
 
JP.611 Find the angle between the real plans: 

𝑷𝟏: 𝟐𝒙 + 𝒚 + 𝟑𝒛 − 𝟏 = 𝟎 

𝑷𝟐: 𝟑𝒙 − 𝟐𝒚 + 𝒛 + 𝟏 = 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

The normal vectors of 𝑷𝟏, 𝑷𝟐 are: 

𝒖𝟏⃗⃗ ⃗⃗  (𝟐, 𝟏, 𝟑) = 𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗  

𝒖𝟐⃗⃗ ⃗⃗  (𝟑,−𝟐, 𝟏) = 𝟑𝒊 − 𝟐𝒋 + 𝒌⃗⃗  

𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  = 𝟐 ⋅ 𝟑 + 𝟏 ⋅ (−𝟐) + 𝟑 ⋅ 𝟏 = 𝟔 − 𝟐 + 𝟑 = 𝟕 

|𝒖𝟏⃗⃗ ⃗⃗  | = √𝟐𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟏𝟒 

|𝒖𝟐⃗⃗ ⃗⃗  | = √𝟑𝟐 + (−𝟐)𝟐 + 𝟏 = √𝟏𝟒 

𝐜𝐨𝐬(∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  )) =
𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  

|𝒖𝟏⃗⃗ ⃗⃗  | ⋅ |𝒖𝟐⃗⃗ ⃗⃗  |
=

𝟕

√𝟏𝟒 ⋅ √𝟏𝟒
=

𝟕

𝟏𝟒
=

𝟏

𝟐
 

∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  ) = ∢(𝑷𝟏, 𝑷𝟐) =
𝝅

𝟑
 

Solution 2 by José Luis Díaz – Barrero – Spain 

The acute angle 𝜽 between two planes is equal to the angle between their normal vectors, 

which is given by the formula: 

𝐜𝐨𝐬𝜽 =
|𝒏𝟏⃗⃗ ⃗⃗  ⋅ 𝒏𝟐⃗⃗ ⃗⃗  |

||𝒏𝟏⃗⃗ ⃗⃗  ||||𝒏𝟐⃗⃗ ⃗⃗  ||
 

The normal vector coefficients correspond directly to the coefficients of 𝒙, 𝒚 and 𝒛 in each 

plane equation: 

𝒏𝟏⃗⃗ ⃗⃗  = (𝟐, 𝟏, 𝟑) 

𝒏𝟐⃗⃗ ⃗⃗  = (𝟑,−𝟐, 𝟏) 

𝒏𝟏⃗⃗ ⃗⃗  ⋅ 𝒏𝟐⃗⃗ ⃗⃗  = (𝟐)(𝟑) + (𝟏)(−𝟐) + (𝟑)(𝟏) = 𝟔 − 𝟐 + 𝟑 = 𝟕 

||𝒏𝟏⃗⃗ ⃗⃗  || = √𝟐𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟒 + 𝟏 + 𝟗 = √𝟏𝟒 

||𝒏𝟐⃗⃗ ⃗⃗  || = √𝟑𝟐 + (−𝟐)𝟐 + 𝟏𝟐 = √𝟗 + 𝟒 + 𝟏 = √𝟏𝟒 

Substituting the values back into the cosine formula: 



 

𝐜𝐨𝐬𝜽 =
|𝟕|

√𝟏𝟒 ⋅ √𝟏𝟒
=

𝟕

𝟏𝟒
=

𝟏

𝟐
 

Taking the inverse cosine (𝐚𝐫𝐜𝐜𝐨𝐬  ): 

𝜽 = 𝐚𝐫𝐜𝐜𝐨𝐬 (
𝟏

𝟐
) = 𝟔𝟎∘      (or 

𝝅

𝟑
 radians) 

Thus, the angle between the two planes is 𝟔𝟎∘. 

 

 


