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In AABC the following relationship holds:

4w, +3V3a <r, + 10R + 7r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Letx=2a=2"CeB C T L &BC>0then|d <"
X = =T 8T T 7 e enlgl= 5=«
B-C T . .
and cos d = cos > Zcos(E—x) = sinx, let,s = sinx,c = cosd then

0<s<c<1
a = 2RsinA = 4Rsinx.cosx

r = 4Rsin (ﬂ) sin (E) sin (E) = 2Rs(c—s) (as sin (E) sin (E) = M)

2 2 2 2 2 2
T, = 4Rsin (g) cos (g) cos (;) = 2Rs(c +s) <as cos (g) cos (g) _ (c ;— s))

= A B-C
sinB + sinC A+Brl=m 2 cos (E) .COS ( 2 ) = 2c.cosx

bc = 4R?sinB. sinC = 2R?*(cos(B — C) — cos(B + ())
= 2R? (2 cos?—— — 1+ cosA)

A
= 2R? (2 cos? —1+1 - 2sin? E) = 4R?*(c? — s?)

b+ c
r,+10R +7r = 2Rs(c +s) + 10R + 14Rs(c — s) = R(10 + 16sc — 12s?)

2bc cos (g) s2
Using above result ,w, = ——== = 2R (c — ?> & 3v3a = 12V/3Rscosx

We need to show:4w, + 3vV3a <r, + 10R + 7r
52
8R <c - ?> + 12vV3Rscosx < R(10 + 16sc — 1252)

10 — 8¢ + 16sc — 1252 + 8752 —12v/3scosx > 0
10 — 8¢ + 16sc — 1252 +8TS2 —12v3s/1 —sinZx > 0
10 — 8¢ + 16sc — 1252 +87$2 —12V3sy1-s2>0
Let F(s,c) = 10 —8c + 16sc — 12s% + 8752 — 12351 - 52
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We proved that 0 < s < c < 1,s0now we calculate
8s%2(1——o¢) s?
F(s,c)—F(s,1)=81-c¢)—-16s(1—-c)+——=8(1—-10) 1—Zs+?

c—5)?+c(1-c
=8(1—c).( ) c ( )ZOas0<sScS1

so,F(s,c) — F(s,1) > 0or,F(s,c) > F(s,1),now we will show F(s,1) > 0,
F(s,1) > 0o0r,2 + 165 — 452 — 12/3s\/1 —s2 > 0

2+ 165 — 4s% > 12v/3sy1 — s2 or, (1 + 8s — 252)2 > 108s%(1 — s2)

4s* — 3253 + 605> +16s+1>00r, (2s —1)%(28s2 +20s+ 1) > 0 true
so,F(s,c) > F(s,1) > 0 of,
8s?
10 — 8c + 16sc — 12s? +T_ 12V/3sy/1—-52>0

or, 4w, +3V3a <r,+ 10R + 7r

Equality holds for an equilateral triangle.



