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JP.603 If a, b, c > 0 then:
2(a*+ b’ +c)=al +a*+b* + b+ c* + P
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

Lemma: If a, b > 0 then:

a®+ b? > a? + b* (1)
Proof:
WLOG:a=>b=>Ina>1Inb
(a,b); (In a,In b) are similarly ordered.
By rearrangement’s inequality:

alna+blnb=>alnb+blna
Letbe f:R - R; f(x) = e*
f'(x)=¢€%f"(x) =e*>0> f convexe
By Karamata’s inequality:
e?lna 4 gblnb > galnb 4 gblna
a® + b’ > a’ + b
Back to the problem. By (1):
a® + b’ > a’ + b

b’ +c¢ > b+ c? (2)

cc+a*>a+c* (3)
By adding (1); (2); (3):

2(a%+ b® + ¢°) = a® + a + b + b + b* + ¢ + ¢c®
Equality holds fora = b = c.
Solution 2 by Soumava Chakraborty-Kolkata-India
Vx>0x* é x o x.Inx é Inx e (Inx)(x—1) ; 0> truevxe(0,1)
andalsotrueVx>1+Inx>0andx—1>0-x*>xVx>0- (1)

We prove : a® +b? > a® +b%VvVa,b > 0andif a =b = 1, then : LHS — RHS
= 0 and if exactly one variable = 1 and WLOG we may assume a = 1, then

?
remains to prove : b? > b - true via (1); we now dive into the following cases :
?
Casella>b>10orb>1>a>0andthen:a®+b’>a®+b
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b

& pab ((%)a — 1) é (%) —1;Now, (a — b) and (Ina — Inb) have same sign
()
.~ (a—Db) (ln%) >0> a(lng) ( % : a (%)b
a\? ? b
(v Inisan T function) = b%P. ((B) 2 < > B) -1
() - 1) o -1) 2 o

V-

(+*)
a
Fora>Db > 1,we have : b(lng) >0and (a—b)(Inb) >0

= ((g)b - 1), (b%® —1) > 0 = (¥+) = (x) is true

Forb > 1> a > 0,we have : b(lnb) <0and (a—b)(Inb) <0

= ((%)b - 1)1 (b®® —1) < 0= () = () is true

[Case2]la>1>b>0o0rb=a>1andthen:a®+bP > a’ +b®

b\* b\" _
ea*b(1- (—) 1-— (E) ;Now, (b — a) and (Inb — In a) have same sign

@ JIE
a b

(b—a)(ln%) ZO:b(lng) > a(lngz: 1—(E) > 1—(%) =

{av -

(- ()1 (B

b
Fora>1>b > 0,we have: 0 > b(lna) and (a —b)(Ina) >0

{v -
(=)

b
= <1 — (g) ) (aa‘b — 1) > 0> (e0) = (o) is true
Forb > a > 1,we have : b(ln%) >0and (a—b)(Ina) <0

b
= <1 — (g) ) (aa‘b — 1) < 0> (e0) = (o) is true

? ?
[Case 3]1>a=b>0andthen:a®+b®>a’+b*= a®—a® >b*—bP
?

Let f(x) = x® — x? and so, we require to prove : f(a) > f(b) and we have f '(x) =
ax® 1 —bx"1 = xP"1(ax??® -b) > 2)
Now,(b—1)Inx>0(v1>a=>x>b>0=(b—1),Inx<0)=>x"1>1
> 0 and hence (2) = in order to prove : f'(x) > 0, it suffices to prove :

?
ax®®—-b>0and (a—b)(Inx—Inb) >0 - x*P>b%>Pand~a>0
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? ?
- it suffices to prove : ab®*®* >b & abl‘“+b
®

Ina—Inb
————<0(+a=bandb< 1)
Inb

Ina
Leta=b"andthen: m-1=——
Inb , ,
>m<1- (3 andnow, (i) ©b™ > bl "+ o mInb> (1 -b™+b)Inb

?
<{1+b—m
(o]

ii

em<1-b"+b(+b<1=>Inb<0) < bm

~
—

ms<1
Indeed via (3) and Bernoulli,b™ <1+ (b—1)m < 1-m+b = (ii) = (i) is
true = f'(x) > 0 = f(x) T on [b,a] = f(a) = f(b) = a® + b" > a® + b?®

1> b > a > 0and then : Let F(x) = x® — x® & so, we require to prove
F(b) = F(a) and we have F'(x) = bx?~1 — ax® 1 = x* Y(bx"%—a) > (@)

Now,x% 1> 0 = (4) = to prove : F'(x) > 0, suffices to prove : bx?~% > a
and (b— a)(Inx —Ina) > 0 - x*~* > aP~2 . jt suffices to prove : ba®>* > a
Inb—-Ina
—————<0- (5 andnow,(m) &

7
bl > |al™P% Letb=a"then: n—1 =
= Ina
(m)
? ? ? ?
1-a"+a)lnaen<l1-a"+a<a" </1+a-n
(n)

a" > al~*"** s nlna >

<1
Bernoulli,5) = a® <1+ (a— 1)n ns 1-n+a= (n)istrue = F(x) T on [a,b]
= F(b) > F(a) - with all cases,a® + b® > a® + b?® & analogs - 2(a® + b® + c¢)

>a’+a‘+b*+b+c*+cPVvab,c>0"="iffa=b=c(QED)



