
 
JP.601 If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then: 

(𝝀 + 𝟏) ∑
𝒂𝟐

𝒃 + 𝝀𝒄
+ 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑(𝒂 + 𝒃 + 𝒄) 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We use 𝒑𝒒𝒓 Method. We denote 𝒑 = 𝒂 + 𝒃 + 𝒄; 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 = 𝒂𝒃𝒄. 

Due to homogeneity we can assume 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

We obtain 

∑
𝒂𝟐

𝒃 + 𝝀𝒄
= ∑

𝒂𝟑

𝒂(𝒃 + 𝝀𝒄)
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑ 𝒂)𝟑

𝟑 ∑ 𝒂(𝒃 + 𝝀𝒄)
=

𝒑𝟑

𝟑 ⋅ (𝝀 + 𝟏) ∑ 𝒃𝒄
=

𝒑𝟑

𝟑(𝝀 + 𝟏)𝒒
= 

=
𝒑𝟑

𝟑(𝝀 + 𝟏) ⋅ 𝟑
=

𝒑𝟑

𝟗(𝝀 + 𝟏)
. 

It suffices to prove that: 

(𝝀 + 𝟏) ⋅
𝒑𝟑

𝟗(𝝀 + 𝟏)
+ 𝟐√𝟑 ⋅ 𝟑 ≥ 𝟑𝒑 ⇔

𝒑𝟑

𝟗
+ 𝟔 ≥ 𝟑𝒑 ⇔ 𝒑𝟑 − 𝟐𝟕𝒑 + 𝟓𝟒 ≥ 𝟎 ⇔ 

⇔ (𝒑 − 𝟑)𝟐(𝒑 + 𝟔) ≥ 𝟎. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Note: For 𝝀 = 𝟏 we obtain the propose problem by Nguyen Viet Hung in Pure Inequalities 

3/2022: If 𝒂, 𝒃, 𝒄 > 0 then 

∑
𝒂𝟐

𝒃 + 𝒄
+ √𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝟑

𝟐
(𝒂 + 𝒃 + 𝒄) 

Nguyen Viet Hung – Vietnam  

Solution 2 by Soumava Chakraborty=Kolkata-India 

(𝛌 + 𝟏) ∑
𝒂𝟐

𝐛 + 𝛌𝐜
𝐜𝐲𝐜

+ 𝟐√𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

= (𝛌 + 𝟏) ∑
𝒂𝟑

𝒂𝐛 + 𝛌𝐜𝒂
𝐜𝐲𝐜

+ 𝟐√𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

 

≥
𝐇𝐨𝒍𝐝𝐞𝐫

(𝛌 + 𝟏).
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑(𝛌 + 𝟏) ∑ 𝒂𝐛𝐜𝐲𝐜
+ 𝟐√𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑 ∑ 𝒂𝐛𝐜𝐲𝐜
+ √𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

+ √𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

 



 

≥
𝐀𝐌−𝐆𝐌

𝟑. √
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑 ∑ 𝒂𝐛𝐜𝐲𝐜
√𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

. √𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

𝟑

= 𝟑 ∑ 𝒂

𝐜𝐲𝐜

 

∴ (𝛌 + 𝟏) ∑
𝒂𝟐

𝐛 + 𝛌𝐜
𝐜𝐲𝐜

+ 𝟐√𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) ≥ 𝟑(𝒂 + 𝐛 + 𝐜) ∀ 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 


