𝟏 = √𝟔 

Therefore, 

𝐬𝐢𝐧(𝜽) =
𝟗

√𝟑𝟖 ⋅ √𝟔
=

𝟗

√𝟐𝟐𝟖
=

𝟗

𝟐√𝟓𝟕
, 

and the exact angle is given by 

𝜽 = 𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟗

𝟐√𝟓𝟕
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟗√𝟓𝟕

𝟐 ∙ 𝟑 ∙ 𝟏𝟗
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟑√𝟓𝟕

𝟑𝟖
) 

 


