
 
JP.608 Let be the triangle 𝑨𝑩𝑪,𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 internal bisectors and 

𝑨𝟐, 𝑩𝟐, 𝑪𝟐 contact points to the bisectors with the circumcircle of the triangle. 

Prove that: 𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 +𝑩𝟏𝑩𝟐 ⋅ 𝑨𝟐𝑪𝟐 + 𝑪𝟏𝑪𝟐 ⋅ 𝑨𝟐𝑩𝟐 ≥ 𝑹𝒔 

where 𝒑 represent the semiperimeter and 𝑹 the circumradii of triangle 𝑨𝑩𝑪. 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

We have 𝝆(𝑨𝟏) = 𝑨𝑨𝟏 ⋅ 𝑨𝟏𝑨𝟐 = 𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪 ⇒ 𝑨𝟏𝑨𝟐 =
𝑩𝑨𝟏⋅𝑨𝟏𝑪

𝑨𝟏𝑨𝟐
    (1) 

 

From Bisector Theorem, we get: 𝑩𝑨𝟏 =
𝒂𝒄

𝒃+𝒄
 and 𝑪𝑨𝟏 =

𝒂𝒃

𝒃+𝒄
    (2) 

But 𝑨𝑨𝟏 =
𝟐𝒃𝒄

𝒃+𝒄
𝐜𝐨𝐬

𝑨

𝟐
    (3) 

From (1), (2) and (3), it follows that: 𝑨𝟏𝑨𝟐 =
𝒂𝟐

𝟐(𝒃+𝒄) 𝐜𝐨𝐬
𝑨

𝟐

     (4) 

From Law of sines: 
𝑩𝟐𝑪𝟐

𝐬𝐢𝐧(
𝑩+𝑪

𝟐
)
= 𝟐𝑹 ⇒ 𝑩𝟐𝑪𝟐 = 𝟐𝑹 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
     (5) 

From (4) and (5) we get: 𝑨𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 =
𝒂𝟐𝑹

𝒃+𝒄
 

Therefore, by adding we obtain: 

∑𝑨𝟏𝑨𝟐
𝒄𝒚𝒄

⋅ 𝑩𝟐𝑪𝟐 = 𝑹∑
𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝑹 ⋅
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
= 𝑹 ⋅

𝒂 + 𝒃 + 𝒄

𝟐
= 𝑹𝒔. 

 


