
 
In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
(𝟐𝒓𝒂

𝟐 + 𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)
𝟐

(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)(𝒓𝒃𝒓𝒄 + 𝒓𝒂𝒓)𝒄𝒚𝒄

≥
𝟐𝑹𝟐

𝒓𝟐
+
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

𝒓
+ 𝟏 +

∑ (𝒂 − 𝒃)𝟐𝒄𝒚𝒄

𝟐𝒓𝟐
+
∑ (𝒎𝒂 −𝒎𝒃)

𝟐
𝒄𝒚𝒄

𝟔𝒓𝟐
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𝒓𝒃𝒓𝒄 + 𝒓𝒂𝒓 = 𝒔(𝒔 − 𝒂) + (𝒔 − 𝒃)(𝒔 − 𝒄)

= 𝟐𝒔𝟐 − 𝒔(𝒂 + 𝒃 + 𝒄) + 𝒃𝒄 = 𝟐𝒔𝟐 − 𝟐𝒔𝟐 + 𝒃𝒄 = 𝒃𝒄
 

By the Cauchy-Schwarz inequality: 

∑
(𝟐𝒓𝒂

𝟐 + 𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)
𝟐

(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒃𝒄
𝒄𝒚𝒄

≥
(∑ (𝟐𝒓𝒂

𝟐 + 𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)𝒄𝒚𝒄 )
𝟐

∑ 𝒃𝒄𝒚𝒄 𝒄(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)
=
𝟏𝟔(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)
𝟐

∑ 𝒃𝒄𝒚𝒄 𝒄(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)
 

We evaluate the denominator: 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 =
𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒

∑𝒃

𝒄𝒚𝒄

𝒄(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) =
𝟏

𝟒
∑𝒃

𝒄𝒚𝒄

𝒄(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) +
𝟏

𝟒
∑𝒃

𝒄𝒚𝒄

𝒄(𝒃𝟐 + 𝒄𝟐)

= 𝟖𝑹𝒓𝒔𝟐 +
𝟏

𝟒
[𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − 𝟖𝑹𝒓𝒔𝟐]

=
𝟏

𝟐
𝒔𝟒 + 𝟔𝑹𝒓𝒔𝟐 −

𝟏

𝟐
(𝒓𝟐 + 𝟒𝑹𝒓)𝟐

 

The Right Hand Side (RHS) simplifies to: 

RHS =
𝟐𝑹𝟐

𝒓𝟐
+
𝟒𝑹 + 𝒓

𝒓
+ 𝟏 +

𝟐𝒔𝟐 − 𝟐𝟒𝑹𝒓 − 𝟔𝒓𝟐

𝟐𝒓𝟐
+
𝟐∑ 𝒎𝒂

𝟐
𝒄𝒚𝒄 − 𝟐∑ 𝒎𝒂𝒄𝒚𝒄 𝒎𝒃

𝟔𝒓𝟐

=
𝟐𝑹𝟐

𝒓𝟐
+
𝟒𝑹

𝒓
+ 𝟐 +

𝒔𝟐 − 𝟏𝟐𝑹𝒓 − 𝟑𝒓𝟐

𝒓𝟐
+
∑ 𝒎𝒂

𝟐
𝒄𝒚𝒄 − ∑ 𝒎𝒂𝒄𝒚𝒄 𝒎𝒃

𝟑𝒓𝟐

 

Using the fundamental triangle inequalities and  

∑ 𝒓𝒂
𝟐

𝒄𝒚𝒄 = (𝟒𝑹+ 𝒓)𝟐 − 𝟐𝒔𝟐, we obtain: 

𝟏𝟔(𝒓𝒂
𝟐 + 𝒓𝒃

𝟐 + 𝒓𝒄
𝟐)

𝟐

𝟏

𝟐
𝒔𝟒 + 𝟔𝑹𝒓𝒔𝟐 −

𝟏

𝟐
(𝒓𝟐 + 𝟒𝑹𝒓)𝟐

≥ RHS 

 


